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ABSTRACT. Finite group rings carry a natural involution that defines a form
ring structure. We investigate the associated Clifford-Weil groups for the in-
decomposable representations of the groups of order 2,3 and the symmetric
group Symg over the fields with 2 and 3 elements as well as suitable sym-
metrizations. An analogue of Kneser’s neighboring method is introduced, to
classify all self-dual codes in a given representation.

1. INTRODUCTION.

Let G be a finite group and K be a finite field. Then the group algebra KG is
a finite K-algebra with a natural K-linear involution

T Z Ggg Z agg_l.
geG geG

This defines a form ring structure R¢(KG) on KG where € = £1; see Section 2).

A finite representation p of R¢(KG) consists of a finite K G-module V' together
with a G-invariant non-degenerate K-bilinear form 3 : V x V — K which is sym-
metric, if ¢ = 1 and skew-symmetric if ¢ = —1. We do not deal with Hermitian
forms here, since in our examples K will be a prime field.

In this language, a self-dual code C of length N for the representation p (for
short, a code in p) is a KG-submodule of V¥ that is self-dual with respect to

N
ﬁN : VN X VN - KaﬁN((l‘la"'axN)7(yla"-ayN)) = Zﬁ(xlayl)
i=1
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The complete weight enumerator of a code C < V¥ is
N
cwe(C) := Z Hmci €Clz, |veV]
ceCi=1
and a homogeneous polynomial of degree N in |V| variables.

In Section 2 we will give explicit generators for a finite complex matrix group, the
associated Clifford-Weil group C(p) such that cwe(C) is invariant under all variable
substitutions defined by elements in C(p), hence cwe(C) € Inv(C(p)) lies in the
invariant ring Inv(C(p)).

In fact the main results of [7] (Corollary 5.7.4 and 5.7.5) show that for a fairly
general class of form rings Inv(C(p)) is generated as a vector space over C by the
complete weight enumerators of self-dual codes in p. We conjecture that this is
true for arbitrary finite form rings (cf. [7, Conjecture 5.7.2]) and in particular also
for RE(KG), but we do not know how to prove this for arbitrary finite group rings
KG.

We denote the cyclic group of order n by Z,, and the symmetric group of degree
n by Sym,,. Moreover we let I, be the field with p elements.

2. RINGS WITH INVOLUTION.

Rings with involution define certain form rings as explained below. We will apply
the theory developed in this section to group rings with the natural involution ~.
Let R be a ring with 1 and
7 R— R,z z’

an involution, i.e. a ring antiautomorphism of order 1 or 2. So (ab)” = b’a”’ and
(a”)? = a for all a,b € R. Moreover let ¢ € Z(R) be a central unit of R such
that €’e = 1. As explained in [7, Lemma 1.4.5] this setting defines a twisted ring
(R,id, M = R) where the twist 7 on M = R is defined by

7:R— R,a— da’e

The quadrupel
R(R, J,e) ;= (R,id,M = R,® = R)
is a form ring (see [7, Definition 1.7.1]) with mappings
{ }:M—-3dm—mand \:® — M,¢— ¢+ ¢’e
The R-gmodule structure on ® is given by
p[z] = 27 ¢z for all ¢ € ,2 € R.

A representation of the form ring R(R, J, €) is given by a left R-module V together
with a non-degenerate biadditive form 5 : V x V — A into some abelian group A
such that

Bv,rw) = B(r'v,w) and B(v,w) = B(w,ev) for all v,w € V,r € R.
That § is non-degenerate means that it induces an isomorphism
p*:V — Hom(V, A),v — (w — SB(w,v))

which is then an isomorphism of R-left-modules, where Hom(V, A) is an R-left-
module by

(rf)(v) := f(r’v) for all f € Hom(V, A),r € R,v € V.
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The corresponding homomorphisms
pu R — Bil(V, A), ps : @ — Quady(V, A)
are given by
par(m) : (v,w) = Blo,muw), po(@) : v Blo, ov).

2.1. Symmetric idempotents. An idempotent e> = e € R is called symmetric,
if eR = e’ R as right R-modules. In this case there are u, € eRe’ and v, € e’ Re
such that u.v. = e and veu, = e/. A set of representatives of the R*-conjugacy
classes of symmetric idempotents in R will be denoted by SymId(R).

2.2. The associated Clifford-Weil group. In coding theory one is mainly inter-
ested in finite alphabets V. We now assume that R is a finite dimensional algebra
over a finite field K such that the restriction of 7 is the identity on K. For any
representation p = (V, 3) of the form ring R(R, J, €) we may take the abelian group
A to be the field K and 8* : V — V* := Homg (V, K). Let p be the characteristic of
K and trace : K — [, denote the trace from K into its prime field F,. Identifying
F, = Z/pZ with %Z/Z < Q/Z the form 5 :V x V — K defines a biadditive form

B:V XV —=Q/Z, Bvw):= %trace(ﬁ(v,w))

which is again non-degenerate by the non-degeneracy of the trace form.

To define the associated Clifford-Weil group C(p) we index a basis (e,|v € V) of
CIV! by the elements of V. Then C(p) < GLj((C) is the finite complex matrix
group

C(p) = (my,dp, hen, v, :7 € R*, ¢ € R, e =ucv. € Symld(R))
where
My 2 by = by,  dg 2 by — exp(2mifB(v, ¢v))b,
and .
= W ;VGXP(%TW(WUev))bw+(1—e)v'
wee

he .. by

2.3. Symmetrized weight enumerators. Very often certain elements of V' share
the same property (for instance they have the same Hamming weight). Then one
might be interested in the symmetrized weight enumerators of the codes rather than
the complete weight enumerators. One way to obtain the ring spanned by these
symmetrized weight enumerators is of course to first calculate generators of the ring
of complete weight enumerators and then apply the appropriate symmetrization.
Since the ring spanned by the complete weight enumerators might be rather large,
it is very helpful to have shortcuts to this procedure. This is only possible, if the
action of the associated Clifford-Weil group commutes with the symmetrization.

Definition 2.1. Let G < Sym(V) be a group permuting the elements of V and
Xo,..., X, denote the G-orbits on V. Then the G-symmetrized weight enumerator
sweg(C) of a code C < V¥ is the homogeneous polynomial in Clzo,...,x,] of

degree N,
sweg(C) := Z Hx?i(c)

ceCi=0
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where a;(c) == |{j € {1,...,N} | ¢; € X;}| for 0 <i<n. The V-Hamming weight
enumerator of C is

hwey (C) := Z gN—wv(@yuv(e) e Clz, y]
ceC

where the V-weight of ¢ = (cy,...,cn) € VN is
wy(e):={ie{l,...,N}| ¢ #0}|.

There are certain symmetrizations that commute with the action of the associ-
ated Clifford-Weil group, for instance if one takes G to be a subgroup of the central
unitary group of R as defined and proven below. Usually the symmetization yield-
ing the V-Hamming weight enumerators does not commute with C(p) and one may
not expect that in general the V-Hamming weight enumerators of self-dual codes
in a given representation generate the invariant ring of a finite group (see the end
of Section 7.2 and [7, Section 5.8] for examples).

Definition 2.2. Let (R, J) be a ring with involution. Then the central unitary group
ZU(R,J) = {g € Z(R) | 99" = 979 =1}.

Theorem 2.3. Let p := (V,3) be a finite representation of the form ring R(R, J)
and U < ZU(R, J). Then

p(U) = (my, | u € U)
is in the center of C(p).

Proof. Clearly p(U) < C(p) commutes with the generators m, for r € R* since U
is central in R*. For ¢ € ®, u € U and v € V we have

Buv, puv) = Buv, ugv) = ﬁ(u‘]uv, ov) = B(v, Pv)

so m,, commutes with dy. To see that m, commutes with the last type he y, v, Of
generators of C(p) one has to note that ueV = eV since u is a central unit and that
B(uw, veuv) = B(w, vev) for all v,w € V,u € U. ]

Remark 2.4. The theorem uses that { } is surjective in our situation. In general
one has to replace ZU(R, J) by its subgroup

Up={9 € ZU(R, J) | p(¢)(gv) = p(¢(v)) for allv e V,¢ € ®}
to obtain the same theorem as above.

Corollary 2.5. Let p:= (V,3) be a finite representation of the form ring R(R,J)
and U < ZU(R,J). Then U acts as permutations on the set V' and the correspond-
ing symmetrization commutes with the action of C(p).

In this setup we can define the U-symmetrized Clifford-Weil group,
¢ (p) < GLyn41(C).

Generators for g(U) the symmetrized group may be obtained from the generators g
of C(p) as follows. If

g Z €y :Zaij( Z €w)

veX; weX;
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then
DX
T
Of course p(U) is in the kernel of this symmetrlzatlon C(p) — CW)(p).

Remark 2.6. The invariant ring of CV)(p) consists of the U-symmetrized invari-
ants of C(p). In particular, if the invariant ring of C(p) is spanned by the complete
weight enumerators of self-dual codes in p, then the invariant ring of CV)(p) is
spanned by the U-symmetrized weight-enumerators of self-dual codes in p.

2.4. Form group rings. Let G be a finite group and K be a finite field. Then the
group algebra KG is a finite K-algebra with a natural K-linear involution
T Z Qagg — Z agg_l.
geG geG
Since € = 1 and € = —1 are central units in KG, the construction of Section 2
defines a natural form ring structure R¢(KG) on KG where ¢ = +1.
A representation of the form ring R¢(KG) is given by a finite KG-module V/

together with a G-invariant non-degenerate K-bilinear form 3:V x V — K which
is symmetric, if € = 1 and skew-symmetric if e = —1.

3. A METHOD TO ENUMERATE ALL SELF-DUAL CODES.

There is a very nice and efficient method to enumerate all self-dual codes in
a given length representation of a form ring. This is based on M. Kneser’s ideas
[4], described in [6] for codes over finite fields and in [5] for ZG-lattices. We often
apply it to find self-dual codes in representations of the finite form ring R(KG) and
therefore we will describe it in a fairly general setting adopted to this situation.

Let (V, pum, pa, 3) be a finite representation of a form ring (R, M, ¢, ®) as defined
n [7, Section 1]. In particular V is a finite left-module for the ring R and 3 :
V' xV — Q/Z anon-degenerate form on V which induces an R-module isomorphism

BV = V*":=Hom(V,Q/Z),w — (v — B(v,w)).
A self-dual code C in p is a R-submodule C' < V such that
C=Ct={weV|B(cv)=0forallcecC}.

Let
MV)={Cc<V|C=Cct}
denote the set of all self-dual codes in V.
Lemma 3.1. Let C € M(V) and
* {0}=Vo<V<...<V;=C< V1 <...< WV, =V

be a composition series of V' with simple R-left-module S; :=V;/V;—1 (1 <i < t).
Then t = 2s and there is a bijection m : {1,...,s} — {s+ 1,...,t} such that
(Si)* = Sr(iy-

Proof. The mapping 5* : V' — Hom(C, Q/Z), v — (¢ — B(v,¢c)) is an epimorphism
with kernel Ct. Hence V/C = V/C*+ = Hom(C,Q/Z) = C*. Now the lemma
follows since the composition factors of C* are the dual S* = Hom(S,Q/Z) of the
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composition factors S of C.
Alternatively one may choose V;_; = V;* in the composition series x. Then

Vici/Vicicy = Vi- [V, =2 (Vi /Vi)*

and the lemma follows from the Jordan-Holder theorem on the uniqueness of com-
position factors. O

Corollary 3.2. If M(V) # () then each simple composition factor S of V that is
isomorphic to its dual, S = S*, occurs with even multiplicity in every composition
series of V.

Corollary 3.3. Any two modules C, D € M(V') have the same composition lengths:
LC)=¢D)=s=¢V)/2.

Definition 3.4. Two self-dual codes C, D € M(V) are called neighbors, if the R-
module C/CND is simple. The neighbor-graph is the graph T' with vertex set M(V).
Two vertices C, D € M(V) are connected, if C and D are neighbors.

Theorem 3.5. The neighbor graph ' is connected.
Proof. We define a distance on the set M(V'). For C,D € M(V) let
d(C,D) :=£(C/(Cn D))

be the number of composition factors of the factor module C'/(C' N D). Then
clearly d(C,D) = 0 if and only if C' = D and d(C, D) = d(D, C) by Corollary 3.3
and Jordan-Holder. Also the triangle inequality follows easily from the fact that
the number of composition factors is well defined. Clearly d(C, D) < ¢(C) = s for
all C, D € M(V)

We claim that this distance d(C, D) is the number of edges in any shortest path in
I" connecting C' and D, which shows that the diameter of I' is bounded from above
by s and in particular that I" is connected.

To prove this claim we proceed by induction on n := d(C, D). Forn =0and n =1
the claim is true by definition. Now assume that n > 2. Then we construct a code
C1 € M(V) such that

d(C,Cy) =1and d(Cy,D) =n—1.

To this aim let U := C'N D and choose D > Uy > U such that U; /U = S is simple.
This is possible since the composition length n = ¢(D/U) > 2. Then U = U; N C
and

S=U/(UinC)= (U +C)/C.
The module X := (U; +C)* < C = C* is a submodule of C' with C/X = S*. Put
Cr:=X+U, = (U +C)"+U,.
Then
Cf =(Ui+C)NUH2X+U1 =0
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since U; € D = D+ C Ui-. Comparing the composition lengths we get Ci- = C; €
M(V). Clearly d(C,Cy) = 1. Moreover C; N D = U; and hence d(C1, D) =n — 1.

cC+U,

U
(]

This provides an algorithm to enumerate all elements of M(V'). Start with some
self-dual code C' € M(V). For all composition factors S of V' calculate all non-zero
R-homomorphisms ¢ : C — S. Their kernels U := ker(y) provide all submodules
U < C such that C/U = S. The neighbors D of C such that D N C = U can be
obtained as full preimages of the self-dual submodules D/U of UL /U (not equal
to C'/U). Continue with all neighbors until all codes in M(V) have been found.
Usually one is only interested in representatives of equivalence classes of codes in
M(V), so there is a certain group G acting on M(V') that preserves submodules
and duality. Then it is enough to work with representatives of the G-orbits. More
details can be found in [3].

4. FoZs

The Type of singly even self-dual codes over FyZ5 is one of the rare cases for
which the invariant ring of the associated Clifford-Weil group is a polynomial ring.
The Type of doubly even self-dual codes over FyZ5 is interesting because of the
connection to Type IV codes over Z,. The Gray image of a Type IV code over Z,
is a doubly even FyZs-linear self-dual code (see [1], [2]) However not all such codes
are Gray images of a Type IV code over Zj.

Let Zo = {(a). Then FyZy = Fylz]/(2?) via (1 4+ a) +— 2. In particular the unit
group (FaZs)* = (a) = Z5 and FoZ5 has just two indecomposable modules, the
simple module S = F5 and the projective module P = F5Z5. The representation pg
with underlying module S defines C(pg) = C(21) the Clifford-Weil group associated
to the Type of singly even binary self-dual codes which is treated in detail in [7,
Section 6.3].

Zy acts on the module P = F3 via

a'—’PP(a):<(1) (1)>

and the two non-degenerate a-invariant bilinear forms (with Gram matrices I and
pp(a)) are in the same orbit under (F3Z2)* and hence define the same notion of
duality. We choose [ to be the standard form with Gram matrix Is. Then with
respect to the basis

€(0,0)> €(1,0)» €(0,1)5 €(1,1)
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of C[P] the associated Clifford-Weil group C(F2Z3) is generated by

1.0 0 0 1 1 1 1
00 10 . P -1 1 -l
ma: =101 0 0 | dy = diag(1,—-1,-1,1), hy = 9l 1 1 -1 -1

00 01 1 -1 -1 1

(¢ = {8 }) has order 16 and is isomorphic to Dg X Zs, the direct product of the
dihedral group of order 8 and the cyclic group of order 2. C(F3Z5) is a real reflection
group and the invariant ring is the polynomial ring

Inv(C(F223)) = Clp1, p2, ps, pa]
with
p1 =T+t
p2 =2 +y* + 22+ 17,
p3 = 22 + 2z + 2,
P4 = zt+ y4 +2 4+ S8xryzt + 2022 + 2y2z2
where we put © = 0,0,y = T(1,0),2 = Z(0,1),t = ®(1,1) for simplicity. These

polynomials are the complete weight enumerators of the codes C; < PN with
generator matrices

(1,0) (1,0) L1 (1,1)
(3, 1)), {(0,1) (0.1) ] {(1,0) (0,1)}’
and
(1,0) (0,0) (0,1) (1,1)
(0,1) (0,0) (1,0) (1,1)
(0,0) (1,0) (1,1) (0,1)
0.0) (0.1) (1.1) (1.0)

For the module theoretic structure we get

Ci=250,=2032PC, 2P P
(as FyZs-modules). As binary codes, Cy, C5 and C; L C are equivalent, and Cy
is equivalent to the extended Hamming code eg of length 8.

To obtain the type of doubly even binary codes in PV, we may enlarge ® and
obtain one additional generator d, := diag(1,i,4,—1), with i € C,i? = —1. The
group

Cu(F2Zs) = (C(F222),dy)
has order 192 and Molien series
14+ A1+ 2)8
=1 - 1)
The invariant ring Inv(C1(F2Z5)) is a free module over the polynomial subring
R := C[p4, s, ps, p7l,

IHV(CII(FQZQ)) = R® Rq; ® Rqx @ Ry

where py is as above, ps,pg,q1 are complete weight enumerators of further Zs-
structures of es, ga = cwe(eg ® P), g3 is the complete weight enumerators of a
suitable Zs-structure on d;% and p7 is the weight enumerator of any Zs-structure
of the Golay code.
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To find the inequivalent doubly even codes in P* that are equivalent to eg as
binary codes, we consider the automorphism group G = Aut(es). There are 2 conju-
gacy classes of elements of order 2 in G which are conjugate to a = (1,2)(3,4)(5,6)(7,8)
in Symg.

The a-invariant codes Cj have generator matrices (Iy,Ji) with k = 1,...,6,
where I is the 4 x 4 unit matrix viewed as element of P**2 and
(0,1) (1,1 (1,0) (1,1) (L,0) (1,1)
go— | @Oy (L) (0,1 (L) (0,1) (1,1)
ey o T wn ey Ty @ |
(1,1) (1,0) (1,1) (1,0) (1,1) (0,1)
(L,1) (1,0 (0,1) (1,1) (1,1) (1,0)
g, - (0,1) (1,1) g — (1,1) (1,0) g — (1,0) (1,1)
T @) (0,1 |0 (1,1) (0,1) |75 T (1,1) (0,1)
(1,0) (1,1) (0,1) (1,1) (0,1) (1,1)
with complete weight enumerators
cwe(Ch) = ps = ot + 2222 + S8wyzt + y* + 29222 + 2 + 2
cwe(Co) = ps = ot + 22212 + 20yt + dayzt + 2022t + 232 + 292 + t?
cwe(C3) = ot + 2022 + 4oyt + 4ot + 4y222 -t
cwe(Cy) = x* + 3xy?t + 6ayzt + 3x2?t + Pz + y2d +
cwe(Cs) = pg = ot + 12zyzt +y* + 24 + 14

cwe(Ce) = q1 = ot + day?t + doyzt + 42t + 2y222 + ¢4
For the secondary invariants of degree 8 one may take
g2 := cwe(eg @ P) = 2® + 9% + 28 + 5 + 14(aty? 4+ 2% 2% 4 2t + 2!
+ oyttt 4 24 4 1682%y% 222

(where Zs acts trivially on eg) and the weight enumerator of a Zs-structure of the
indecomposable Type II code d{y of length 16,
qz = cwe(dfy) = 2% + 425% + 22°9%t + 8xOyzt + 2072t + datyP2

+4aty?2? + daty2® + 62ttt + 4a3y?3 + 3203y 2t + 423223 + 8ayt?

+ 162253 2t% + 2422y 2212 + 162%y 232 + 822242 + 425 + dayS 2t

+ 24xy? 22t + 8y 23t + 24xy? 2t + 2wyt + day 2Ot + Swyzt® + 2225 4+ 2972

+ 63°2% + 6y32° + 4y 2t + 4y 22t + 2927 + Ayt + 18,

A corresponding generator matrix is

(1,0) (0,0) (0.1) (0,0) (0,0) (0,1) (0,0) (0,1)
(0,1) (0,0) (1,0) (0,0) (0,0) (0,1) (0,0) (0,1)
(0,0) (L) (1L,1) (0.1) (0,0) (0,0) (L1) (1,1)
(0,0) (0,1) (1,1) (0.1) (0,0) (0,1) (L1) (1,0)
(0,0) (0,0) (0,0) (L1) (0,0) (0,1) (0,0) (0,1)
(0,0) (0,0) (0,0) (0,0) (LO) (0,1) (0,1) (0,1)
(0,0) (0,0) (0,0) (0,0) (0.1) (0,1) (1,0) (0,1)
| (0,0) (0,0) (0,0) (0,0) (0,0) (1,1) (0,0) (1,1) |

The automorphism group of the extended binary Golay code Go4 has one conju-
gacy class of elements that are conjugate in Syms,, to

a=(1,2)(3,4)(5,6)(7,8)(9,10)(11,12)(13, 14)(15, 16)(17, 18)(19, 20) (21, 22)(23, 24)
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yielding an FyZs-structure of Go4 with generator matrix (112, J) where

(L,0) (1,1) (1,0) (1,1) (0,0) (0,1)
0,1 (1) (0,1) (1,1) (0,0) (1,0)
(L,1) (1,0) (0,1) (0,0) (1,1) (1,0)
(1,1) (0,1) (1,0) (0,0) (1,1) (0,1)
(0,00 (1,1) (1,0) (1,0) (1,1) (1,0)
g.— | (0,00 (1,1) (0,1) (0,1) (1,1) (0,1)
(L,0o) (0,1) (1,1) (0,1) (1,0) (1,0)
(0,1) (1,0) (1,1) (1,0) (0,1) (0,1)
(0,1) (1,0) (1,0) (0,1) (1,0) (1,1)
(1L0) (0.1) (0,1) (1,0) (0,1) (1,1)
(1L,1) (0,0) (0,1) (1,1) (1,0) (0,1)
(1Y) (0,0) (1L0) (L1) (0,1) (L0) |
whose complete weight enumerator yields the last generator
pr = ' + 1525t + 14:r6y4t2 + 64:E6y3zt2 + 84x6y2z2t2 + 64as6yz3t2 + 14252
+3225¢° + 4x5y6t + 401:5y5zt + 92:1’5y4z2t + 1121:5y3z3t + 92x5y224t + 4Ox5yz5t
+42°2% + $4y8 + 4x4y7z + 1031:42/6,22 + 28x4y5z3 + 34x4y4z4 + 28x4y4t4 + 28m4y325
+ 128x4y3zt4 + 10m4y226 + 1683v4y2,22t4 + 4x4yz7 + 128x4yz3t4 + 2% 4 284 2M*
+ 152 % 4+ 242512 + 1122°y° 2% + 2962°y* 22t + 4162°y> 2°t® + 2962°y° 213

+ 112;53yz5t3 + 242253 + 2&02@/8:‘,2 + 24x2y7zt2 + 76a:2y622t2 + 168x2y523t2

+ 180x2y4241€2 + 14:r2y41‘/6 + 168x2y3z5t2 + 64:B2y32t6 + 761:2y226t2 + 84x2y2z2t6
+ 24:):2yz7t2 + 64:023/23166 + 227287 4 1422 24° + 4xyﬁt5 + 4Oxy5zt5 + 921’y4z2t5

+ 1121‘@/3231&5 + 92xy224t5 + 40a:yz5t5 +4z2%° + 2lez2 + 16y8z4 + y8t4 + 4y7zt4

+ 28y626 + 10y6z2t4 + 28y523t4 + 16y428 + 34y4z4t4 + 28y3z5t4 + 2y2210 + 10y226t4
+ Ayt 4 St R

5. Fp Sym,

The group ring Fo Sym, = FoZy © ngz is the direct product of two blocks that
are invariant under the canonical involution. The first block is already dealt with
in Section 4. For the second block, we should note that the left modules of the
matrix ring R = F5*? are of the form M = F3*' @ V for some Fa-vector space V.
The self-dual R-submodules of M are of the form F3*' @ C' = C(2) for a self-dual
binary code C < V. The associated Clifford-Weil group is the real Clifford group
C2(25) of genus 2 (see [7, Section 6.3]) of which the invariant ring is spanned by the
genus 2 complete weight enumerators of the self-dual binary codes.

6. Fs Sym,
F3 Syms has 6 indecomposable modules:
S+7577V+,V7 = V+ ®57,P+,P, = P+ ®S,

where S, and S_ are the two simple modules (with trivial character, respectively
the signum character), Py and P_ the two corresponding projective indecomposable
modules, P4 is just the natural permutation module of the symmetric group Syms,
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and Vi, = Py/soc(Py), V- = P_/soc(P_) are the two indecomposables with
composition length 2. Since V_ = Homp, (V,F3), both modules V. and V_ do not
carry a Syms-invariant non-degenerate bilinear form. F3Syms acts on the simple
modules S and S_ just as F3, so the self-dual codes in S¥ and S¥ are the self-dual
ternary codes of length N. The corresponding Clifford-Weil group is described in
[7, Section 7.4.1]. The self-dual codes in P} are the same as the ones in PY, so
it is enough to consider the representation pp,. The projective indecomposable
Symgs-module P, is uniserial,

P+ > J(P+) >SOC(P+) >0
with composition factors (Sy,S_,S.). The Clifford-Weil group C(Py) < GLg7(C)

has order 283°. Its invariant ring is far from being a polynomial ring. The Molien
series starts with

1452 44008 + 2321012 4- 140997A\6 + ... = f(\)/N())
with
N()\) — (1 _ )\4)5(1 _ )\8)4(1 _ /\12)12(1 _ )\36)6
and a positive polynomial f of degree 376 with f(1) > 10%2. So it is hopeless to
calculate the full invariant ring here. The 5 invariants of degree 4 are provided by

the complete weight enumerators py, ..., ps of the codes C,...,Cs with generator
matrices
[ (1,1,1) (0,0,0) (0,0,0) (0,0,0) ] [ (1,1,1) (1,1,1) (1,1,1) (1,1,1) ]
(0,0,0) (1,1,1) (0,0,0) (0,0,0) (1,1,1) (0,0,0) (0,0,0) (2,2,2)
(0,0,0) (0,0,0) (1,1,1) (0,0,0) (0,0,0) (1,1,1) (0,0,0) (2,2,2)
(0,0,0) (0,0,0) (0,0,0) (1,1,1) (1,0,0) (1,0,0) (0,0,0) (1,0,0)
(0,1,2) (0,0,0) (0,1,2) (0,1,2) (0,1,2) (0,0,0) (0,1,2) (0,2,1)
| (0,0,0) (0,1,2) (0,1,2) (0,2,1) | | (0,0,0) (0,1,2) (0,2,1) (0,2,1) |
[ (1,0,0) (2,0,0) (0,0,0) (2,0,0) ] [ (1,0,0) (2,0,0) (0,0,0) (2,0,0) ]
(0,1,0) (0,2,0) (0,0,0) (0,2,0) (0,1,0) (0,2,0) (0,0,0) (0,2,0)
(0,0,1) (0,0,2) (0,0,0) (0,0,2) (0,0,1) (0,0,2) (0,0,0) (0,0,2)
(0,0,0) (1,0,0) (2,0,0) (2,0,0) (0,0,0) (0,0,0) (1,1,1) (0,0,0)
(0,0,0) (0,1,0) (0,2,0) (0,2,0) (1,2,0) (0,0,0) (0,2,1) (1,2,0)
| (0,0,0) (0,0,1) (0,0,2) (0,0,2) | | (0,1,2) (0,0,0) (0,2,1) (0,1,2) |
(1,0,0) (1,0,0) (1,1,1) (1,0,0)
(0,1,0) (0,1,0) (1,1,1) (0,1,0)
(0,0,1) (0,0,1) (1,1,1) (0,0,1)
(1,0,0) (2,0,0) (2,0,0) (1,1,1)
(0,1,0) (0,2,0) (0,2,0) (1,1,1)
(0,0,1) (0,0,2) (0,0,2) (1,1,1)

Imposing the additional condition that the codes contain the all-ones vector 1,
one gets a Clifford-Weil group of order 283! with Molien series

14201+ 108 + 403012 + 16200016 + ... = g(\) /N1 ()
with
Nl()\) _ (1 _ )\4)2(1 _ /\8)7(1 _ )\12)12(1 _ )\36)6
and a positive polynomial g of degree 388 with g(1) > 10*2. The two invariants of
degree 4 are p; and ps.
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7. F32Z5

F3Z3 has 3 indecomposable modules: the simple module S = F3, the projective
module P = F3Z5 and P/soc(P) =V of composition length 2.

7.1. The 3-dimensional module P. The module P is just the restriction of the
F3 Symg-module Py to Z3. The associated Clifford-Weil group C(P) has order 2°3°
and Molien series starting with

143720 4929408 + ...

The additional condition that the codes contain the all-ones vector yields a Clifford-
Weil group of order 2°3”7 whose Molien series starts with

14 6A% + 91178 + 14884202 + . . ..

A system of representatives for the Sym,-equivalence classes of self-dual F3Zs3-
codes in P* may be calculated as follows.

An F3Z3-code C in P* is a self-dual code in Fi2, with the additional property
that a := (1,2,3)(4,5,6)(7,8,9)(10,11,12) is contained in the permutation group
P(C) of C.

Up to monomial equivalence, there exist three self-dual codes in F32. Hence for
each of these three codes D we have to determine the set Gp := {m € Mon | a €
P(Dn)}, where Mon is the group of monomial permutations on twelve points. Since
the condition a € P(D7) is equivalent with rar~! € Aut(D), the set Gp can be
determined with elementary calculations. Now Gp consists of right cosets of the
subgroup

< (1,4)(2.5)(3,6), (1,4,7,10)(2,5,8,11)(3,6,9, 12) >= Sym,

in Mon, hence may be reduced to a set of coset representatives. The union of the
reduced sets Gp then yields a system of representatives for the Sym,-equivalence
classes of self-dual F3Z3-codes in P*, consisting of 48 codes.

Since it is hopeless to calculate generators for the invariant ring here, it is useful
to apply the strategy described in Section 2.3 to obtain generators for the ring
spanned by the U-symmetrized weight enumerators of the codes, where U = Zj is
the full central unitary group of (F3Z3,”). U preserves the composition series

P>V>5>0

and has 3 orbits X3, X4, X5 of length 6 on P —V (distinguished by their Hamming
weight) one orbit X5 of length 6 on V' — S, one orbit X; on S — {0} and the orbit
Xy = {0}. The symmetrized Clifford-Weil group C(Y)(P) has order 2*3* and Molien
series starting with

1+&V+9ﬁ4{ﬂﬂ2+“.=§
with

g(A) = (1 =X (1 - A2)21 - a)?
and

F(N) = A00 £ 5A56 1 17X52 + 1848 + 25044 + 25040 4 32736+
26032 + 27278 4 31024 4 21020 4 11A16 4 13012 +- 308 4- 1
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The 48 codes of length 4 yield four different symmetrized weight enumerators which
generate the 3-dimensional space of invariants of degree 4.

mé + T2z4x325(x0 + 1) + 24(m0m§ + m1(2x§ + xg + xi + xé))+

144xo (z32; + x3xs + 2422 + S80S,

xé + 24330(332 + mg + mg + mg) + 144(3@2303@21 + z1232425

+ Tozazi + x2x§m5) + 8z0xs + 48z1 23,

x5 + 8whay + 24xdat + 21620xh + 32x0x] + 4322571 + 1627,

To 4 2whx1 + 620 (T0xT + T4 + 23 + 28) + +36(20 + 271) (T3TaTS + 275)+
1221 (xg + xi + :cg) + 1082 (1'31'421 + m4m§ + x%xs) + 141:0:1::{’ + 43:‘11

7.2. The 2-dimensional module V. The 2-dimensional indecomposable F3.Z3-
module V has an Fs-basis with respect to which a acts as

-(23)

and an A-invariant bilinear form with Gram matrix

(2.

There are no symmetric non-degenerated invariant forms on V', so here we need to
work with R~ (F3Z5) and e = —1. The associated Clifford-Weil group is isomorphic
to Zy x Zs x Z3 x Symg of order 108. The Molien series is

dON)/nA) = T4+ A+ A2+ 703 £ 1IAT + 1105 +4908 + 9107 + ...

with denominator
n(A) = (1 = A)(1 =131 - \6)*
and numerator

d(N) = 2025 4+ 4N + 18222 + 22X21 4+ 16220 + 43X19 4 65A18 + 8IAIT+
8316 1 91N15 + 123214 4 89A13 7812 4 71N 4 5910+
45X0° 4+ 2508 + 2607 + 1600 + 40t + 203 4+ 1

The invariant of degree 1 is of course the weight enumerator p of the code C; :=
C ={(1,1)) < V. There are 13 self-dual codes in V3, one of which is C®. The other
yield 6 different weight enumerators providing in total seven invariants of degree
3, that are linearly independent. Generator matrices (I3|.J;) of 6 such codes with
distinct weight enumerators are as follows:

2) (0,2) 1) (0,1) 1) (2,0
Ji=11 20|, h=|2 10|, s=]|2 (21
1) (2,2) 1) (2,2) 1) (2,2

2) (1,2) 2) (2,1) 2) (1,0)
Jo=11 (0,2 |, =1 O |, Js=|1 (1,2)
1) (1,1) 1) (2,2) 1) (2,2)
The submodule structure of V is V. > S > 0 with S = ((1,1)). So V = Xy U

X1 UX, with Xg = {(0,0)}, X; =V -5={(1,0),(2,0),(0,1),(0,2),(1,2),(2,1)},
Xo=5—-{(0,0)} = {(1,1),(2,2)}. This partition of V is the set of orbits of the
central unitary group of the group ring and hence the corresponding symmetrization
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commutes with the action of the Clifford-Weil group. The resulting symmetrized
Clifford-Weil group is generated by

1/3 2 2/3
d = diag(1,¢3,1) and h=| 1/3 0 -—1/3
1/3 -1 2/3

has order 18 and is isomorphic to the complex reflection group G = Z3 x Sym,. All
12 codes of length 3 that are # C?3 have the same symmetrized weight enumerator

p3 = o + 6xors + 1823 4 223,
The invariant ring of G is the polynomial ring C[py, p3, ps], where py := zg + 2x5 is
the symmetrized weight enumerator of C' and
pe = x5 + 30z523 + 403y + 902325 + 60202 + 48627 + 2225
the symmetrized weight enumerator of a suitable code of length 6, for instance Cg
with generator matrix

(1,0) (0,2) (0,2) (0,2) (0,2) (1,0)
(0,1) (0,1) (0,1) (0,1) (0,1) (1,2)
(0,0) (1,1) (0,0) (0,0) (0,0) (2,2)
(0,0) (0,0) (1,1) (0,0) (0,0) (2,2)
(0,0) (0,0) (0,0) (1,1) (0,0) (2,2)
(0,0) (0,0) (0,0) (0,0) (1,1) (2,2)

Continuing to symmetrize to obtain V-Hamming weight enumerators ¢; := p;(x,y,y)
hwey (C;) we will not obtain an invariant ring of a group. The subgroup of GL2(Q)
that stabilizes ¢; and ¢3 is of order 2 and its invariant ring is

Clz + 2y, 2% + 8y
which properly contains the ring spanned by ¢, g3 and

1 1 1
46 = (gq?qz - 43 + ags + gqé)/(Qi”qs)~

This shows that the assumption that the symmetrization commutes with the action
of the Clifford-Weil group is necessary.
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