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MINIMAL SURFACES IN THE 3-SPHERE BY
STACKING CLIFFORD TORI

Davib WI1YGUL

Abstract

Extending work of Kapouleas and Yang, for any integers N >
2, k,¢ > 1, and m sufficiently large, we apply gluing methods
to construct in the round 3-sphere a closed embedded minimal
surface that has genus kfm?(N — 1) + 1 and is invariant under
a Dgm X Dy subgroup of O(4), where D,, is the dihedral group
of order 2n. Each such surface resembles the union of N nested
topological tori, all small perturbations of a single Clifford torus T,
that have been connected by k¢m? (N —1) small catenoidal tunnels,
with kfm? tunnels joining each pair of neighboring tori. In the
large-m limit for fixed N, k, and ¢, the corresponding surfaces
converge to T counted with multiplicity N.

1. Introduction

In [13] Kapouleas and Yang constructed a sequence of embedded min-
imal surfaces in the round 3-sphere S? converging to a Clifford torus T
counted with multiplicity 2; each surface consists of two small perturba-
tions of T connected by many catenoidal annuli taking their centers at
the sites of a square lattice on T. Accordingly they called their surfaces
doublings of the Clifford torus. Kapouleas announced these in [8] as the
first examples of a general class of gluing constructions to double given
minimal surfaces, subsequently discussed further in [9]. More recently
in [10] he has doubled the equatorial 2-sphere in S3 and now addi-
tional such doublings with different configurations of catenoidal tunnels
have been carried out by Kapouleas and McGrath [11]. Min-max meth-
ods have also been used to double minimal surfaces in S?. Pitts and
Rubinstein proposed a variety of such constructions in [20]. One was
completed by Ketover, Marques, and Neves in [16], where they too dou-
ble the torus over square lattices, conjecturally producing the same sur-
faces as [13] when the lattice spacing becomes small, and in [15] Ketover
has performed more min-max constructions, including doublings, previ-
ously described in [20]. Doublings appear in the free-boundary setting
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as well. Using variational rather than gluing methods, for each integer
n > 3 Fraser and Schoen ([5]) have constructed orientable free-boundary
minimal embeddings in the unit ball with genus 0 and n boundary com-
ponents; for large n these surfaces look like doublings of the equatorial
disc. Later, in [4], Folha, Pacard, and Zolotareva applied gluing tech-
niques to double the equatorial disc, producing free-boundary examples
with genus 0 (possibly the same as those in [5]) or 1 and a large number
n of boundary components.

Returning to [13], the surfaces of Kapouleas and Yang are highly
symmetric, admitting many horizontal symmetries, which preserve as
sets each of the two sides of the doubled Clifford torus and permute
the lattice sites, as well as vertical symmetries, each of which exchanges
the two sides of the doubled torus but fixes as a set a catenoidal tunnel
(and in fact every catenoidal tunnel centered on a certain great circle
on T). All these symmetries are enforced throughout the construction
and exploited to simplify its execution. The present article undertakes
less vertically symmetric doublings of the torus, with the symmetry bro-
ken in two ways. First, we allow the catenoidal tunnels to be arranged
on rectangular rather than strictly square lattices. Any isometry of S?
exchanging the two sides of the doubled Clifford torus will fail to pre-
serve such a lattice, unless it is square. Second, we interpret doubling
in a generalized sense, realizing also triplings, quadruplings, and in fact
embedded minimal surfaces resembling any prescribed finite number of
slightly perturbed copies of T connected to one another by many small
catenoidal tunnels. Whenever at least three copies are incorporated,
even if these tunnels are centered on square lattices, the symmetry group
will not act transitively on the collection of copies.

These new constructions add to the list of known closed minimal em-
beddings in S3, so far comprising those found in [18], [14], [13], [3], [10],
[19], [16], [15], [11], [12], and [1]. The survey article [2] contains an
outline of a few of the constructions just mentioned. The constructions
at hand should be of interest not only as providing new examples in
S? but also as a basis for further doublings with asymmetric sides in a
variety of settings. A program toward doubling constructions of increas-
ing generality, including potential applications, is described in [9]. The
present work naturally emulates, with a few departures, the approach of
[13] and draws extensively from the general gluing technology developed
by Kapouleas, much of which can be found summarized in [8] and was
itself inspired by techniques applied by Schoen in [21]. Although the
current article can be read without reference to [13] or any other gluing
constructions, for the rest of this introduction we will make use, with-
out detailed explanation, of terminology standardized by Kapouleas, so
that the reader already acquainted with it may easily appreciate the
principal differences between this construction and [13].
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We now outline our procedure in rough terms. We first fix a Clifford
torus T, which by definition is the locus of points in S? € R* at distance
7 from some great circle C;. More generally, for each r € (0, g) the
locus of points at distance r from C] is a torus of constant mean cur-
vature, which is equivalently the locus of points at distance § — r from
the great circle Cy defined as the intersection with S of the orthogonal
complement in R* of the plane containing C;. We will refer to C; and
C5 as the azes of each such torus; directions tangential to any of these
tori we will call horizontal, while the orthogonal direction we will call
vertical. As basic data for the construction we take integers k,¢,m > 1
and N > 2. Corresponding to a choice of such data an initial surface is
built as follows.

We start with N constant-mean-curvature tori coaxial with T, labeled
T[1], T[2],...,T[N] so that the index increases with distance from Cs.
The precise placements of the tori (that is their signed distances from T)
cannot be freely prescribed but will be determined, as a function of the
data, in the course of the construction. For now we mention only that
as m — oo every T[j] tends to T. Next we will connect this collection of
tori by first from each one excising discs centered on certain lattices (to
be described momentarily) and then gluing in truncated approximate
catenoids, which shrink to points on T as m — oco. Like the arrangement
of the tori, the precise sizes of the catenoids and the heights (signed
distances from T) of their centers are variables whose values will be set
by conditions—to be described later—necessary for the completion of
the construction.

On the other hand, we impose enough horizontal symmetries (isome-
tries of S preserving each side of T) that the horizontal positioning of
the catenoids and equivalently the locations of the discs deleted from the
tori are directly determined by the data already listed. Specifically, we
mark km equally spaced points on C'; and ¢m equally spaced points on
Cy, and we write G[k, ¢, m] for the subgroup of O(4) preserving each of
these sets of marked points. Thus [k, ¢, m] is isomorphic to Dy, X D,
where D,, is the dihedral group of order 2n. Note that Gk, ¢, m] is
equally the subgroup of O(4) preserving the union of the sets of marked
points except when k = ¢, in which case G[k, ¢, m] is strictly contained
in this last group, which admits also reflections through certain great
circles on T, exchanging C; and Cs.

We choose orientations on C and Cy (together selecting an orienta~
tion on R?), and for each i € {0,1} we write R%i for the element of O(4)
fixing C; pointwise and rotating the great circle in the orthogonally com-

plementary plane through angle 6 (according to its orientation). The

group §lk, ¢, m| is then generated by (i) Rg;/ hm (i) Rif;/ tm. (iii) reflec-

tion through any great sphere having equator Cs and one pole a marked
point on C, and (iv) reflection through any great sphere having equator



470 D. WIYGUL

C4 and one pole a marked point on Cs. (Of course the point antipodal
to a given marked point on Cy (or C2) is itself marked if and only if
km (or ¢m) is even.) Obviously G[k, ¢, m] preserves T and each T[j].
We will design the initial surfaces (and the final minimal surfaces they
approximate) to be likewise invariant under Gk, ¢, m].

Next we pick a marked point on C}, a marked point on Cs, and the
minimizing geodesic segment (quarter great circle) joining them. This
segment intersects T at a single point, whose orbit under Gk, ¢, m] is a
km x m rectangular lattice on T, which we call Lgo. We will use Lo
to fix the horizontal positions of the catenoidal annuli connecting the
N tori in our configuration. In fact there are precisely four km x fm
rectangular lattices on T preserved by §G[k, ¢, m]|. It would be possible
to carry out the constructions in this paper using any of these lattices
(to locate the catenoidal annuli) without introducing any additional
technical difficulties, but to Eimgrlify the presentation we will make use

of only Lo and Ly, := Rg" RéT’fLo,o. (Of course there are also finer
lattices preserved by the same group. Permitting such lattices in the
construction of the initial surface would allow for different numbers of
catenoidal tunnels connecting different pairs of tori while maintaining
the high horizontal symmetry but would demand a more complicated
approach.)

Now for each j € {1,2,... N—1} and for each point in L _,y;, 1)]+1 (—1)it1 1)J+1

we locate the closest point on T[j] and the closest point on ’]1‘[] + 1] and
we excise from the two tori two small discs having these nearest points
as their respective centers. Then for each such pair of points, using local
coordinates for S adapted to the tori, we smoothly glue the boundary
circles of the deleted discs to the boundary circles of a catenoidal an-
nulus centered on the geodesic segment connecting the two points. The
radii of the deleted discs are chosen comparable to the lattice spacing
but small enough so that all the discs are pairwise disjoint, and the
annuli are shaped so that the resulting connected surface is invariant
under §G[k, ¢, m]. As already noted, additional information is needed
to specify the precise sizes and heights of these annuli, but right now
we mention that, when suitably scaled, each tends with large m to a
complete standard catenoid.

Thus we have produced a connected closed surface, the initial surface,
which is preserved by §lk, ¢, m], is easily seen to have genus N + (N —
Dktm? — (N — 1) = kfm?(N — 1) + 1 (since N — 1 of the (N — 1)k¢m?
catenoidal annuli are spent to connect the N tori, each of genus 1,
while the remaining ones contribute genus), and, for large m, is approx-
imately minimal in a certain sense. The construction will be completed
by perturbing the surface to exact minimality. Two mechanisms of per-
turbation are applied in tandem. One sort of perturbation is realized by
considering graphs of small functions over the initial surface. To select
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the right function is then to solve the elliptic quasilinear partial differ-
ential equation prescribing zero mean curvature for the corresponding
graph. This equation can be studied by comparing the linearization of
the operator governing the mean curvature of graphs to certain large-m
limit operators on the limit catenoids and limit torus. In the simplest
scenario imaginable one could solve the linearized equation on the toral
and catenoidal components separately, combine these solutions through
an iterative procedure, and finally invoke an inverse function theorem
to solve the original nonlinear equation. However, the presence of non-
trivial kernel to the limit operators gives rise to approzimate kernel that
obstructs the approach just described.

The space of admissible perturbing functions is constrained to respect
the symmetries enjoyed by the initial surface, and so their imposition
has the effect of reducing the dimension of the approximate kernel. Each
torus turns out to carry one-dimensional approximate kernel of its own,
but in [13] the two tori can be exchanged by reflections through certain
great circles, and so together the tori contribute just one dimension
to the approximate kernel in [13] versus N dimensions more generally.
Furthermore, in [13] these reflections through circles render trivial the
approximate kernel on the catenoidal tunnels. Following the approach of
[13] in the absence of these symmetries, each tunnel would feature one-
dimensional approximate kernel, but we bypass this kernel altogether
by altering, as compared to [13], the initial data at the tunnel’s waist
for the rotationally invariant mode of the solution.

To overcome the obstruction posed by the approximate kernel [13]
introduces substitute kernel, spanned by a single function supported on
the tori away from the circles where they attach to the tunnels. By
adding multiples of this function to the source term of the linearized
equation, the so modified source can be made orthogonal to the approx-
imate kernel, enabling the success of the above scheme, but at the cost
of solving the original equation only modulo substitute kernel. For the
same purpose the current construction introduces N-dimensional sub-
stitute kernel, spanned by functions each of which is supported on a
single torus away from the tunnels. (Actually, in this construction we
never explicitly identify the approximate kernel, nor do we invoke the h
metric employed in [13] for its analysis, but our application of substitute
kernel is morally identical.)

A further difficulty concerns the vast disparity in scale between the
waist radii of the catenoidal tunnels on the one hand and the much
greater spacing between the tori on the other. The norm of the ini-
tial surface’s second fundamental form grows toward the waists of the
catenoids to a value diverging with m from a value bounded uniformly
in m on the tori, and the embeddedness of graphical perturbations is
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most precarious near the waists. For these reasons, as well as to en-
sure convergence of the iteratively defined global solution, it is neces-
sary to arrange for solutions on the tori to decay toward the catenoidal
waists.

All of the catenoids attaching to each of the two outermost tori—
the only type of torus appearing in [13]—are equivalent modulo the
symmetries, and adjustment of the source term by the substitute kernel
suffices to achieve such decay on these catenoids. (Again, our actual
approach deviates somewhat from this description, applicable to [13],
but just superficially.) However, each of the intermediate tori, N — 2
in number, attaches to catenoids of precisely two equivalence classes
under §[k, ¢, m], and so the appropriate decay of solutions requires the
introduction of another N — 2 functions, linear combinations of which
are added to the source term to arrange decay, a device originating in
[7] but unneeded in [13]. In total we arrive at a (2N — 2)-dimensional
extended substitute kernel, the sum of the substitute kernel and the span
of these additional functions, modulo which subspace we can, for large
m, invert the linearized operator.

Thus an infinite-dimensional problem is reduced to a finite-dimen-
sional one. The resolution of this latter problem requires the second
type of perturbation and is best understood in terms of a correspon-
dence, which Kapouleas ([7]) calls the geometric principle, between the
initial geometry and the analytic obstructions that the extended sub-
stitute kernel represents. In a few words, elements of the extended
substitute kernel can be generated, as components of the initial sur-
face’s mean curvature, by certain motions of its building blocks—here
catenoids and tori—relative to one another. In accordance with this
principle the other type of perturbation is realized by incorporating pa-
rameters, one for each dimension of extended substitute kernel, into the
definition of the initial surface, whose variation repositions the compo-
nent tori and catenoids. Thus for each choice of k, £, m, and N we
define not one initial surface but a (2N — 2)-parameter family of initial
surfaces. More specifically, two parameters may be associated with each
of the N — 1 classes of catenoids joining pairs of adjacent tori. One set

of parameters, {(; Z-A;_ll, controls the waist radii, while the other set,

{gl}fV: _11, adjusts the heights of the centers. A degree of rigidity, in
the form of matching conditions, is maintained to reposition the tori in
response to the parameters, and the surface is smoothed using cutoff
functions as needed. A single parameter ¢ works for [13], since there
N =2 and the symmetry between the sides of T forces £ = 0.

In the course of the construction it is necessary to solve for the proper
parameter values along with the perturbing function. The parameter
dependence of the “extended” components of the extended substitute
kernel can be directly estimated with accuracy adequate for our pur-
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poses. It turns out that these components are primarily generated by
dislocations resulting from antisymmetric variation in pairs of £ param-
eters associated to catenoids adjoining a common torus. The parameter
dependence of the substitute kernel itself is more conveniently moni-
tored indirectly, as in [13], via forces. On each torus the elements of the
approximate kernel, and so of the substitute kernel, may be identified
with approximate translations of the torus relative to T. In fact S ad-
mits an exact Killing field which, though it does not exactly generate
this variation of the torus, does approximate it in the vicinity of a great
circle orthogonally intersecting T. The force in the direction of this
Killing field through certain neighborhoods of a given torus then serves
as an estimate of the projection of the mean curvature onto the approx-
imate kernel and thereby as a proxy for the corresponding component
of substitute kernel itself. The balancing equations and the analysis
of the parameter dependence of the forces here are substantially more
complicated than those of [13] but no different in principle.

Finally, estimates for the initial geometry, the linearized equation,
the nonlinear terms, and the parameter dependence of the forces and
dislocations are applied in conjunction with the Schauder fixed-point
theorem to prove our main result, which we state informally now, a
more refined version appearing as Theorem 6.50, which makes use of
notation developed throughout in the paper.

Theorem 1.1 (Informal statement of the main theorem). Let k, ¢ >
1, and N > 2 be given integers. For sufficiently large m there exist both a
choice of parameters and a smooth, appropriately symmetric perturbing
function such that the resulting surface (as described above) is minimal,
invariant under Glk, £, m|, and a small perturbation of the corresponding
initial surface, so in particular embedded and of genus kém?(N —1)+1.

Remark 1.2 (The full symmetry group). As described earlier, the
catenoidal tunnels joining a pair of adjacent tori in a given initial sur-
face take their centers on geodesic arcs intersecting T at the sites of
a km x ¢m rectangular lattice invariant under G[k, ¢, m]. Because the
minimal surfaces produced by the construction are small perturbations
of the initial surfaces, the symmetry group of each resulting minimal
surface—that is the subgroup of O(4) preserving it as a set—must pre-
serve each of these lattices. When k # £, we can therefore conclude that
this symmetry group does not merely contain G[k, ¢, m] but coincides
with it. On the other hand, when k = ¢, there are additional isometries
of S3, not belonging to §[k, ¢, m] (namely vertical ones, exchanging the
sides of T), that preserve each lattice, which one could easily enforce in
the construction to obtain minimal surfaces enjoying these extra sym-
metries as well. To avoid complicating the presentation, however, we
do not carry out these details. Without making such modifications it
is not immediately clear whether or not the minimal surfaces resulting
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from our construction in the k& = £ case necessarily possess vertical sym-
metries; to prove they do it would suffice to establish uniqueness of the
fixed point in the proof of Theorem 6.50.

Remark 1.3 (Choice of lattices). We have also already mentioned
that there are in fact four km x ¢m rectangular lattices on T invariant
under §[k, £, m], but the constructions in the present article utilize only
two (and of course just one in the special case that N = 2) in alternating
fashion to distribute the catenoidal tunnels joining each pair of adjacent
tori. It would be possible, without incurring any technical difficulties
that we do not already confront, to avail ourselves of any of the four
lattices when fixing the horizontal locations of the catenoidal annuli
(subject only to the obvious constraint that two lattices corresponding
to consecutive pairs of tori be distinct). By doing so, for N > 2, we
could construct a variety of examples not congruent to one another
but having the same genus and symmetry group. This same flexibility
would also allow us to construct examples with £ = £ and N > 2
which indubitably do not enjoy any vertical symmetries. (See Remark
1.2, just above.) To avoid complicating the definitions in this article
any further we do not present our construction in this generality. In a
more ambitious construction one could even attempt to allow a different
(large) number of catenoidal annuli at each layer, but this modification
would require a genuinely more elaborate approach.

Outline of the presentation. In Section 2 we define the initial sur-
faces. In Section 3 we analyze the dependence on the ¢ and £ parameters
of the dislocations and vertical forces through various regions. In Sec-
tion 4 we obtain estimates for the geometry of the initial surfaces. In
Section 5 we study the linearized problem. In Section 6 we solve the
nonlinear problem, proving the main theorem.

Acknowledgments. This article presents the results of my PhD the-
sis, supervised by Nicos Kapouleas, who suggested the problems studied
therein; I am deeply grateful for his guidance. Additional thanks are
owed to Scott Field for discussions that further stimulated my interest
in N > 2 stacking, to Christina Danton for help preparing the figures,
to Hung Tran for much appreciated feedback on a portion of the pa-
per, and to Rick Schoen for essential advice throughout the process of
preparation and submission. Last I thank the referees for many valuable
comments improving the manuscript.

2. Initial surfaces

In this section we must make a number of preliminary definitions
before defining the initial surfaces themselves. We also try to offer some
motivation for these definitions. The eager reader may wish to look
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ahead to (2.30) and the references immediately preceding it, consulting
the intervening material only as needed.

We realize S? as the unit sphere {(z1,22) € C? : |z1|* 4|22/ =1} in
C? and set

(2.1) T:—{(Zl,ZQ): ’21|—‘2’2’_\}§},

the Clifford torus whose axes (as defined in Section 1) are simply the
coordinate unit circles C := {z2 = 0} and C5 := {21 = 0}. We define
the covering map

™

®:RxRx (—%,Z) — $3\(C U Cy) by

(i ) o).

which maps (i) horizontal planes to constant-mean-curvature tori having
axes C1 and Cy, with ®({z = 0}) = T in particular, (ii) vertical lines to
quarter great circles orthogonal to Cy, Cs, and T, (iii) vertical planes of
constant x to great hemispheres with equator Cy, (iv) vertical planes of
constant y to great hemispheres with equator C7, and (v) vertical planes
of constant x &+ y to half Clifford tori through C and Cs, orthogonally
intersecting T along great circles. Writing g, for the standard round
metric on S? and g, for the standard flat metric on R3, we find

(2.3) O*g, = g, + (sin2z) (dx2 - dy2) .

The initial surfaces will be assembled by applying ¢ to a stack of hori-
zontal planes connected by staggered catenoidal columns.

Half-catenoids bent to planes. We shall make frequent use of cutoff
functions throughout the construction, so we fix now a smooth, nonde-
creasing ¥ : R — [0, 1] with ¥ identically 0 on (—oo, —1], identically 1
on [1,00), and such that ¥ — % is odd. We then define, for any a,b € R,
the function v [a,b] : R — [0,1] by

(2.4) Y la,b] :==Wo Ly,
where Lgp : R — R is the linear function satisfying L(a) = —3 and
L(b) = 3.

We write B[(x,y),r] for the open Euclidean disc in R? with radius r
and center (z,y). Given X,Y,7 > 0 with 7 < min{X, Y}, we set

(2.5) Txyr = ([=X, X] x [-Y, Y])\B[(0,0), 7],
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Figure 1. An N = 5 initial surface, cut by four hemi-
spheres and viewed in the (x,y,z) coordinate system; for
clarity the picture grossly exaggerates the ratio, which
in fact tends to 0 with large m, of the vertical spacing
between the tori to the horizontal spacing between the
catenoids.

a solid rectangle with a disc removed from its center. Given also zx,zp €
R and R > 7 with 2R < min{X, Y}, we define the function

(?b = ¢[ZK72T7R;X,KT] : TX,Y,T —S R by

o(x,y) =2k + (zr — 2K )9 | R, 2R)] <\/ x2 + y2>
+ sgn(zp — zx) (’7‘ arcosh —'X27_+y2> Y [2R, R] (\/X2 + y2> ,

(2.6)

where arcosh : [1,00) — [0, 00) is the inverse of the restriction to [0, c0)
of the hyperbolic cosine function and the sign function sgn : R — R
takes the value 1 when its argument is nonnegative and the value —1
otherwise. Thus, inside the cylinder of radius R about the z-axis the
graph of ¢ coincides with the portion between the planes z = zx and
z = z7 of the catenoid with vertical axis, center (0,0,zx), and waist
radius 7, while outside the cylinder of radius 2R about the z-axis it
coincides with the solid rectangle [—X, X] x [-Y,Y] x {z=2zr}. In
between these two cylinders the cutoff function is used to bend the end
of the half-catenoid to become exactly horizontal. With the additional
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data (xq,yo) € R? we define the embedding
Text[(X07 YO), ZK,7T, R) X, Y7 T] : TX,Y,T — R3 by
Text(xa Y) = (XO + X, Y0 + y, ¢[ZK, zr, R7 X? Y? T] (X’ Y)) )

whose image is the graph of ¢ translated by (xo,yo,0).
Given also z € R along with 7/ > 0, now assuming max{r, 7'} <
R < I min{X,Y}, we set

Txyrr i= (=X, X] x [<Y,Y)) \(B K—;( —1;) ,T]

o[(5:3) 7).

Ent = Ent[(XO) YO)7 7K, Zl[(7 T, R7 X7 Y7 T, 7—/] : TX,Y,T,’T’ — ]R?» by

(2.7)

(2.8)

and we define the embedding

Tint(x,y) = (x0 +x,y0 +¥,2(x,y),), where

(29) Z(XJY) =

10) [ZK,ZT,R, %, %,T] (x + %,y + %) on [—X,0] x [-Y,0]

10) [Z’K,ZT,R, %, %,T’] (X— %,y — %) on [0, X] x [0,Y]

(x0 + x,y0 +y,27) everywhere else.
Thus the image of Tj,; looks like a solid 2X x 2Y rectangle in the
z = zp plane with two discs centered at (xo,yo,zr) £ (%, %, O) replaced
by catenoidal annuli terminating on waist circles at heights z’- and zg-.

The initial surfaces will be built from various applications of T¢,, for

extreme or outermost tori and adjoining half-catenoids, and of T;,;, for
the intermediate tori and pairs of adjoining half-catenoids. The horizon-
tal positions of the catenoids (the values of (xp,yo) in the parametriza-
tions above) and the dimensions (X and Y') of the parametrizing solid
rectangles (or equivalently the lattice edges) will be set directly by the
data k, ¢, and m. The radii of the annuli of transition (determined
by R) will be chosen on the order of min{X,Y} (but smaller than it by
a wide enough margin that the images of T.;: and Tj,; are horizontal
near their boundaries as assumed above). There remain N — 1 selec-
tions of waist radii (7 and 7/) and N — 1 more of waist heights (zx
and 7). Balancing conditions studied in the next section allow for the
estimation of the values these 2N — 2 unknowns must assume for the
construction to succeed, but their precise specification is made by the ¢
and & parameters described in Section 1. Matching conditions will then
fix the height zr of each torus, by requiring these heights to agree with
the heights of the adjoining catenoids where they meet the transition
annuli, in the case of the extreme tori, or to agree with the average of
the heights of the upper and lower catenoids at the transition circles
they adjoin, in the case of the intermediate tori.
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The hierarchy of data. For any positive integers k, £, and N > 2 the
first phase of the construction produces a sequence, indexed by m, of
(2N — 2)-parameter families of initial surfaces. In order to obtain ade-
quate estimates for the initial mean curvature, the linearized operator,
and the nonlinear terms, we will routinely make the assumption that m
is as large as needed in terms of k, £, N, and all of the parameters. Of
course we expect the ultimate parameter choices themselves to depend
on m, so, in taking m large as just described, it is necessary to assume
that the parameters are all bounded in absolute value by a constant
¢ > 0 independent of m. Naturally we do not yet know what range is
needed for the parameters, but eventually we will be able to pick ¢ in
terms of k, £, and N so that for every sufficiently large m we will be
able to find parameters bounded by c¢ so that the corresponding initial
surface can be perturbed to minimality.

To continue with the definition of the intial surfaces we assume we
are given integers k,¢,m > 1 and N > 2 as well as a constant ¢ > 0 and
parameters (, ¢ € [—c, /N1, For notational simplicity we assume

(2.10) k<t

and we write n = n[N] for the greatest integer no greater than N/2, so
that

(2.11) N - {Zn when N is even

2n + 1 when N is odd.

We acknowledge a certain redundancy in the minimal surfaces ulti-
mately exhibited, one which is easily removed by taking k& and ¢ rel-
atively prime.

Catenoidal radii and vertical specifications. Modulo the symme-
tries that we will impose when defining our initial surfaces we have
N — 1 catenoidal waist radii 71, ...,7n_1 to prescribe, one for each pair
of adjacent tori to be joined. Their selection is critical to the success
of the construction, and the next section (Section 3) is devoted in part
to making a viable choice. Specifically, in Lemma 3.18, when N > 4,
we will determine a collection {b;}7_, of n — 1 positive real numbers
(recalling (2.11) just above), which in turn we will use in conjunction
with the ¢ parameters to set the waist radii of our catenoidal tunnels.
Each b; will be a function of k, ¢, N, and m but (for large m) will
have an upper bound and a positive lower bound depending only on V;
in particular by will have an upper bound depending on N but always
strictly less than 2. Of course in the simpler cases N = 2 and N = 3
we have n — 1 = 0, but it is nevertheless notationally convenient to set
by := 0 when N = 2 and by := 1 when N = 3. We emphasize that
each b; = b;[N, k, ¢, m] depends at least on NV and generally on the data
k, £, and m as well, but for brevity in our notation we will frequently
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suppress the expression of this dependence, as we do for many other
quantities of interest. To summarize:

bo[N =2,k l,m]:=0, by[N =3k, {,m]:=1, and

{bi[N > 4,k,¢,m]}", is determined in Lemma 3.18,
(2.12)  so there exists a constant C[N, k, ¢] > 0 such that

1 <max{b;}i-y < C[N,k,¢] and by <2—1/C[N,k,/]

whenever m is large enough in terms of N > 4.

Having identified these numbers, we define the collection {r;[N,k,
¢, m] Z]\; _11 of waist radii when ¢ = 0 by

2
o REm (1—$bo[N,k,L,m])

100m fori=1
(2.13) T; = b[N, k, &, m]z, [N, k,0,m] for 2<i<n
Tn_iIN,k,&,m] forn+1<i< N -1
(recalling (2.11)) and then for general { we define the radii ; = 7;[V, k, ¢,
m, (] by

(2.14) {6<17'1 [N,k,¢,m] for i =1
. TZ e

- eCl+k_lf_1m_2<iL[N, k,¢,m] for 1 <i < N.

We next define the N heights z; = z;[N, k, £, m, (,&] of the tori by

n—1
21 = TiE) — 9N mod 2Tn In 10mr, — QZITj In 1O€1mTj’
N mod 2 1 ) - 1
o5 zn = TN_1€n_1 — 2" %4, In 100mr, + 2;73 In H)TWLT]"
ARES —Ti_l&_zl Tk gN mod 2 1 106;7%
i—1 1 n—1
+ Q;Tj IDW -2 '_173 In 100mr, for 1 <i < N,

and the N — 1 heights z/* = z/X[N, k, £, m, (, €] of the catenoids’ centers
by

i—1

1 1
K
S =r& In ——— + 2 In ——
z; =T;& + Tiln 0t + ;Tj n T0mr,
(2.16) - X ,
—9 1 _ 2N mod 2 1
;T] . 106m; T 10¢émr,

for1<i< N —1.
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Equivalently (suppressing from the notation in each of the below
equations pieces of data which agree on the two sides and may oth-
erwise be freely chosen) we have

2R = 2K e = 0] + & for 1 <i < N -1,

7—151 fori=1
Zz[&] = Zz[f = O] + < Tv_1én_q fori =N

% (Tic1&i-1 +1&) for 1 <i < N,
(2.17)

286 =0l =2z[¢=01+7n 0@1

for1<i< N -1,
1 mT;

zi+1[§ = 0] = z;[£ = 0] + 27;In for 1 <i< N -1, and

1
10€mn
2BIN =2n,6 =0] =2, 1[N =2n+ 1,6 =0] =0,

n

recalling (2.11) in the last equation.
From definition (2.14) we have for 1 <i < N

I T N | G
(218) lnl()Tm = pp (1 9 > m Cl (1 511) (hlbz + k€m2> y

1ifi=1
0 otherwise,
¢, &, and each b; (which according to (2.12) satisfy bounds depending on
just N, k, and ¢), we can make every z; and ziK as close to 0 as desired

and we can also guarantee that

(2.19) 7€) < 2K[€ = 0] < zi1[€] for 1 <i < N —1.

where ;1 = { so by taking m sufficiently large in terms of

The definitions (2.15) and (2.16) can be understood as implementing
the matching conditions mentioned earlier as well as the vertical offsets
introduced by the £ parameters. Here the logarithm is used—merely
because it simplifies some expressions later—to capture the dominant
part of the inverse hyperbolic cosine function for large values of its argu-
ment. Thus each logarithmic term, ignoring any powers of 2 appearing
as prefactors, represents the height achieved by a corresponding catenoid
above its waist plane a distance ﬁ from its axis, where the catenoids
are meant to transition to planes (tori under ®). The factor of 10¢ is
chosen—10 somewhat arbitrarily and ¢ because we assume k < {—to
ensure the transition is completed on the order—m ™ —of the lattice
spacing but well away from neighboring catenoids. From the identity

(2.20) arcoshz = Inx + In (1 +v1- x_2>

we have the estimate

(2.21) 7; arcosh <7;ln2,

IR |
100mn; " 100mr
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7383

!

7262 + 1383

P
i 10¢mmy

Figure 2. A schematic profile of an N = 4 initial sur-
face. The surface depicted has m& = ™€y # 1383, re-
sulting in dislocation at the third torus from the bottom
and nowhere else. The figure is not drawn to scale. In

fact (see especially (2.14) and (2.18)) the vertical spac-
2

. . . 2
ing 7;1In ﬁmﬁ is of order m*m and lim, 00 71 =

Note also that the schematic does not attempt to convey
the height mismatch, of order 7, arising from the ap-
proximation of arcosh by In (see (2.21)), because, unlike
the dislocations controlled by &, it plays no role in the
construction.

so our very substitution of In for arcosh introduces additional height mis-
match (beyond that contributed by the £ parameters) where catenoidal
annuli connect to tori, but one whose ratio to 7 is obviously bounded
independently of the ( and £ parameters.

Symmetries and horizontal specifications. By the definition (2.1)
of T as the locus of points in S? equidistant from C; and Cs, the sym-
metry group Gsym[T] of T in S3, that is the subgroup of O(4) preserving
T as a set, is precisely the symmetry group of Cy U Cy. Accordingly
Geym[T] is generated by the set of all reflections through great spheres
containing either C1 or C5 together with the set of reflections through
any great circle equidistant from C7 and Cj (so contained in a plane
of the form {z; = €2} or {21 = ¢Z3}) and therefore lying on T.
(Here reflection through a great sphere (or circle) refers to the element
of O(4) that identically preserves the 3-space (or 2-plane) containing
that sphere (or circle) and reflects the orthogonal complement through
the origin.) Consequently Gsym[T] also includes rotation in C; and C
by any angles as well as reflection through any great circle orthogonally
intersecting T (and Cy and C5).
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We equip C2, C4, and Cy with their standard orientations and, given
an oriented circle C' in S?, we write R% for rotation by 6 about C,
which by definition is the element of O(4) fixing the plane containing
C pointwise and rotating its orthogonal complement by angle 8 in the
direction consistent with the induced orientation. We write X for reflec-
tion through the great sphere with equator Cy and poles (£1,0), Y for
reflection through the great sphere with equator C and poles (0, £1),
and Z for reflection through the great circle in the plane {z; = 22} (so

Z=RT . Z2}mgg) Thus (writing z for the complex conjugate of z € C)

X(21,22) = (Z1, 22), Y(z1,22) = (21,%22), Z(21,22) = (22, 21),

0 0

(2.22) ,
RCQ(Zl,ZQ) (e"21,22), and Rg, (21,22) = (21,€" 22)

and
(2.23) Soum(T) = (X, Y. Z,RE ,RE, : 01,0, € R),

where the right-hand side is the subgroup of O(4) generated by the
elements the angled brackets enclose.
Recalling (2.2), we also name some elements of O(3) preserving the

domain of ® and the pullback metric ®*g,: we write TZ axis and T;’ axis

for translation by (real number) h in the (positive) x and y directions
respectively, X and Y for reflection through the x = 0 and y = 0 planes

respectively, and Z for reflection through the line x = y in the plane
z = 0. Thus

Thais(0y,2) = (x4t hy,z), T (xy.2) = (5 + ha2)
(2.24) X(X,y, z) = (—x,y,2), i(x,y,z) = (x,-y,z), and
Z(x,y.2) = (v,x ~2).
It is then easy to verify the relations
PoX=Xod, DdoY=Yod, doZ=Zod,
GoTh =R od, and ®oT'  =RYMo® VheR,

X-axis Co ) y-axis

(2.25)

which play an essential role in identifying the symmetries of the initial
surfaces, defined via ®, and in exploiting these symmetries when solving
the linearized problem.

Each initial surface will be built to be invariant under a certain sub-
group of Ggym[T], with the symmetries of T broken in several ways.
Recall that each initial surface is to be obtained by gluing together a
collection of constant-mean-curvature tori coaxial with T using a col-
lection of catenoidal annuli. Since among these tori only T itself is
equidistant from C7 and C5, the symmetry group of every other such

torus is just the subgroup <K7 Y, Rell, Rg?2 2 01,05 € ]R> of horizontal
symmetries of T. If the toral components of an initial surface are not
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arranged symmetrically about T, then of course the initial surface it-
self cannot possess any vertical symmetries. The arrangement of the
catenoidal tunnels may also be inconsistent with vertical symmetry and
inevitably breaks the continuous horizontal symmetries, leaving only a
discrete subgroup. In this construction we impose the group

(2.26) 9:qhamy:<R§gRé,xv><9wmwy<oux

which is the subgroup of O(4) preserving the set of km™ roots of unity
on O as well as (separately) the set of ¢m'™ roots of unity on Coy;
as such, Glk, ¢, m| is therefore isomorphic to Dy, X Dy, where Dy is
the dihedral group of order 2q. We will sometimes write G in place of
G[k, ¢, m] when there is no danger of confusion.

The catenoidal tunnels connecting each pair of adjacent tori will be
placed, via @, so as to take their centers on the great circles orthogonally
intersecting T at the sites of a §[k, ¢, m|-invariant km x ¢m rectangular
lattice. There are precisely four such lattices, namely the G[k, ¢, m]
orbits

Loy o, = Loy o[k, £,m] := Glk, £, m] (ew"”/(km), ewy”/(ém)) ,
=& (fgx’gy X {O}) , where
2.27 T T 2
(227) I, o =Loyolk, t,;m] CR

OxT \@ﬂ' oyT \/§7T
= + nx ) +ny J
V2km km ' \/2tm m o
Tix, Ty

corresponding to the four choices of oy, 0y € {0,1}. To avoid further
complicating the definition of the initial surfaces in this article we make
use of just the two lattices Lo and Lj 1, but we emphasize that only
obvious, minor modifications to our procedure would be required to
take advantage of the other two lattices as well, which freedom would
allow us to produce minimal surfaces not congruent to the ones we
explicitly construct here. (It would also be natural to attempt to adapt
the construction to permit more generally Gk, ¢, m]-invariant n;km X
n;¢m lattices refining the above four, where the positive integer n; could
be allowed to vary from layer to layer.) See Remark 1.3.

Each initial surface will be invariant under the corresponding
Glk, ¢, m], and we will later admit only deformations respecting this
group, so in fact each minimal surface ultimately produced will also be
invariant under the corresponding G[k, ¢, m|. When k # ¢, Glk,¢,m] is
in fact the largest group preserving each lattice and the largest group
preserving the set of centers of the catenoidal tunnels, and it will con-
sequently be the full symmetry group of the resulting minimal surface.
When k& = £, however, there are choices of parameters (, £ such that
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the corresponding initial surface is also preserved by reflection through
certain great circles on T. In this case it would be possible to modify the
procedure that follows by cutting in half the number of free parameters,
imposing constraints respecting these additional symmetries; the con-
struction would then produce minimal surfaces also invariant under the
extra symmetries. We will not pursue this modification here, instead
enforcing just the smaller group Gk, ¢, m] even in the square case. From
the analysis of this article alone it is unclear whether or not the result-
ing minimal surfaces nevertheless enjoy the additional symmetries. See
Remark 1.2.

Assembly and basic properties. Suppose we are given the following
data as above: integers N > 2, £ > k > 1, and m > 1, as well as two
vectors (,& € RN~L We set by := 0if N =2 and by :=1if N = 3,
and for N > 4 we accept a collection {b;[N,k,£,m|}7_, C (1,00) as
described in Lemma 3.18 (namely the one determined in its proof).
The set of waist radii {7; }jV: ! is then defined by (2.14), the set of toral
heights {zj}év:l by (2.15), and the set of catenoidal heights {zf}f;l b,

(2.16). Setting

T
X =X[k,4,m]| i = ——,
(2.28) V2km

R =R[¢{,m] =

Yk, ¢, m] := ﬁ, and

106m’
and recalling (2.2), (2.7), and (2.9), for each integer 1 < i < N we define
the parametrized surface-with-boundary €; in S? by

Q= ((AZZ) (for 1 <i < N), where
Q) == To0t[(0,0), 25, 21, R, X, Y, 1) (Tx yry ),

QN = Temt[(N - 2)(X7 Y)vzﬁ—sz’R, X,Y, TN*I](TX,Y,TNfl)’

(2:29) and for 1 <i < N

~ XY
Qi = Tips [(22—3)(2 2), ZK1> zi,zi, Ry X, Y, Ti_1, T

(TX7Y77—1'—1:7'1')'

Note that each €; is a =% 2n ‘f” rectangular patch of the constant-
mean-curvature torus at 51gned dlstance z; (increasing toward C4) from
T, within which patch one (for i =1 or i = N) or two (for 1 <i < N)
discs have been replaced (via ® and a cutoff function) by catenoidal
annuli, so that the boundary of €; is the union of a rectangle with one
or two waist cicles, the nearest-point projection onto T of the center of
each deleted disc is a site of either Lo or Ly (recalling (2.27)), and
Ufi 1 £2; is a smooth connected surface whose boundary is the union of
N rectangles.
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Finally we define the initial surface

N
(2.30) S =X[N, k 6,m, (&) = Gk, &,m] | @,

i=1
the orbit under G[k, £, m] of JN | Q.

Proposition 2.31 (Basic properties of the initial surfaces). Given
a real number ¢ > 0 and integers N > 2 and ¢ > k > 1, there
exists mg = mo[N,k,l,c] > 0 such that for every integer m > my
and every choice of parameters ¢,& € [—c,c]N! the initial surface
Y[N,k,l,m, (& (defined by (2.30)) is a smooth, closed surface, em-
bedded in S3, of genus kim?(N — 1) + 1, and invariant as a set under
the action of Gk, ¢, m] (defined in (2.26)).

Proof. By (2.12), (2.14), and (2.18) for fixed N, k, ¢, and ¢, we have

B N-1 N-1 1
(2.32) W}gnoo (m + ; 10¢mT; + Zz; 7; In 10577”&7'@‘) =0,
ensuring embeddedness of Uf\il ;. All the claims are now clear from
(2.25), (2.26), and the explicit construction of X. q.e.d.

Remark 2.33 (Smooth dependence on the parameters). Since for
any fixed N, k, £, and m, the quantities (2.14), (2.15), and (2.16) all de-
pend smoothly on the (, £ parameters, it follows from (2.30) and the sup-
porting definitions, particularly (2.7) and (2.9), that the initial surface
Y[N,k, ¢, m,(, & depends smoothly on ¢ and ¢ in the sense that there ex-
ists a smooth map I = I[N, k,£,m] : RN "I xRN-1x %[N, k,¢,m,0,0] —
S3 such that for any ¢, & € RV=! the map I[N, k, £, m](¢,€,-) is an em-
bedding (provided m is large enough in terms of |{| and |£|) with image
Y[N,k,l,m,(, €. In particular I((, &, ) is a diffeomorphism onto its im-
age, and, in casual abuse of notation, we will routinely write 1(, &, -) for
this diffeomorphism, so that I[N, k,£,m](¢,&, )71 : 2[N, &k, £,m, (, €] —
Y[N,k,¢,m,0,0] is the inverse diffecomorphism.

Of course it remains to specify {bj}?ZQ C (1,00) when N > 4, a gap
filled in the next section.

3. Forces and dislocations

Forces. As mentioned in Section 1, we will eventually discover (in Sec-
tion 5) that on each toral region (not yet defined), as m tends to infinity,
the Jacobi operator converges, after appropriate rescaling, to a limit op-
erator on a corresponding limit region (likewise after rescaling), and this
limit operator has one-dimensional kernel. The nontriviality of this ker-
nel will compel us, when attempting to prescribe mean curvature at
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the linear level by graphical deformation, to modify the term to be pre-
scribed by elements of the substitute kernel (as outlined in Section 1
and formally defined in Section 5). The details appear in Section 5,
where the precise argument is couched in rather different terms, but,
in order to help motivate the study undertaken in the current section,
we offer in this paragraph the following rough sketch of the situation
from a purely geometric point of view. In the next section (specifically
(4.73)) we will define the i*" toral region 7Ti] to be €; (2.29) less a
certain portion of the half catenoid(s) attached. Of course the area of
; (and so of TTi] too) shrinks to 0 as m goes to infinity, but if we
scale the ambient spherical metric g, up to mQQS, then under the corre-

sponding induced metric 7T [i] tends to a flat @ X @ solid rectangle
(because the annuli deleted from €; to define 7T [i] are sized so as to van-
ish in this limit). The corresponding limit Jacobi operator is just the
flat Laplacian on this rectangle, its Jacobi operator as a submanifold of
Euclidean R? (viewed in the domain of the map ® (2.2)). By enforcing
the symmetry group § (2.26) throughout the construction we impose
periodic boundary conditions on 7 [i], so that this limit Jacobi operator
has kernel spanned by the constants. The Jacobi field 1 is induced by
the Euclidean Killing field 9, (viewed in the domain of ®) orthogonal
to the rectangle.

Of course the vector field d, is not Killing relative to ®*g, (2.3), but
it is approximately Killing relative to m?®*g,, and, conveniently, on a
neighborhood of §; in S, (viewed through ®) 9, is itself approximated
by the exact Killing field K on (S?, gs) that generates rotation, toward
C (defined just below (2.1)), along the great circle through the points
(1,0),(0,1) € C2. The geodesic segment joining these points is simply
the closure of the image under ® of the segment of the z-axis contained
in the domain of ®; thus K o ® = &,0, along this segment. More
generally (recalling (2.2)),

1 T
Ko®=——cot (s+)sin2 2y B,
o \/§CO z—l—4 sin v/2x cos /2y »

1
(3.1) + 7 tan (z + %) cos V/2x sin 2y ®,0,
+ cos V/2x cos \/§y ®,.0,.

We will now calculate the K force (also called fluz in the literature)
through various regions of the initial surface and to study its dependence
on the (, & parameters. These forces will indirectly measure the projec-
tion of the initial surface’s mean curvature onto the substitute kernel, so
in the final section we will apply the results of this section (specifically
Lemma 3.33) to help manage the substitute kernel and complete the
proof of the main theorem. More immediately we will impose balancing
conditions ([17], [6], [8]) on the initial surface, such that the K force on
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various regions vanishes, at least within a margin on the order of the
perturbations—by functions and parameters—that we will be making.
This balancing will finally determine the waist radii, up to choice of (,
thus completing the definition of the initial surfaces.

fi == E[N7k7€7m7€7§] = /

Let
(gs o L)(K oL, 771) \/ ’L*gs‘aﬂi‘
o00Q;
=/Q<gsoa><KoL,H>\/|L*gs|,

i

(3.2)

the K force exerted by the region €; (defined by (2.29)) on the rest of
¥, where ¢ : ¥ — S3 is the inclusion map of ¥ in S3, n; is the outward
conormal for €;, H := tr, 9 Ddy is the vector-valued mean curvature of
¥ (D being the connection induced on T*~®:*T'S? by g, and ¢), \/|t*g,]
and \/|t*g¢|aq,| are respectively the area and length forms induced by
¢ and g4, and the last equality follows trivially from the formula for the
first variation of area and the fact that K is Killing. Since the initial
surface should be designed to be approximately minimal, by virtue of
the second equality we can now impose the approximate (in a sense
made precise below) balancing condition

(3.3) Fi~0foreach1 <i< N

in order to estimate the necessary waist radii, before varying the param-
eters or deforming the initial surface graphically. We will see that this
heuristic approach leads to (2.13). We will also analyze how by adjust-
ing the parameters we can fine-tune these radii as well as the heights of
the catenoids and tori in order to control the forces.

The computation of the forces is simple. The boundary of each §;
consists of a rectangle on a constant-mean-curvature torus coaxial with
T and one (for i € {1, N}) or two (for 2 <i < N — 1) catenoidal waists.
For each such component, by working in an (x,y,z) coordinate system
defined via ® (2.2), we will estimate the corresponding integral arising
in (3.2). Suppose S is a catenoidal waist with center (xX,yX z/K). The
height zX has been defined in (2.16), and the horizontal coordinates
XZK ,v:%, though not previously named, can be found in (2.29). The
outward unit conormal 7, along S is, recalling (2.3), simply +0, and,
relative to g, S is a Euclidean circle of radius 7;, so by (2.3) and (3.1)

/SQS(K7 775) = /02” coS [\@ (XlK + 7 cosﬂ)}
(3.4) X COs [\@ (le + 7 sin 0)]

X T; \/1 — (sin 22 (cos 26) db.
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Now suppose T is a rectangular component of 9€); for some admissible
i, with outward conormal 7, and center (x;,y;,z;). The height z; has
been defined in (2.15), and the horizontal coordinates (x;,y;) can be
found in (2.29). Thus T lies on the constant-mean-curvature torus {z =
z;} and its complement in this torus has two connected components,
the smaller of which (in terms of area) we call T, a solid rectangle in
{z = 2;} having boundary 0T = T. Because of the way ; is defined
using cutoff functions, there is a neighborhood U of T in S? such that
UNQ; =UNT, and therefore 71, is equally the outward unit conormal
for T along T. By invoking the first-variation-of-area formula (as in the
second equality of (3.2)) we have [, g,(K,n,) = [79s(K,H,), where
H,, is the mean curvature of 7. From (2.3) we find that the area form on
{z = z;} is cos2z; dxdy, whence H, = 2tan 2z,0,, so using also (2.29)
and (3.1) we get

(3.5) /gs (K, 7) /XZ

To estimate the integrals (3.4) and (3.5) we will make the approxima-
tions cosu ~ 1, sinu ~ u, and /1 + u ~ 1+u/2. On a heuristic level we
could ignore the error in these approximations and proceed with the cal-
culation to motivate (2.13) as advertised. On the other hand, the actual
construction will demand more detailed estimates, so, to avoid repeat-
ing some calculations, we will instead keep track of the error as we go,
predicating the estimates on (2.12) and (2.14), which themselves are sug-
gested by the more cavalier approach. From (2.12), (2.14), (2.15), (2.16),
and (2.29) we see that whenever m is sufficiently large in terms of N for
(2.12) to hold, there is some constant C[N, k, £] > 0 (possibly larger than
the one appearing in (2.12) but independent of ¢, £, and m) for which

®

for x;, y; and xX, yX in (3.4) and (3.5),

}2n 4 2n

/yZ 2 cos(v/2x) cos(v/2y) tan(2z;)

X cos(2z;) dx dy.

) < 10Nm™!

(i) m%nnoo mir =0
(3.6) uniformly in ¢ € [—¢, /N~ for any fixed ¢, ¢, N, k, ¥,
(ii)) max{r;/7 + 71/}, < C[N k, £)el51/™ and
(iv) max{]z; |}y +max{ |z [}
< C[N, k, ()N (m? + |¢| + yg\)neld/mQ < C[N, k, )m>r,
where |¢| and |¢| are the Euclidean norms of ¢,& € RV~! and for the

final inequality we assume m large in terms of |(| and [£| (and allow a
larger C[N, k, /] on the right-hand side than previously needed).
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Using (3.2), (3.4), (3.5), and (3.6), we conclude

2
T _
27T + 5 Tim2? — Fi| < COm™%n,

8 2
kém?
872
ktm?”
for some constant C' = C[N, k,f] > 0 (independent of m and ¢ and &)

whenever m is sufficiently large in terms of N, |¢|, and [£].
It now follows from (3.7) and (2.15), recalling (2.11), that

(3.7) | -27TN_1+ ——zN — }"N‘ < Cm™ %7, and

2m(1 — Ti1) + < Cm ™% when2<i<N-1

8T N mod 2
2 o 2 mo 1 — -
T = o2 < T 106mmy 4 I
<Cm™ 2 ifn=1,
(3.8) 87% (N mod 2 1
_T”‘lén_zl : Tnén) —Fn| SCmTPryifn > 2,
drm+ S (e
—or n -
TF o2 \ VB gy T8 )~ P
<Cm™2r if N =2,

(3.9) 872

2 n —in FI D) Y
(Tt = Ta) + kfm? 10¢m,

<[(N + 1) mod 2|7, In

<Cm™%m if N >3,

+ Tnén +Tn+1§n+1> — Foin

2

and, when N > 3,

8 Som — &
2 —2 — (271
m(r2 = 2m) + kém? < M 00mn 2

— (Fip1 = F)| <Cm™2m ifi =1,

2 ( 27 + )+—8”2 27 I —
m(Tip1 — 27 + i 7; In
s el kfm? T 100my

+§i+17'i+1 ; ffz'lﬂ'l) — (Fig1 — Fi)

(3.10)
<Cm™2m if2<i< N -2, and

27‘(‘(—27’1\]_1 + TN_Q)
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87 o In 1 + EN-1TN-1 — EN—2TN—2
kﬁmQ N1 10€mTN_1 2
—(Fi1—F)| <Om™2nifi=N-1

(where C' can be taken to be twice the value of the C' appearing in

(3.7)).

Balancing. The force estimates (3.7)—(3.10) will play an indispensable
role, via Lemma 3.33, in selecting viable parameter values in the final
steps of the construction, but at the moment, with the goal of com-
pleting the specification of the waist radii in the initial surfaces, we set
¢ = & =0 and impose only the approximate balancing conditions (3.3)
(since we will have to vary the parameters and graphically perturb the
initial surface anyway to achieve minimality): temporarily ignoring the
error bounded by the right-hand sides of (3.8)—(3.10), we demand

o 872 1

N d _ : _
27Ty — 20 ™ Tz D1l 100mz, =0ifn=1,
872 1 .
27T<In _In—l) - 2N mOdzkng " Tp iR 1057711” =0ifn> 2,
and for N > 3
872 1
27 (Ty41 — T,,) + [(N + 1) mod 2]@ "7, In 100mz, =0,
(3.11) -
T
27'('(12 — 211) + W . 211 ln W = 0,
872
2m(Ti1 — 27 + 7)) + e 27;In 106mr, =
when 2 < i < N — 2, and finally
872 1
2m(—2Tn_1 +TN_2) + o2 2N In 00mrny_, 0.

From the third equation of (3.11) we see that 7, ,; = 7,, whenever
N > 3 is odd, while from this same equation together with the second
equation we see that 7, ,; = 7,,_; whenever N > 4 is even (and of
course T, is undefined for N = 2); thus 7,1 = Ty_(,41) Whenever
N > 3. If N is even, then N = 2n, so obviously 7,, = 75_,,, while
if Nis odd, then N = 2n+1, 80 7,, = Tn_(p41) and Ty, = Tpy
but we have just established that 7y_(, 1) = T,,4;; thus we also have
T, = TN_n Whenever N > 2. It now follows by induction on j, using the
two equations obtained by taking i = j — 1 and i = N — (j — 1) in the
penultimate line of (3.11), having already dispensed in this paragraph
with the cases j = n and j = n + 1, that 7; = 75_; for each j €
Z N [n,N —1]. In fact it is clear that all the approximate balancing
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conditions in (3.11) will be satisfied if and only if we choose {r;}!
satisfying (for n = 1) line 1 or (for n > 2) lines 2, 4, and 5 (with
2<i<n-—1)of (3.11) and simultaneously set

(3.12) T, =Tn_;forn+1<i<N -1

1

For n = 1 it therefore remains only to specify 7, which is uniquely
determined by imposing line 1 of (3.11):

L2 i N = 9
(3.13) Ty= e
o€ o if N=3.
For n > 2 (equivalently N > 4) we define
(3.14) b :==1;/7; for 1 <i< N —1,

so in particular by = 1; dividing equations 4, 5, and 2 of (3.11) by 271,
we need now only solve the n equations

by — 2 = ﬁ In 10¢mry
(3.15) biy1 —2b; + b1 = kﬁ 2b In 106mb;7; for 2 <i<n—1, and
1 (N+1) mod 2 87
bp_1— b, = <2> - ———b,In 10¢mb,, 7,

for the n unknowns by, ...,b,, and 7;.

The first equation requires

1 kem?

1 =L M)

(3.16) T Toem© ’

which we note even recovers (3.13) if we define b = 0 for N = 2 and
by = 1 for N = 3. Assuming N > 4 (equivalently n > 2), we derive
a system equivalent (presuming each b; # 0) to the remaining n — 1
equations of (3.15) by (i) for each i € ZN[2,n—1] (a vacuous condition
when n = 2) subtracting the middle equation of (3.15) from b; times
the top equation of (3.15) and (ii) subtracting 20V+1) m0d 2 times the
bottom equation of (3.15) from by, times the top equation of (3.15). In
this way (recalling by = 1) we obtain the system

8
—bi—1 +bab; —biy1 = %l
(3.17)

2blmb for2<i<n-—1and

M b, Inb,.

Lemma 3.18 (Determination of the waist ratios by the approximate
balancing conditions). Let N > 4 be a given integer and recall (2.11).
There exist n — 1 real numbers da[N] < d3[N] < --- < dp[N], with
da[N] € (1,2) and da|[N] strictly increasing in n (for a fived parity of
N), and furthermore there exists mg = mo[IN] > 0 such that for each
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integer m > mg and for all integers £ > k > 1 there are n — 1 real
numbers ba[N, k, 0, m],bs[N,k, 0, m],... by[N,k, £, m] solving (3.17) and
satisfying li_I}n bi[N, k, ¢, m] = d;[N] for any fized k and ¢.

m—0o0

Proof. Bear in mind that balancing has been accomplished by (3.13)
for N =2 and N = 3. Momentarily ignoring the logarithmic terms, for
N = 4 the system (3.17) reduces to d2 = 2, so da[4] = v/2 € (1,2), while
for N = 5 we get d3—ds—1 = 0, yielding da[5] = 1+—2‘/B € (1,2). Now the
functions by b% and by +— b% — by — 1 have nonzero derivatives at these
respective values, so the lemma is established for N = 4 and N = 5
by applying the inverse function theorem and taking m large. Thus we
may assume n > 3 and pursue an elaboration of the same strategy.

For real 8 we define the (n — 1) x (n — 1) matrices

5 -1 0 0 --- 0
-1 g -1 0 --- 0
o -1 g -1 --- 0
319 Aw®=|. T
0 o0 -1 B -1
0 O 0o -2 g
and
8 -1 0 0 0
-1 g -1 0 0
0o -1 g -1 0
(3.20) A1 (8) = _ ,
o o --- -1 g -1
o o0 -~ 0 -1 p-1

so that the system obtained by temporarily replacing all the logarithmic
terms in (3.17) by 0 is equivalent (recalling by = 1) to the equation

do 1
ds 0

(321) ANB)| . | =1].| withf=dyand d; >0 for 2 <i<n.
dy, 0

Using Cramer’s rule and expansion by minors, we find

Pr—it1[N mod 2](5)

d;[N] = P [N mod 2](8) for 2 < i < n, where

(3.22)  Bi[0](A) = det Agz(/\) and P;[1](\) = det Ag;11() for i > 3,
B0j(A) =X and P[] =A—-1, and
Pi[0](A\) =2 and Pi[1)(A) = 1.
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Further expansion by minors reveals the recursive relations (indepen-
dent of the parity of V)

(3.23) ]Di+1()\) = )\Pz()\) — Pi—l()\) for 7 > 2.

On the other hand, by applying the constraint dy = [, the expression
for dy given by (3.22) can be rewritten as

(3.24) BP(B) = Pr1(B),
whence (3.23) delivers
(3.25) Poi1(8) = 0.

We now claim that for each ¢ > 3 (and either parity of N)
(i) P, = B[N mod 2] has a root strictly greater than 1; if v =
[N mod 2] is its largest such root, then
(ii) Pi—1(x) > 0 whenever x > ~;,
(iii) Pi+1(y) <0, and
(iv) 7, is strictly increasing in i.

These claims can be established by induction on ¢. The case i = 3
is easily verified: P[0](z) = =, P30](z) = 22 — 2, and Py0](z) =
® = 31, s0 73[0] = V2, P2[0)(z > 43[0]) > 0, and P4[0](~3[0]) = 2v/2 —
3v2 < 0, while P[1)(z) = 2 — 1, P3[1](z) = 2% — 2 — 1, and Py[1](z) =
23— 22 — 22 + 1, so y3[l] = %, B1](z > ~3[1]) > @ > 0, and

Py[1](vs[1]) = 172—‘/5 < 0. Now suppose that claims (i)—(iii) hold for
i = j. By claim (i) v; exists and v; > 1. According to claim (iii)
Pji1(vj) < 0, but Pjyq is clearly monic, so Pjyi(z) > 0 for large z,
which implies that P;;; has a root greater than v;, so 7,41 exists and
Yj+1 > vj > 1 (verifying claims (i) and (iv)). Therefore Pj(z > vj41) >
0 by the maximality of ~; (verifying claim (ii)). Finally, using (3.23),
Pjio(vj+1) = Vj+1Pj+1(vj+1) — Pj(vj+1), which is negative, since the
first term vanishes and the second has just been established positive
(verifying claim (iii) and so completing the proof of claims (i)—(iv)).

Thus 8 = Yp+1 solves (3.25) and is strictly increasing in n (for each
fixed parity of N). We have already checked that § > 1; now we claim
that 8 < 2. In fact we assert that for each ¢ > 2 (regardless of the parity
of N)

(v) Pi(x) — Pi—i(z) > 0 and P;(z) > 0 whenever x > 2,

which is proven by induction on ¢. For ¢ = 2 and z > 2 we have
Py(z) — Pi(x) = x — 2 > 0 (whatever the parity of N) and clearly both
P[0](x) = x > 0 and Ps[1](x) = x — 1 > 0. Assuming then that claim
(v) holds for i = j, we get from (3.23), assuming still z > 2,

Pj1(z) = Pj(x) = 2Pj(x) = Pj1(z) — Pj(x)
(3.26) — (v - VPy(a) - Pir(a)
> Py(@) — Pya(@) > 0
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and therefore Pji1(x) > 0 as well. We conclude that for every i > 2 we
have P;(z) > 0 whenever x > 2, so all roots of P; lie to the left of 2,
establishing the bound on dy = 8 = yp41.

To show that for each fixed N d;[N] is a strictly increasing function
of j we claim that for any n > 3 and either parity of N

(vi) Pj+1(Yn+1) — Pj(yn+1) < 0 whenever 1 < j <mn,

which we prove by induction on j. Since Py(z)— P (z) = x—2 (whatever
the parity of N), the case j = 1 follows immediately from the fact,
proved in the preceding paragraph, that v,11 < 2. Assuming now that
claim (vi) holds for a given j € ZN[1,n — 1] and applying (3.23) with
i = j + 1 along with the same inequality v,+1 < 2, we get

Pj2(Ynt1) — Pix1(Ynt1) = (Y1 — D Pjr1(vns1) — Pj(yna1)

3.27
( ) < Pj-i-l(’}/n-i-l) - Pj(’)/n-‘rl) < 07

confirming (vi). It then follows from (3.22) that 1 < ds < d3 < d4 <
e < dy.

It remains to reintroduce the logarithmic terms. Recalling the defi-
nitions (3.19) and (3.20), for each integer N > 2 we define the function
Fy :R" 1 - R" ! by

i) xI9

z3 z3
(3.28) Fy | .| =An(z2)

Tn Tn

and calculate its derivative at (d;)i"y:

d, 0 0 0

d; 00 - 0
(3.29) dFN|@yp, = An(d2) + | . . . . ],

dy 0 0 0

whose determinant is det An(da) + det B, where B is the matrix

d -1 0 0 e 0
ds dy —1 0 e 0
dy -1 dy -1 e 0
(3.30) . . .
dpy 0 o —1 ds -1
d, 0 - 0 —20WHhmod2 g _ N mod?2

Using just expansion by minors along with the inequalities, proven
above, d; > 1 > 0 for 2 < j < n and Pj(d2) > 0 for 1 < j < n,
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we then obtain

n—1

(3.31) det dFy|(gr, = Pol(d2) + Y diPait1(d2) + dn > 0.
=2

We conclude by invoking the inverse function theorem and taking m
large in terms of do, ..., dy,. q.e.d.

Henceforth, given integers N > 2, £ > k > 1, and m > 1, along with
N — 1 real numbers (1, ..., (ny—1, we define (i) bo[N = 2,k, ¢, m] := 0,
bo[N = 3,k,f,m] := 1, and {b;(N > 4,k,£,m]} 5 as in the proof of
Lemma 3.18, (ii) 71 [N, k, £, m| as defined by (3.16), (iii) 7;[V, k, £, m] :=
bi[N, k,¢,m]T{[N, k,,m] for 2 < i < n, (iv) 7;[N,k, ¢, m] and b;[N,k,
¢,m] forn+1<i<N—1 (and b;[N, k,¢,m] = 1) in accordance with
(3.12) and (3.14), and (v) 1[N, k,¢,m,(] for 1 < i < N as defined by
(2.14). These quantities complete the specification of the initial surfaces
defined in (2.30).

Parameter dependence. The ( and £ parameters influence the forces,
which will be analyzed later to manage the substitute kernel (described
in Section 1 and formally introduced in Section 5), as well as the dislo-
cations

Di - Di[N7k7€7maC7£]

(3'32) o %TZ& — %Tz‘—lfz‘—l for2<i<N-1
" l0fori=1andi=N,

which will be used to manage the extended part of the extended sub-
stitute kernel (again see Sections 1 and 5) and each of which measures
the antisymmetric part of the vertical displacement of a pair of adjacent
inequivalent (under the action of G (2.26)) catenoidal regions relative
to the toral region they share. Morally, the next lemma ensures that,
by adjusting the parameters, we can freely prescribe any set of suitably
bounded forces and dislocations. Indeed this surjectivity assertion could
be stated precisely and proved as a corollary of the lemma by apply-
ing the Brouwer fixed-point theorem. Because, however, we will also
need to allow graphical deformations of the initial surfaces, we bypass
this step and instead will more directly apply the lemma to control the
extended substitute kernel in the proof of Theorem 6.50.

Lemma 3.33 (Parametric dependence of the forces and dislocations).
Given ¢ > 0 and integers N > 2 and £ > k > 1, there exist real numbers
C = C[N,k,£],mg = mo[N,k,l,c] > 0 and an invertible linear map
O = O[N, k,¢,m] : R2VN=2 — R2N=2 gych that whenever m > myg

(i) 10| +]©7!| < CIN, k.4,
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where ||-|| denotes the operator norm induced by the Euclidean norm on
R2N=2 and whenever ¢, & € [—c,c*N 2

mzfl[Nak7£7m7<a£] Cl
, .
.. 1| m .FN[N,k,E,m,C,g] gN*l
W wkemeg |70 a |[SORY
DN*l[N7k7£7m)<7€] £N—1

where |-| denotes the Euclidean norm on R2N=2,

We emphasize that the estimates made in Lemma 3.33 are indepen-
dent of m and the size of the parameters: C[N,k,¢] does not depend
on m or ¢ (but mg[N,k, ¢, c] does depend on ¢). This independence
will be crucial in the proof of the main theorem when defining the
nonlinear map whose fixed point will give us our final minimal sur-
face. In particular it will be needed to establish that we can choose
the parameter factor of the domain of this map to be compact, an
ingredient in the justification of the applicability of the Schauder fixed-
point theorem in the proof of Theorem 6.50. (Roughly, the indepen-
dence from c¢ of these estimates ensures that attempts to control the
extended substitute kernel (via the forces and dislocations) by vary-
ing the parameters will not drive any of these parameters off to infin-

ity.)

Proof. To begin, it is easy to see that the linear map T'= T[N, k, ¢] :
RN=1 — RN~ defined by

m2F, KUn? (Fy — Fy) + 4n(D; + D)
m*Fa klm? (Fy — Fy) + 47 (D + D)
2 2
(3.34) T: m ’;N_l — k?: (Fn-1— FN) 2—1— A7(Dn-1 + Dn)
m*Fn kg;g )
Ds 2D,
Dy 2Dn_1

is invertible (since, the lowest N — 2 components on the right determine
all dislocations, which with the top N components then determine all
the forces too) with inverse bounded independently of m and c¢. To
prove the lemma it will therefore suffice to identify an invertible linear
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map © = O[N, k, £, m] : R*V-2 — R?2N=2 guch that

Hé”+”@ﬂ]gcuv,mq and

i (m;f> 5 (g)' < C[N, k, 1]

for some constant C[N,k,¢] > 0 whenever (,§ € [—c,(]
sufficiently large in terms of N, k, £, and c.
In fact we will show that we can take

) 5(5) = (2 9 ()

where 0 is the (N — 1) x (N — 1) zero matrix, B = B[N, k,{,m] is
an (N — 1) x (N — 1) matrix bounded independently of ¢ and m, and
Z = Z[N,k,¢,m] and E = E[N, k, ¢, m| are the (N —1) x (N —1) matrices

(3.35)

N=1 and m is

Z:=8rb Q), with b= (by by - bN—l)T and
—by 0 . 0 0
by +b3  —bs 0 B 0
(337) 0 —by by + by —by :
- O . . . . . . . . . 0 ’
: —by_3 bn_3+bn_1 —bn_1
0 e 0 —bn_2 bn_2 + by
and
bt 0 0 0 0
—b1 b 0 0 0
0 —by b3 0 0
(3.38) == . :
0 0 . —bn-s bn-2 0
0 0o - 0 —bny_2 bn-1

recalling (2.12) and understanding by := 0. (We acknowledge that
b1 = by—1 = 1 but refrain from making these substitutions above so as
to avoid obscuring the structure of the matrices.) We will now verify
that © so defined satisfies (3.35), identifying the matrix B along the
way.

First we check that Z and = are invertible. Invertibility of Z is ob-
vious, since it is lower-triangular with all its diagonal entries strictly
positive. Next, we inductively alter the middle N — 3 columns of Z,
starting with column N — 2 and working our way to the left until col-
umn 2, by replacing each by its sum with the column immediately to
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its right; we also divide the first column by 87. The resulting matrix
(for the computation of which we recall that by = 0)

1 —by 0 0 0
by by b3 O 0
_ b3 0 by —bs :
(3.39) 7= c
by 0 . . .0
: : 0 byn—3 —bn-1

by—1 0 -~ 0 0 bn_2

is invertible if and only if Z is. The only nonzero entries of Z lie in (1)
the first column, whose entries are all strictly positive, (ii) the diagonal,
whose entries are also all strictly positive, and (iii) the superdiagonal,
whose entries are all strictly negative. It is easy to see that any square
matrix of this form has strictly positive determinant. For example we
can compute the determinant by cofactor expansion along the bottom
row. Starting with the entry in the bottom row and first column (by_;
in Z ), we see that the submatrix obtained by deleting the bottom row
and first column is lower-triangular with all diagonal entries strictly
negative. Counting minus signs, including possibly one contributed by
the position of the entry in question, we find that the corresponding
cofactor is strictly positive and, the entry itself being strictly positive
as well, therefore the corresponding term in the expansion is also strictly
positive. The remaining term, corresponding to the entry in the bottom
row and last column (by_s in Z) is clearly the product of a strictly
positive number, the entry itself, with the determinant of a smaller
matrix of the same form under consideration. Since our claim is obvious
in the 1 x 1 case, the general case now follows by induction. Thus we
see that Z is invertible as well. Consequently, for any choice of B (to
be identified shortly) in (3.36), the map © is indeed invertible, and
the first inequality in (3.35) is now ensured by (2.12) (and the bound
|B|| < C[N, k,{] established below).

Now we estimate &m” (Fi—Fit1) + %(Di +Djqq) for 1 <i < N-1.

27T

When N = 2, from (3.8) and (3.9) we find

1672
kfm?

(3.40) ‘]:1 — Fy — (471'7'1 - 1 )‘ < Cm™%m,

. 104mm

whence with (2.14)

‘}"1 — F
)

3.41
( 872

1
—2¢8 (277) — —— 7, [ =1 +1 < Cm™?
€ ( T e T ( SR 1O€m71>)‘ < Cmm,
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so by the balancing condition (3.11)

16727
Fi—Fa— 721@

3.42
( ) kfm

< CmiQTl,

while D; = Dy = 0 by (3.32), which proves

klm?
(3.43) ‘Qm

4
(FL — Fa) + Ti(pl +Dy) —87¢1| < C when N =1,
1

T

taking the constant C' possibly larger (depending on k and ¢) than the
one immediately above but still independent of ¢ and m.
When N >3 and 1 <i< N — 1, from (3.10) and (3.32) we find

kfm?
271'7'1
B kfm?

21T

4
(Fi — Fir1) + - (Di + Diy1)

(3.44)

(27T (—Tic1 + 275 — Tit1)

2
167 | 1 )‘SC,

T ktm2 10¢mT;

understanding 7o = 7 := 0. Using (2.13), (2.14), and Taylor expansion,
for 2 < j < N —1 we have

Tj — eﬁzj — k_lﬁ_lm_2bjgj7'1‘ < m_40262c/m2bj7'1
(3.45)
S Cm_27'1,

where to ensure the last inequality we take m sufficiently large in terms
of ¢. Thus, when 3 <7< N —1,

5.46) ‘(_Ti—l +27; — Tig1) — € (—=T;q +27; — Tipq)

1

~ ktm?
and, further using (2.13) and (2.14), when 2 <i < N —1

(=bi—1Gi—1 +2b;¢; — bi+1€i+1)‘ < Cm™%n

1
n
logmﬂ'

Til

(3.47)

1 T1biG;  Tibabi(;
(S — b 1 _ <
(6 Tt 10¢mr; TibiG1 + A7 8T <

provided m is sufficiently large in terms of ¢. Note that by virtue of
(2.13) and (3.17)

(3.48) |bab; — (bi—1 + biy1)| < Cm2for1<i<N-1
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(understanding by = by = 0), so the last term on the left-hand side
of (3.47) may be replaced by —W. By applying estimates
(3.46)—(3.48) to (3.44) and imposing the balancing condition (3.11) we
obtain

kom?

21T

— (87biC1 — bi—1Gi—1 + (bi—1 + bix1)C — bit1Giy1)

4
(Fi = Fi1) + ?ﬂ-(Di + Di+1)
(3.49) !
<C

when N >3 and 3 <i < N — 1 (understanding by := 0).
In the remaining cases that N > 3 but 7 € {1,2} a similar computa-
tion (using simply 71 = €17 in place of (3.45) when j = 1) reveals

ktm? 4
‘ 5 (.7:1 — .7:2> + 7('D1 -+ DQ) — (87Tb1<1 — bg@) < (C and
T T
ktm? 4
(3.50) ‘ 5 (J2 = F3) + — (D2 + Ds)
T 1
— (821 + (b1 + b3)C2 — b3(3)| < C.
Together, (3.43), (3.49), and (3.50) show that
kfm? 4
(3.51) ‘ (.7:1 — .7:7;_4.1) + 7(@2 + 'Di+1) — (ZOZ <C
sl 5l

for some constant C' = C[N, k,¢] > 0 whenever N > 2,1 <i< N —1,
¢, € €[—c, V7, and m is sufficiently large in terms of c.

Next, it is obvious from (3.32), using (3.45) as necessary and contin-
uing to take m large in terms of ¢, that

2
—D; — (bi& — bi—1&i-1)
T1

Furthermore, from (2.15), (3.7), and (3.11), using (3.47) and (3.48)
again and still taking m large in terms of ¢, we have

(3.52) <Cfor2<i<N-—-1.

2
‘567271 7 - <b1£1+2Nmod2C1)‘ < (Cif2< N <3 and
T,
kfm? N mod 2 S
o P bt 2V 123 | G
(3.53) . -~
1«
o (bj—1 — 2bj + bjs1) G
j=2

2N mod 2

+———— (bp—1 — 2by, + bpt1) Cn]

<Cif N > 3.
8w
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Together, (3.51), (3.52), and (3.53) establish the second inequality of
(3.35) with © defined by (3.36), the entries of the first row of the matrix
B given by the coefficients of the components of ( appearing in (3.53),
and the remaining entries of B vanishing. This completes the proof.
q.e.d.

4. Estimates of the initial geometry

Norms and spaces of sections. To state the estimates for the geom-
etry of the initial surfaces and to carry out the rest of the construc-
tion we must first identify certain norms and corresponding spaces of
sections. For the most part our notation is standard and speaks for
itself. Given a smooth vector bundle E over a smooth manifold M
(possibly with boundary), a nonnegative integer j, and a real number
a € (0,1), we write C] (E) and C7(E) for the space of sections of E
having component functions of class Cj, . or C" respectively relative
to any (so every) smooth local chart and smooth trivialization; we set
C®(E) := ;2 C1,.(E). When E is the trivial bundle M x R, we write
simply M in place of M x R in our notation for the spaces just defined
and also for the spaces below, as is standard for spaces of real-valued
functions.

All of the vector bundles of interest to us are derived from tangent
bundles by a combination of duality, tensor product, pullback, and pro-
jection; a Riemannian metric on M or on another manifold in which
it is immersed will determine canonical metrics and connections on all
these bundles. When there is no danger of confusion, we write simply |-|
for the corresponding pointwise norm and D for the connection. Given
a section u of a bundle E over M thus equipped, we define the standard
global norms

J
(4.1) lully = lullcs g, = llu: C(E, g)]| =D sup [Dlu(p)|
i=0 PEM

as well as the Holder seminorm

(4.2) [W]e = sup |u(y(1)) — P [y]u(+(0))]
' T ey kS

)

where the supremum is taken over all piecewise C'' paths, || denotes
the length of such a path, and Pl[y] : Ey©) — E,) is the parallel
transport map along «y from the fiber over v(0) to the fiber over (1).

Then we can define also the Holder norms
(4.3) el = [fu s C7(B, g)]| = lfull, + [D7ul], -

Note that for functions on convex open subsets of Euclidean space these
Hélder norms agree with the conventional ones. Generally, the spaces
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C3(E, g) and CY(E, g) consisting of sections with finite corresponding
norm enjoy many of the properties familiar from the Euclidean case;
in particular C7%(E, g) embeds compactly in C7»*(E, g) whenever M
is compact and 0 < a < B < 1. In the construction we will rou-
tinely wish to compare norms of the above type induced by different
metrics on a single manifold. The definitions make it easy to see that
Hu : CI(E, h)H <C Hu : C*(E, g)||, where C is controlled by the g-
norms of h, its inverse, and finitely many g-derivatives of h (the max-
imum order needed depending in a transparent way on j, «, and on
the bundle E); of course if M is not compact, then C' may blow up,
depending on g and h.

If M is a two-sided hypersurface immersed in a Riemannian mani-
fold N and Gy is a group of isometries of N preserving M as a set,
then Gps acts on a section u of the normal bundle of M by (g.u)(p) :=
g+[u (g7 (p))] for each element g : N — N of Gps. Because this bundle
is just the trivial R bundle over M, its sections can be identified with
functions (for us representing mean curvature or normal perturbations)
on which the corresponding action of G is given by

I (gfl(p)) if g preserves each side of M

(4.4) (8-f)(p) : {_f (g*l(p)) if g reverses the sides of M.

All the elements of the symmetry group § = §[k, ¢, m] (defined in (2.26))
of the construction can be seen to fix each side of the initial surface
Y = X[N,k,l,m,(, & (defined in (2.30)), so its action is always given
by the first line of (4.4). (As mentioned earlier (Remark 1.2), when
k = ¢, we have the option of enforcing a larger symmetry group in the
construction, one admitting reflections through great circles on T. When
N is odd, such reflections reverse the sides of the initial surface X.)

Notation 4.5. In general, if M is a two-sided hypersurface immersed
in a Riemannian manifold N and Gp; is a group of isometries of N
preserving M as a set, we will append the subscript Gp; to a space of
functions to designate the subspace consisting of functions which are
equivariant under the Gy, action (4.4).

Finally we will often wish to work with weighted versions of the above
norms. For this construction the following definition suffices:

s €7 (Elpipog:9) |
f(p) ’
where f: M — (0,00) is a given weight function and B[p,1,g] C M is

the g metric ball of radius 1 centered at p € M. We will also make use
of weighted C7 norms, with the obvious definition.

(4.6) |w C(E, g, )| = sup
peEM
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The x metric. It is the primary task of this section to estimate the
intrinsic and extrinsic geometry of the initial surfaces. We continue to
write ¢« = o[N, k,£,m,(, €] : B[N, k, £,m, , €] — S for the inclusion map
of ¥ in S3, and we define

(4.7) g=g[N,k,£,m, (& =g,

the metric induced on ¥ by g; and ¢. To fix the extrinsic quan-
tities we pick on each initial surface ¥ the global unit normal v =
V[N, k,¢,m,(, & which is directed toward C; at the points of ¥ closest
to Cy. We then define

A =A[N,k, t,m,(, & = (g5 0¢)(Dde,v) and

4.
(48) H = H[N,k,t,m,(,&] :=tr=¢ A,

respectively the scalar-valued second fundamental form and mean cur-
vature of ¥ relative to v and g4, D being the connection induced on
T*Y ®*TS? by g, and ¢. In particular H = (g4 o¢)(H, v), recalling the
vector-valued mean curvature H defined below (3.2).

Every initial surface admits by virtue of its construction a natural
decomposition into overlapping regions, each of which resembles either
a portion of a torus coaxial with T or (via ® (2.2)) a truncated catenoid.
Modulo the horizontal symmetries, there are N such toral regions, one
for each torus incorporated in the construction, and there are N — 1
catenoidal regions, one for each pair of adjacent tori. Definitions are
made in the subsections below. The estimates will then be obtained by
treating the catenoidal regions as perturbations of Euclidean catenoids
and the toral regions as graphs over the Clifford torus.

Because all these regions shrink with increasing m and because even
on a fixed initial surface the characteristic scale m~! of the toral regions
dwarfs the characteristic scale 71 near the waists, it will be advantageous
to uniformize the problem (and flatten ¥) by working with a metric x
on each initial surface conformal to the natural one g = t*g,. We will
set

(49) X:X[N7k7£7m7<7§] = p297

where the conformal factor p = p[N,k,¢,m,(,&] : ¥ — R is defined so
that its reciprocal p~! is a G-equivariant function (i) measuring on each
catenoidal region the ®1"g, distance to the axis and (ii) transitioning
smoothly to the constant m ™! by the edge of the toral regions.

To be precise, recalling (2.4) and setting

(4.10) d(x,y,2) = v/x2 +y2 on R3,
we first define p[z],75] : R® — R, for given 7} < 7}, € R, by

(4= m) v [shes ] o don {2 € 4.5}
0 elsewhere

(411)  plzh, 2h) = {
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we define py[z},75] : R? — R, for given point g = (xq,y0) € R?, by

(412) ﬁq[zlh ZIQ] (X7 Y, Z) = ﬁ[z,h ZIQ] (X —X0,Y — Yo, Z) )
and we define p: R? — R by
N-2
(4.13) p=mt Y > Dalazbe)
=0 qefi mod 2,3 mod 2
recalling (2.16) and (2.27) and taking z := —F and z§ := Z. Then,
recalling (2.2), p € C¢°(X) is uniquely defined by requiring
(4.14) pod=p ond (D).
Evidently from (2.12), (2.14), and (2.30)
m CIN, k., /]
4.15 — < p< ——
( ) C[N7k7€]_p_ 1

for some constant C[N,k,¢] > 0 whenever (,& € [—c, /N1 and m is
sufficiently large in terms of IV, k, ¢, and c. Equipped with the x metric,
each catenoidal region tends with large m to the flat cylinder of radius
1, while each toral region tends, away from the catenoids adjoining it,

V2r

to a flat @ X 7% rectangle. Details are provided in the next two
subsections.

Before proceeding, we briefly mention a couple differences of our ap-
proach from [13]. First, our catenoidal and toral regions (defined below)
correspond to their extended standard regions, but since we never view
their standard regions or transition regions in isolation, we omit the
modifier eztended. Second, our use of the x metric follows theirs to
study the mean curvature equation on the initial surfaces globally, but
whereas Kapouleas and Yang introduce another metric (the h metric)
conformal to g in order to analyze the approximate kernel, we will apply
the x metric to this problem as well, in the next section.

Catenoidal regions. We define the standard cylinder
(4.16) K:=R x S,

where St := {2 € C : |2| = 1}. We write ¢ for the standard coordinate
on the R factor and 6 for the standard coordinate on the universal cover
R of the S! factor given by 8 — €. We will routinely and implicitly
define functions on K by defining functions on this universal cover that
are invariant under the deck transformations. We equip K with its usual
flat metric

(4.17) Ry = dt* + do*
and we define the embedding
(418) R:K—R3 by k(t,0) = (cosht cosf, cosht sinf,t),
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whose image is the catenoid with waist radius 1, axis of symmetry the
z-axis, and horizontal plane of the symmetry the z = 0 plane. It is easy
to see that ¥ is conformal, with

(4.19) R*g, = cosh? ¢ Y,

g being the Euclidean metric on R3, and that its unit normal pointing
outward at the waist is

(4.20) v =secht cosf Ox + secht sinf 0y — tanht0,.

Of course the catenoid is famously minimal, and it is elementary to
check that, more specifically, it has second fundamental form (relative
to V)
(4.21) A=dt? — de*.
Given a > 0, we define the truncated cylinder
(4.22) K, := [—a,a] x S,
and, given also (xq,yo,20) € R? and 7 > 0, we define the embedding
(4.23) R[(x0,y0,20), 7, a] : Kq — R3 by
(t,0) — (x0,y0,20) + T(cosht cosf,cosht sinb,t),

whose image is a truncated, translated, and scaled catenoid with vertical
axis of symmetry. For 1 <4 < N — 1 we set

a; = a;[N,k,{,m,(,&| := arcosh

l(mei
L SR P S LG
(4.24) = (1 5 > m”— ¢ — (1 —0a) <ln bi + kW)

+1In <1 +4/1— 100£2m27'z-2)

(writing d;; for the Kronecker delta and recalling (2.12), (2.14), (2.18),
and (2.20)) and, recalling (2.2), we define the map

ki = ki [N,k £,m, €] - Ky, — S? by

(4.25) Ki=DoR [(<i/;k1,),j’ <Z'\/—§£17;”,Z{(> e ai] '

Then (referring to (2.30) and particularly (2.29)) the image of x; is
entirely contained in the initial surface ¥ and defines the catenoidal
region

(4.26) K[i] = Klis Nk, £,m, ¢, €] == r; (Ka,)

so that x; is a diffeomorphism onto its image; in innocuous abuse of
notation we will routinely write #; ' : K[i] — K,, for the inverse of this
diffeomorphism.
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Note that, recalling (4.14),

(4.27) wi*p =7 tsecht
and, by applying (2.12) and (2.14) to (4.24),
(4.28) C[N,k,0]7'm? < a; < C[N, k, (Jm?

for some constant C[N,k,¢] > 0 whenever (,& € [—c,c]V~! and m is
sufficiently large in terms of N, k, ¢, and ¢. From (2.14), (2.16), and
(4.26) it is clear that

(4.29) K[i] N K[i'] # 0 if and only if i = 7.

Since on small scales the covering map @ is an approximate isometry,
we expect that in a suitably rescaled sense each catenoidal region will
converge in the large-m limit to an exact catenoid in Fuclidean space.
The next proposition quantifies this convergence.

Proposition 4.30 (Estimates of the geometry of the catenoidal re-
gions). Given a real number ¢ > 0 and integers N > 2, £ > k > 1,
and j > 0, there exist real numbers mg = mg[N,k,,c] > 0 and C =
C[N,k,£,5] > 0 such that whenever ¢,& € [—c,c]V ™! and m > my, for
1<i<N-1

(i) ||ki*x — X : C7 (T*K??,S{K)H < OmPr,

(i) ||p = C7(K[d), x, p)|| + || o' = C7(KL), x, o7 )| < €

(iii) ||z : CI(K[i],x)|| < Cm?m,

(iv) ||A— (=1)N=ik; 7 (dt? — d6?) - CT (T*K[]®2, x, 71 |z] + p~2) H
<C,
() o2 1412 = 27267 : COH(KliL xoma + 12] + p72)|| < €, and

(vi) ||p=2H : C7 (IC[i],x,Tl |z| + p~2 |z| + T12)H < C,
where z : S* — R is defined via (2.2) and we also recall (2.14), (4.6),
(4.7), (4.8), (4.9), (4.14), (4.17), (4.22), (4.25), and (4.26).

Proof. From (2.3), (4.23), (4.25), and (4.27) we calculate
Ri"X — Xx = (sin2 (ZZK + Tit)) (tanh2 t cos 20 dt*
—2tanht sin 20 dt d — cos 20 d6?) .

It follows from (2.14), (3.6) (the bottom line), and (4.28) that
!zZK + 7it| < CN, k,lm*r; everywhere on K,, for some C[N,k,¢] > 0
whenever m is sufficiently large in terms of N, k, ¢, and c. Since
Xx = dt? + df? is flat, it is trivial to differentiate (4.31), so item (i)
now follows immediately, as do items (ii) and (iii) in turn, using also
(4.27) and

(4.32) ki*z =2l + 7t

(4.31)
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Next, using (4.25), for any vector fields V' and W on K,, we have

KAV, W) = A[R:, ®*g,)(V, W)
= V[/’%i’ (I)*gs]c (D[(D*gs]dk\ivdk\iw)c
V[/I%ing]c ~
- D =~ vd 3
(4.33) A (D09 ]am,vdriW

+ (D[®*g5] — Dlg,]) (dR; V. driW))*
= W[Ris 95]lat g or, (Al g5 (V.W) + BV, W),

where K; := K [((\Z/;;Z:, (\i/;r):,zf() ,Ti,az} (recalling (4.23)), v[R;, *g,]

is the unit normal for &; relative to g, directed so that d®v[k;, ®*g.] =
vor; and v[R;, *g.]. is its ®*g, metric dual, v[E;, ¢g,,] is the unit normal
for k; relative to g, directed so that its g, metric dual v[K;, g,]c is a
positive multiple of v[k;, ®*gl., A[R;, -] is the second fundamental of
ki with respect to the ambient metric - and the unit normal v[&;,],
D[] is the Levi-Civita connection induced by the metric -, and B is the
symmetric tensor

Bog = V[Ri, g,]e(T¢ 4 0 7)) (dR:)" o (dR;)" 5 with
1 * *
(4.34) [ =5 (@ 95)° (D1g:16(®* ) ad

+D[95]a(®" 95 )bd — D0gpla(®*gs)av) -

Recalling that we have chosen the unit normal v for 3 pointing toward
C at the points closest to C7 (so v has positive inner product with 0,
at the top of 3, in an (x,y,z) coordinate system defined via ®), we see
from (4.23) that

(4.35) v[Ri, gp) = (1) D,
recalling (4.20), so in particular, using (2.3),

|V[//%ia gE”cI)*gSoEi (t’ 9)

(4.36) B \/1 — sech?t cos 26 sin 2%z — tanh? ¢ sin? 2K:*7
N cos 2K;*7 '

It is also easy to see from (2.3) that the only Christoffel symbols (in
(x,y,2z) coordinates) for ®*g¢ not vanishing identically are

2
., =-I?%_ = —cos2z, = =I% cos £z

= Y and
XX vy Xz zZX 1 + sin 27

(4.37) v — oS 2z
e T % 1 —sin2z
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Returning to (4.34) (and again using (4.20) and (4.23)) we now find
(—l)N_iBtt = k" p 2 tanh®t cos 20 cos 2k;*z
+ 272 tanh t cos 20 sec 2k;*z
— 272 tanht tan 2k;*z,
(4.38) N—i * 2 2, *
(=)™ 'By = —k;"p~ “ tanh” t sin 20 cos 2k;*z
— 72 5in 26 sec 2k;*z, and

(—1)N_ing = —Hi*p_Q tanh t cos 260 cos 2k;*z.

Thus, applying (4.36) and (4.38) in (4.33), we have computed A on
K[i], proving (iv). From (4.31) we also compute

1
Ridrg,) " =
(R ®795) 1 — sech? t cos 26 sin 2k;*z — tanh? ¢ sin? 2k,*z
(4.39) x ki p? (O0f + 0f + (sin2k;*z) (— cos 20 07

+2tanht sin 20 8; 9y + tanh? ¢t cos 26 83)) ,

which in conjunction with (iv) immediately yields the estimate (v). The
estimate (vi) requires slightly more care, but from (4.21), (4.33), (4.36),
and (4.39) we compute the exact mean curvature

(_1)N—i (I‘di*PQ)

i H = 2 2 3/2
(1 — sech? t cos 20 sin 2k;*z — tanh? ¢ sin? 2/@*2)
1
X —§Ti(sin 4£;*2)(1 4 tanh? t) cos 20
(4.40) , ,
—kK;"p~“(sindk;*z)(cos 2k, z) tanh” ¢
+72 tanht cos 20 — 477 (sin 2;*z) tanh t
+372(sin? 2k;*z) tanh t cos 26| ,
delivering (vi) and completing the proof. q.e.d.

Graphs over immersions. The estimates away from the catenoidal
regions will be obtained by treating the initial surface there as a graph
over the torus, as an application of the following lemma, which will be
used again in the final section to estimate the contributions to the mean
curvature of the perturbed surface which are nonlinear in the perturbing
function and to estimate the perturbation to the corresponding forces
(3.2). We first clarify some notation used in the statement of the lemma.
Suppose (M, g) is a Riemannian manifold. If u € C? (M), we write
Dlg)?u and Agu := g*D][g]? ,u for the Hessian and Laplacian of u
under g. Given p € M and r > 0, we write B[p,r, (M, g)] for the closed
metric ball in (M, g) with center p and radius r. We adopt the sign and
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indexing conventions that the Riemann curvature tensor Rgp.q of (M, g)

is defined by
(441)  RapedVW'XY? = g (DyDwX — DwDvX — Dy X, Y)

for any vector fields V,W, X,Y on M; then Ry, := R,.°, = Rea® is
the Ricci curvature of (M, g). Suppose also that ¢ : S — M is a CIQOC
codimension-one immersion of a manifold S into M and that v is a
global unit normal for ¢. We write Algp,v]| := (g o ¢)(v, D[g]d¢) and
Hp,v] := trg-y A[¢, V] for the corresponding second fundamental form
and mean curvature (here D[g] being the canonical connection on the
bundle ¢*T'M @ T*S defined by the Levi-Civita connections induced by
g and ¢*g). Finally we point out that we reserve the right to denote
evaluation of a section X at a point p by either of the standard options
Xlp = X(p).

Lemma 4.42 (Graphs over immersions). Let ¢ : S — M be a smooth
two-sided (codimension-one) immersion of a smooth manifold S into a
smooth complete Riemannian manifold M with smooth metric g. Let
v € ¢*(TM) be a global unit normal for ¢ and write A = Alp, V]
and H := H[p,v] for the corresponding second fundamental form and
mean curvature. For each t € R and u € C? (S) we define the maps
¢t7¢[u] S =M by

P1(p) == expy(p) tv(p) and

(4.43) olul(p) == eXPy(p) u(p)v(p) = Gugp) (P),

where exp : TM — M is the exponential map of (M, g). Suppose that
for a givenu € C2 (S) andp € S

loc

(144) (o) [AQ)] oy + 1) [IRI,  COBIp, Jutr)], (M )| < 5.

Then @[u] is a C?,, immersion on a neighborhood of p, as is ¢ for every
t between 0 and u(p). On this neighborhood ¢ and ¢[u] admit respective

CL . unit normals v, and v(¢lu]] satisfying vi(p) = %equs(p) tv(p) and

g (W[ol]llp,velp) > 0. If (working near p) we set g* := ¢fg, g =
(¢2‘g)*1, and A' := Alpy, 1], then

8tgta/3 = —2Ataﬁ and

0 A'ap = i1 00t g Rabed © bt — Alar A'psg””

If we also set Alu] := A[p[u], v[d[u]]] and H[u] := H[d[u],v[p[u]]] and
we define on S the symmetric 2-tensors g% = ¢"(), g, = Gu(), and
Av = A0 gs well as the function H" = guo"BA“ag and the section
O’ o = (btc,a‘t:u(.) of [u]*T M, then

(i)

)

(ii) dlul*g = g" + du ® du,
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Atog + D[Q“]%g“ — 29,0 A% (ou gyt s

1+ ldul

Hlu] = H + (Do + [A]2 + 0" Ray 0 6) w

(iii) Alulop = , and

1
+ u’vguvéguaﬂ/ (QUAtua(;;ﬁ + QUWBAtua(; — uAtua/B;(s — u75Atuaﬁ) dt
0

Ut 590" g HY+ Agpuu D[g“]2aﬁu +3A4%3

9 apt+ 2
31+ ldulZe \ 1+ /1+|dul’ 1+ |dulgu

1
+ 'LL2 / (t - 1) |:2gtuaﬁgtuvéAtuaﬁVtual/tud(zstub;y(btucﬁRabcd o ¢[u]
0

+2Atua,BAtufydAtueggtuﬂvgtu(segtuac + Vtual/tubytuCRab\c © (Z)[u] dt,

where the vertical bar and semicolon before an index indicate differentia-
tion under the Levi-Civita connection induced by g and ¢*g respectively.

Remark 4.45. Note that in the special case of Lemma 4.42 that
(M, g) = (S \2g,) is the round 3-sphere of radius A > 0 we have

Vi v’ o1 gRabed © b1 = A 29" 05,

4.46
(4.46) VP Ry 0 ¢ = 2072, and Rapje = 0.

Proof. We begin with a few basic generalities concerning connections
on pullbacks of vector bundles. Suppose ¢ : P — M is a smooth
map (not necessarily an immersion) between smooth manifolds and the
target M is equipped with a smooth Riemannian metric g. We will
write D[TM] for the Levi-Civita connection on T'M induced by g. We
omit the elementary verification of the following observations. There is
a unique connection D[p*T M| on the pullback bundle ¢*T'M satisfying
the chain rule

(4.47) D" TM]y (X op) = (D[TM]p,vX)op
for all V e C9

loc
torsion-free in the sense that

(448)  D[p"TMlye.W — Dp"TMlwp.V = . [V, V]

(TP) and X € C}

loc

(T'M). Moreover, D[¢*TM] is

for all V,W € C} (T'P); D[¢*TM] is compatible with g in the sense
that

Vigoo)(X,Y) =(g o) (D" TM]y X,Y)

(4.49) + (g0 @) (X, D[p*TM]yY)
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for all V € C? (TP) and X,Y € C}

loc loc

(*TM); and D[p*T M| inherits
the curvature of M: for all V,W € C} (TP) and X € C2 (p*TM)

(4.50)  DyDwX — DwDyX — Dy X = (Ro ¢)(p.V, W)X,

in which every instance of D is D = D[p*TM].
Now let (M, g), S, ¢, and v be as in the statement of the lemma. We
define the map

(4.51) P:SxR—=M by @(pt):=expyg tr(p),

so that ¢, = ®(+,t). Suppose V € C®°(TS) and write V for the unique
vector field on ¥ x R such that (Vf)(p,t) = (Vf(:,t))(p) for all f €
C*(SxR),peS,and t € R. Then ®.V|,,y = do V|, and .0 s) =
4 expy(p) tr(p). Given s,t € R, we write Py : ®* T M| o — ®*TM|(. 4
for the map of parallel translation (relative to D[®*T'M]) along the R
cross-sections of S x R. Using (4.48) and (4.50) as well as the fact that
D[®*T Mg, ®.0, = 0, we have

Sl vy = S @)= DI TM]p 8.V,
t=0 t=0
= [<I>*TM]V<I>*8t|(.’0) = D[gb*TM}VI/ and
d—QPO (dpyV) = diPO (®.V) = 4 po (D[®*T M]p,®.V
(4.52) dt2 t t T de2 t * Tt t O X * )

= % P (D[®*T M) Dy®.0;)

= P? (D[®*TM)s, Dy®.0;)
= PP (R o ¢) (9.0, dpsV)P,0;) .
Thus
PYd¢,V =d¢V + tD[¢*TM]yv
(4.53) t
+ /0 (t — s)PY (R o ¢)(P.0r, dpsV)D,.0;) ds,

so, noting that ®.0; is unit, for all p € S and ¢ € R (replacing [0, ¢]
below by [t,0] if ¢ < 0)

L+ [t] [ A(P)gs
(454)  sup [doVy|, < o

o 1=, - Bl 0t

and also consequently

eV,
il o - [AD) ] geg [t = K

L AG)y
’d¢vp‘g N

1— Kt2 ’

(4.55)

where

(4.56) K = ||IRl, : C°Blp. It . (ML, 9)|
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confirming that ¢; is an immersion near p whenever

(4.57) [t |A(p)

2
¢*g+t

IRl : C°Blp. It (M.g)])| < 1/3

(which condition is obviously not sharp).
Using (4.48) and (4.49) as well as the fact that D[®*T M|y, P.0; = 0,
we also compute

1
(g @) @)(D[CI)*TM]VCD*&, 615) = §V(g e} <I>)(<I>*8t, <I>*6t) =0 and

(4.58) i(g 0 0)(3,V, D,9,) = (g 0 ®)(D[®*TM]p,®,V, ®,0,)

dt
= V(g o ®)(P.0;, P.0;) = 0.
Since ®.04|(. 0y = v, in fact ®,0; is everywhere and always orthogonal to
®, V. Thus wherever |t| is small enough that ¢; is locally an immersion,
®, 0y is a smooth local unit normal for ¢, designated v4 in the statement

of the lemma. Then, letting W be another vector field on S with W the
canonically corresponding vector field on S x R, (4.48)—(4.50),

019V W) = (g0 ®)(DIOTM]y 2., .7)

+ ?)(®,V,D[®*"TM]w®.0 d
o) (970 ®)(@.V. D& T}y .0;) an

(60, ] (V, W) = (g0 @) (R o P)(Ps0y, ©.V)W
+D[®*T M|y D[®, T Mw®.0,, ®.0,)

@A

proving item (i) of the lemma.
Now suppose u € C? (S) and take ¢[u] as defined in the statement
of the lemma. Let 7 : § x R — S be the canonical projection onto S

and let v, be the section of ¢[u]*T M defined by
(460) Uy = Vu()

(so vu(p) = vy(p)(p), v having been defined in the statement of the
lemma). Since ¢lu](p) = @(p, u(p)),

(461)  dofulV = d® (V+ (Va*u)h) = (do0)],—yy V + (Vi

which implies item (ii) of the lemma. In particular, because du ® du
is nonnegative, ¢[u| is an immersion on a neighborhood of p whenever
bu(p) 18, so in particular, in view of (4.55), provided (4.44) holds. It also
follows that the corresponding metric on the cotangent space satisfies

(4.62) (lu*g) ™" = g !

- Vau® Vg,
L+ |dul2, I

where g, and g" are as defined in the statement of the lemma and V 4u is
the gradient operator on S induced by the metric g*. (Equation (4.62)
is a trivial consequence of item (ii) of the lemma at points where du
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vanishes; at any other point p it is easily derived by working relative to
a g* orthogonal basis one of whose elements is Vjuul,.)

Clearly the 1-form dt — dm*u on S x R annihilates all tangent vectors
to the graph of u in S x R, so, relative to the metric ®*g = ¢} g + dt?,
the upward unit normal to this graph is

O — Vorgm*u
/14 |d7r*u](2b*g

Noting that d® (Vesgm*u) |, = dor (Vgrgu) |p, we see that the unit
normal v|¢[u]] for ¢lu| identified in the statement of the lemma satisfies

(4.63)

Yy — (d¢t)|t:u(~) Vguu
W1+ |du\§u

The corresponding second fundamental form is

(4.64) vilul] =

(4.65) Alu] = (g 0 ¢[u])(v[¢[u]], D[¢[u] T My dp[u]W),
but
Dig[u]*TM]ydp[u]Wl, = DI®*T My (vr+uo, (2=W
+(W7r*u)¢>*8t) (p,u(p))
= DIgy TMy (donl,) ‘t:u@) Wl
+ (VWu)v[dyp)]lp
+ (WU)D[¢* )TM]VV[¢u(p)] |P

u(p
+ (Vu) D[y, ) TM]wv[dup)]lp,

(4.66)

whose inner product with (4.64) yields item (iii) of the lemma. By
contracting item (ii) of the lemma with item (iii) we obtain

H" + Aguu D[g"] 45u +3A%qg
Hlu] = ———— —uyus 9.9,
1+ [dul, (1+ laul?.)

uﬁu,&gu(wguw H" 4+ Aguu

2 2 g
VIFldul \1+/1+ |dul,.
D[g“]zaﬂu +3A%p

1+ |dul?, ’

U




514 D. WIYGUL

but, using item (i) of the lemma,

1 * *
At = Ayt 150070 ( 3D16°010" 5 — DIl s

4.68 1
( ) = A¢*9u + u,’yguwguaﬁ/ (2uAtua6;5
0
—I-QUﬁAtuag — uAtualg;(; — u’(;Atuaﬁ) dt
and
1
H* —H +u (|A\§ 4 (Rap 0 gi))uayb) v u2/ (t—1)
0
(4.69) [QQtu gtu”’ Al “ap(Rabed 0 ¢[u])Vtua’/tudﬁzstubﬁ(btuc,&
+2AtuaﬁAtu’yéAtuecgtuﬁ’ygtuéegtuaf
+ (Rab|c o ¢[u]) Vi Vtu Vty :| dt,
establishing item (iv) and completing the proof. q.e.d.

Toral regions. Recalling (2.5), (2.8), (2.14), and (2.28) we define, for
1 <i¢ < N, the closed domains T; C R2 by

T’i - Ti[N7k7€7 muC7§]

= mTX’ij ifi=N
so that T; is a v/27/k x /27 /¢ rectangle with one or two discs removed,

each having radius of order m,/71. By virtue of the second line of (3.6)
we see that T; tends with large m to

Tt~ |- 7 vl

(4.71) \{{(o,o)} ifie{1,N}
{+ (55 50m) b if1<i<N.

Recalling (2.2), (2.7), (2.9), (2.15), and (2.16), we also define the maps
T; = T:L'[N7ka€7m7<7§] : Ty — SS by

Lixy) =@ (T (=), where

fN = Tezt [(N - 2)(X7Y)7Z]I\$—17ZN7R7X7 Y7 TN—l] )

(4.72) T} :=Tew [(0,0),25,21, R, X, Y, 7], andfor1<i<N
~ . XY
n::ﬂnt |:(2'l_3)<2 2)7 ’L[{l’ 7,7Z’L;RXY7-1, 17TZ .
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Then, referring to (2.30) and particularly (2.29), the image of each T;
is entirely contained in the initial surface X[N, k, ¢, m,(,&] and defines
the corresponding toral region

so that T; a diffeomorphism onto its image. Abusing notation slightly we
denote the inverse of this diffeomorphism by 7, '. From (2.14), (2.15),
(2.16), (2.26), (2.29), (2.30), (4.26), and (4.73) it is clear that

T

—

i| N T[i'] # 0 if and only if i = ¢/,

] NK[i'] # 0 if and only if i — 4" € {0,1},
(4.74)

T

N N— N-1

U U UUT['L’], and ¥ = [ J 9Kli] UUST
i=1 i=1 =1 =1 =1

Each limit region ’IAFZ D T; naturally carries the flat metric g, =
dx? + dy?, but we also equip it with the conformal metric

Xi = Xi[N, k,£] := p?g,, having conformal factor

i = pilN, k0] : T; — (0, 00) defined by

) =6 | 1o | @)

(4.75) 1 L
! dix,y) ¥ [56’ 104 (di(x,y)), where

d;(x,y) is the Euclidean distance in R? from the set

{{( 0)}ifi € {1,N}

{£ (=X, 201 if 1 <i<N,

recalling (2.4). Under the X; metric ’iI\'z looks like a flat /27 /k x /27 /¢
rectangle with one or two discs of radius 1/5¢ replaced by one or two infi-
nite half-cylinders of radius 1, each attached smoothly along an annulus.
We emphasize that p; is independent of m as well as the parameters (,
&, and, in view of (4.14), we observe that on each domain T;

(4.76) TFp = mp;.

In the next section we will define the extended substitute kernel needed
to complete the construction, as outlined in Section 1. Then, in the final
section, the role of the dislocations will become clear: the dislocation D;
(recalling (3.32)) on the toral region 7T [i] will be varied to cancel the “ex
tended” portion of the extended substitute kernel supported there. For
this reason it is necessary to isolate the dominant contribution of each
dislocation to the mean curvature, and to that end for 2 < i < N —1
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we define v; € C(T;) by

o =[] (- 5) + (-2
o] (Y0 5) 4 (o)

and we define w; € C'g°(X) to be the unique G-invariant (recalling (2.26)
and (4.4)) function satisfying

(4.77)

wilsgrp ;=0  and

o, o d DY (A, f1<i< N
e 0ifie {1,N},

(4.78)

the alternating sign included to account for the alternating direction of
the unit normal on the toral regions and the exceptional cases ¢ = 1
and ¢ = N included merely for convenience of notation. (We could have
alternatively built the alternating sign into the definition of the disloca-
tions.) The function v;|, oT[1 should be regarded as the section of the
normal bundle graphically generating dislocations on 7 [i], and in the
following proposition we will see that the function w; then captures the
principal effect of dislocation on the mean curvature. Later the collec-
tion {w;, f\gl will reappear as the defining basis for the extended part
of the extended substitute kernel. Right now we estimate the geometry
of the toral regions.

Proposition 4.79 (Estimates of the geometry of the toral regions).
Given a real number ¢ > 0 and integers N > 2, £ >k > 1, and j > 0,
there exist real numbers mo = mo[N,k,¢,c] >0 and C = C[N,k, ¢, j| >
0 such that whenever , & € [—c,c]¥~! and m > mg, for 1 <i < N

(i) || = 775 00 (10T 1230 | < OmPm

(i) ||p - CU(TT), x, p)|| + ||~ " = CU(TT) x, 0)|| < €,

(i) || A= (=) i1 (dy? = dx) = €9 (TN (KL — UK , )|
< Cmmy,

(iv) ||p~2 |A[§ . CJ (T[z],x)” <Cm™2, and

() ||p72H — Dyw, : CV (T[i],x,m2p_27'1 + m27'12)H < C,

recalling (2.14), (3.32), (4.6), (4.7), (4.8), (4.9), (4.14), (4.72), (4.73),
(4.75), and (4.78).
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Proof. We first observe, using (4.17), (4.25), (4.27), (4.72), (4.75),
and (4.76), that if T[i| N K[¢'] # 0, then

X *p—1%s 2, 7,2
XK|I'€;,1(7'[Z']) — Ryl X —— = sech”tdt

(4.80)
=72 (pory)? di?,

but p|n71(7-m) < Ti71/2 by (4.73), so by applying items (i) and (ii) of
Proposiltion 4.30 we have proven item (i) of the present proposition on
the overlap of the toral and catenoidal regions. On this same intersection
the remaining items (with (iii) obviously excluded) also follow from the
corresponding ones in Proposition 4.30.

We will finish the proof by verifying the estimates on T[i] N {p <
10¢m} = T[i]\ (K[¢ — 1] UK[¢]) (understanding K[0] = K[N] = 0). For
this we set

(4.81) D; =T, " ({p <10m}) C T,

and apply Lemma 4.42, viewing T;j|p, as a perturbation ¢;[u;] of the
embedding ¢; := woT; : D; — (S3,m?g,) of D; into the Clifford
torus T with m?g, unit normal v[¢;] directed toward Cj; here w :
S3\(C1 U C) — T is nearest-point projection in (S*,m?g,) onto T and
the function wu; generating the perturbation is identified below. Thus,
recalling (2.2) and (2.3),

w (P(x,y,2)) = ®(x,y,0),

X y *
¢i<X7y) :q)<% +Xi7a+yi70> ) ¢im2gs =95
V[¢iH(Xy z (ﬁ+xi,%+yi,0)
v[di[ullly) = (1) 'm T g ),

where x;, y; give the appropriate lattice site appearing in (4.72), v[¢;[u;]]
is the m2g, unit normal for ¢;[u;] specified in Lemma 4.42, and v is the
g unit normal we chose for ¥ just above (4.8). Writing A[u;] and H [u;]
for the second fundamental form and mean curvature of ¢;[u;] relative
to m2g, and v[¢;[us]], as in Lemma 4.42, and recalling (4.8) and the
definition of ¢ : ¥ — S? as the inclusion map of the initial surface in S?,
it follows that

4.82
( ) and

L*QS|T<(D. = m72¢'[ui]*m2957
(4.83) Alr,py = (= DN _IA[ul] and

H !T = (1) "'mHu].
Setting

mX mY
(4.84) ro(x,y) := v/x2+y? and r41(x,y) :=T1p (x T T’y T 2)
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and referring to (4.72) and the supporting definitions (including in par-
ticular (2.15) and (2.16)) and recalling (3.32), we have as the function
generating the perturbation (that is playing the role of u in the state-
ment of Lemma 4.42) u; : D; — R given by

U 1
L e — 9| g g o)
(455 o (b oy FOG5Y)
E <n10€m7'1 arees mT )’
uUN 1 1
—(xy) =2znv + ¥ (ro(x,y))
(430 m [512 106]

1
X TN_1 <arcosh ro(x,y) —In > ,

mTN—1 10€mTN_1
and for 1 <i< N

(2% 1 1
" xy) =+ | 35010 (69D
_ 1
x | —=D; + 1;—1 arcosh M —TioiIln——
mri—1 1067’7’1;7’7;71

(4.87)
0 |35 107 ()

1 ri(x,
<D +7ln —— 06 Tiarcoshlr(n;/)>.

Using (2.21), the last item of (3.6), the inequality |D;| < C[N, k, {Jmm
(by (2.12) and (2.14) whenever m > ¢), along with the estimates

Hw [5@ 105] °ro Cj(T*D1®j7gE)H < Cle, 4],

(4 88 H gE arcosh mr CO(T*D1®J’9E) < C[E,]] for j >0,
N-1
d i h : C%(Dy)|| < C[N, k, £Jm?
an Zz; T; arcos o (D1)|| < C[N,k, f)m*m

(again using (2.12) and (2.14) for the third line), we obtain
Huz : C’O(Di)H < C[N,k,ﬂ]m?’ﬁ and

(4.89) . o
HD[QE]]Ui : CO(T Di®]7gE)

< C[N,k, £, jlm>r for j > 1.

Using (2.3) and recalling the notation of Lemma 4.42 (remembering
in particular that we are taking ¢ in its statement to be ngS) we also
have

(4.90)

g% = (1 +sin2m ™ tu;) dx* + (1 — sin 2m ™ 'w;) dy?,
so by (4.89) Hg“l — g, CY (T*DZ@Q,QE)H < C[N, k, €, jlm>ry.
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Item (ii) of Lemma 4.42 now yields
(491) Mg, — g, - 7 (T*DF?, g,)|| < CIN, k. €, jlm*r.

The proofs of (i) and (ii) are now completed by (4.75), (4.76), and the
observation that

(4.92) [7i = €7 (Di go)|| + |7 - C7(Dis g) || < CIE 1.
Furthermore, again using (2.3) and the notation of Lemma 4.42,
(4.93) A% = —m! (cos 2m_1ui) (dx2 — dyz) , so by (4.89),

' HA“Z —mHdy? — dx?) : ¢V (T*Di@,gE)H < CIN,k, 0, jlmmy,

while from (4.89) and (4.90)
CIN, k, £, jm*n > || Dlg"Pui - €7 (T*DF?, g, |

(4.94) .
o+ |lduilyes = €7 (Dis )| -
Item (iii) of the present proposition is now proved by applying item
(i), (4.93), and (4.94) (and (4.89) again) in item (iii) of Lemma 4.42,
keeping in mind (4.83). Item (iv) follows in turn.
Finally, from the identity

2.2
(4.95) Ay arcosh SUN T 37
e (6 mer)

along with (2.21), the first two estimates of (4.88), definition (4.78),
and the fact that Ay, = ,?)72A9E (by (4.75) and the two-dimensionality

of 'ﬁz) we find
|Ag, 0 = ()N DT w, - €O (D)
< CIN, k¢, jlmmy.

(4.96)

(Note that without subtracting the dislocation term on the left it would
be necessary to allow C on the right-hand side of (4.96) to depend on
¢, or, if we were to apply the assumption we have used repeatedly that
¢ < m, to allow the exponent on m to increase.) We now apply item
(iv) of Lemma 4.42. In doing so we make use of (4.96), (4.89), (4.90),
(4.93), and (4.94); we also take note of Remark 4.45 and of course the
facts that T itself is minimal and m?r; < 1. We thereby obtain

(4.97) HH[uZ] — (—l)Nfimﬁ?DiTi*wi : Cj(Di,gE)H < C[N, k, ¢, jlmmy,

and the proof is completed by (4.76) and (4.83). q.e.d.
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Decay norms and a global estimate of the mean curvature.
As mentioned in Section 1, because the characteristic size 71 of the
catenoidal waists is so much smaller than the characteristic size m™! of
the toral regions, we must allow perturbing functions to be much larger
on the toral regions than on the core of the catenoidal regions. For this
reason we will weight our norms by powers of the factor mp~!, which
takes the value 1 a maximal distance from the catenoidal regions and is
of order mm; at the waists. Specifically, for each a € (0,1), v € [0, 00),
and nonnegative integer j, we define the norm

. mY
499) My = Hesmny =0 (50,55

)

(recalling (4.6) and (4.14)) and the corresponding Banach space along
with its (closed) G-invariant subspace (recalling (2.26) and (4.4))

CIe (L) == {u e (2, x) | |ull;,
oo 2= {w€ 2 |l
Cé’a’v(z) = {u € ¢ (%) ‘ gu=ufor all g € G},

< oo} and

in accordance with Notation 4.5.

Remark 4.100. Of course, since each initial surface ¥ is compact,
CH7(8), CH*(2, x), and CJ:% (%) all refer to the same topological vec-
tor space, which we more simply call C?®(X) (forgetting the norm struc-
tures of the first two spaces and dropping the superfluous subscript of

the third).
Definition 4.101 (Continuity in the parameters). If
(4'102) f = f[N7 k7£7 m7 C? g:l E CJ7Q(E[N7 k’ é? m’ C’ 5])

defines a family of functions on the initial surfaces and we make the
usual assumption that ¢,€ € [—c, ]V ~! for some ¢ > 0, we say that f
depends continuously on (¢, &) if we have continuity of the map

[_Cv C]N_l X [_07 C]N_l - Cj,a(z[]\/: ka E: m, 07 0])

(C:E) — f[N7k7£7m7C7§} OI[N7k7£7m](<7§7 ')7

where I = I[N, k,¢,m| is as described in Remark 2.33. Note that this
definition does not depend on the particular choice of I.

Similarly, if Al¢, €] = A[N,k,6,m, (€] : CJ’O‘(E[N, kt,m, ¢, &) —
CIH*(X[N,k,l,m, (&) (or R) is a family of (not necessarily linear) con-
tinuous maps, we call the associated map (u, (,§) — A[(, &][u] continu-
ous for fixed N, k, £, and m if we have continuity of the map

CJ,Q(E[Nu k’&mv 070]) X [_Ca C]Nil X [_C’ C]Nil
— CP*(3[N, k,£,m,0,0]) or R

(4.103)

(4.104)
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given by

(&) = 16, 6)° (Al €] (16,697 w))

(4.105) »
or (u,¢,€) = AlG €] (16607 )

In order to secure acceptable decay estimates for solutions to the
linearized problem we will need the following estimate for the initial
mean curvature.

Corollary 4.106 (Global weighted estimate of the initial mean cur-
vature). Given real numbers ¢ > 0 and v € (0,1) as well as inte-
gers N > 2 and £ > k > 1, there exist C = C[N,k,¢] > 0 and
mo = mo[N, k,l,c,] such that for each integer m > my, each (,§ €
[—c, V1, and each o € (0,1)

(4.107) < Cmn,

0,0,y

N—-1
o D
=2

using the norm (4.98) and recalling (3.32), (4.8), (4.14), and (4.78).
Moreover p~2H is G-invariant (recalling (2.26) and (4.4)) and depends
continuously, as an element of CY*V(X), on ((,€) in the sense of Def-
wnation 4.101.

Proof. The continuity claim is obvious, as in fact both p o I and
H o I are manifestly smooth. The G-invariance of p also follows di-
rectly from its definition, while that of H follows from the G-invariance
of ¥ itself, establishing that p~2H is G-invariant as well. (Note that
in this construction all elements of our symmetry group § act on all
functions under consideration according to the first line of (4.4). Of
course, were we to enforce also symmetries reversing the sides of X,
it would be natural to consider a different action of G on p from that
defined by (4.4) on H, since the former represents a true scalar field,
while H represents a section of the normal bundle. Specifically, the ap-
propriate action on p would be to follow the first line of (4.4) even for
elements reversing the sides of X. In this case too we would conclude the
appropriate G-equivariance of p~?H.) As for the estimate, from item
(v) of Proposition 4.79 and items (iii) and (vi) of Proposition 4.30 we
get

N-1
p?H — Z Dyw; : C* (Z,X, m2p2rm + m2712)

(4.108) P

< C[N, k., /]
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for some constant C[N, k, ¢] > 0 whenever m is sufficiently large in terms

of N, k, ¢, and ¢, but

2 -2 2,2 2—y
mep lerm T4 <m) T
(4.109) mipTIT

p

m\2—7 _

< (*) —|—m2_77'11 v
m

using (4.15) for the last inequality, and the estimate now follows from
the second item of (3.6). q.e.d.

5. The linearized operator

We continue to write ¢ = ([N, k,£,m,(, €] : B[N, k,£,m,(, & — S3
for the inclusion map of the initial surface ¥ = X[N, k,£,m,(,£] in S3
and v = V[N, k, £, m,(, €] : ¥ — *TS? for the unit normal which points
toward C at the points of ¥ nearest to C (or equivalently which points
upward at the top of ¥ as viewed via coordinates obtained through the
map ® defined in (2.2)). Fixing the data N > 2, ¢/ > k > 1, and
m sufficiently large, we consider deformations of ([N, k, ¢, m,0,0] ob-
tained by varying the parameters ¢ and £ and by additionally perturb-
ing the resulting initial surface X[V, k, £, m, (, £] in the normal direction
by a prescribed function. Specifically we define ([N, k,¢,m,(, &, u] :
S[N, k,l,m,(, & — S? by
vlu] =[N, k, £,m, (&, ul(p)

= CXPy[N,k,,m,C,E](p) u(p)l/[N, k,t,m,(, 5] (p)’
where exp : T'S? — S? is the exponential map for (S3, g,). As asserted in
Lemma 4.42, ([N, k, ¢, m, (,§, u] is an immersion for sufficiently small u.
In this case we write V[N, k, £, m,(, &, u] : ¥ — ([, &, u]*TS? for the unit
normal of ([N, k, ¢, m,(,&,u] whose value at each p € ¥ has positive in-
ner product with the vector % XDy N,k t,m.¢,€](p) TV, By 6 m, € € (p) and
we write Hlu| = Hlu, (,&] = H[N, k, l,m,(, &, u] : B[N, k, £,m,(, ] = R
for the corresponding mean curvature
/H[u] = H[u’ ¢, E] = /H[Nv k,£,m, (&, u]

= H[L[N7 k’ 67 m’ C? 57 u]? V[N7 k? E’ m’ C? 57 u:l:l’

(5.1)

(5.2)

with the notation and conventions introduced just below (4.41).
Our goal is to find ¢,¢ € RN~! and u € C&°(¥) (recalling Notation
4.5) solving

(5.3) H[N, k, l,m,(, & ul =0
for each given N > 2, £ > k > 1, and m sufficiently large, with « small
enough that the resulting minimal surface (the image of ([N, k, ¢, m, ¢,

&, ul) is a small perturbation of the initial surface X[N, k, £, m, (,&], so in
particular embedded. A major step toward the solution of (5.3) consists
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in the study of the initial surface’s Jacobi operator £ = L[N, k, ¢, m, (,&]
defined by

d
(5.4)  Lu= | HINkLmCE b = (Ag + 142 + 2) u,

t=0

recalling that g = ([N, k, ¢, m,(,£]*g,. Actually, because of the unifor-
mity afforded by the y metric (4.9), it is much more convenient to study
instead the linear operator

(5.5) Ly =LyN,klim, (&= p 2L =N+ p ? A} + 2072,

which clearly takes G-equivariant functions (as defined by (2.26) and
(4.4)) to G-equivariant functions and which, by virtue of the estimates
of p~2 |A|§ in Propositions 4.30 and 4.79, defines (for any «,v € (0,1))

a linear map L, : CS’OW(E) — 0(9)704,7(2) bounded independently of m
and c.

In this section we construct a likewise bounded right inverse R to
L., modulo the extended substitute kernel described in Section 1 and
formally defined below. We do this by first analyzing £, “semilocally”,
meaning on the toral and catenoidal regions individually, and by observ-
ing that on each of these regions £, has a simple limit as m — co. Sig-
nificantly, because adjacent toral and catenoidal regions overlap, when
attempting to solve the equation £,u = f on a toral region 7T[i], we
may assume that f is supported outside the intersection of 7 [i] with
the adjoining catenoidal region(s). We will find we can invert these
regional limits of £, (modulo extended substitute kernel in the toral
cases) and so produce approximate semilocal inverses to £,, which will
be applied iteratively, using decay properties of the solutions they yield,
to construct R.

Approximate solutions on the catenoidal regions. Recalling (4.16)
and (4.17), we define the operator

(5.6) Ly = Ag, T 2sech? t

on functions on K. Note that EK is simply cosh?t times the Jacobi
operator of the standard catenoid (4.18). From items (i) and (v) of
Proposition 4.30 we see that (recalling (5.5))

. * x—1 -
(5.7) n}gnoo ki LyKi =Lk,
where the convergence is to be interpreted in the following sense. For
any given bounded subset 2 of the cylinder K the operator on the left-
hand side of (5.7) is defined as a map C? _(Q2) — C2 (Q) whenever m
is taken sufficiently large in terms of the diameter of Q and [(| (not-
ing lim,, 00 a; = 00 by (4.24)) and its difference from the operator on
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the right-hand side is a first-order operator X |[m] + f[m] on Q satisfy-
ing limp, o0 (|| X[m] : CH(TQ, X, )|| + || fIm] : CT(2,X)||) = 0 for each
nonnegative integer j.

Recall that each catenoidal region K[i] is defined in (4.26) via (4.25)
as the image under ® (2.2) of a certain catenoid in R3. Of course this
last catenoid has an axis of symmetry, a line in R3 whose intersection
with the domain of ® has image under ® a quarter great circle in S3,
which circle (at least in this paragraph) we will call the axis of K[i]. It
follows from (2.25), (2.26), and (4.26) that the subgroup of G preserving
a given catenoidal region K[i] as a set is isomorphic to the dihedral
group D3 of order 4 (also isomorphic to Zy x Zy of course, but we favor
the more concise and geometric nomenclature), consisting of (i) the
identity element I of O(4), (ii) reflection X; through the great sphere
containing Cy and the axis of KJ[é], (iii) reflection Y; through the great
sphere containing C and the axis of K[i], and (iv) rotation X,;Y,; = Y, X,
through angle 7 (also called reflection) through the axis of K[i].

Using (2.25) again, we see that x; intertwines the above Dj action
on K[i] with the natural action of the Dy subgroup of symmetries of

(K, Xx)

9K = fK?X 73 7X i 3 Where
(5.8) ~ { K i{ K K} A
Ik (t,0) :=(t,0), Xg(t,0):= (t,7 —0), and Y (¢t,0) := (t,—6),
in the sense that
(5.9) Kq © XK =X; 0 K; and K; 0 EK =Y,0k;

(and these elements generate the two groups). Since I, X, and i all
preserve each side (choice of unit normal) of 3, the natural action (re-
calling (4.4)) of any element g € Gk on a function f on K is simply
g.f=fou.

Next, having in mind (4.98) and using (2.12), (2.14), and (4.27), we
also note that on each K,

m/{i*p_l

(5.10) CIN,k, 0] 'mm < < C[N, k, fymy,

elt!
so that the pullback to K,, by x; of the weight m7p™"7 appearing in our
global norm (4.98) on ¥ is comparable to the weight m77]e?!l on K,
where obviously the first two factors are constant on K. All the above
considerations motivate us to introduce, for each nonnegative integer j
and a € [0,1) and v € (0,1) the norms

(5.11) I llosane = |

ok (K, s evltl) H
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(recalling (4.6)) and corresponding Banach spaces of §g-even functions

Cé;‘j”(K) = {ue 07K xy) | llull o gy < 00
(5.12)
and g.u=u for all g € SK} .

Clearly Ly : Cé;‘:” (K) — Cgﬁ"y(K) is bounded (independently of o, vy €
(0,1)). The following proposition presents a suitable inverse.

Proposition 5.13 (Solutions to the model problem on the catenoid).
There exists a linear map

S 07 b 27 b

(5.14) Ri : Cg i (K) — Cg " (K)
defined for all a,y € (0,1), and, given any o,y € (0,1), there exists a
constant C = Cla, ] > 0 such that whenever f € C’gﬁ’v(K),

(5.15) LxRif=f and  |Recf]

e = C 1 looena)
recalling (4.16), (5.6), (5.8), (5.11), and (5.12).

Proof. Let f € C’g’g”(K) for some «,y € (0,1). For each nonnegative
integer n we define the functions f : R — R by
2m
@) = f(t,0)cosnédf and
0
(5.16) o
o (t) = f(t,0)sinnd do,
0
but f is Gx-even, so by (5.8) and (5.12) f, (t) = 0 for every n and
f:5(t) =0 for every odd n, so that

(5.17) f(t,6) = %f&“(t) + %Z f3h () cos 2n0,
n=1

at least distributionally. From the factorizations
07 +2sech®t — 1 = (9; — tanht)(9; + tanht) and
97 —1 = (0; + tanh t)(d; — tanht)

we find that for n > 2 the kernel (without any restriction on the rate
of growth) of 97 + 2sech®t — n? is spanned by the functions (9; —
tanht)e™™ = (+n — tanht)e®™ while for n = 0 it is spanned by the
functions —(0¢ — tanht)l = tanht and (0; — tanht¢)t = 1 — ¢ tanht
(the Jacobi fields on the catenoid (4.18) induced respectively by ver-
tical translation and dilations about the origin), and for n = 1 (not
needed for this construction) the kernel is spanned by the functions
(0y — tanht)sinht = secht and (0; — tanht)tsinht = sinht 4 tsecht
(which, multiplied by linear combinations of cosf and sinf, respec-
tively generate horizontal translations and rotations about horizontal
axes through the center of (4.18)).

(5.18)
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It follows (and is straightforward to check directly) that if for each
nonnegative integer n # 1 we define the function u, : R — R by

up(t) :== /Ot [(t — s)tanh s tanh t 4+ (tanh ¢ — tanh s)] f,,(s) ds

and for n > 1
5.19 h ¢
(5.19) Up(t) = Me_m /_Oo(n — tanh s)e™’ f,,(s) ds
— tanht o
27;(17%6“ /t (n + tanh s)e " f,,(s) ds,

then wu,, solves (8,;2 + 2sech?t — nz) Up = fr, with up(0) = 19(0) = 0 and
u, bounded whenever f,, is compactly supported and n > 1. Therefore
the distribution

1 1 &
5.20 = — —
( ) u 27I_u0 + . ; U2n

solves Lxu = f, at least in the distributional sense, and is even (also as

a distribution) under the reflections XK and EK (defined in (5.8)). It is
elementary to verify from (5.19) that

Ch]
(5.21) O

HUHCOvON(K) <C ||f||00,a,w(K)

Hf“CUaaw/(K) €W|a S0

for some constant C[y] independent of the data f. Standard elliptic
theory, using in particular the Schauder estimates, then implies that in
fact u is a classical solution satisfying

(5.22) [ullg.n k) < Clas A 1f lco.en )

for some constant C|a, ] > 0 independent of the data f, and we have
already observed that u is Gx-even. Taking Ry f := u thus concludes
the proof. q.e.d.

Approximate solutions on the toral regions. Recalling (4.71) and
(4.75), note that both TZ and ; are, for all 7, independent of m and the
¢, ¢ parameters. Recalling also (4.70) and (5.5), from items (i) and (ii)
of Proposition 4.79 we see that on T;

(5.23) Jim TPL T = Ag,
where the convergence is to be interpreted along the lines described
for (5.7), using in this case, in addition to Proposition 4.79, the fact
that lim,, oo m+/7; = 0, as follows from the second line of (3.6). Note
additionally that, by (2.25), (2.26), (2.30), and (4.72), the pullback by
T; of any G-invariant function on ¥ to T; must satisfy periodic boundary
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conditions on the rectangular part of the boundary and must moreover
respect a Dy group of symmetries.
Specifically, for 1 <1¢ < N, we define the quotients

(T;/~) C 'TI\‘Z-/N7 where
(5.24) NG NG

x,y)~ X,y) e x—x,y—-¥) 672 7 — 7,

so that T;/~ (or T;/~) is a v2m/k x v/2r/{ torus with one disc (or
point) deleted if i € {1, N} and two otherwise. We also define the Dy
subgroup of symmetries of T;/~

9Ti = {TT>XTN$T¢>XT¢$TZ-} ) where
-/[\T(X7Y) = (X’ Y),
~ —-x,y)ifi e {1, N
(5.25) XTZ_(X,y) = {( - ) {'f 1 <} o N and
E - Xuy) 1 4 )
(Xa _y) ifie {17N}

Yo, =
Yr,(xy) {(X’fizy) if1<i<N

(using coordinates on the universal cover of 'TI\‘Z /~ to define the symme-
tries). Obviously G, preserves both T;/~ and T;/~.

Remark 5.26. Recalling Notation 4.5, it now follows from (2.25),
(2.26), (2.30), (4.25), (4.26), (4.72), (4.73), (5.8), and (5.25) that, for
any « € [0,1) and nonnegative integer j, a function

(5.27) € e (U Kiu U T[z‘})

extends (uniquely) to a function in Cljo’?g(E) if and only if x;*f €
Clj 039 (Kg,) for each 1 <i < N —1 and T f descends to a function in
CPe . (T;/~) for each 1 <i < N.

loc 9T

Motivated also by (4.76) and definition (4.98), we are led to define,
for any nonnegative integer j, a € [0,1), and v € (0, 00), the norms

(5.28) ”‘ch,aw(lﬁ‘i/N) = H L Coe (ﬁfi/N’%’ﬁ;y)

(recalling (4.6)) and the corresponding Banach spaces of Gr,-even func-
tions

Cé}g,’y (Ti/'\‘) . {u e e (Ti/w,@) ‘ ||U”cj,a,~/(®/~) < 00

(5.29)
and g.u =u for all g € 9Ti} .
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Clearly Ag, : Cg7 ('Tri /N) - g (fri /N) is bounded (indepen-
dently of o,y € (0,1)). Proposition 5.31 below presents a suitable
inverse, modulo the extended substitute kernel and with a support con-
dition on the source function. The support assumption (expressed below
using the function d; from (4.75) and writing spt f for the support of
a function f) we can afford to make because in practice we will ap-
ply Proposition 5.13 before applying Proposition 5.31. The extended
substitute kernel we formally define right now. We first recall the defi-
nition (4.78) of w,, remembering in particular that w; and wy vanish
identically, and for 1 <i < N we introduce w; € C¢°(X) defined by

e | —— | o d
T w; == [106’ 56] od; and

wi|2\97’[i] =0 for 1 <i< N,

(5.30)

recalling the function d; from (4.75). Finally we define the extended
substitute kernel to be the linear span in C*°(X) of {w;, w;}Y ;.

Proposition 5.31 (Solutions to the model problems on the torus).
Let { > ke ZN[l,00) and i € ZN[1,N]. There exists a linear map

ﬁTi = ﬁTi [k, €] :
(5.32) {f €Cgr (ﬁi/w’?i> ‘ sptf C {di g 2106}}
. C;,;:,z (rﬁvl/w> x R xR

defined for all a € (0,1), and, given any o € (0,1), there exists a
constant C = Clk,{,a] > 0 such that whenever f belongs to the domain
of Rr, above and (u,p, pn) = R, f, then

Agu= f+ pTiw; + pTw; and
lull gz, oy + Il + ] < ©||7: €O (i, %)

recalling (4.71), (4.75), (4.78), (5.24), (5.25), (5.28), (5.29), and (5.30).

(5.33)

)

Proof. Suppose f € Cgf(’i /~,X:) has support contained in the set
U :={1/d; < 20¢}. We intend to apply a conformal change of metric

and attack the corresponding problem on the flat torus (T;, g, ), where
T; is simply T; /~ with the missing point(s) filled in and g, = dx? + dy?
is the standard flat metric. By definition (4.75) (and because T; is two-
dimensional) the equation Ag,u = f on '/]I\‘Z /~ is equivalent to AgEu =
p?f. Note that Gz, acts by isometries on (T;,g,) in the obvious way.
Clearly the function p; defined in (4.75) descends to a function (which
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we give the same name) in Cg>. (T;/~) and clearly
for some constant C[¢, j]. Consequently

(5.35) |82 : (T g,)|| < C1A) | £ 2 €O T/, 30)

(where we have trivially extended //)? f to a function of the same name
on T;, simply by requiring it to vanish at the filled in point(s)).

Of course the equation AgEu = /p? f has a solution on T; if and only
if the right-hand side has vanishing integral over T;, which we do not
assume. Accordingly we would like to permit ourselves the freedom of
adding a constant to the right-hand side. Soon though (at the end of
this section) we intend to transfer the solution from this model problem
to the initial surface, so we want to confine any modification of the
right-hand side to the toral region in question, avoiding any interference
on the adjoining catenoidal regions. Therefore we will we use the cutoff
function T w; in (5.30) in lieu of the constant function 1 for the purpose
of adjusting the right-hand side to make it orthogonal to the kernel.

More precisely we note that T w; descends smoothly to T; and we
define

Jr, 9} f dxdy

5.36 = ;

so that fTi P2 (f + pTFw;) dxdy = 0. Consequently there is a unique

function ug : T; — R solving

(5.37) Ay, o = P2(f + Ty w)

and satisfying IT- updxdy = 0; in particular ug is necessarily Gr-
invariant. Note also that by (4.75) p; > 1 on T; and that by (4.71)
and (5.30) w = 1 on a region of positive g, -area (depending on just k
and /), while of course T; itself has area %; it then follows from (5.35)
and (5.36) that

(5.39) il < Clk 4| £ : €O (Ti/~, %)

for some constant C[k,¢] > 0. The classical global Schauder estimates
applied to (5.37) imply in particular that

[uo : CU(TH)|| < Clk, 1|77 (f + nTiwi) - C*(Ti, g,)|

(5.39 0,00 (7 %
< C[k, 1] Hf L CO(Ty/~, Ri)

(for a possibly larger constant Clk,£] than above), where for the first
inequality we have again used the fact that T; is just a flat v/27/k x
V27 /€ torus and for the second we have used (5.35) and (5.38).
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We still need to arrange the rapid decay of our solution toward the
point(s) in T; missing from T,;. To this end we first observe that, be-
cause both f (by assumption) and w (by definition (5.30)) have support
contained in U = {1/d; < 20¢}, the solution wug to (5.37) is harmonic on
the set T;\U = {di < %M}, where, as we see from (4.75), d; = 1/p;. For
i € {1, N} this set has one component—the closed disc of radius 5, and
center pg := (0,0)—while otherwise it has two components—the closed

T dm) = £ (55 ), re-

T
22k’ 2v/2¢

discs of radius 2%)4 and centers pL = <
calling (2.28). Now we define u € R by

0 if ie{l,N}

_1\N—i,, .
(5.40) (=D p: {%[UO(,,_)_UO(M)] if ©¢{1,N},

so that by (5.39)
(5.41) ul < Clk, 4|1+ €O (Tif v, %)

Recalling L4.77) and noting that v descends smoothly to T;, we also
define u : T; — R by

ug — up(po) if i€ {1,N}
(5.42) w:= 1 Nei. )
ug — 5[uo(p-) +uo(p+)] + (=1)" ~'pv;  otherwise

(where we include the alternating signs because of the one present in
definition (4.78) of w;, which in turn we included to account for the
alternating direction of the unit normal on the toral regions). Thus by
(5.37) and (4.78)

(5.43) A;&.Uo =f+ ,uTi*wi + HTz*wz

Note that v; is constant on each component of T;\U, so, like uo,
the function v is harmonic on T;\U. By classical harmonic function
theory

(5.44) [u: CHTAU, g,)|| < Cl] [[u: €U, g,.) |

for some constant C[¢] > 0. On the other hand, since v;(p+) = +1,
we have u(pp) = 0 if i € {1, N} and u(p+) = 0 otherwise. Moreover,
u is Gr,-invariant (because ug, v, and the constants are), so, recalling
(5.25), both first partial derivatives of u also vanish at pg if i € {1, N}
and at both points pi otherwise. Using Taylor’s theorem and (5.44),
we therefore obtain

|u:C®(TA\U, g,,d:%)|| < C[] ||u: C°(0U, g,,)||

(5.45) < C[k, ] Hf L CO(T; )~ %)

)

where we recall (4.6) and for the last inequality we use (5.39). As already
observed ﬁ?l = d; on T;\U, while on U it is bounded below by ﬁ, SO
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it now follows from (4.6), (5.28) (5.43), (5.45), and the standard local

Schauder estimates together with the bounded geometry of ('EI\'z /™~ Xi)
that

)

(5.46) [ull 2,022,y < Clbs 0] H 1O (T )

which, along with (5.38), (5.41), (5.43), and the already observed Gr;-
invariance of u, concludes the proof. q.e.d.

Exact global solutions. Now we use Propositions 5.13 and 5.31 to
construct global solutions to the linearized problem on each initial sur-
face, modulo extended substitute kernel.

Proposition 5.47 (Global solutions to the linearized problem). Given
a real number ¢ > 0 and integers N > 2 and £ > k > 1, there ez-
ists mo = mo[N,k,£,c] > 0 such that whenever (,& € [—c, /N1 and
m > my, there is a linear map

R =RIN. k. l;m, (€] : Cgin (SIN, &, ,m, ¢, €])

= C;i::Zm](E[N’ k;’£7 m, C; é]) X RN X RN_z

(5.48)

(recalling (4.99)) defined for all o,y € (0,1), and, given o,y € (0,1),
there is a constant C = C[N,k,{,c,y] > 0 such that whenever f €

Cg™(2) and (u, (1~ ). (g, 2y ,)) = R, then

=1

N N
lallg g + D lil + >
i=1 i=2

(recalling (4.98) and (5.5)); moreover, for any fized N, k, ¢, and m,
the map

N N—-1
Lwu=f+ Zuiwi + Z MW, and
(5.49) jz

Hi < HfHO,a,'y

(5.50) (f,¢,8) — R[N, k,t,m,,£]f is continuous
in the sense of Definition 4.101.

Proof. Let ¢ > 0, a,y € (0,1), N € ZN[2,00), £ > k € ZN[l,00),
¢, € € [—c, N7t and m € Z N [mg,o0), where my is at least as large as
the maximum of the homonymous quantities appearing in Propositions
4.30, 4.79, 5.13, and 5.31 and is subject to an additional lower bound
imposed at the end of the proof. Recalling (4.26), we start by defining,
for 1 <7 < N — 1, the linear maps

(5.51) Uy : C(Ki]) — C(2)
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so that Wy, f is the unique G-equivariant function which vanishes out-

side §K[i] and which satisfies
(Uxf) e o= i 1@ [ai 0 = 1/2] o [t]) - "]
= (¢ ai,a; — 1/2] o [to k) - f,

recalling (2.4), (4.24), and (4.25). Note that by (4.17) the j® Yk co-
variant derivative of v [a;, a; — 1] o |t| is uniformly Xx-bounded on K4,
by a constant depending on just j. Recalling Proposition 5.13, we also
define

(5.52)

Ri : Cg*7(8) — Co*7(S) by
_ N-1
(5.53) Rif = Z Ui vkp), with
i=1
vy =k (ﬁK (”i*qJIC[i}(f’IC[i]))> ,
where ;"W (flxp)) is trivially (and smoothly) extended from K, to
K so that it vanishes outside K,,, recalling (4.16) and (4.22). Then
N N-1
LyRif = ([Lx Uiepa)] vicq
(5.54) Z;
+ Wy (f%*ﬁx"%_l* - EK) i vk + W?C[z’]f‘lC[z‘}) ,

where in the first term the brackets indicate the commutator of the
operators they enclose, in the second term we recall (5.6), and in the
last term we make use of Proposition 5.13.

We will absorb the “cutoff error” in (5.54), present in the first and
third terms, into the right-hand side when solving on the toral regions
in the next step. More precisely, for any given f € Cg’a’V(E) we define

N-1 N-1
(555)  fro=Ff— > Wuflem — Y. Lo Y] v
=1 =1

where each vy, is defined (for the given f) in (5.53). Note that fr is

G-equivariant and has support contained in § (Uf\il T[Z]) In fact, since

1 1 1
7; cosh <ai — 2> = 1; cosh a; <cosh 5~ tanh a; sinh 2)
(5.56)

> 671/27'1‘ cosh a; > 00m

(using (4.24) for the final inequality), we have, recalling (4.72),

1

. T* i
(5.57) spt T;" fr C {dz> 205}
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Next, recalling (4.73), for 1 <i < N we now define the linear maps
(5.58) U7 C(T]) = C(2)

so that Wy f is the unique §-equivariant function on ¥ vanishing out-
side §Ti] and satisfying

g =777 (o et et o) 7]

(5.59) _ (w [lnmﬁl/?’,lnmﬁl/ﬁ] oln (d; onl)) f

for which we recall (4.72) and (4.75). Note that by (2.12) and (2.14) we
have /7; < 711/3 < 711/6 for 1 <i < N —1 and that moreover by (4.75)
all X; covariant derivatives of [ln mTll / 3, In ’I’)’LTll / 6} olnd; are uniformly

Xi-bounded on Tj;.
Now, recalling Proposition 5.31 and (5.55) just above, we also define
for 1 <i < N the maps

Ry : Cg™7(E) = Co*7(2) x R x R by
(5.60) R f = (Yraorg, o) with
v =T, O and  (Orp, pp) == Ry (T fr) -

Here we are implicitly regarding T;* f7 as a function on T; /~ (possible

~

because fr is G-equivariant) after extending it to a function on T; which
simply vanishes outside T;, and moreover we see that (5.57) ensures

that this function truly belongs to the domain of ﬁTi. It now follows

by Proposition 5.31 that if (uy;), p, 1) = ﬁT[i]f, then
Lyuryy = [Lx, Y] v + Yrpfrlrg + pwi + pw;
+ U1 (Tz LT — A@) T v

Next we define the approximate solution operator

R:Cg*(E) = C3*7(2) x RY x RN =2 by

N
(5.62) Rf:= (ﬁKfﬂLZum,(m,---,uN)’(ugv---qu_J)

=1
with (uT[i], MiaﬁZ) = 75’7’[@']f’

where Ry and 757[1-] are defined in (5.53) and (5.60) above and where
from the output of R we are simply omitting By = py =0, as indi-

cated. Clearly R (from its definition and Propositions 5.13 and 5.31)
is bounded independently of ¢ and m. Moreover, the map (f,(,&) —

R[N, k,€,m,(,£]f is manifestly continuous (in the sense of Definition
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4.101), since all the operators (including £, itself) on ¥ used to con-
struct it clearly enjoy this continuous dependence themselves, while the
maps R x and ﬁTi are of course independent of the parameters. Defin-
ing also the operator

L:07*7(2) x RY x RN72 — Cg*7(%) by

L (u, (H1s .-y 0N s (Hg?""ﬁN—J)

N N—-1
= Lyu— Y pawi— Y pw;
=1 =2

and using (5.54), (5.55), (5.61), and the definitions of Wi; and Wy
above, we find that for any f € CS’Q’V(E)

(5.63)

~

N-1
Z’ﬁ,f — f = Z /ﬁ:i_l* (Hi*ﬁxlﬁ?i_l* — L:K) /fi*'UIC[i}
i=1

N
(5.64) T (TL T - Ay Tery
=1
N
+ D (Lo ] o7,
=1

where vi;) and v are defined in (5.53) and (5.60).

From (5.5), items (i) and (v) of Proposition 4.30, items (i) and (iv) of
Proposition 4.79, Propositions 5.13 and 5.31, and the definitions of W;
and W7 above we find that the first two sums in (5.64) have C%*7
norm bounded by m~2 times some constant C = C[N,k,¢,a,~] > 0
times || f|[p - As for the commutator terms, note that each commu-
tator [,CX, ‘I’T[i]] itself has support contained in 7T; ({dZ < mrY 6}), but
by Proposition 5.31 and the definition of vy; in (5.60) we know that

ong 00 (7 ({a < mrt}) 220

_ 1/3—~/6
< O\ fllg.q m> 717

(5.65)

(for a possibly larger C' = C[N, k, ¢, a,] than above). Thus (making

use of line 2 of (3.6)) we may take m large enough (in terms of C) so that

LR is a small perturbation of the identity operator on C’g’o"W(E) and
~ oy 1

consequently invertible. Taking R :=R <£R> concludes the proof.

q.e.d.

As an immediate application we obtain the first-order correction of
the initial surface toward minimality.
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Corollary 5.66 (The solution to first order). Given ¢ > 0, o,y €
(0,1), and integers N > 2 and £ > k > 1, there exist real numbers
mo = mo[N,k,¢,¢c,y] >0 and C = C[N,k,{] > 0 such that whenever
¢ €€ ¢, VNt m > mg, and

(w1, My AN) Qg oy Av))

N-1
=-R <P_2H - Z Di“%’)
i=2

(recalling (3.32), (4.8), (4.14), (4.78), and Proposition 5.47), then

(5.67)

N N-1
(5.68) lutllg aq + D 1Al + D 1Al < O
i=1 =2

(recalling (4.98)); moreover, \i,..., AN and Ay, ..., An_o all depend
continuously on ((, &), as does uy (in the sense of Definition 4.101).

Proof. All the claims follow directly from Corollary 4.106 and Propo-
sition 5.47, with the obvious supplemental facts that D; is continuous
in the parameters and, in the sense of Definition 4.101, w; is too. q.e.d.

6. The main theorem

The nonlinear terms. Recall (4.8), (5.2) and (5.4). We will need the
following estimate for the nonlinear contribution

Q[U] = Q[N7 kaéa m, <>£7 u]

(61) = H[N7k7€7m7C7€au]_H_E[N’k7€7m’c’§]u

that the deforming function u makes to the mean curvature. (Of course
H = H[N’ kvguma C)f? 0])

Lemma 6.2 (The nonlinear terms). Given C,,c > 0, a,y € (0,1),
and integers N > 2 and £ > k > 1, there exists

mo = mo[N, k, £,m,Cy,c] >0

such that (recalling (2.13), (4.14), (4.98), and (6.1)) Q[N, k,¢,m,(, &, u)
is well-defined and

(6.3) | 2QIN ko tom, & ul, <71

whenever m > mg, (& € [—c,dN7L, and u € O%%(%,x) satisfies
HuHZaﬁ < Cyumi; furthermore, for each fized N, k, £, and m > my,
the map (u,(,§) — Q[N,k,l,m,(,§, u] is continuous (in the sense of
Definition 4.101).

Proof. That Qu| is defined at all will be clear from Lemma 4.42 in
conjunction with the estimates below (which show that ¢[u] (5.1) is an
immersion and H[u] is defined). The continuity follows immediately
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from the smooth dependence (Remark 2.33) of the initial surfaces on
the parameters and from definition (5.2). To make the estimate we will
apply Lemma 4.42 to the embedding ¢ : ¥ — S? of the initial surface
into (S3,g5), as Q[u] can then be read off from item (iv) of the lemma.
First we observe, recalling (4.6), (4.7), (4.8), and (4.14), that by (4.9)
and Propositions 4.30 and 4.79

6 Clj] = Hg el (T*E®2,x7p’2)H +lg™h O (TR x, p%) |
' + HA :CY (T*E®2,X,7'1 + p_2) H :

Now, using the notation of Lemma 4.42, we can apply its system (i) to
estimate g*, g;, and A’.

Actually the estimates become more transparent if we first rescale
the system: we set

(65) §°:=p’¢""),  Goi=pPgypy,  and A% = pA¥PL)
so that by item (i) of Lemma 4.42 and Remark 4.45

(6.6)  Dsgag = —24%  and 945, = p G5, — 910 AL, A
and by (6.4), (4.15), item (ii) of Proposition 4.30, and item (ii) of Propo-
sition 4.79

I A Gty R Gt
. + Hﬁo ol <T*2®27X) H n Hp—Q : Cj(27x)|| .

It follows from the system (6.6) and the estimates (6.7) on the initial
conditions and coefficients that there exists some ¢ > 0 such that the
solution to the system exists at all points p € ¥ whenever |s| < ¢ and
moreover for any nonnegative integers ¢ and j there exists a constant
Ci, 7] such that whenever |s| < ¢/2

Cli.jl = 05" : €7 (T2, x|
(6.8) . . U
#lag 02 (reo x| + oA 0 (1050 |

Now let C, > 0 and u € C’g’a’V(E) with [|lully ., < Cumi. By (4.6)

and (4.98)

(6.9) |pu s C** (S, x, m m1p" )| < Cu,

so in particular by (4.15) and line 2 of (3.6)

(6.10) Hpu : C’Q’O‘(Z,X)H <m'r] < ;

provided m is chosen large enough (in terms of ¢ > 0, ¢, and C,).
Consequently we can apply the estimates (6.8) along with the definitions
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(6.5) to conclude that for all t € [0, 1]
(6.11)

> Hgtu . o2 (T*E®2,X, p’2> H
I Hgtu .02 (TE®27X,P2)H 4 HAtu .02 (T*Z®2,X,p_1> H

for some constant C = C[N,k,¢] > 0 whenever m > mg for some
mo = mo[N, k,¢,c] > 0. Thus we also have

C[N,k,£,Cy,] > ||H" : C**(Z, x, p)||

6.12
(012 g" —g: C* (TSP x,mimp™'77)

|

)

using (i) of Lemma 4.42 to estimate the second norm.
Since x = p?g,

(6.13) HD (1%, g] — D[T*S, ] : ¢9 <T*E®2,X) H < cyjl,

so, using also [[ully, ., < Cu7i, (6.11), and the estimate for the second
term of (6.12),

C > HD[gu]Atu . Cl,a <T*E®3,X,p_l> H
(6.14)
4 HD[gU]2u . CO,a (T*E®27X,Tl> H

for another constant C' = C[N, k, £, C,] > 0, whenever (,¢ € [—¢, ]V 7!
and m > myg for some mg = my[N,k,l,c,Cy] > 0. Applying (6.11),
(6.14), and |lully, ., < Cumi (as well as Remark 4.45) in item (iv) of

Lemma 4.42 and then using (2.14) and (4.15), for each p € ¥ we obtain
lp~2Qlu] : C**(Blp, 1, X,

m’Yp_’Y
(6.15) _ 07.11+7/2m77.11*7/27_17—1

N < orpmrpy-

1++/2 2
< 064611”/ m”*rf/ :

where Blp,1, x| is the x metric ball of center p and radius 1 and C =
C[N,k,¢,C,] > 0 is yet another constant, whenever ¢,£ € [—¢, ]V 7!
and m is sufficiently large in terms of N, k, ¢, and c¢. The proof is now
concluded by invoking line 2 of (3.6). q.e.d.

Forces through the perturbed surface. Recall, in addition to (5.1)
and (5.2), the perturbed unit normal v[u] = V[N, k, ¢, m,(, &, u] defined
just after (5.1) for sufficiently small w. For such u and for each integer
i € [1, N] we define the force

-7?1‘2‘7?@‘[]\77]?7577”7(757“]

(6.16) — /Q H[U] (gs o L[u])(K o L[u], l/[u]) \L[u]*gs’,
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the perturbation by w of (3.2), where \/|¢[u]*g,| is the area form induced
by ¢[u] and g,. We will need the following estimate for F;.

Lemma 6.17 (Estimates of the perturbations to the forces). Given
Cu,c>0, a,y € (0,1), and integers N > 2 and £ > k > 1, there ewist
real numbers ¢ := ¢[N,k,¢,Cy] > 0 and mgy := mo[N, k,¢,m,Cy,c] >0
such that (recalling (3.2) and (6.16))

(6.18) FilN,k,t,m, ¢, & u] — Fi[N, k, £,m, ¢, €]| <em™%n

whenever 1 < i < N, m > mg, (,€ € [—¢,dV 7Y, and u € C*(%, )
satisfies HuH2aW < Cym; furthermore, for each fixed i, N, k, £, and

m > mg, the map (u,(, &) — .ﬁ[N, k,l,m,C, & u] is continuous (in the
sense of Definition 4.101).

We emphasize that in the statement of Lemma 6.17 ¢ does not depend
on ¢ or m.

Proof. The continuity is clear from the smooth dependence of the
initial surfaces on the (,¢ parameters and from definitions (5.1) and
(5.2). Turning to the estimate, obviously

FoeFi= [ Hlul (g 0 ful) (€ o afulvfal) [VIgRd] - Vg
Q;
(619 + [ Hlu] gy o b (K ol vlu)) = (g, 0 (K o 1) /gl
4 [t = H) (g5 0 00 0 00) Vgl
Q;

using the notation of Lemma 4.42.
From (5.2), (5.5), Corollary 4.106, Lemma 6.2, (2.14), (3.32), and the
assumption that [|ully, ., < Cumi

(6.20) prQ’H = Hp ’H + Lyu+p ~2Q[u) <mmn

HOowy HOOc'y

whenever ¢, ¢ € [—¢, ]V and m is sufficiently large in terms of N, k,
¢, Cy, and c. By (3.1)

(6.21) (g5 © efu]) (K o afu, vu])| + [(gg 0 ) (K 0 1,)| < 2

and, using also (4.64), the proof of Lemma 6.2 (particularly (6.11)), and
again the assumption ||ully, , < K71,
(6.22)

CIN, k., £,Cu)m > ||(gs © t[u]) (K o t[u], v[u])

—(gs 0 )(K ou,v): CH* (Z,x,mp! 7)||.
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By item (ii) of Lemma 4.42 and the proof of Lemma 6.2 (particularly
the estimate of the second term in 6.12)

(6.23) Hﬁ—@ che (S, x, m7p™ H<0NHC]

Finally, for the x area |Ql|x of €; we have, whenever (,¢ € [—¢, V™!

and m is sufficiently large in terms of N, k, ¢, and c, the estimate
€%l < [TTNKLE = 1JU KD, + K[ = 1)), + [K[2]],

= Vi /\mC 1+Cm7'1) dx dy
T V2k

2 pm242c
+ 4/ / (14 Cm?*ry) dtdf < 200m?,
0

(6.24)

recalling (2.29), (4.26), and (4.73), understanding K[0] = K[N] = 0,
and using (2.12), (4.24) and Propositions 4.30 and 4.79, which supply
the constant C' = C[N, k, {].

It now follows from the estimates of the previous paragraph (and
(4.15) and line 2 of (3.6)) that, whenever ¢,£ € [—c,c]N~1 and m is
sufficiently large in terms of N, k, £, ¢, and C,

| il o, )6 ol vty [V~ /]
< Cm3t 72 le 27"00(2) <m7?n and

1 gy 0 ) (€ o 1l vl = a0 00 VI

< OmP P [0 oy <P

(6.25)

(regardless of the sign of 1 — 2v). Furthermore, using also Lemma 6.2
(as well as (2.14)),

(6.26)

souL)(Kouv \/]g'<Cm2 1Jrﬂ’/2<'m_271,

again for m sufficiently large in terms of N, k, ¢, ¢, and C,. Therefore

[ il 1] a0 00 00) VI <

(6.27)
/Q.(gs ou)(Kou,v)Lu \/@‘ +m 2,
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recalling (5.4), but K is Killing, so integration by parts (specifically
Green’s identity) yields
(6.28)

/(gsol,)(KOL,l/)ﬁ?,L\/m / V(K o,V H)\/E

Q;
/ (g5 0 (K o 1, ) (1)
o0Q;
—u (1 [(gs 0 ) (K 0 1,)])] Vgl

where 7 is the outward conormal on 2; induced by g (and acts on
functions as a derivation).
Using (3.1), (3.32), (4.78), (4.108), and (6.24), it follows that

[ wtas o0 009, Vi)

Q;
< CCm* 1y ([[mPp~ 'V + m?p' 71|, 4+ em' T77)

<m~3m

(6.29)

for m sufficiently large in terms of N, k, £, C,, and ¢. Turning to the
boundary term, as in the computation following (3.3), 9€2; has one or
two circular components (catenoidal waists) and a single rectangular
component. Suppose S := k;({t = 0}) or S := k;_1({t = 0}) is a
circular component and T := 9\ [ki—1({t = 0}) U k;({t = 0})] is the
rectangular component. By (2.2), (2.29), and (3.1)

C'Zmzﬂ( OL)(KOLI/—l CO H

6.30
(6.50) +mllnl(gs o )(K o v,v)]: CUT)|

for some constant C' = C[N,k,¢] > 0 and obviously T has ¢ length
Tl g < Cm~! and H“ : CO<T)H < CyT11, SO

/Tum[(gs 0 1)(K o 1,1)]) vlglr|

for another constant C = C[N,k,¢,C,] > 0, while ||qu: C%(T)|| <
Cymry, so

(6.31) < Cm™%n

/T (g5 © 0) (K 0.1,)] () v/Tl]
< Om?r + ] [ ) Vi

where for the first inequality we have used (6.30) and for the second we
have used the fact that, because u is G-equivariant, it satisfies periodic
boundary conditions on T' and accordingly [,.(nu)+/|g|r| = 0.

(6.32)
S Cm_27'1,
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On the other hand, on S we have

|u: CO(S)|| < Cum?7 7,
[ = CO(8)|| < Cum7], and
(6.33) Hn[(gSOL)(KOL,V)] : C’O(S)H

< sup (IDlos]K],, + K], 14],) < On!

for some constant C' = C[N, k, ] > 0, having used item (v) of Propo-
sition 4.30 for the last inequality, and S has g length |S] gls < Cry,
S0

m”2r > C[N,k, ¢, C’u]m'yTll—w
(6.34) > /S (Iu (1 (g5 © ) (K 0 1,)])]
T ll(gs 0 (K 01, 0)] (r)]) Vg5,

provided m is sufficiently large in terms of N, k, ¢, ¢, and C,, yet again
using line 2 of (3.6) for the last inequality. The proof is now completed
by combining (6.19), (6.25), (6.27), (6.28), (6.29), (6.31), (6.32), and
(6.34). q.e.d.

Explicitly defined diffeomorphisms between initial surfaces.
Recall Remark 2.33 and Definition 4.101. Throughout the construction
we have made use of the existence of maps I[N, k, ¢, m] as in Remark
2.33 in order to identify function spaces defined on initial surfaces with
identical data N, k, ¢, and m but different (, £ parameter values. So
far we have made these identifications merely so as to articulate certain
continuity properties, which do not depend on the choice of I. In the
proof of the main theorem, however, we will need bounds for the norms
of the corresponding identification maps between our normed function
spaces, and so we now explicitly define diffeomorphisms between the ini-
tial surfaces. We define these diffeomorphisms as compromises between
natural identifications on the various standard regions. More precisely,
recalling (4.24), (4.25), (4.26), (4.72), and (4.73), for any given data IV,
k, £, m, and (, & we start by defining, for 1 <i < N —1,

a; = a;[N,k,¢,m,(,&] and a; :=a;[N,k,¢,m,0,0],
(635) ]C[Z} = K[Z7N7ka€a m?{ag] and E[l] = K[i;Naka£7m7O7O]7
Ki = Ki[N,k,0,m,(,&] and k; := Ki[N,k,¢,m,0,0],

and also, for 1 <i < N,
Tli] :=Tli; N, k,t,m, ¢, €] and  Tli] :== T[i; N, k,£,m,0,0],

6.36
( ) T, :=T;[N,k,¢,m,(,&] and T, :=T;[N,k,¢,m,0,0].
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We observe that the map
. -1 .
(6.37) T T g i ok
TENK] = 1JUK[]) — TEN K[ = 1] U K)),

(understanding K[0] = K[N] = 0) is a well-defined diffeomorphism. We
also observe (recalling (4.22)) that whenever T[i] N K[j] # 0, the map
T; oT OK; is well-defined on the component of K, \Ka _1 whose image

under & hes in 7[i] and that on this set TjoT; o £ has image contained
in K[j] and moreover satisfies

(6.38)  (TyoT;'ok;) (t0) = ((sgnt) arcosh [; cosht] 0)

where sgn : R — R takes the value 1 when its argument is nonnegative
and —1 otherwise. Note that (using the identity (2.20))

T T =
arcosh | = cosht | =|t| +In = +1In (1+e 7>
T 27;

J
+ In (1 + \/1 — 7]21]._2 sech? t) .

So motivated, for 1 < 7 < N — 1 we define the function %v] R —R

(6.39)

Gt) =5t 4 [a;,a; — 1] (t])

&;
(6.40) 7,
+ (sgnt) arcosh ( cosht) W [a -1,a ] (It])-
7j
Using
d arcosh < cosh t) tanh{ 7, cosht,
dt T \/T2 cosh?t — 72
~j =0
(6.41) arcosh < cosh +a. ) = *aj,
7j
and (by (4.24)) <
nd (by (4. Q] —

along with (2.14) and (4.24), we see that by taking m sufficiently large
in terms of ¢ we can guarantee that ¢ takes [—a a;, a;] monotonically onto
[~aj,a;]. Away from the ends of [—a;,a,;] this reparametrization is
simply multiplication by a;j/a; ~ 1, while close to the ends it almost
agrees with the map t +— £ + (sgnt)(a; — a;).

We can now define the diffeomorphism

P[C?ﬂ :P[N7k7€am7<-7£] :

42
(6.42) L[N, k,£,m,0,0] = S[N, Kk, £,m, (€]
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by requiring that

(i) P commute with the action of § (recalling (2.26)),

(ii) for 1 <i < N
(6.43) P[¢, ) lpeti-yui) = Tio T;

(iii) and for 1 <7 < N —1

(P, €] o ;) (t,0) := k; (£(),0) for all (t,0) € Kq,

(continuing to understand K[0] = K[N] = 0). We define in turn the
map
(6.44) P =P[(,&] =P[N,k, £,m,(,&] == P[N, k,t,m, (¢

taking functions on X[N, k, ¢, m,(,&] to functions on %[N, k, ¢, m,0,0].
Clearly the map I = I[N,k /] : RN=1 x RN=1 x %[N, k,£,0,0] — S?
defined by I(¢,&,-) := o[N,k,l,m,(,&] o P[N,k, ¢, m,(,&| satisfies the
properties specified in Remark 2.33. Last we have the following esti-
mate.

Lemma 6.45 (Bound for P and its inverse). Given real numbers
a,y € (0,1) and ¢ > 0 as well as integers N > 2 and £ > k > 1, there
exist real numbers C = C[N,k,¢,a,y] > 0 and mo = mo[N,k,¢,c] > 0
such that whenever (,& € [—c,c¥~! and m > mg we have (recalling
(4.98) ) the estimates

IP[C Elull c2iom (s, 0m.0,00)

(6.46) < Ce*|lullgzan vk emee) @nd
. —1
P €] ”Hcm,v(zu\r,k,e,m,{,ﬂ)

< Ce* [0l 2.0 ([N 1, 0,m,0,0) -
Proof. Let u € C**7(3[N, k, £, m,(,€]). By (4.70), (4.72), and (6.35)
(6.47) T Y(TENK]E - JUKE)) = T (TENK] — 1] UKL)),

(2 1

and by (6.43) and (6.44)

() (5,y) = (T3 (Pu)) (5, )
(649 for all (x,y) € T, L(TIN\(KJi — 1] U K[i))

while by (6.40)

(r7w) ((#(1), 0) = (5] (Pu)) (¢,0)

(6.49) -
for all (t,6) € Kq, (equivalently all (£(t),6) € Kq,).

The asserted bounds are now clear from (4.98), using (2.14), (4.14),
(6.41), and Propositions 4.30 and 4.79. q.e.d.
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The main theorem. We are ready to prove the main theorem.

Theorem 6.50 (The main theorem). Let o,y € (0,1). Given inte-
gers N > 2 and ¢ > k > 1, there are real numbers C,c,my > 0 such
that for every m > mq there exist parameters (&€ € [—c,c]VN"! and a
function u € C&(E[N, k,l,m,(,§]) (recalling (2.26), (2.30), and Nota-
tion 4.5) such that ||ully , ., < C71 (recalling (2.14) and (4.98)) and the
image of the normal deformation t[u] : ¥ — S® (recalling (5.1)) by u of
the inclusion v : ¥ — S? is a closed embedded minimal surface invariant
under G[k,£,m] and having genus kfm?(N — 1) + 1.

Proof. Fix a7y € (0,1) and integers N > 2 and ¢ > k > 1. For each
integer m > 1 set

B[N, k,¢,m] := {v € Cg[:/fm] ([N, k, £,m,0,0], x)

1+v/3
ol <7177

(recalling (2.13)). Given ¢, ¢ € RN~! and assuming m sufficiently large,
define also

(6.51)

(u1, A1, AN), (Ag, - An 1))
N-1
= —-R (p_QH - Z D'sz> [Na k‘a&m)g?f]’
i=2

as in Corollary 5.66 (recalling (3.32), (4.8), (4.14), (4.78), and Proposi-
tion 5.47), and for each v € B[N, k, {,m| define
(¢, Gaafol o lo]) s (gfol -ty 101))

=R (p72Q [ur + P~10]) [N, k, £,m, (€]

(recalling (6.1) and (6.44)).

Thus, for all ¢,& € RN~ and v € B[N, k, £, m], provided m is suffi-
ciently large in terms of N, k, ¢, and (, &, recalling (5.2), (5.4), (5.5),
(6.1), and Proposition 5.47,

p 2 H [ur + ', ¢, €] = p2H + Ly (ur + ') + p 2 Qlug + 0]

N-1
Lyui + (P_QH - Z Dﬂ%)]
=2
N-1
+p 2 Q[ur + V] + Ly + Z Djw;

(6.54) =2
=p2Q[u + ] = p7?Q [ur + P 10]

(6.52)

(6.53)

N
+ Z (/\i + ui[v]) wW;
=1
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=

+ 3 (i di+ o))

7

[|
¥

Evidently we want to pick (v,(,&) so that Pv' = v (to make the non-
linear terms cancel), A; + p;[v] = 0 for all ¢ € Z N [1, N] (to make the
w; terms vanish), and D; + A; + p [v] = 0 for all i € ZN[2, N —1] (to
make the w; terms vanish). Recalling (3.1), the unit normal v for X
specified just above (4.8), and (5.30), we observe that on the support
of w;|q, the function (g4 0¢)(K o¢,v) has a sign (namely (—1)V~1) and
the function w; itself is nonnegative. Consequently, recalling (6.16), if
Pv' =v and D; + A; + p,[v] = 0 for all i € ZN [2, N — 1], then, for any
given i € ZN[1,N], A + p;[v] = 0 if and only if F; = 0. Accordingly,
recalling (6.52), (6.53), and Lemma 3.33, we seek a fixed point for the
map J : B[N, k,{,m] xR?N=2 ol (L[N, k,£,m,0,0], x) x R2N—2

Slk,¢,m]
given by
G1 G
(N—1 _ s | Cv-1
J | v, £ = | Pv, 3
EN—1 EN—1
(6:55) m2F [N, k, 6 m, €, € uy + P L)
- (_)717_—1 mQﬁN[Na kvgamvgag’ul +P_1U]
1 DQ[vaa£7m7<7£]+A2 +H2[U]

DNfl[N)kvgvma C)S] +AN71 +HN,1[U]

We will check that the hypotheses of the Schauder fixed-point the-
orem apply to J, after restricting its domain as specified below. It is
clear from definition (3.32) and from the continuity assertions made in
Proposition 5.47, Corollary 5.66, Lemma 6.2, and Lemma 6.17 that J
is continuous in the sense of Definition 4.101, with the product topology
on the domain and target, the Euclidean topology on the R2V =2 factors,
and the C%/2 topology on the function-space factors. Because each ini-
tial surface is compact, the topology of each Holder space is independent
of the underlying metric and C?%(X) embeds compactly in C**/2(x)
(as does the former’s G-equivariant subspace); therefore B[N, k, ¢, m] is
compact relative to the C%%/2 topology and is clearly convex.

Now let Cr be the constant C[N, k, ¢, v, y] from Proposition 5.47, let
(4 be the constant C[N, k, £] from Corollary 5.66, let C'p be the constant
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C[N, k, /] from Lemma 6.45, let ¢ be the constant ¢[N,k,¢,2C1] from
Lemma 6.17, let Cg be the constant C[N, k, ¢] from Lemma 3.33, let

(6.56) c:=Cg (C@ +V N,/ + 4012> )

and let m; be the maximum of the quantities named mgy[N, k, ¢, ¢] from
Proposition 2.31, Lemma 3.33, and Proposition 5.47 as well as the quan-
tity named mo[N, k, ¢, ¢, ] from Corollary 5.66 and the quantities named
mo[N, k,£,m,2C1, ¢] from Lemma 6.2 and Lemma 6.17.

Suppose m > my, (,§ € [—¢, ], and v € B[N,k,¢,m]. Then by
(6.51), (6.52), Corollary 5.66, and Lemma 6.45

N N-1
Z|/\i‘+ Z ’Azf < Cimy and
(6.57) i=1 =2

[urllg,n + 1P 0]l 0, < Cim1+ Cpe®ery P < 201m,

where for the last inequality we use (2.13), (2.14), and line 2 of (3.6)
and we assume m > mg for some mgo = mo[N, k,¢,y] > m;. It follows
in turn, using (6.53), Proposition 5.47, Lemma 6.2, and Lemma 6.45,
that

N N-1
(6.58) HPU/HQ’QWLZ|M[U]|+Z ‘Hi[v]‘ < CpeCpr 1?2 < L1113,
=1 =2

assuming, for the last inequality, that m > mg for some mg = mg[N, k,
¢,74] > mgo. In particular we have verified that

(6.59) v € B[N, k,l,m] = Pv' € B[N, k,{,m).

Continuing to assume m > mg, from Lemma 3.33, Lemma 6.17,
(6.56), (6.57), and (6.58) we find that for any ¢, ¢ € [—c, ]V ™!

Cl mQﬁl [C7 67 uy + 7)—1,0]

CN'—l - @717_—1 7TLQ:FV.N [Ca 67 ur + Pilv]
(660) gl ! D? [Ca 5] + AQ + HQ [’U]

£N—1 DN—l[Cvg] +A‘N—1 +HN_1[U]

< O3+ Co\[NE +4(N ~2)CF <,

where the norm |-| is the Euclidean one on R?"~2 and we have sup-

pressed the N, k, £, and m arguments from each F; and D;. In con-
junction with (6.59) this bound shows that J (defined in (6.55)) maps
B[N, k,t,m] x [—¢c,c]*V~2 to itself. Moreover, it is immediately clear
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from our observations in the paragraph following (6.55) that 7 is contin-
uous and B[N, k, £, m] x [—¢, c]*¥ 2 is compact relative to the topology
described there, and of course B[N, k, £, m] x [—¢, c]*" =2 is convex.

The Schauder fixed-point theorem therefore applies to guarantee the
existence of a fixed point (v, ¢, &) for J. If we set u := uj + P~ v, then,
as discussed above in the paragraph containing (6.54), we get

(6.61) Hlu, ¢, &) =0 and [ullyq < 2Ci71.

That w is actually smooth now follows from the minimality and standard
regularity theory. We have already chosen m sufficiently large that ¢[u]
is an immersion. By taking m possibly even larger, we can guarantee
embeddedness as follows. Recalling (4.14), consider in the initial surface
> the overlapping subsets K := {p > mQ} and T := {p < m3}, so that
K has (N — 1)kfm? components, each contained in an isometric copy
(under an element of §) of some K[i], and T" has N components, each a
graph over T. By scaling g, it is clear that there exists € = €[N, k, £, c] >
0 such that t[u]|x and ¢[u]|7 are embeddings whenever (given that they
are immersions) ||u|x : CO(K)|| < ey and |julp : C%(T)|| < em™>. Both
inequalities are ensured by the estimate for u in (6.61), assuming m >
my for some my = my[N, k,¢,v] > ms3 (and, to get the first inequality,
using the decay built into the norm ||-|l, . (4.98)). Moreover, there
is a constant § = §[N, k, ] > 0 so that the distance between any two
components of K is at least min{dm~!, §m?r}, the distance between
any two components of T' is at least dm?ry, and the distance between
any component of K\T and component of T\K is at least dm~2. Of
course 2011 < m?m < m~2 < m~! provided m > mg for some mgy =
mo[N,k,¢,y] > my4. Thus (|u] is an embedding when m > mg. In
particular its image is diffeomorphic to X, so by Proposition 2.31 has
the stated genus. This ends the proof. q.e.d.
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