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ON THE ENTROPY OF CLOSED HYPERSURFACES
AND SINGULAR SELF-SHRINKERS

JONATHAN J. ZHU

Abstract

Self-shrinkers are the special solutions of mean curvature flow
in R™*! that evolve by shrinking homothetically; they serve as
singularity models for the flow. The entropy of a hypersurface
introduced by Colding—Minicozzi is a Lyapunov functional for the
mean curvature flow, and is fundamental to their theory of generic
mean curvature flow.

In this paper we prove that a conjecture of Colding—Ilmanen—
Minicozzi-White, namely that any closed hypersurface in R™+!
has entropy at least that of the round sphere, holds in any dimen-
sion n. This result had previously been established for the cases
n < 6 by Bernstein—Wang using a carefully constructed weak flow.

The main technical result of this paper is an extension of
Colding-Minicozzi’s classification of entropy-stable self-shrinkers
to the singular setting. In particular, we show that any entropy-
stable self-shrinker whose singular set satisfies Wickramasekera’s
a-structural hypothesis must be a round cylinder Sk(\/ﬁ) xRk,

1. Introduction

Let ¥" denote a hypersurface in R"*1. In [CM12], Colding and
Minicozzi introduced the entropy functional for such hypersurfaces, de-
fined by

(1.1) A(Z) = sup F(ty (S — o)),
zo€R"H!
to>0

where the F-functional is the Gaussian area
|2

(1.2) F(X) = (47)" 2 / e,
by

A family of hypersurfaces is said to flow by mean curvature if

(13) 8t33 = ﬁ,

where z is the position vector and H is the mean curvature vector.
A consequence of Huisken’s monotonicity formula [Hui90] is that the
tangent flow at any singular point of a mean curvature flow is modelled
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by a critical point of the F-functional; these critical points are referred
to as self-shrinkers, and they are also critical points of the entropy func-
tional. Because they model the singularities in this blow-up sense, the
study of self-shrinkers is essential to understanding the mean curvature
flow. A further consequence of the monotonicity formula is that entropy
is non-increasing under mean curvature flow; as such, the entropy may
be interpreted as a useful measure of the complexity of a hypersurface.

Indeed, the Colding—Minicozzi entropy forms a fundamental compo-
nent of their theory of generic mean curvature flow: In [CM12] they
showed that the only complete, smoothly embedded, entropy-stable self-
shrinkers are the generalised cylinders S*(v/2k) x R" ¥, so that un-
der suitable conditions other such singularities may be perturbed away.
Here S*(r) denotes the round k-sphere of radius 7, and we say that a self-
shrinker ¥ is entropy-stable if it is a local minimum for the entropy func-
tional amongst C? graphs over 3. The entropy functional has recently
been studied by various other authors; see, for instance, [ALW14],
[BW17], [ BW18|,  BW16|, [CIMW13], [KZ15] and [Liul6]. It has
also been adapted to other geometric flows; see, for example, [Zhal2)]
and [KS16].

In [CIMW13], Colding, Ilmanen, Minicozzi and White conjectured
that the entropy of any closed hypersurface should be at least that of
the round sphere (see also [CMP15]). In this paper we confirm this
conjecture for every dimension n; specifically we prove the following:

Theorem 1.1. Let X" be a smooth, closed, embedded hypersurface
in R, Then we have A(X) > A(S™), with equality if and only if ¥ is
a round sphere.

Note that for n = 1 the result follows immediately from the theorems
of Gage-Hamilton [GH86] and Grayson [Gra87], which imply that any
smooth closed embedded curve shrinks to a round point. Previously
Theorem 1.1 had been established in the cases 2 < n < 6 by Bernstein
and Wang [BW16], using a cleverly constructed weak flow that ensured
the extinction time singularity was of a special type. Ketover and Zhou
[KZ15] also gave an independent proof for the n = 2, non-toric case
using min-max theory for the F-functional. Our proof of Theorem 1.1
results from combining the insightful work of Bernstein—Wang together
with our classification of entropy-stable singular self-shrinkers, which
we now describe.

As critical points of the F-functional, self-shrinkers may equivalently
be defined by the elliptic equation

|
(1.4) H= —ixl,

. .=
or as minimal hypersurfaces for the conformal metric e~ 2= §;; on R"*1.
The simplest examples are the generalised cylinders S¥(v/2k) x R"F
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mentioned above. From the self-shrinker equation (1.4) one can see
that any minimal cone in R™*! (with vertex at the origin) is also a
self-shrinker, albeit with a nonempty singular set. The precise notion
of singular submanifold we will use in this paper is that of an integer
rectifiable (integral) varifold; the definitions of the F-functional and
entropy functional extend in the natural manner to this setting.

The main theorem of this paper is the following extension of Colding—
Minicozzi’s classification of entropy-stable self-shrinkers [CM12] to the
singular setting:

Theorem 1.2. Let V be an F-stationary integral n-varifold in R*1,
which has orientable reqular part and finite entropy, and satisfies the a--
structural hypothesis for some a € (0, %) Suppose that V' is not a

generalised cylinder Sk(\/ﬁ) x R"™F. Then V is entropy-unstable.

Furthermore, if V also does not split off a line and is not a cone,
the unstable variation may be taken to have compact support away from
singV. If V is a stationary cone, the unstable variation may be taken
to be a homogenous variation induced by variation of the link away from
its singular set.

For precise definitions the reader is referred to Section 2.1; see also
Remark 9.8 regarding multiplicities. The a-structural hypothesis here
allows us to use the regularity theory of Wickramasekera [Wicl4] to
control the singular set; it is automatically satisfied, for instance, if the
singular set has vanishing codimension 1 Hausdorff measure. One may
recall that in [CM12, Theorem 0.14], Colding—Minicozzi also consid-
ered the varifold setting, but only in dimensions n < 6 and with the
stronger assumption that the singular set has locally finite codimension
2 measure. Under these conditions the regularity theory ensured that
the self-shrinker was smooth (or a regular minimal cone), whereas in our
general setting we must handle a more significant singular set. Conjec-
turally, the singular set of any self-shrinker arising from a smooth mean
curvature flow has a singular set of codimension at least 3 (see [Ilm95]
or [CMP15]).

Theorem 1.1 will follow from the special case of Theorem 1.2 clas-
sifying compact entropy-stable self-shrinkers. Similarly, we extend the
gap theorem of Bernstein-Wang [BW16]| for the entropy of compact
singular self-shrinkers to all dimensions n > 2, which itself generalised
the main theorem of Colding-Ilmanen—Minicozzi-White [CIMW13] to
the singular setting for 2 < n < 6. We also extend the result in [BW16]
on so-called partially collapsed self-shrinkers to all n > 3.

Our approach to Theorem 1.2 mirrors the approach of Colding and
Minicozzi [CM12], but with several key distinctions. To describe these,
recall that their proof consists of three main parts, stated broadly as
follows:
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1) Entropy-stability implies F-stability;

2) F-stability implies mean convexity;

3) Mean convexity implies cylindricality.

A self-shrinker is F-stable if it is stable (under compactly supported
variations) for the F-functional after “modding out” by translations
and dilations, which turn out to be linearly unstable directions for the
F-functional on every self-shrinker.

Point (1) above holds for self-shrinkers that are not invariant under
one of these elementary symmetries, that is, for self-shrinkers that do
not split off a line and are not cones. Of course, a smooth self-shrinker
cannot be a cone, but in the singular case one must account for minimal
cones, which are always F-unstable yet always entropy-stable under
compactly supported variations. To deal with this issue, we introduce
the concept of homogenous F-stability for minimal cones in terms of
the corresponding functional on the links; this concept, indeed, turns
out to be equivalent to entropy-stability under homogenous variations.

We further show that any non-flat minimal cone, which satisfies the a-
structural hypothesis, is, in fact, homogenously F-unstable and, hence,
entropy-unstable. To do so we need to establish variation formulae for
the Gaussian area as functionals on the link. Given these, the key
observation is that the link, as a (singular) minimal hypersurface in S™,
is quite unstable in the sense that the first eigenvalue x; of the Jacobi
operator is very negative. We have proven such an estimate in [Zhul6],
which we restate as follows for convenience:

Theorem 1.3 ([Zhul6)). Let W be a stationary integral (n — 1)-
varifold in S™ which has orientable reqular part and satisfies the a-
structural hypothesis for some o € (0, %) Further suppose that W is
not totally geodesic in S™. Then k1 (W) < —2(n — 1), with equality if

and only if spt W is a Clifford hypersurface S* (\/g) x St <\/g>,

where k +1=n—1.

Note that in the smooth setting the above estimate is a classical result
of J. Simons [Sim68].

The most difficult is point (2), for which we show that F-stability
implies mean convexity on the regular part. As in [CM12], the key ob-
servation is that, on any self-shrinker, the mean curvature H is an eigen-
function of the stability operator L for the F-functional, with eigenvalue
—1. Thus, the goal will be to construct F-unstable variations when the
first eigenvalue of L is less than —1, but the singular set causes techni-
cal difficulties in the analysis. The main technical obstacle is to obtain
effective L? estimates close to the singular set for the gradient V logu,
where u is a positive eigenfunction of L on a subdomain of the regular
part, as well as for the second fundamental form A. These estimates can
be accomplished using a good choice of cutoff functions so long as the
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singular set has vanishing codimension 4 measure (see Lemma 7.4). This
L? control then allows us to quantify the almost-orthogonality between
H and the first eigenfunction v when the subdomain is large enough,
which leads to the desired F-instability (see Proposition 7.11).

To complete the classification of singular entropy-stable self-shrinkers,
we then extend point (3), the classification of mean convex self-shrinkers,
to the singular setting as follows:

Theorem 1.4. Let V be an F-stationary integral n-varifold in R"+1,
with orientable reqular part and finite entropy. Further suppose that
H' L(singV) = 0. If H > 0 on regV then either V is a stationary
cone, or sptV is a generalised cylinder SF(v/2k) x R*F.

As in [CM12], the essential observation for classifying mean convex
self-shrinkers is that both A and H are eigentensors of the stability
operator, and the key point is to obtain L* control on |A| in order to
justify its use as a test function. To resolve this issue we adapt the
Schoen-Simon-Yau [SSY75] technique to upgrade the L? estimates for
|A| to the desired L* bound.

Let us now briefly outline the structure of this paper. Section 2 con-
tains precise definitions as well as background related to entropy and
self-shrinkers. Before proving the classification of entropy-stable singu-
lar self-shrinkers, we present its applications in Section 3. In particular,
we describe the proof of Theorem 1.1 assuming Theorem 1.2.

We then quickly review the Colding—Minicozzi theory in Section 4,
including the relation between F-stability and entropy-stability, and
the regularity for stable self-shrinkers. We analyse the Gaussian areas
of a cone in Section 5, treating them as functionals on the link, and
(homogenous) F-stability of the cone to the stability spectrum of the
link.

We fix certain cutoff functions in Section 6 which will be used in the
remainder of the paper to handle integration around the singular set. In
Section 7, we show that F-stability implies mean convexity, by charac-
terising the bottom of the stability spectrum for singular self-shrinkers
and constructing F-unstable variations when the first stability eigen-
value A; is less than —1. Then, in Section 8, we prove the classification
Theorem 1.4 of mean convex singular self-shrinkers.

Finally, in Section 9, we combine our results in order to classify
F-stable self-shrinkers, homogenously F-stable stationary cones and
entropy-stable self-shrinkers, in the singular setting. In particular, that
section contains the proof of Theorem 1.2.
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2. Preliminaries
2.1. Notation and background.

2.1.1. Hypersurfaces. In this paper a hypersurface will always mean
a C? embedded codimension 1 submanifold ¥ in a smooth Riemannian
manifold N. We write V for the ambient connection, reserving V for
the tangential component and D for the Euclidean connection. Our
convention for the Laplacian is

(2.1) Asf = divs(VES).

A hypersurface ¥ is said to be minimal if its mean curvature vector
in N is zero, and X" C R"*! is said to be a self-shrinker if its mean
curvature vector satisfies

(2.2) H=——z",

where 2 is the position vector. We typically write y” for the tangen-
tial projection of a vector y € R*! and y+ = y — yT for its normal
projection.

If ¥ is two-sided, there is a well-defined unit normal field v and we
denote by A the second fundamental form of ¥ along v. We take the
mean curvature on X to be

(2.3) H = divy v.

Note that if the ambient space is orientable, then the hypersurface 3
is two-sided if and only if it is orientable (see, for instance, [Hir76,
Chapter 4]).

We will typically use ¥" for a hypersurface in R"*! and M"™~! for a
hypersurface in S™, where S™ denotes the round unit sphere in R*1.
We also denote by S™(r) the round sphere of radius r. For clarity we
will use tildes to distinguish geometric quantities on M from those on
Y., for instance, A, H, etc.

We say that a hypersurface ¥  R"*! has Euclidean volume growth
if there exists a constant Cy > 0 so that Vol(X N B,(z)) < Cyr™ for
any r > 0 and any € R"*!. Here, and, henceforth, B, (z) denotes the
open Euclidean ball of radius 7 in R**! centred at z. For convenience
we set B, = B,(0).

2.1.2. Varifolds. In this paper a varifold will always mean an integer
rectifiable (integral) varifold V in a Riemannian manifold N"T!. We
write H* for the k-dimensional Hausdorff measure in N. The reader is
directed to [Sim83] for the basic definitions for varifolds. An integral
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varifold V is determined by its mass measure, which we denote puy .
We will always assume that the support sptV := spt uy is connected.
We define the regular part regV to be the set of points z € sptV
around which spt V is locally a C? hypersurface; the singular set is then
singV =sptV \ reg V.

An integer rectifiable k-varifold V' has an approximate tangent plane
T,V at py-almost every z in spt V. We may, thus, define the divergence
almost everywhere by

k
(2.4) (divy X)(z) = divg,y X(z) = > (E;, Vg, X)(2),

i=1

where Ej; is an orthonormal basis for 7,V and V is the ambient connec-
tion. The varifold V is then said to have generalised mean curvature
vector H, if H is locally integrable and the first variation is given by

(2.5) /diVVXdW = —/(X, H)dpy,

for any ambient C' vector field X with compact support.

For convenience will say that a varifold V is orientable if and only if
reg V is orientable.

For most of our results we will need some control on the singular
set, although we do not assume any such control for now. The weakest
condition we will use is the a-structural hypothesis of Wickramasekera
([Wic14], see also [CM12, Section 12]): An integral varifold V satisfies
the a-structural hypothesis for some « € (0, 1), if no point of sing V" has
a neighbourhood in which spt V' corresponds to the union of at least
three embedded C'%* hypersurfaces with boundary that meet only along
their common C® boundary. Note that the a-structural hypothesis is
automatically satisfied if, for instance, sing V' has vanishing codimension
1 Hausdorff measure.

Note that any hypersurface 3" with locally bounded n-dimensional
Hausdorff measure defines an integral varifold that we denote by [X].

We say that a k-varifold V' in R"*! has Euclidean volume growth if
there exists a constant Cy > 0 so that uy (B,(z)) < CyrF for any r > 0
and any z € R"t1,

We will typically use V to denote an integral n-varifold in R™*! and
W to denote an integral (n — 1)-varifold in 8" C R"+1.

We will say that V' splits off a line if it is invariant under translations
in some direction; if this is the case then, up to a rotation of R"*1,
we may write gy = pRr X py; as the product of a multiplicity one line
with an integer rectifiable (n — 1)-varifold V in R”. We say that an
integral varifold V' is a cone if it is invariant under dilations about the
origin; if this is the case then the link W = VL S" is, indeed, an integer
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rectifiable (n — 1)-varifold in S™ and we write V' = C(W). Of course,
C(W) is orientable if and only if W is orientable.
2.1.3. Gaussian area and entropy. We denote

|z —aq|2

(2.6) Prosto() = (dmto) e 0

The Gaussian area of V centred at zo € R™™! with scale ¢ty > 0 is then
given by

(2'7) Fl’o,to(v) = /pwo,to d:uV'

The normalisation is so that any multiplicity 1 hyperplane has Gaussian
area Fy, ;,(R™) = 1. For convenience we set p = pp 1 and F' = Fy 1. The
entropy introduced by Colding—Minicozzi [CM12] may be defined as the
supremum over all centres and scales,

(2.8) A(V)= sup Fy (V).
onRn+1
to>0

Note that finite entropy implies Euclidean volume growth:

Lemma 2.1. Let V be an integral n-varifold in R™' with finite
entropy A(V') < co. Then for any xo and any r > 0, we have

(2.9) Ly (Br(z0)) < et (4m) 3 A(V)r™.

|z —xq|2

— 1
Proof. Ase” 2 >e"1 for any x € B,(x¢), we have

|z—zq|®
/e =) dpy ().

The result follows by definition of the entropy A(V). q.e.d.

T

(2.10) v (Br(zo)) < e

2.1.4. Stationary and F'-stationary varifolds. We say that an n-
varifold V in R"*! is stationary (for area) if it has zero generalised mean
curvature H = 0. In particular, the regular part must be minimal in
R" L. Tt is straightforward to see that a cone V = C(W) is stationary
if and only if the link W is stationary in S™. Here an integral (n — 1)-
varifold W in 8" C R™*! is stationary if its generalised mean curvature
in R"! is given by ﬁ(p) = —(n — 1)p. In particular, its regular part is
minimal in S™.

We say that V' is F-stationary if it is instead stationary for the F'-

functional defined above, or alternatively with respect to the conformal
: lzI? : : :
metric e 2n §;; on R"*!. Equivalently, its generalised mean curvature

is given as before by

= 1
(2.11) H= —§mi.



ENTROPY OF CLOSED SURFACES AND SINGULAR SHRINKERS 559

In particular, the regular part must be a self-shrinking hypersurface.
Also, it follows that a cone V = C(W) is F-stationary if and only if it
is stationary in R"+1.
A consequence of Brakke’s regularity theorem is that any self-shrinker
with entropy close enough to 1 must be a hyperplane [CIMW13].
Note that the constancy theorem implies that any stationary (or F-
stationary) varifold has locally constant multiplicity on its regular part.

2.1.5. Connectedness. [t will be useful to record a connectedness
lemma that follows from the varifold maximum principle of Wickra-
masekera [Wicl4, Theorem 19.1] together with the work of Ilmanen in
[Ilm96], who proved the same result but with a stronger hypothesis on
the singular set.

Lemma 2.2. Let V be a stationary integral n-varifold in a smooth
Riemannian manifold N" ! with H" (singV) = 0. Then regV is
connected if and only if spt V is connected.

The key point, arguing as in the proof of [Ilm96, Theorem A(ii)], is
that under the assumption H"!(sing V) = 0, stationarity is equivalent
to having vanishing mean curvature together with a local Euclidean
volume bound. Each component of reg V', therefore, defines a stationary
varifold and the varifold maximum principle applies to show that they
must coincide.

2.1.6. Entropy-stability. A smooth self-shrinker ¥ is entropy-stable
if it is a local minimum for the entropy functional amongst C? graphs
over Y. Here we make this notion precise for varifolds. We first define
normal variations that are not required to be compactly supported.

Definition 2.3. Let V be an integral n-varifold in a manifold N1
and consider a complete Lipschitz vector field X on N. Further suppose
that X vanishes on sing V and is C? on N \sing V. Writing {@f}se(_“)
for the flow of X, we say that the image varifolds

(2.12) Vi = (@) 4V

form a normal variation of V' if additionally X (z) L T, regVj for all s
and any x € reg V5.

This definition includes deformations by compactly supported normal
graphs over an orientable regular part reg V', since we can construct a
smooth ambient field X by extending in a neighbourhood of reg V' away
from the singular set. Similarly, it includes homogenous variations of
a cone V = C(W) in R""! induced by compactly supported normal
graphs over reg W; in this case the ambient field X only fails to be
smooth at the origin.
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Definition 2.4. We say that an F-stationary varifold V is entropy-
unstable if there exists a normal variation V; of V satisfying

A(Vy) < A(V) for s > 0.
We say that V' is entropy-stable if it is not entropy-unstable.

2.1.7. F-stability. The notion of F-stability of [CM12] extends to the
singular setting by requiring that the variation take place away from the
singular set.

Definition 2.5. Let V' be an orientable F-stationary n-varifold in
R"t!. We say that V is F-unstable if there is a normal variation V; of
V', compactly supported away from sing V', such that for any variations
x5 of 2o = 0 and ¢4 of tg = 1, we have 9%|s—oFy, +,(Vs) < 0.

F-stability is no longer suited for studying the entropy when V is
a cone, since one may always zoom away from the compact variation.
Therefore, we instead consider homogenous variations and introduce the
notion of homogenous F-stability for stationary cones as follows:

Definition 2.6. Let W be a stationary (n — 1)-varifold in S™. We
say that W is homogenously F-unstable if there is a normal variation
Ws of W in S™, compactly supported away from sing W, such that for
any variation x5 of 9 = 0, we have 92|s—oFy, 1(C(W;)) < 0. We say
that W is homogenously F-stable if it is not homogenously F-unstable.

If V.= C(W) is a stationary n-cone in R"*! we say that V is ho-
mogenously F-stable if and only if W is homogenously F-stable.

The restriction ¢ty = 1 will suffice since for any cone we have

EmNﬂWDZﬁ%ACWW,

by dilation invariance. Note that any stationary cone has finite entropy
(see Corollary 2.9).

2.1.8. Stability eigenvalues. Let X" be an orientable self-shrinker in
R"*!. The second variation operator for the F-functional is given by
the operator

1
(2.13) L:£+§+mﬁ
where L is the drift Laplacian

1
(2.14) ﬁ:AE—?%viy

Our convention is that u is an eigenfunction of L with eigenvalue A
if Lu = —Au. For (connected) open domains @ CC ¥ the Dirichlet
spectrum {A;(2)}i>1 of L on Q is well-defined. More generally, we
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define the first stability eigenvalue (with respect to Gaussian area) of ¥
by
TP = AP~ 3

Js P
Here the second infimum may be taken over Lipschitz functions f with
compact support in 3. Note that the infimum could be —oo. If, how-

ever, we have A\; = A\1(X) > —oo then we immediately get the stability
inequality

@) [laPro< [ 9Pt (-5 A [ £

for Lipschitz functions f compactly supported in X.
If V is an orientable F-stationary varifold, we set A1 (V') = Ai(reg V).
It will be useful to recall the following elementary eigenfunctions of
L:

Lemma 2.7 ([CM12], Theorem 5.2). On any smooth orientable self-
shrinker, for any constant vector y we have L(y,v) = %(y, v) and LH =
H.

(2.15) A(E) = inf A (@) =

For hypersurfaces M™~! in 8", we will consider the usual stability op-
erator for area given by (recalling that S™ has constant Ricci curvature
n—1)

(2.17) L=Ay+ AP+ (n—1).

Here A is the second fundamental form of M in S™. As above we have
the Dirichlet spectrum {r;(€2)};>1 for any domain Q@ CC M, and we
define the first stability eigenvalue of M by

S (V72 = |APF2 = (n = 1))
Ju 1 '

Again the infimum may be taken over Lipschitz functions f with com-
pact support in M, although it could again be —oo. If W is an orientable
stationary integral (n — 1)-varifold in S", we set k1 (W) = k1 (reg W).

(2.18) k1 (M) = iISlzf k1(Q2) = ir}f

2.2. Entropy of F-stationary varifolds. Colding—Minicozzi showed
that the entropy of a smooth self-shrinker is achieved by the F' = Fj
functional. Ketover and Zhou [KZ15, Lemma 10.4] extended their com-
putation to the singular setting (in fact, for more general varifolds):

Lemma 2.8 ([KZ15]). Let V be an F-stationary varifold satisfying
F(V) < co. Fiza € R and y € R"™! and set g(s) = Fy11052(V).
Then for all s > 0 with 1 + as®> > 0 we have

|(asz + y)*|?s
219) ¢ = 5o [ O e due) <o
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Consequently, the map (xo,to) — Fy,1,(V) achieves its global maximum
at (0,1), that is, A(V) = F(V) < 0.

As a result we see that stationary cones have finite entropy:

Corollary 2.9. Let V. = C(W) be a stationary n-cone. Then V

has finite entropy given by A(V) = %, where S is the totally

geodesic equator of S™ and |[W|| is the total mass of the link W.

Proof. A straightforward calculation in polar coordinates gives that
Fo (V) = % < 00, and the result then follows from Lemma 2.8.
q.e.d.

We can characterise the equality case in Lemma 2.8 as follows:

Lemma 2.10. Let V be an F-stationary n-varifold in R" 1.

1) If 2+ = 0 a.e. on V where x is the position vector, then ¥ is a
stationary cone.

2) If y- =0 a.e. onV for some fived vector y, then ¥ splits off a
line.

Proof. For point (1) suppose + = 0 a.e. on V. Then the generalised
mean curvature of V is H = —1zt = 0, so V is stationary for the area
functional. The fact that V' is now a cone follows from the monotonicity
formula as detailed in the proof of [Sim83, Theorem 19.3]. We will not
reproduce it here as it is similar to the proof of the second case to follow.

For point (2) suppose y* = 0 a.e. on V. Without loss of generality
we may assume y = ep41. We, therefore, write 2 = (2/, x,41), where
x’ € R"™. By the slicing theorem, the slices V L {z,,11 = s} are integral
(n — 1)-varifolds for almost every s € R.

Let ¢ : R = R and f : R® — R be C!, compactly supported
functions. We set

(2.20) o(s) = / F(@)pnss + 5) day (@),

0 that ¢/(s) = [ £(2')¢! (wns1 + ) day ().
Consider the vector field X = f(2/)¢(xn+1 + $)ent1. We calculate

(221) divy X = @(@ns1+8) (Vs ens1)+ F(@)0 @ni1+5) el 1, entr).

Since e,+1 = egﬂ a.e. on X, we have that (Vf, e y1) = (Df, epy1) =0,

(el 1 ent1) = 1 and (z+,e,41) = 0. Since H = — s+, plugging into

(2.5) then gives that ¢'(s) = 0, hence, g(s) is constant in s.
Now fix a > 0. Using ¢ to approximate the characteristic function of
the interval [0, a], our work above shows that

/ F@ )X < r<oray diiv ()
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is constant in s, for any compactly supported C' function f on R™. Set
Vs = VL {x,+1 = s}. For almost every s € R, both slices V* and V5t
are integer rectifiable, so using the coarea formula and differentiating
gives that

(2.22) [ 1@ duve@) = [ 1) duyare o),

for all such s. Another application of the coarea formula then gives that
wy is invariant under translation by ae,41. Since a was arbitrary, this
concludes the proof. q.e.d.

In particular, the map (zg,t0) — Fyyt, (V) has a strict global max-
imum at (0,1) for F-stationary varifolds V' that do not split off a line
and are not cones. Similarly, the map g — Fy,1(V) has a strict global
maximum at xg = 0 if V' does not split off a line.

3. Applications

Before proving Theorem 1.2, we will describe how entropy lower
bounds for closed hypersurfaces and for singular self-shrinkers can be
deduced from the classification of compact entropy-stable singular self-
shrinkers. In particular, we will assume for this section that the follow-
ing holds:

Proposition 3.1. Let V be a compactly supported F'-stationary inte-
gral n-varifold in R™ Y, which has orientable reqular part of multiplicity
1, finite entropy and H" '(singV) = 0. If V is not the round sphere
S™(\/2n) then there is an entropy-unstable variation of V', which is com-
pactly supported away from sing V.

Clearly Proposition 3.1 is an immediate corollary of Theorem 1.2 (see
also Theorem 9.5), since a compactly supported varifold certainly can-
not split off a line or be a cone. The main goal of this section will be to
prove Theorem 1.1 under this assumption. The applications we present
here extend the results of Bernstein—Wang to all higher dimensions, and
depend crucially on their theory developed in [BW16].

Let A, = A(S™) be the entropy of the round sphere. A direct com-
putation (see [Sto94]) shows

3
(3.1) 2>A1>§>A2>-~>An>~->1.

Similar to [BW16] we define SV,, to be the set of all integral F-
stationary n-varifolds in R"*! with nonempty support. We denote by
CSV,, the subset of varifolds in SV, that have compact support. For
A > 0 we also define SV,,(A) to be the subset of varifolds in SV,, with
entropy strictly less than A, and CSV,,(A) = SV, (A) NCSV,,.
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3.1. Entropy lower bound for closed hypersurfaces. It was shown
by Colding-Ilmanen—Minicozzi-White in [CIMW13]| that the sphere
S™(v/2n) minimises entropy amongst smooth, embedded closed self-
shrinkers (in fact, they showed that there is a gap to the next lowest
entropy in this class). This led them to conjecture the following:

Conjecture 3.2 ([CIMW13]). Any smoothly embedded, closed hy-
persurface ¥ C R, n <6 has entropy A(X) > A,,.

The case n = 1 is an easy consequence of the Gage—Hamilton—
Grayson theorem, which states that any embedded closed curve con-
tracts to a round point. Bernstein and Wang [BW16] settled Con-
jecture 3.2 for 2 < n < 6 by leveraging their insightful observation
that under a carefully chosen weak flow, the final time singularity aris-
ing from compact initial data must be collapsed in a certain sense (see
[BW16, Definition 4.6] and [BW16, Definition 4.9]). In fact, they
were able to prove the entropy bound for objects of weaker regularity,
the compact boundary measures defined as follows (see also [BW16,
Definition 2.10]):

Definition 3.3. Let V be an integral n-varifold in R"*!. We call
V' a compact boundary measure if there is a bounded open nonempty
subset £ C R"™"! of locally finite perimeter (that is, xyg has locally
bounded variation) such that spt py = OF and py = |Dxg|.

In this subsection we will extend their result [BW16, Corollary 6.4]
to all dimensions n > 2.

We will first need Bernstein—-Wang’s characterisation of the entropy
minimiser in CSV,,(Ay,):

Lemma 3.4 ((BW16], Lemma 6.1). Let n > 2. If for all1 < k <
n—1, the set CSVi(A,) is empty, then either CSV,(A,,) is also empty,
or there is a V € CSVp(Ay,) satisfying:

1) A(V) =inf{A(p) : p € CSV,(Ay)},

2) V is a compact boundary measure,

3) V is entropy stable,

4) sing V' has Hausdorff dimension at mostn — 7.

The following proposition is implicit in the proof of [ BW16, Corollary
6.4]:

Proposition 3.5 ([BW16]). Consider n > 2 and let V be a compact
boundary measure in R"FL. If for all 2 < k < n, the set CSVi(Ay)
is empty, then A(V) > A,. Moreover, if equality holds then, up to
translations and dilations, V is an entropy-stable member of CSV,,.

We are now ready to prove the main theorem of this section:

Theorem 3.6. For all n > 2, we have CSV,(A,) = 0.
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Proof. First, any V' € CS§V1(3/2) must be smooth by [BW16, Propo-
sition 4.2] and, hence, have entropy at least A; by [CIMW13, Theorem
0.7]. So by (3.1) we have CSV1(A,) =0 for n > 2.

We proceed by induction. By [BW16, Proposition 6.2], we already
have CSV,(A,) = 0 for 2 < n < 6. Now for general n > 2, if
CSVi(Ag) = 0 for all 2 < k < n — 1, then using the above discus-
sion we see that the hypotheses of Lemma 3.4 are satisfied. Thus, if
CSVy,(Ay,) is nonempty then there is a V € CSV,,(Ay,) that is entropy-
stable and has singular set of codimension at least 7. Moreover, V is
a compact boundary measure so its regular part is orientable (see also
[BW16, Proposition 4.3]), and it has multiplicity 1 since it is integral
with A(X) < A, < 2. But then Proposition 3.1 gives that V' must be
a round sphere, so, in particular, A(V) = A, which is a contradiction.

q.e.d.

Corollary 3.7. Let n > 2. Any compact boundary measure V in
R has entropy A(V) > A(S™), with equality if and only if V is a
round sphere.

Proof. The lower bound follows immediately from Theorem 3.6 and
Proposition 3.5.

If equality holds then, up to a translation and dilation, V' € CSV,
and A(V) = A, < 3, so as above V is orientable by [BW16, Proposition
4.3], and H"2(sing V) = 0 by [BW16, Proposition 4.2]. Since V must
also be entropy-stable, by Proposition 3.1 it must be a round sphere.

q.e.d.

Theorem 1.1 follows from Corollary 3.7 for n > 2, since any closed hy-
persurface separates R"*! and, hence, defines a compact boundary mea-
sure. Again the case n = 1 follows from the Gage-Hamilton—Grayson
theorem [GH86, Gra87].

3.2. Gap theorem for compact singular self-shrinkers. The main
theorem of Colding—Ilmanen—Minicozzi-White [CIMW13] established
that the shrinking sphere had the lowest entropy amongst (smooth)
closed self-shrinkers, with a gap to the next lowest. Bernstein—Wang,
using their own methods, were able to provide an independent proof of
this result that, in fact, extended it to compact singular self-shrinkers,
but only for 2 < n < 6. In this subsection we will extend their result to
all n > 2.

We will need the following proposition, which is implicit in the proof
of [BW16, Corollary 6.5]:

Proposition 3.8 ([BW16]). Let n > 2. Assume that, for all 2 <
k<n:

o The set CSV(Ag) is empty;
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e The only compact boundary measure V€ CSVy with A(V) = Ay
is the shrinking sphere S*(v/2k).
Then there exists €, > 0 such that CSVy (A, + €,) contains only the
shrinking sphere S"(\/%)

Combining Proposition 3.8 with Theorem 3.6 and Corollary 3.7 then
immediately yields our gap theorem for compact singular self-shrinkers
in all dimensions n > 2 as follows:

Corollary 3.9. Letn > 2. There exists €, > 0 so that CSVy,(An+€r)
contains only the shrinking sphere S™(v/2n).

3.3. Entropy lower bound for partially collapsed self-shrinkers.
We also generalise the results of Bernstein—Wang for so-called partially
collapsed self-shrinkers (see [BW16, Definition 6.6]) to all dimensions
n > 3. The following is implicit in the proof of [BW16, Corollary 6.7]:

Proposition 3.10 ([BW16]). Let n > 3. Assume that, for all 2 <
k<n-—1:

o The set CSV(Ag) is empty;

e The only compact boundary measure V€ CSVy with A(V') = Ay

is the shrinking sphere S*(v/2k).

Then any partially collapsed V € SV, with noncompact support has
entropy A(V') > A1, with equality if and only if V' is the round cylinder
S*~1(\/2(n — 1)) x R.

As before, we combine Proposition 3.10 with Theorem 3.6 and Corol-
lary 3.7 to obtain the lower bound for all n > 3:

Corollary 3.11. Let n > 3. Any partially collapsed self-shrinker
V € SV, with noncompact support has entropy A(V) > A,_1, with
equality if and only if V is the round cylinder S"1(1/2(n — 1)) x R.

4. Colding—Minicozzi theory

In this section, we recall some results from [CM12], which allow us
to relate entropy-stability to F-stability. We will also need variation
formulae for the Gaussian area functionals, as well as the regularity
theory for self-shrinkers with A; bounded from below. The proofs found
in [CM12] extend naturally to the varifold setting, so we will state the
results in this setting.

4.1. Variations. Here we record a second variation formula for the
Gaussian area of an orientable F-stationary varifold V in which the
centre of the Gaussian functional may change. Specifically, in this sub-
section we consider normal variations Vs of V', with generator X com-
pactly supported away from sing V.
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If reg V is orientable, each reg V; is still orientable with normal de-
noted vy, and the restriction of X is given by X|wegv, = fsvs for some
functions fs compactly supported in regVi. For ease of presentation
we will give the formulae using the functions fs with the understanding
that fs = 0 off the regular part reg V5.

Proposition 4.1 (Second variation at a critical point). Let V' be an
orientable F-stationary n-varifold in R™ with finite entropy. Let Vi
be a normal variation of V' with variation field X, compactly supported
away from sing V.. Write X|iegv, = fsVs, with f = fo. Also let x5 and
ts be variations of xog = 0 and to = 1 with z{, = y and t; = a. Then
a§|8:0(Fx57ts (Vs)) is given by

J_’2

2

(4.1) /<fo+2faHa2H2+f<y,u> y )pd,uv.
Here we understand the H? term via the generalised mean curvature,
H? = |H> = {|a*]2

The point is that the proofs of the first and second variation formulae,
[CM12, Lemma 3.1] and [CM12, Theorem 4.1] respectively, go through
essentially unchanged, since the normal variation V; takes place away
from the singular set sing Vs = sing V' and the contributions of zs and
ts just come from differentiating the weight. To specialise to a critical
point as in [CM12, Theorem 4.14], one needs certain integral identities
on self-shrinkers; these can be proven in the varifold setting by applying
(2.5) to the appropriate (exponentially decaying) vector fields.

4.2. Entropy stability and F-stability. In this subsection we con-
tinue to consider normal variations V; of an F-stationary varifold V.

First, for normal variations compactly supported away from sing V',
the proof of [CM12, Theorem 0.15] goes through to give:

Theorem 4.2. Suppose V' is an orientable F'-stationary varifold with
finite entropy that does not split off a line and is not a cone. If V is
F-unstable then it is entropy-unstable, where the unstable variation is
compactly supported away from sing V.

For stationary cones V.= C(W) we need to consider homogenous
variations, induced by a normal variation of W in S™ supported away
from sing W. The following is implicit in the proof of [CM12, Theorem
0.14]:

Theorem 4.3. Let n > 3. Suppose that V.= C(W) is an orientable
stationary n-cone in R that does not split off a line. If W is ho-
mogenously F-unstable then V is entropy-unstable with respect to the
induced homogenous variation.
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4.3. Regularity of self-shrinkers with stability spectrum lower
bound. Here we record a regularity result for F-stationary varifolds V'
with A1 (V) = A (¥) > —oo that satisfy the a-structural hypothesis,
where ¥ =reg V.

The content of the following proposition is essentially contained in
[CM12, Section 12] and depends on the regularity theory of Wick-
ramasekera [Wic14]; it follows from the proof of [CM12, Proposition
12.24], noting that the proof of [CM12, Lemma 12.7] goes through with
any lower bound A;(X) > —oo because the [y, ¢?p term in the stabil-
ity inequality (2.16) may be estimated on small balls (by the Poincaré
inequality) to be small relative to [, [V¢|?p.

Proposition 4.4. Let V be an orientable F-stationary n-varifold
in R with finite entropy, satisfying the a-structural hypothesis for
some o € (0,3). Suppose that \ (V) > —oo. Then V corresponds to an
embedded, analytic hypersurface away from a closed set of singularities
of Hausdorff dimension at most n—7 (that is empty if n < 6 and discrete

ifn="17.)

5. Gaussian area functionals on cones

In this section, we consider integral (n —1)-varifolds W in S™. Specif-
ically, we will study the Gaussian areas of their cones V' = C(W), which
by dilation invariance satisfy

(5.1) Fag 1o (C(W)) = F%,l(C(W))-

As such, it will often be enough to consider centres zy € R™!, with
fixed scale tg = 1. The main goal is to provide variation formulae for the
Gaussian areas Fy 4, (W) by treating them as functionals on the link
W note that the formulae in Section 4.1 do not apply directly since the
variations are noncompact. This will give us the means to determine
the homogenous F-stability of a stationary cone.

Since our focus is on the link, in this section, y? will refer to the
projection to the (approximate) tangent space T,W at a point p €
spt W C S™, so that y € R"! decomposes as

(5.2) y=y" + (y,p)p+y-.

Here 3 denotes the component orthogonal to T,W in T,S™, which is
equivalent to the component orthogonal to 7,C'(W) in R, and is

given by y* = (y, )7 on the regular part.

Lemma 5.1. Let W be an integral (n—1)-varifold in S™, and suppose
that the cone C(W) has finite entropy. Then we have

(5.3)  Fuga(C(W)) = (4m)~5 e lmol*/4 / K1 ((p, 20)) dpw (p),
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where
(5.4) Kn(t) = e /4 I,(¢)

1s the sequence of real analytic functions defined by the recurrence rela-
tion

(5‘5) In(t) = tInfl(t) + 2(” - 1)In72(t)v
forn > 2, and
(5.6) Io(t) = va(l+erf(t/2)),  L(t) = tlo(t) + 2e /4.

Proof. Set V.= C(W). Using polar coordinates r > 0, p € S™ for
x =rp € R"!, we have that

z—x0]2 o0 rp—x0|2
(5.7) /Rﬂe_ i d,uv(ac):/s </0 o r"_ldr> dpw (p).

Completing the square we have |rp—zo|? = (r—(p, z0))?+|z0|>— (p, 20)?,
where we have used that |p|?> = 1. Setting t = (p,x¢), it remains to
compute the integrals

(5.8) I,(t) = /000 e_¢ r"dr,
for each n. First, for n = 0 by definition of the error function we have
(5.9) Iy(t) = /OO e A dy = V(1 +erf(t/2)).
—t
For n > 1 we have

= NG T o=
I,(t) = ; (r—t)e 2 " dr+t ; e 1 r"dr

(r=1)2 |*°
4

= 2" te” +2(n—1)1I—o(t) + tI,—1(1),

0

where we have used integration by parts in the second equality. For
n > 2 the first term vanishes whilst for n = 1 it evaluates to 2e~t"/ 4
which gives the result. q.e.d.

5.1. Variations. For an integral (n — 1)-varifold W in S™, we consider
normal variations Wy of W in S™ generated by smooth, compactly sup-
ported vector fields X on S", so that X (p) L T, reg Wy for any s and
any p € reg W,. If W is orientable, then we will write X |regw, = @sVs.
Recall that 7 and H denote the normal and mean curvature of a hyper-
surface M™~! in S™, respectively.

A direct computation yields the first variation formula for the F-
functional on cones:
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Lemma 5.2 (First variation formula). Let W be an orientable in-
tegral (n — 1)-varifold in S™. Let Wy be a normal variation of W in
S™ generated by X, compactly supported away from singW. Write
Xlregw = ¢sVs with ¢ = ¢g. If x5 is a variation of xo with xy =y, then
Os|s=0(Fi,1(C(Wy))) is given by

o—laol?/4

(47{)% / (¢ﬁKn1(t) - %<l‘0, y>Kn—1(t)

(5.11)
T ((yp) + (xo, u>¢>K;_1<t>) dya (),

where as before we have written t = (p,xo) for convenience.

Lemma 5.3 (Second variation formula). Let W be an orientable
integral (n — 1)-varifold in S™. Let Wy be a normal variation of W
in S™ generated by X, compactly supported away from sing W. Write
Xlregw = @sVs with ¢ = ¢g and ¢/ = Os|s—o¢s. Also let z; be a variation
of xo with zf, =y, x§ = y'. Then 92|s—o(Fy, 1(C(W5))) is given by

BN
4 ~
[ |- @loaa - st Vo0
(47)>

2y, DR (1) — 5 lyP Ko (1)

# (9~ 2o} a0

F (o) + (0,7)0)° Ky (1)

+2 (0 = Jlo0)) (0op) + {o0.7)9) K10
¢ (H K (t) + (w0, DV, (1))

) K () + <p,y'>K;_1<t>] dyu ().

(5.12)

2

where again we have writtent = (p, x¢) for convenience, and K, _{, K)'_,
are just the usual derivatives of the single-variable function K,_1 (as
opposed to the variational derivative).

Proof. The proof is a direct calculation by differentiating the first

variation formula, using that on M = regW we have v = —V¢ and
that H’ is given by the Jacobi operator,

(5.13) H' = —Ayé —|APo — (n—1)¢ = ~Luo,

for hypersurfaces in S™ (see, for instance, [HP99]). q.e.d.

We will now specialise to the case of a critical point, but first we need
some integral identities for minimal hypersurfaces in S™.
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Lemma 5.4. If W is a stationary integral (n—1)-varifold in S™ then
for any fized vector y € R™ 1 we have

(5.14) /<y,p> duw (p) = 0,

(5.15) /IyTl2duw =(n—1) /<y,p>2duw(p)-

Proof. We apply (2.5) to certain ambient vector fields X, recalling
that a stationary varifold in S™ has generalised mean curvature in R*+!
given by H(p) = —(n — 1)p.

For the first claim, simply take X = y, so that divyy X = 0.

For the second claim, take X = (y,z)y, then we have diviy X =

wh,y) = y"|? and (p, X (p)) = (y,p)*. qe.d.

Proposition 5.5 (Second variation at a critical point). Let W be an
orientable stationary integral (n—1)-varifold in S™. Let W be a normal
variation of W in S™ generated by X, compactly supported away from
singW. Write X’regW = ¢sUs Wwith ¢ = ¢g. Also let x5 be a variation
of xo = 0 with zf, = y. Then 8%|s—o(Fr,1(C(Wy))) is given by

n N 1tn
(5.16) %w—%r (5) / <—¢L¢+2F§(§))¢<y,ﬁ> - ;!yL!2> dpw (p)-

Proof. Using the recurrence for K,_; one may verify the special
values K,_1(0) = 2"7'T'(%), K/,_ 1(0) = 210 (M%) and K[/_,(0) =

2”_2nI‘( ). Plugging zp = 0 and H = 0 into Lemma 5.3, we get that
02| s=0(Fy.1(C(W5))) is given by

n N 1in
57 (5) [ | - oo+ 2k ot - S
(5.17) rlm)
+g<y,p>2+ F(’ZI) (', p)| duw(p),

where ' = z{j. Using Lemma 5.4 to handle the last three terms com-
pletes the proof recalling that according to the decomposition (5.2) we
have [y|* = [y"|* + (y,p)? + [y *. g.c.d.

Remark 5.6. If V = C(WW) is a stationary cone then, working in
polar coordinates r = |z| on the regular part ¥ = reg C(W), the stability
operator Ly has the decomposition

2
Lf=r" |A’

2f Lo+ oy f o f

=1 3Ly — (n— 1)+ L1)f,

(5.18)
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where

3 ?”2

(5.19) Ly = r20% + (n — 1)rd, — %ar + 5

Noting that Lir = (n — 1)r, and using the evaluation of the special
integrals I,,(0), it follows that the integral over the cone C'(W)

(5.20) / <—fo .

coincides with (5.16) if we set f(z) = r¢(¥). This shows, in particular,
that the second variation formula Proposition 4.1 is valid for homoge-
nous variations of a stationary cone.

J_|2
2

> pducw)

We record the following estimate for the coefficient of the middle term
of (5.16).

Lemma 5.7. For any integer n > 2 we have

p(liz)?
5.21 —2 2 <n—1.
(521 g <"
1 P2
Proof. Let A, = = F(i +—. By the functional equation for the
2

gamma function, we have for n > 3 that A, = %An_g < A,_o,
so the lemma follows from checking that A = 112?(’7{)22)2 = 7 < 1 and

_1.0@?* _ 2
Ag = §F(3/2)2 = x < 1 qed

6. Integration on singular hypersurfaces

In this section, we present some technical results that will allow us
to work on the regular part of an integral varifold with small enough
singular set.

6.1. Cutoff functions. Given an integral n-varifold V in R"*! satis-
fying H" 4(sing V') = 0, ¢ > 0, we describe here our choice of cutoff
functions (on R™*!) that will allow us to integrate around the singular
set.

For any fixed R > 4 and ¢ > 0, since the singular set is closed,
using the definition of Hausdorff measure we may cover the compact set
sing V' N Bg by finitely many Fuclidean balls,

m

(6.1) singV N B C U By, (pi), where Z Tl <,
i=1 i

and of course we may assume without loss of generality that r; < 1 for

each i. This covering depends on ¢, R and €, but we will suppress this

dependence in the notation.
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Given such a covering, we may take smooth cutoff functions 0 <
¢; < 1 such that ¢; = 1 outside Bs,,(p;) and ¢; = 0 inside Bay, (p;),
with |D¢;| < T% in between. We will also need to cut off on large
balls so we fix a cutoff function 0 < nr < 1 such that ngp = 1 inside
Br-3 and nr = 0 outside Br_o, with |Dngr| < 2 in between. Then,
we combine these cutoffs by setting ¢r . = inf;(¢;,nr) < 1, which is
Lipschitz with compact support in Br_; \ U~ B2y, (pi), and satisfies
|Dér.e| < sup;(|Del, [Dnrl).

We will also need cutoff functions on annuli by smooth functions
0 <4y < % satisfying 1; = 7,% inside By, (p;i) \ Bar,(pi) and ¢; = 0
outside By, (pi) \ Br,(pi), with |Dip;| < %2 in between. We also take
0 < €r < 2 such that £z = 2 inside Br_» \ Br_3 and &g = 0 out-
side Bp—1 \ Br—4, with |DE&g| < 4 in between. We combine these by
setting ¥r . = sup;(s,&r), which is Lipschitz and satisfies |Dyg | <
sup; (| Dil, | DER]). In particular, we have

(6‘2) ‘D¢R,e| < wR,e-

We will reduce the dependence to the single parameter R by choosing
€ = €(R) such that limp_,o €(R) = 0. In this setting we write more

compactly ¢r = dRre, Vg = VR,

6.2. Integration. We will conduct our analysis in the weighted LP
spaces introduced in [CM12]. We say that a function f is weighted L?
on a hypersurface X if it is LP with respect to the measure pdugi . That
is, for p € (0,00) we say f is weighted L? if || f||, := ([ |f[Pp)? < oo,
and for p = oo we require ||f||o = supy |f| < oo. The weighted WP
spaces are defined analogously. The goal of this subsection is to es-
tablish conditions under which integration by parts is justified in these
spaces.

Recall that the operator L is symmetric with respect to the weight p:

Lemma 6.1 ([CM12], Lemma 3.8). If ¥ C R"™! is any hyper-
surface, u is a C function with compact support in ¥ and v is a C?
function, then

(6.3) /E w(Lv)p = — /E (Vo, Vap.

In the remainder of this subsection X" will denote the regular part
of an n-varifold V in R™! with Euclidean volume growth. The expo-
nential decay of the weight p = (4m)~"™/2 e~1e*/4 then gives that any
function on X of polynomial growth in |z| is automatically weighted LP
for any p € (0, 00).

Lemma 6.2. Let ¢ > 0 and suppose that H" 4(singV) = 0. Let
Y =regV, and take ¢r = ¢r. as in Section 6.1. Then we have the
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following gradient estimate for ¢p:

(R—3)2

(6.4) / VonrlTp < 210y (R" o~ "5 13n¢),
>

where Cy is the volume growth constant. In particular,

lim / IVor|ilp =0.
b

R—oo

Proof. We have

m

29
/ IVor|?p < / 2"p+2/ =
> ZOBR_Q\BR_S i=1 EmBSri (pi)\BQTi (pz) Ti
a2
(6:5) < 21Cy (R" e~ 2 +3" Z ’I“;Lq)
_(rR-3)2
<29Cy(R"e 3 +3%).

The limit follows since we choose € such that limp_,~ €(R) = 0. q.e.d.

Corollary 6.3. Assume H" 4(sing V') = 0 for some q. Let ¥ = regV
and ¢r be as above.

1) Suppose that ¢ > 1 and that f is weighted LP, p = q%’l. Then

(6.6) Jim [ 171Vorlp = o

2) Suppose that ¢ > 2 and that f is weighted LP, p = %. Then

(6.7) lim / fAIVor*p = 0.
R—o00 b
Note again that here we allow p = oo.

Proof. For (1), using Holder’s inequality, we have

(6.8) [ 1190nio < 151, < / |w>R|qp>q ,

where % + % =1.
Similarly, for (2) we have

(6.9 [ 152%0no < 111 ( / rwmqp)q

where % + % =1
By supposition the weighted LP-norms of f are finite, so both results
now follow from Lemma 6.2. q.e.d.
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Lemma 6.4. Suppose that H" 9(sing V') = 0 for some ¢ > 1. Fur-
ther suppose that u,v are C? functions on ¥ = reg V' such that |Vu||Vv|

and |uLv| are weighted L', and |uVv| is weighted LP, p = - Then

(6.10) /Z(uﬁv)p: —/E<Vu, Vo)p.

Proof. If ¢ has compact support we may use Lemma 6.1 to get

(6.11) /Ecbu(ﬁv)p——/E¢<Vu,Vv>p—/Zu<Vfu,V¢>p.

Applying this to ¢ = ¢g, Corollary 6.3 gives that the second term on
the right tends to zero as R — oo, so the result follows by dominated
convergence. q.e.d.

In practise we will refer to both Lemma 6.1 and Lemma 6.4 simply
as integration by parts.

7. Stability of singular self-shrinkers

Throughout this section X" will denote an orientable self-shrinker in
R"*! with Euclidean volume growth Vol(XN B, (z)) < Cyr™. The main
goals of this section are to understand the first stability eigenvalue of 3
and to construct F-unstable variations when it is low enough.

Frequently we will take ¥ to be the regular part of an F-stationary
varifold V' with finite entropy (which has Euclidean volume growth by
Lemma 2.1), and the results will depend on the size of the singular set.
In several cases the assumptions on sing V' may be weakened using the
regularity theory Proposition 4.4, but we state the stronger hypotheses
to clarify the degree of regularity required.

7.1. Stability spectrum of 3. Recall that the first stability eigen-
value of the stability operator

1 1
(7.1) L=As—5{n, V5) + AP+,
on a self-shrinker X is defined by
Js(UVFP = AP = 3)p
Js f2p ’
where the infimum is taken over functions compactly supported in 3,

and could potentially be —oco. Also recall that if, indeed, A\ = A;(X2) >
—o00, then we have the stability inequality

@) [1arRe< [1ViPor (5 -n) [ £

for Lipschitz functions f compactly supported in 3.

(72) WD) =infA(Q) = inf
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Lemma 7.1. Suppose that u > 0 is a C? function on ¥ with Lu =
—Au. Then A (X) > .
Moreover, if f is Lipschitz with compact support in 3, then

(7.4) /Q FAIAR + |V loguf?)p < /Q AV F —20f2)p.

Proof. Since u > 0, the function log v is well-defined on ¥ and we can
compute that

1
(7.5) Llogu=—-A—3 - |A]> — |V logul?.

Since f has compact support in ¥, then integrating f2£logu by parts
we have that

(7.6) /2 </\ + % + |A]2 + |V10gu|2> = /Z<Vf2,V10gu>p.

Using the absorbing inequality [(V 2, Vlogu)| < |Vf|> + f2|V logu|?
we get that

(7.7 L (rg+1ar) po< [95.

and, hence,

J(VIP = |APF =17
Is f?p -
Since this holds for any f with compact support in 3, we conclude that
A1(X) > X as claimed.
If we instead absorb using [(V 2, Vlegu)| < 2|V f|? + 52|V logul?
we get that

1 1
19 [ (At 1ar -+ iioga?) o< [ 95,
P P

which implies the bound (7.4). q.e.d.

(7.8)

We will frequently apply Lemma 7.1 to subdomains 2 of the regular
part of an F-stationary varifold as well as to the regular part itself.

7.1.1. Weighted integral estimates.

Lemma 7.2. Let V be an orientable F-stationary n-varifold in R+
with finite entropy and H"(sing V') = 0 for some q > 2. Suppose that
w > 0 is a C? function on ¥ = regV with Lu = —A\u. Then if ¢ is

weighted W2 and weighted LP, p = (12_—‘12. Then

(7.10) /Q G(|A[2 + |V loguf?)p < /Q (8]V6[ — 206%)p.
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Proof. We take f = ¢rp, where ¢r is as in Section 6. Applying
Lemma 7.1 we get that

/2 G262 (|A[2 + |V loguf?)p
(7.11)
< /E (862 IVoR? + 863 Vol2 — 226%6%)p.

As R — o0, the second and third terms on the right converge since
¢ is weighted W2, and Corollary 6.3 implies that the first term on the
right term tends to zero, whence Fatou’s lemma gives the result. q.e.d.

For any integer k& > 0, the function |z|?* is a polynomial in z, so
by the Euclidean volume growth it is of course weighted WP for any
p € (0,00). Thus, we immediately get:

Corollary 7.3. Let V be an orientable F'-stationary n-varifold in
R with finite entropy and H"~9(sing V') = 0 for some q > 2. Suppose
that w > 0 is a C? function that satisfies Lu = —\u on ¥ =reg V. Then
|Al|z|* and |z|*|V 1ogu| are weighted L? for any k > 0.

We now record the main quantitative L? estimates for |A| and |V log u|
that will be essential both for constructing unstable variations when
A1 < —1, and for classifying mean convex self-shrinkers. It is crucial
that the estimate holds for positive eigenfunctions u defined only on a
subdomain §2.

Lemma 7.4. Let V be an orientable F-stationary n-varifold in R*1
with finite entropy and H" *(singV) = 0. Let ¢p = ¢, be as in Sec-
tion 6.1, and consider a domain Q0 C ¥ = regV such that spt(¢pr|a) CC
Q. If u is a positive C? function on Q satisfying Lu = —\u, then

/Q (AP + |V log ul?) 6%V orl2p

(R—4)2

< (256 + 8|A\|)Cy (R e™ 1 +4%).

(7.12)

Proof. Recall that we cover the singular set singV N Br C
U™, By, (pi), where 31" ™% < € and without loss of generality r; < 1
for each .

The key is to replace |V¢g| by the annular bump function ¢p =
YR, > |Vor|, which has better regularity properties:

(7.13) /Q (A2 + |V log uf®) 63| V|2 < /Q (A2 + |V log ul) 3.

In particular, the function f = (¢rvr)|q is Lipschitz with compact
support in €2, and we may now apply Lemma 7.1 on € which yields
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/ (AP + |V logul?)#3uhp
(7.14) @

< /Q (SU2IVor|? + 863|Venl? + 2|\ 62l )p.

We may bound the first term on the right in (7.14) by

VRIVorlp < | ko
It s

16
< / 16p + Z / =
YNBr-1\Br-4 SNBur; (pi)\Br; (i) Ti
< 16Cy (R oL +4”Zr;l—4>
7

(R—4)
<16Cy(R"e” = +4%€).

(7.15)

Since ¢% < 1 the second term on the right in (7.14) is bounded by

16
[ klvinto< [ 169+ Z / o
by YNBr-1\Br-4 SNBur; (pi)\Br; (i) Ti
2
(7.16) <160y <R" e_<R44> +4nzr?4>
%
_ (R—4)?
<16Cy(R"e” % 44",
and since r; < 1 the last term is bounded by
/¢%¢%p</ 4P+Z/ 2
> o ZﬂBR_l\BR 4 EmBﬁlT pz \B'rz(pz) 7’-7;2
(7.17) <40y ( +4nz n— 2)
7
—4)
< 4Cy( +4"€).
Combining these estimates gives the result as claimed. q.e.d.

7.1.2. Bottom of the spectrum.

Lemma 7.5. Let X" be a connected, orientable self-shrinker with
A = M(Z) > —co. Then there is a positive C? function on % with
Lu = —\u.

Moreover, suppose that X is the reqular part of an F-stationary n-
varifold V' with finite entropy and H" 9(sing V') = 0 for some q > 2. If
v is a C? functz’on on ¥ with Lv = —\jv, which is weighted W12 and

weighted LP, p = ﬁ, then v = cu for some ¢ € R.
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Proof. For the existence of u we proceed as in [CM12]: Fix p € ¥ and
consider an exhaustion p € Q1 C Qo C -+ of ¥ =, ;. For each i there
is a positive Dirichlet eigenfunction Lu; = —A1(2;)u; on £;, and we may
normalise so that u;(p) = 1. Since A1(€2;) decreases monotonically to
A1 > —oo, the Harnack inequality gives 1 < supu; < Cinfu; < C,
where C' = C(£;, \1). Elliptic theory gives uniform C?® bounds on the
u; on each compact set, so we get a subsequence converging uniformly
in C? to a nonnegative solution of Lu = —A\ju on ¥ with u(p) = 1. The
Harnack inequality again implies that w is positive on .

For the uniqueness, by the assumptions on v, Lemma 7.2 gives that
|AJv and v|V log u| are weighted L?. By expansion this implies that vLv
and v2L log u are weighted L', and since v is weighted W12 we see that
|Vv?||[Viogu| < V|2 + v?|Viogul? is weighted L'. Moreover, since
%+% = %, Holder’s inequality gives that HUVUH# < ||Voll2]jv]lp, < o0
and [[v2V log UH% < ||V logull2|v|l, < oo.

Lemma 6.4 n(;ZW allows us to integrate by parts to get

/(VUQ,Vlogu)p:—/v2ﬁlogup
b )

(7.18) 1
= / v\ + A7 + 3 + [V log ul?)p,
by
and
1
(7.19) / |Vol?p = —/ vLvp = / (A + AP+ 2)p.
2 2 2 2
Rearranging we find that
(7.20) / vV logu — Vo|?p = 0,
pX
hence, vVlogu — Vv = 0 and 7 is constant on 3. q.e.d.

Lemma 7.6. Let V' be an orientable F-stationary n-varifold in R+
with finite entropy and H" (singV') = 0 for some q > 2. Then on
Y =regV we get the same A\ (X) by taking the infimum over Lipschitz
functions f on X that are weighted W2 and LP, p = %.

Proof. Obviously we may assume that A} = A1(X) > —oo. By using
the global eigenfunction produced by Lemma 7.5 in Lemma 7.2, we have
that |A|f is weighted L?. Let ¢ be as in Section 6. We will use the
test functions fr = f¢g in the definition of Aj.

Now since f and |A|f are weighted L?, dominated convergence gives
that [ fAp — [ f?p and [, |A]*fEp — 5 |A]>f?p as R — oco. For the
gradient term we have

(7.21) /E 1V fal?0 = /E (GUV P+ 201, Vor) + P2IVorl)p.
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The second and third terms on the right tend to zero as R — oo, by
parts (1) and (2) of Corollary 6.3, respectively. Moreover, the first term
tends to [y [V f |2p by dominated convergence. Thus, we have shown
that [v [V fr|*0 = [5 [V f|?>p, and the lemma follows. q.e.d.

Proposition 7.7. Let V' be an orientable F-stationary n-varifold in
R with finite entropy and H"~9(sing V') = 0 for some ¢ > 2. Suppose
that v # 0 is a C? function on ¥ = regV satisfying Lv = —\v, which

is weighted W12 and weighted LP, p = %. Then M\ (X) < A

Proof. Obviously we may assume A\; = A(X) > —oo.
Using the positive eigenfunction produced by Lemma 7.5, as in the
proof of that lemma we have by Lemma 7.2 that |Alv is weighted L2,
q—1

and, hence, that vLv is weighted L!. Again since % + % =4 we have

that HvVvH%l < ||Vv]|2]|v]|p < o0, so by Lemma 7.6 we may use v as a
test function in the definition of A1, and, moreover, Lemma 6.4 allows
us to integrate by parts:

1
(7.22) / |Vo|?p = / v? ( + A+ |A|2> p.
b b 2

This implies that A1 < A as claimed. q.e.d.

Corollary 7.8. Let V be an orientable F-stationary n-varifold in
R with finite entropy and H" 9(sing V) = 0 for some q > 2. Then

M(V) < =1, with equality if and only if sptV is a hyperplane.

Proof. Clearly we may assume A\; > —oo, and by Lemma 2.2 we
may assume that ¥ = regV is connected. Fix a point p € ¥ and set
v(z) = (v(p),v(x)). Then |v| < 1 is bounded, and using the positive
eigenfunction from Lemma 7.5 for Corollary 7.3 we see that |Vov| < |A|is
weighted L?. The upper bound for A\; then follows from Proposition 7.7
since Lv = %v. Moreover, if equality holds then since L{y,v) = %(y, v)
for any fixed y, the uniqueness in Lemma 7.5 implies that v is constant
on Y. The constancy theorem then implies that spt V is a hyperplane.

q.e.d.

Corollary 7.9. Let V' be an orientable F-stationary n-varifold in
R with finite entropy and H" 9(sing V) = 0 for some q¢ > 2. If H
is not identically zero on ¥ = regV, then we have \1(X) < —1, with
equality if and only if H does not change sign on .

Proof. From the self-shrinker equation H = % (z,v) we see that |[H| <
|x| is weighted LP for any p € (0,00). Moreover, differentiating the self-
shrinker equation leads to |VH| < |A]|z]|.

Now clearly we may assume A; > —oo, and by Lemma 2.2 we may
assume that ¥ = regV is connected. Then using the positive eigen-
function u of Lemma 7.5 for Corollary 7.3 implies that |VH| < |A]|z| is
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weighted L?. The result follows from Proposition 7.7 since LH = H. If
equality holds, the uniqueness of Lemma 7.5 implies that H = cu does
not change sign. q.e.d.

7.2. Constructing unstable variations. Here we give the construc-
tion of F-unstable variations when the first stability eigenvalue \; is
small. We first consider the easy case when A\ < —% which does not
require any assumptions on the singular set. The proof is essentially as

in [CM12, Lemma 12.4], but we include it here for completeness.

Proposition 7.10. Let V be an orientable F-stationary n-varifold
in R with finite entropy and regular part ¥ = regV. If M () <
f%, then there exists a domain 0 CC X such that if u is a Dirichlet
eigenfunction for A\1(S2), then for any a € R and any y € R we have

2
(7.23) /Q <—uLu + 2uaH — a®*H? 4 uly,v) — <y2”>> p <0.

Consequently, V' is F-unstable.

Proof. Since \1(X) < —% we may choose a domain {2 CC X so that
A(Q) < —%. Then completing the square, the left hand side above is

given by

3 1
(7.24) / ((2 + /\1(Q)> uZ — (u— CLH)2 _ §(u —(y, y>)2) p <0,
Q
so we are done by the second variation formula Proposition 4.1. q.e.d.

We now construct F-unstable variations when A\; < —1. The key, as
in [CM12, Section 9.2], is to quantify an “almost orthogonality” be-
tween the first eigenfunction and the eigenfunction H, but our analysis
of the cross term differs significantly — instead of estimating boundary
terms arising from integration by parts, we use our chosen cutoff func-
tions adapted to sufficiently large domains to estimate the cross term
directly. To do so, we require that the singular set is small enough that
we may use the previous results of this section.

Proposition 7.11. Let V' be an orientable F'-stationary n-varifold
in R with finite entropy and regular part ¥ = regV. Suppose that
H A (sing V) = 0. If \i(X) < —1, then there exists a domain Q CC X
such that if u is a Dirichlet eigenfunction for A\1(S2), then for any a € R
and any y € R"! we have

2
(7.25) /Q <—uLu + 2uaH — a®*H?* 4 uly,v) — (y,;) > p <0.

Consequently, V is F-unstable.
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Proof. As before we can absorb the cross term wu(y,v) using —%uz
and —%(y, )2, so the left hand side is bounded above by

(7.26) /Q <<; + Al(Q)) u? + 2uaH — a2H2> p.

If H is identically zero on X then we are done, so, henceforth, we assume
this is not the case.

By Proposition 7.10 we may assume —3 < A\(X) < —1. Also by
Lemma 2.2 we may assume that > is connected. We now claim that we
can find a domain Q@ CC ¥ with A\;(£2) < —1 and for which the cross

term can be absorbed by:

i (o) <3() ()

Given the claim, the proof proceeds by again completing the square:
Using (7.27) to bound the cross term, the expression (7.26) is bounded
above by

oo () (B (L) (L)) <o

which is strictly negative since A1(2) < —1. This implies that V is
F-unstable by the second variation formula Proposition 4.1.

To prove the claim, we take R > 4, set ¢ = R~3 and cover the singular
set as in Section 6.1: sing VN Br C U, By, (pi), with 3,77 < e and
r; < 1 for each i. Now we let ¢p = ¢r be as in Section 6.1 and take a
(connected) domain Q = Qp such that

(7.28) spt(¢rlo,) CC Qr CC XN Bp.

Then the 2 = Qp must exhaust ¥ as R — 0o, so by domain mono-
tonicity of the first eigenvalue there exists a g > 0 such that

(7.29) A (Q) < —1— 6,

for any R sufficiently large.
Let u be the first eigenfunction of L on €2 so that u > 0 on 2. In order
to prove (7.27), we give ourselves some room using the cutoff qﬁ% <1,

/ﬂqu’ = /Q(uHﬁszruH(l—é%)p)‘
/quﬁ?zp +/ [uH |p
Q QNspt(1—¢%)

1
3
+ (/ u2p> / H?p| .
Q QNspt(1—¢%)

IN

(7.30)

:JNJ

D=

IN

/ uH¢hp
Q
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We can crudely estimate using |H| < |z| < R on Bp that

/ H?p < R? / P+ / p
Qnspt(1—¢%) YNBr\Br_3 i=1 Y XNBar,; (pi)

32
(7.31) < Oy R? (R” T4y 3“CV7~?>

1=1
(R

a2
< Cy(R™2 o5 137 R2),

where Cy is the volume growth constant, and we have used that the

r < 1.
For the other term, we note that
(7.32) HLu—ulH =HLu—ulLH = (—\(Q) — 1)uH,
on (). Setting
1
(733) o = _)\1(9) —1le [507 5]7

we then have

/UHﬁb%%P 1/¢%(Hﬁu—uﬁH)p
Q a Jo

(7.34) ;
=a4@ﬂmeW—wa,

where we integrated by parts for the second equality. Therefore,

[ utiého
Q

We estimate the gradient terms as follows: First, Cauchy—Schwarz
gives

1 1

2 2
(1.36) [ onlVonlluVi]o < ( / u%) ( / ¢%|V¢R2|VH|%) .
Using |[VH| < |Al|z| < |A|R on Bp, we have

(7.35)

2
<= [ oulVonl((uvH|+ VUl

(7.37) /Q 02|V on2 | VH [ < R? /Q 03IV ol Al%p.

For the second gradient term, since u > 0 on {2, we may use Cauchy—
Schwarz to get

/Q orIV ORI HVulp

3 Vul2 \ 2
< ([wo)" ([ morivonr i)

(7.38)
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Again using |H| < |z| < R on Bpg, we have
Vul? Vul?
@) [ wevenPl, < w2 [ shiven .
Q u Q u
But now by Lemma 7.4, since [A1(Q)] < [M(Z)] < 2, we have

(R—4)2

(140) [ (AP + |V g uP)6hITomlp < 208Cy (R e 5 +470)
Q

Putting all our estimates into (7.30), using that « > dy, we obtain
that

1
H 2 3
(7.41) M <C (R"+2 o~ +4"R26) ,

(Jou?p)?
where C' = (1 + @) v/ Cy does not depend on R. Since we chose

€ = R™3, the right hand side tends to zero as R — co. This shows that

we can make M as small as we like by choosing R large. But since

(Jouzp)?
H is not identically zero, and since the 2z form an exhaustion of X, we
see that fQ H?p has a uniform positive lower bound 6% for sufficiently

large R. Choosing R large enough so that W < %51 will satisfy
L u2p)?

the condition (7.27). Together with (7.29) this establishes the claim

and, thus, concludes the proof. q.e.d.

Finally, we briefly record the construction of F-unstable variations of
stationary cones.

Proposition 7.12. Let V be an orientable stationary n-cone in R*1
sothat H=0on X =regV. If \{(2) < —%, then there exists a domain
Q) CC X such that if u is a Dirichlet eigenfunction for A\i(S2), then for
any y € R we have

(7.42) /Q <—uLu +uly,v) — <y’2”>2) p < 0.

Consequently, V' is F-unstable.

Proof. Since A\1(X) < —1 we may choose a domain Q CC ¥ so that
M(Q) < —%. Completing the square, the left hand side is bounded
above by (3 + M\ (Q)) [, u®p < 0, which implies that ¥ is F-unstable
by the second variation formula Proposition 4.1, since H = 0 on X.

q.e.d.

8. Mean convex singular self-shrinkers

Throughout this section ¥ denotes the regular part of an orientable
F-stationary n-varifold V in R**! with Euclidean volume growth. The
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goal is to extend the classification of mean convex self-shrinkers due to
Huisken [Hui90] and Colding-Minicozzi [CM12] to the singular set-
ting.

By Lemma 7.1, if H > 0 on ¥, then A\ (X) > —1, so again some of the
hypotheses on the singular set, in this section, may be weakened using
the regularity theory Proposition 4.4. We continue to state the results
with the stronger hypotheses to clarify the dependence on the size of
the singular set. We will need the following Simons-type inequality for
self-shrinkers:

Lemma 8.1 ([CM12], Lemma 10.8). On any smooth orientable self-
shrinker we have LA = A. Hence, at any point where |A| does not
vanish, one has

VAP - [VIA|?
A

(8.1) LIA| = |A|+ > |4

We now adapt the Schoen—Simon—Yau [SSY 75] argument to improve

our control on |A|.

Lemma 8.2. Suppose that H" *(singV) = 0. If H > 0 on ¥ = regV
then |A| is weighted L* and |V|A||, |VA| are weighted L?.

Proof. First, for n with compact support in ¥, integrating | A|?n? log H

by parts as in Lemma 7.1 and using the absorbing inequality (twice)
gives

/Z Al'nPp < (1+a) /2 V] Al

1
+ L1aR (@4 aIvaP + 302 o
¥

where a is an arbitrary positive number to be chosen later.
Second, it follows from the Simons-type inequality (8.1) and Colding—
Minicozzi’s Kato inequality [CM12, Lemma 10.2] that

2n _
Lo [ (L wmpe +aiapent)
2
>(14+ ——— Al*n?p.
> (142 -a) [Im1aiPs

Combining (8.2) and (8.3) then gives

(8.2)

(8.3)
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Choosing a < %H will give that the first coefficient on the right is
less than 1 and, thus, may be absorbed on the left, therefore,

(8.5) / AP < C / (VHPY + AP + | AR Vn?)p,

where C'= C(n

Let ¢ = (;5376 be as in Section 6.1. We will apply (8.5) with n = ¢%.

As in Corollary 7.9, using Corollary 7.3 with the positive eigenfunc-
tion H shows that |A| and |V H| are weighted L?. Therefore, as R — oo,
the first and second terms on the right will converge to the finite inte-
grals [ |[VH|?p and [y, |A|?p, respectively. To bound the last term
in (8.5) we use Lemma 7.4 with the globally defined eigenfunction H,
which gives

/ APIVaPp = 4 / APSRIV I
(8.6) > >

2
< 10560 ( S g,

Choosing € = R~! and taking R — oo we see that this term tends
to 0, thus, we have shown that, indeed, |A| is weighted L* by Fatou’s
lemma. With this fact in hand, it follows from (8.3) that |V|A|| is
weighted L2.

Finally, multiplying the identity £|A|? = 2|V A|? + |A]> — 2|A|* by
%nQ and integrating by parts, we have

/E (VAP — A < — / 2| Al(V1, V| Al)p

(8.7)
< [ OPIVIAIR + P90,

Since we now know that |V|A|| is weighted L? and that |A| is weighted
LY, we again set n = ¢% and use (8.6) to handle the last term; this
shows that |V A|? is weighted L?, as desired. q.e.d.

Lemma 8.3. Suppose that H" 4(singV) = 0. If H > 0 on ¥ =
reg V', then |A|/H is constant and, hence, |VA|?> = |V|A||? on X.

Proof. By Lemma 2.2 we may assume that X is connected.

We wish to integrate |A|?Llog H and |A|L£|A| by parts. So we check:

First, since |A| is weighted W12 and L* by the above lemma, using
Lemma 7.2 with H > 0 gives that |A||Vlog H| is weighted L?. Using
Young’s inequality we then have

(JA]*|V log H|)? = |AP(]A| |V log H|)?
8.8) 2
( pww+|mw@m2
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Since |A| was weighted L* this shows that |A|?|V log H| is weighted LP
for p = 3. Since Llog H = ;—|A|?—|V log H|?, we see that |A|?|£log H|
is weighted L'. Also

(8.9) IVIAP[V log H| = 2| A| [V]A|| [V log H|

' < |AP|Vlog HI? + V] Al

is weighted L' since |V|A|| was weighted L?. By Lemma 6.4 we may
now integrate |A|?Llog H by parts to find that

1
(8100 [ (VAR ViogH)p = [ [AP(AP -} + [V iog H)p
by b
Now using the Simons equality we have that
1
(8.11) [A[LIA] = SIAP = [A] + [VAF = [V]4]1°

is weighted L!. We already know that |V|A|| is weighted L2, and as
above we have that

2—-p 2 p
(8.12) ([A[VIAll)" < == 1A + SIVIAP

Again since |A| is weighted L* this gives that |A||V|A|| is weighted LP
for p = %, so we may use Lemma 6.4 to get that

1
s13) [ 1914 =- [ jaiclalp < [ (41 - JlAP).
) b b
Subtracting (8.10) from (8.13) and rearranging we get
(8.14) 0= [ 1|41V log 1 - V141,
)

which implies that |A|V log H = V|A| and, hence, |A|/H is constant on
DI

The final statement follows again from the Simons inequality (8.1)
since equality now must hold in the previous inequalities. q.e.d.

We are now ready to present the proof of Theorem 1.4.

Theorem 8.4. Let V be an orientable F'-stationary n-varifold in
R with finite entropy, and suppose that H" *(singV) = 0. If H > 0
on regV then either V is a stationary cone, or sptV is a generalised

cylinder SF(v/2k) x R*F,

Proof. Since H" !(sing V) = 0, we may assume by Lemma 2.2 that
> =regV is connected. Then since LH = H, by the Harnack inequality
we must either have H > 0 or H =0 on X. If H = 0 on X then, in
particular, - = 0 almost everywhere on V, so V must be a stationary
cone by Lemma 2.10.
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Otherwise, we have H > 0 on X. By Lemma 7.1, we then have
A1(X) > —1 so by the regularity theory Theorem 4.4, we may assume
that sing V' has codimension at least 7.

Now by Lemma 8.3, we have that |A|/H is constant and |[VA|? =
|V|A||? on ¥. The remainder of the proof of [CM12, Theorem 0.17]
goes through to prove that either VA = 0 on X, or there are constant
vectors eg, - - - ,e, € R"! that are tangent at every point of X.

If VA=0on X, then [Law69, Theorem 4] (which does not assume
completeness) implies that ¥ is a piece of a generalised cylinder ¥g =
SE(v/2k) x R™*. Then sptV is contained in g, so by the constancy
theorem we must have spt V = .

On the other hand, if eg, - - - , e, € R"*! are constant vectors tangent
at every point of 3, then by Lemma 2.10 we have that uy = pgn-1 X
pi7» where V is an orientable F -stationary l-varifold in R2. Since the

singular set had codimension at least 7, certainly 1% and, hence, V must,
in fact, correspond to smooth complete embedded hypersurfaces. By the
result of [CM12, Theorem 0.17] or the remainder of its proof, and since
H > 0 on ¥, we conclude that in this final case spt V' must be a cylinder
S'(v2) x R 1. q.e.d.

9. Classification of stable self-shrinkers

In this section, we classify F-stable and entropy-stable singular self-
shrinkers. It will be convenient to include a quick lemma verifying that
there are no nontrivial stationary cones in low dimensions which satisfy
the a-structural hypothesis.

Lemma 9.1. Let n <2 and suppose that V = C(W) be a stationary
n-cone in R, If V satisfies the a-structural hypothesis for some
a € (0,1), then spt V must be a hyperplane.

Proof. If n = 1, then the a-structural hypothesis implies that any
tangent cone to spt V' consists of at most two rays, for which the only
stationary configuration is a straight line. This shows that V is an
integer multiple of a smooth cone, hence, of a line.

If n = 2, by dilation invariance the link must also satisfy the a-
structural hypothesis. The above argument then shows that the link W
is smooth. But the only smooth closed geodesics in S? are the great
circles, so V must be a multiple of a plane. q.e.d.

9.1. F-stable self-shrinkers. First we classify F-stable self-shrinkers.

Theorem 9.2. Let V be an orientable F-stationary n-varifold in
R with finite entropy, that satisfies the a-structural hypothesis for
some a € (0, %) If V is F-stable then spt V. must be a hyperplane R™

or a shrinking sphere S™(v/2n).
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Proof. Set ¥ = regV. By Proposition 7.10, we may assume that
MV)=M(2) > —%. As such, by the regularity theory Proposition 4.4
and Lemma 2.2, we may assume that sing V' has codimension at least 7
and, hence, that ¥ is connected. Since LH = H, the Harnack inequality
gives three cases for the sign of H:

Case 1: H =0on X. If spt V is not a hyperplane R", then Corollary
7.8 gives that A (V) < —%. But then Proposition 7.12 shows that V' is
F-unstable.

Case 2: H does not vanish on . In this case by Theorem 8.4 we
know that spt V must be a generalised cylinder S¥(v/2k) x R* %, k > 0.
Colding—Minicozzi showed in [CM12, Theorem 0.16] that of these only
the k = n case is F-stable.

Case 3: H changes sign on Y. In this final case, Corollary 7.9 gives
that A;(2) < —1. Then Proposition 7.11 provides an F-unstable varia-
tion. q.e.d.

We also need to classify homogenously F-stable stationary cones:

Theorem 9.3. Let V = C(W) be an orientable stationary n-cone in
R, that satisfies the a-structural hypothesis for some o € (0, %) If
V' is homogenously F-stable, then sptV must be a hyperplane.

Proof. By Lemma 9.1, we may assume n > 3. Suppose that W is
not totally geodesic. We will show that V' = C(W) is homogenously
F-unstable. Indeed, let M = reg W and consider a domain 2 CC M.
Let u be a Dirichlet eigenfunction for the Jacobi operator L on €2, so
that Lu = —k1(Q2)u. We would like to use u as our normal variation of
M in S".

By the second variation formula for the F-functional on cones, Propo-
sition 5.5, it suffices to ensure that

()

(9.1) /M <ﬁ1(9)u2 + 2t uly.7) - ;<y,ﬁ>2> <0,

2

for any y € R"*!. Completing the square we have that
1 ~ I‘(H'J)Q
(92) - 7<y7 V>2 + 2 : u<y7 V> S 272(“
2 I'(3) [(3)?
But now M is not totally geodesic and n > 3, so Theorem 1.3 (see
also [Zhul6]) and Lemma 5.7 respectively give that

P(45") 2

r(42)?
This implies the existence of the desired domain 2 and, thus, concludes
the proof.

Alternatively, having verified that the second variation formula Propo-
sition 4.1 is valid for homogenous variations (see Remark 5.6), we may
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use it directly. Setting f(z) = |x|u(%) and ¥ = regV/, as in the proof
of [CM12, Theorem 0.14] it suffices to ensure that

L(=r2r 4 st - 500025

(9.4) .
= [ (ma@2 + letutyr) - 30.00%) p <0

)
Estimating 2|z|uy,v) < (y,v)? + |z|?u?, we may bound the left hand
side from above by

03 [ (sa@l 3ol ) o= @)+ map

T2 7‘2
where we have used the fact that fooo e 7 dr = 2 fooo r"~le=7 dr.
Again the fact that k(M) < —2(n — 1) < —n completes the proof.

q.e.d.

D)V

Tz — 1

Remark 9.4. Similarly to Lemma 5.7, using lim,
14ny2
one may verify that n — 1 < 2% < n for all n. The upper bound
2
confirms that working on the link is slightly sharper than absorbing on
the cone as in (9.5). The lower bound ensures that the computation
above (correctly) does not apply to the totally geodesic (planar) case.

9.2. Entropy-stable self-shrinkers. Finally, we are ready to classify
entropy-stable self-shrinkers.

Theorem 9.5. Let V be an orientable F'-stationary n-varifold in
R with finite entropy, that satisfies the a-structural hypothesis for
some o € (0,3). Assume that V is not a cone.

If spt'V is not a generalised cylinder S*(v/2k) x R"%, then V is
entropy-unstable. Furthermore, if V' does not split off a line and if
spt V' is not the shrinking sphere S™(\/2n), then the unstable variation
can be taken to have compact support away from sing V.

Proof. First suppose that V' does not split off a line. If V is F-
stable then the classification of singular F-stable self-shrinkers Theorem
9.2 gives that spt V must be a hyperplane R™ or the shrinking sphere
S™(v/2n). On the other hand, if V is F-unstable then by Theorem 4.2
it is entropy-unstable with respect to compactly supported variations.

Now suppose that py = pgn-r X p, where V' is an orientable
F-stationary k-varifold in RFH! that does not split off a line. Then
A(V) = A(V). But by the above, if V' is not spherical then it is entropy-
unstable, and the induced (translation-invariant) variation of V' will also
be entropy-unstable. q.e.d.
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Theorem 9.6. Let V = C(W) be an orientable stationary n-cone
in R, that satisfies the a-structural hypothesis for some o € (0, %)
If spt V' is not a hyperplane R™, then V is entropy-unstable under a
homogenous variation induced by variation of the link W away from its
singular set.

Proof. By Lemma 9.1, we may assume n > 3. If V' is homogenously
F-stable, then by Theorem 9.3, spt V must then be a hyperplane R".
On the other hand, if V is homogenously F-unstable, then by Theorem
4.3 it is entropy-unstable under the corresponding homogenous varia-
tion. q.e.d.

Remark 9.7. It may be useful contextually to recall that any dila-
tion-invariant or translation-invariant self-shrinker is entropy-stable
amongst compactly supported variations, since we may shift the Gauss-
ian centre away from the variation. Therefore, the natural variations to
consider, as we have above, are those with the same symmetries as the
original self-shrinker.

One may note, in particular, that even the non-flat area-minimising
cones are entropy-unstable when we allow the class of homogenous vari-
ations. On the one hand this makes sense since the area-minimising
condition is only with respect to local perturbations, and there are cer-
tainly area-decreasing perturbations if again one allows homogenous
variations. On the other hand, this suggests that the entropy func-
tional may be limited in its ability to detect the dynamical stability of
stationary cones under the mean curvature flow.

Finally, Theorem 1.2 is simply the combination of Theorems 9.5 and
9.6. We also observe:

Remark 9.8. In Definition 2.3 we considered deformations by cer-
tain ambient vector fields; in particular, for higher multiplicity vari-
folds this did not allow the sheets to come apart. If the sheets are
allowed to come apart, it is easy to verify that two distinct concentric
spheres together have entropy strictly less than twice that of a single
sphere, so for m > 2 we see that m[S™(v/2n)] is entropy-unstable in this
sense.

The higher multiplicity (noncompact) cylinders are still entropy-
stable under compactly supported variations as one may blow down
or translate away from the variation, but once we allow for translation-
invariant variations it follows that m[S*(v/2k) x R"*] is entropy-
unstable for m > 2, 0 < k < n. Finally, the higher multiplicity planes
m[R"], m > 2, are entropy-unstable once we allow for homogenous vari-
ations — one may consider the cones whose links consist of two distinct
parallel latitudes of radius 1 — € in S™.



592

[ALW14]

[BW16]

[BW17]

[BW18]

[CIMW13]

[(CM12]

[CMP15]

[GHS6]

[Gra87]

[Hir76]

[HP99)]

[Hui90]

[lIm95]

[Tlm96]

[KS16]

J. J. ZHU

References

Ben Andrews, Haizhong Li, and Yong Wei, . -stability for self-shrinking
solutions to mean curvature flow, Asian J. Math. 18 (2014), no. 5, 757—
777. MR 3287002, Zbl 1306.53059.

Jacob Bernstein and Lu Wang, A sharp lower bound for the entropy of
closed hypersurfaces up to dimension siz, Invent. Math. 206 (2016), no. 3,
601-627. MR 3573969, Zbl 1360.53017.

Jacob Bernstein and Lu Wang, A topological property of asymptotically
conical self-shrinkers of small entropy, Duke Math. J. 166 (2017), no. 3,
403-435. MR 3606722, Zbl 1380.53069.

Jacob Bernstein and Lu Wang, Topology of closed hypersurfaces of small
entropy, Geom. Topol. 22 (2018), no. 2, 1109-1141. MR 3748685, Zbl
1381.53112.

Tobias Holck Colding, Tom Ilmanen, William P. Minicozzi, II, and
Brian White, The round sphere minimizes entropy among closed self-
shrinkers, J. Differential Geom. 95 (2013), no. 1, 53-69. MR 3128979,
Zbl 1278.53069.

Tobias H. Colding and William P. Minicozzi, II, Generic mean curvature
flow I: generic singularities, Ann. of Math. (2) 175 (2012), no. 2, 755-833.
MR 2993752, Zbl 1239.53084.

Tobias Holck Colding, William P. Minicozzi, II, and Erik Kjser Pedersen,
Mean curvature flow, Bull. Amer. Math. Soc. (N.S.) 52 (2015), no. 2,
297-333. MR 3312634, Zbl 06431061.

M. Gage and R. S. Hamilton, The heat equation shrinking convex plane
curves, J. Differential Geom. 23 (1986), no. 1, 69-96. MR 840401, Zbl
0621.53001.

Matthew A. Grayson, The heat equation shrinks embedded plane curves
to round points, J. Differential Geom. 26 (1987), no. 2, 285-314. MR
906392, Zbl 0667.53001.

Morris W. Hirsch, Differential topology, Springer-Verlag, New York-
Heidelberg, 1976, Graduate Texts in Mathematics, No. 33. MR 0448362,
Zbl 0356.57001.

Gerhard Huisken and Alexander Polden, Geometric evolution equations
for hypersurfaces, Calculus of variations and geometric evolution prob-
lems (Cetraro, 1996), Lecture Notes in Math., vol. 1713, Springer, Berlin,
1999, pp. 45-84. MR 1731639, Zbl 0942.35047.

Gerhard Huisken, Asymptotic behavior for singularities of the mean cur-
vature flow, J. Differential Geom. 31 (1990), no. 1, 285-299. MR 1030675,
Zbl 0694.53005.

Tom Ilmanen, Singularities of mean curvature flow of surfaces, preprint
(1995).
T. Ilmanen, A strong mazimum principle for singular minimal hypersur-

faces, Calc. Var. Partial Differential Equations 4 (1996), no. 5, 443-467.
MR 1402732, Zbl 0863.49030.

Casey Kelleher and Jeffrey Streets, Entropy, stability, and Yang—Mills
flow, Commun. Contemp. Math. 18 (2016), no. 2, 1550032, 51. MR
3461431, Zbl 1336.53040.



ENTROPY OF CLOSED SURFACES AND SINGULAR SHRINKERS 593

[KZ15]

[Law69]

[Liul6]

[Sim68]

[Sim83]

[SSY75]

[Sto94]

[Wic14]

[Zhal2]

[Zhul6]

Daniel Ketover and Xin Zhou, Entropy of closed surfaces and min-max
theory, J. Differential Geom. 110 (2018), no. 1, 31-71, MR3851744, Zbl
06933731.

H. Blaine Lawson, Jr., Local rigidity theorems for minimal hypersurfaces,
Ann. of Math. (2) 89 (1969), 187-197. MR, 0238229, Zbl 0174.24901.

Zihan Hans Liu, The index of shrinkers of the mean curvature flow, arXiv
preprint arXiv:1603.06539 (2016).

James Simons, Minimal varieties in Riemannian manifolds, Ann. of
Math. (2) 88 (1968), 62-105. MR 0233295, Zbl 0181.49702.

Leon Simon, Lectures on geometric measure theory, Proceedings of the
Centre for Mathematical Analysis, Australian National University, vol. 3,
Australian National University, Centre for Mathematical Analysis, Can-
berra, 1983. MR 756417, Zbl 0546.49019.

R. Schoen, L. Simon, and S. T. Yau, Curvature estimates for minimal
hypersurfaces, Acta Math. 134 (1975), nos 3-4, 275-288. MR 0423263,
Zbl 0323.53039.

Andrew Stone, A density function and the structure of singularities of the
mean curvature flow, Calc. Var. Partial Differential Equations 2 (1994),
no. 4, 443-480. MR 1383918, Zbl 0833.35062.

Neshan Wickramasekera, A general reqularity theory for stable codimen-
sion 1 integral varifolds, Ann. of Math. (2) 179 (2014), no. 3, 843-1007.
MR 3171756, Zbl 1307.58005.

Yongbing Zhang, .7 -stability of self-similar solutions to harmonic map
heat flow, Calc. Var. Partial Differential Equations 45 (2012), nos 34,
347-366. MR 2984136, Zbl 1257.53093.

Jonathan J. Zhu, First stability eigenvalue of singular minimal hypersur-
faces in spheres, Calc. Var. Partial Differential Equations 57 (2018), no.
5, Art. 130, MR 3844511.

PRINCETON UNIVERSITY
‘WASHINGTON ROAD
PriNcETON, NJ 08544
USA

FE-mail address: jjzhu@math.princeton.edu



	1. Introduction
	2. Preliminaries
	2.1. Notation and background
	2.2. Entropy of F-stationary varifolds

	3. Applications
	3.1. Entropy lower bound for closed hypersurfaces
	3.2. Gap theorem for compact singular self-shrinkers
	3.3. Entropy lower bound for partially collapsed self-shrinkers

	4. Colding–Minicozzi theory
	4.1. Variations
	4.2. Entropy stability and F-stability
	4.3. Regularity of self-shrinkers with stability spectrum lower bound

	5. Gaussian area functionals on cones
	5.1. Variations

	6. Integration on singular hypersurfaces
	6.1. Cutoff functions
	6.2. Integration

	7. Stability of singular self-shrinkers
	7.1. Stability spectrum of 
	7.2. Constructing unstable variations

	8. Mean convex singular self-shrinkers
	9. Classification of stable self-shrinkers
	9.1. F-stable self-shrinkers
	9.2. Entropy-stable self-shrinkers

	References

