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FLOER THEORY FOR LAGRANGIAN COBORDISMS
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Abstract

In this article we define intersection Floer homology for exact
Lagrangian cobordisms between Legendrian submanifolds in the
contactisation of a Liouville manifold, provided that the Chekanov-
Eliashberg algebras of the negative ends of the cobordisms admit
augmentations. From this theory we derive several long exact
sequences relating the Morse homology of an exact Lagrangian
cobordism with the bilinearised contact homologies of its ends.
These are then used to investigate the topological properties of
exact Lagrangian cobordisms.

1. Introduction

Lagrangian cobordism is a natural relation between Legendrian sub-
manifolds, and it is a crucial ingredient in the definition of the func-
torial properties of invariants of Legendrian submanifolds in the spirit
of symplectic field theory of Eliashberg, Givental and Hofer [39]. In
the present paper we study rigidity phenomena in the topology of exact
Lagrangian cobordisms in the symplectisation of the contactisation of a
Liouville manifold. In [41], Eliashberg and Murphy showed that exact
Lagrangian cobordisms are flexible when their negative ends are loose
(in the sense of Murphy [54]). On the contrary, we will show that they
become rigid if their negative ends admit augmentations (or more gen-
erally finite-dimensional representations) of their Chekanov-Eliashberg
algebras.

In order to study the topology of such cobordisms, we introduce a ver-
sion of Lagrangian Floer homology for pairs of exact Lagrangian cobor-
disms. This construction finds its inspiration in the work of Ekholm
in [32], which gives a symplectic field theory point of view on wrapped
Floer homology of Abouzaid and Seidel from [3].
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The definition of this new Floer theory requires the use of augmen-
tations of the Chekanov-Eliashberg algebras of the negative ends as
bounding cochains in order to algebraically cancel certain degenera-
tions of the holomorphic curves at the negative ends of the cobordisms.
Bounding cochains have been introduced, in the closed case, by Fukaya,
Oh, Ohta and Ono in [48], while augmentations, which play a similar
role in the context of Legendrian contact homology, have been intro-
duced by Chekanov in [19].

For a pair of exact Lagrangian cobordisms obtained by a suitable
small Hamiltonian push-off, our construction gives rise to various long
exact sequences relating the singular homology of the cobordism with
the Legendrian contact homology of its ends. We then use these long
exact sequences to give restrictions on the topology of exact Lagrangian
cobordisms under various hypotheses on the topology of the Legendrian
ends. Analogous long exact sequences have previously been found by
Sabloff and Traynor in [59] in the setting of generating family homology
under the additional assumption that the cobordism admits a compati-
ble generating family, and by the fourth author in [49] in the case when
the negative end of the cobordism admits an exact Lagrangian filling.
The latter results have been put in a much more general framework in
recent work by Cieliebak and Oancea [21].

We will assume that the reader is familiar with Legendrian contact
homology, defined in [19], [33] and [35]. See also Etnyre’s excellent
survey [44] for a quick and relatively painless introduction to the topic.

The notion of Lagrangian cobordism between Legendrian submani-
folds studied in this article is (in general) different from the notion of
Lagrangian cobordisms between Lagrangian submanifolds introduced
by Arnol’d in [6] and recently popularised by Biran and Cornea in [8],
[9]. Despite the differences, for Lagrangian cobordisms between Legen-
drian submanifolds with no Reeb chords, some of the results we obtain
resemble some of the results obtained by Biran and Cornea [8], [9] and
Sudrez [63].

1.1. Main results. Let (P,0) be a Liouville manifold and (Y, «) :=
(P x R,dz + 0) its contactisation. We consider a pair of exact La-
grangian embeddings Yo, Y < X, where (X,w) = (R x Y, d(efa)) is
the symplectisation of (Y, «). We assume that the positive and negative
ends of ¥; ¢ = 0, 1 are cylindrical over Legendrian submanifolds A;” and
A;F respectively, and thus ¥; is a Lagrangian cobordisms from A} to A;.";
see Figure 1 for a schematic representation. We assume that Yy and >
intersect transversely and that their Legendrian ends are chord-generic
in the sense of [35].

We denote by R(AF) the set of Reeb chords of A for i = 0,1, and
by R(AT, AT) the set of Reeb chords from AT to AT. Let R be a ring of
characteristic 2 or, if all ¥;’s and Aii’s are relatively Pin, any ring. (See
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Figure 1. Two Lagrangian cobordisms inside a sym-
plectisation R x Y, where the vertical axis corresponds
to the R-coordinate.

Section 1.1.1.) We denote by C(AZ, Af) the free R-module generated
by R(AZ, AS—L). Note that we are not assuming that R is commutative,
but we assume it is unital.

We assume that the Chekanov-Eliashberg algebra A(A;; R) of A,
admits an augmentation ¢; over R for i = 0,1. It follows from the
results of Ekholm, Honda and Kélman in [37] that A(A]; R) also
admits an augmentation € = e; o ®y,, where ®x,: AA/;R) —
A(A;; R) is the unital differential graded algebra (DGA) morphism in-
duced by the cobordism ;. Thus the bilinearised contact cohomologies
LCH€§781¢ (A, AT) are defined. See Chekanov [19] and Bourgeois and

Chantraine [10] for the notions of linearisation and bilinearisation of a
differential graded algebra.

We denote by CF(X¢,X;) the free R-module spanned by the inter-
section points 3N 1. Note that, in general, it is not possible to define
a Floer differential on C'F (X, 1) because of breakings at the negative
ends. We define a chain complex (Cth(Xo, 21)’053755) associated to a

pair of Lagrangian cobordisms which we call the Cthulhu complex (see
Section 4). Its underlying R-module is

Cth(%o,%1) = C(A7,AT) © CF4(%0,%1) ® C(Ag, A7) ® CF_ (%0, %),

The Cthulhu complex is acyclic because of its invariance properties with
respect to a large class of Hamiltonian deformations which, in the con-
tactisation of a Liouville manifold, allow us to displace any pair of La-
grangian cobordisms.

When the negative ends are empty, this complex recovers the wrapped
Floer cohomology complex in the form described by Ekholm in [32].
When the positive ends are empty and there are no homotopically trivial
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Reeb chords of both A;’s, this complex is similar to the Floer complex
sketched in the work of Akaho in [5, Section 8]. However, the later
condition cannot be satisfied in the symplectisation of a contactisation
of a Liouville manifold by Corollary 1.4; see also [23].

1.1.1. Remarks about grading and orientation. In order to define
a graded theory, we need that 2¢; (P) = 0 and that all Lagrangian cobor-
disms have vanishing Maslov class. This implies that all Lagrangian
cobordisms admit Maslov potentials; a particular choice of such a po-
tential leads to the notion of a graded Lagrangian cobordisms, for which
Cth(3g,X1) has a well-defined grading in Z. See [60] for the closed case,
which is similar. In general the grading must be taken in a (possibly
trivial) cyclic group. Most of the result here are stated for graded La-
grangian cobordisms, but our methods apply to the ungraded cases as
well. The only difference is that the long exact sequences in Section 1.2
become exact triangles.

For the results to hold when the coefficient ring R is of characteristic
different from two, which is crucial for several of the applications in Sec-
tion 1.3, we need to define coherent orientations for the relevant moduli
spaces of pseudoholomorphic curves. This can be done in the case when
the Lagrangian cobordisms are relatively Pin (following Ekholm, Et-
nyre and Sullivan in [34] and Seidel in [61, Section 11]). For a precise
treatment of signs, we refer to the recent work of Karlsson [52].

1.2. Long exact sequences for LCH induced by a Lagrangian
cobordism. If ¥; is a Hamiltonian deformation of ¥ for some suitable
and sufficiently small Hamiltonian, there is a well defined Floer differ-
ential on C'F(3g,%;) and the Floer homology group HF(3¢,%;) can
be identified with the Morse homology group of ¥g. Similarly, the bilin-
earised Legendrian contact homology groups LC H et ot (Aoi, Ali) can be

identified with the bilinearised contact homology groups LC H ek ot (A%)

(as defined in [10]) following [36]. Moreover, in the same situation, the
Cthulhu complex can be interpreted as a double cone, and thus provides
long exact sequences which can be reinterpreted, by the identifications
discussed above, as exact sequences relating the singular homology of
a Lagrangian cobordism and the Legendrian contact homology of its
ends. These results are proved in Section 7.2.

In the rest of this introduction, AT and A~ will always denote closed
Legendrian submanifolds of dimension n in the contactisation of a Liou-
ville manifold, and every Lagrangian cobordism between them, as well
as any Lagrangian filling of them, will always live in the corresponding
symplectisation. We will denote by ¥ the natural compactification of ¥
obtained by adjoining its Legendrian ends A+. Note that ¥ is diffeomor-
phic to XN [T, +T] x Y for some T > 0 sufficiently large. We will also
use the notation 043 := A1 C 3, which implies that 03 = 0, X LU J_X.
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1.2.1. A generalisation of the long exact sequence of a pair.
The first exact sequence we produce from a Lagrangian cobordism (see
Section 7.4) is given by the following:

Theorem 1.1. Let ¥ be a graded exact Lagrangian cobordism from
A~ to AT and let ey and €] be two augmentations of A(A™) inducing

augmentations 50+, 5f of A(A1). There is a long exact sequence

(1)
T LCHk+ 1+ (AF)
€0 51

|
Hyp1-%(3,0-%;R) -~ LCHF (A7) = LOHY,  (A") —---,

€0 -€1 €0 %1

where the map <I>E° 1 LC’H"L ,(A ) — LC'Hk+ +(A‘*‘) is the adjoint
of the bilinearised DGA morphzsm Oy, induced by > (see [37]).

When the negative end A~ = () is empty, i.e. when ¥ is an exact
Lagrangian filling of A", and 5 , 1 = 0,1 both are augmentations in-
duced by this filling, the resultlng long exact sequence simply becomes
the isomorphism

LCHk+ 1+ (A7) — Hpp1 k(3 R)
€081
appearing in the work of Ekholm in [32]. This isomorphism was first
observed by Seidel, and is sometimes called Seidel’s isomorphism. (See

the map G;a 1 in Section 7.5 for another incarnation.) Its proof was
completed by the second author in [25]; also see [16] for an analogous
isomorphism induced by a pair of fillings.

1.2.2. A generalisation of the duality long exact sequence and
fundamental class. A Legendrian submanifold A is horizontally dis-
placeable if there exists a Hamiltonian isotopy ¢; of (P, df) which dis-
places the Lagrangian projection Ilpae(A) C P from itself. In Section
7.4 we obtain the following:

Theorem 1.2. Let ¥ be an exact graded Lagrangian cobordism from
A~ to AT and let ¢y and ] be two augmentations of A(A7) induc-
ing augmentations el , e of A(AT). Assume that A~ is horizontally

displaceable; then there is a long exact sequence
(2)
-~ LOHY. _ (A*) ~ LOHZ2 {1 (A) — Hy 1 (53 R)

€0 951 i/

LCij_lJr (A+) 9

€o »€1
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where the map G;a’al_: H, - 1(3;R) — LCHff;L (A1) is defined in
Section 7.5. o

If ¥ =R x A, then Ho(X) = Hqe(A), and hence the above long exact
sequence recovers the duality long exact sequence for Legendrian contact
homology, which was proved by Sabloff in [58] for Legendrian knots
and later generalised to arbitrary Legendrian submanifolds in [36] by
Ekholm, Etnyre and Sabloff. In the bilinearised setting, the duality
long exact sequence was introduced by Bourgeois and the first author
in [10]. In Section 8.4 we use Exact Sequence (2) to prove that the
fundamental class in LCH defined by Sabloff in [58] and Ekholm, Etnyre
and Sabloff in [36] is functorial with respect to the maps induced by
exact Lagrangian cobordisms.

1.2.3. A generalisation of the Mayer-Vietoris long exact se-
quence. The last exact sequence that we will extract from the Cthulhu
complex generalises the Mayer-Vietoris exact sequence (see Section 7.4).

Theorem 1.3. Let ¥ be an exact graded Lagrangian cobordism from

A~ to AT and let ey and €] be two augmentations of A(A™) inducing

augmentations 50+, 5f of A(A1). Then there is a long exact sequence

3)

LCH® ! (AT)

€0 -€1

/

Hn—k(afi; R) - LCka = (A_) D Hn—k(i; R) - LCHkJr + (A+)

EO B / EO 1
where the component

H, 1(0_-%;R) — H, 1(Z; R)

of the left map is induced by the topological inclusion of the negative end.

If ey = €] = g, it moreover follows that the image of the funda-
mental class under the component H,(0_%; R) — LCH?_(A™) of the
above morphism vanishes. Moreover, under the additional assumption
that A~ is horizontally displaceable, the image of a generator under
Ho(0-%; R) — LCH! (A7) is equal to the fundamental class in Legen-
drian contact homology.

In particular we get that the fundamental class in H,(0_3; R) either

is non-zero in H,(X), or is the image of a class in LCH;16+(A+). In
0=1

both cases, AT # (). Thus we obtain a new proof of the following result.

Corollary 1.4 ([23]). If A C P x R admits an augmentation, then

there is mo exact Lagrangian cobordism from A to (), i.e. there is no
exact Lagrangian “cap” of A.
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Remark 1.5. Assume that A_ admits an exact Lagrangian filling L
inside the symplectisation, and that €~ is the augmentation induced by
this filling. It follows that e is the augmentation induced by the filling
L ® ¥ of Ay obtained as the concatenation of L and X. Using Seidel’s
isomorphisms

LCHE (A7) = H, (L;R), LCHE _ (A")=H, +(LOY;R)

to replace the relevant terms in the long exact sequences (1) and (3), we
obtain the long exact sequence for the pair (L ® X, L) and the Mayer-
Vietoris long exact sequence for the decomposition L ® % = L U 3,
respectively. This fact was already observed and used by the fourth
author in [49].

1.3. Topological restrictions on Lagrangian cobordisms. Using
the long exact sequences from the previous subsection and their refine-
ments to coefficients twisted by the fundamental group, as defined in
Section 8, we find strong topological restrictions on exact Lagrangian
cobordisms between certain classes of Legendrian submanifolds.

1.3.1. The homology of an exact Lagrangian cobordism from
a Legendrian submanifold to itself. One of the consequences of
Theorem 1.3 is the following theorem, proved in Section 9.1. A similar
statement has been proven by the second and the fourth author in [26,
Theorem 1.6] under the more restrictive assumption that A bounds an
exact Lagrangian filling.

Theorem 1.6. Let X be an exact Lagrangian cobordism from A to
A and F a field (of characteristic two if A is not relatively Pin). If the
Chekanov-Eliashberg algebra A(A;F) admits an augmentation, then:

(i) There is an equality dimp He(3;F) = dimp He(A; F);

(1) The map (i ,i7) : He(A;F) — Ho(X;F) @ Ho(X;F) is injective;
and
(111) The map i} @i, : Ho(AUA) = He(X) is surjective.
Here iT is the inclusion of A as the positive end of X, while i~ is the
inclusion of A as the negative end of .

Remark 1.7. The above equalities hold for the Z-graded singular
homology groups without assuming that the cobordism ¥ is graded.

An immediate corollary of Theorem 1.1 is the following result, which
had already appeared in [26, Theorem 1.7] under the stronger assump-
tion that the negative end is fillable.

Theorem 1.8. If A is a homology sphere which admits an augmen-
tation over Z, then any exact Lagrangian cobordism ¥ from A to itself
is a homology cylinder (i.e. He(3X,A) =0).

Inspired by the work of Capovilla-Searle and Traynor [13], in Section
9.2 we prove the following restriction on the characteristic classes of an
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exact Lagrangian cobordism from a Legendrian submanifold to itself.
Given a manifold M, we denote by w;(M) the i-th Stiefel-Whitney class
of TM.

Theorem 1.9. Let X be an exact Lagrangian cobordism from A to
itself, and F = 7Z/27Z. Assume that A(A;F) admits an augmentation.
If, for some i € N, w;i(A) =0, then w;(X) = 0.

If A is relatively Pin, the same holds for the Pontryagin classes and
for the Maslov class.

In particular we partially answer Question 6.1 of the same article.

Corollary 1.10. If A is an orientable Legendrian submanifold ad-
mitting an augmentation, then any exact Lagrangian cobordism from A
to itself is orientable.

1.3.2. Restrictions on the fundamental group of certain exact
Lagrangian fillings and cobordisms. In order to incorporate the
fundamental group in our constructions, following ideas of Sullivan in
[64] and Damian in [22], we define a “twisted” version of the Cthulhu
complex Cth(Xg,X1) with coefficients in the group ring R[m1(Xo)] in
Section 8.

We also establish long exact sequences analogous to those in Section
1.2 involving homology groups over twisted coefficients in R[m;(X)]. In
the setting of Legendrian contact homology, these techniques were intro-
duced by Ekholm and Smith in [38] and further developed by Eriksson-
Ostman in [43].

Using generalisations of the long exact sequence from Theorem 1.1
and the functoriality of the fundamental class from Proposition 8.7 (see
Section 9.3.1) we prove the following theorem:

Theorem 1.11. Let ¥ be a graded exact Lagrangian cobordism from
A~ to AT, Assume that A(A™; R) admits an augmentation and that
AT has no Reeb chords in degree zero. If A= and AT both are simply
connected, then X is simply connected as well.

Remark 1.12. The seemingly unnatural condition that A, has no
Reeb chords in degree zero is used to ensure that the Chekanov-Eliash-
berg algebra A(A™; A) has at most one augmentation in A for every
unital R-algebra A. This condition is clearly not invariant under Leg-
endrian isotopy, but the conclusion of Theorem 1.11 can be extended
to every Legendrian submanifold which is Legendrian isotopic to A™
because Legendrian isotopies induce Lagrangian cylinders by [40, 4.2.5]
(also, see [14]).

We now present another result which imposes constraints on the fun-
damental group of an exact Lagrangian cobordism from a Legendrian
submanifold to itself (see Section 9.3.2). Its proof uses an L?-completion
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of the Floer homology groups with twisted coefficients and the L2-Betti
numbers of the universal cover (using results of Cheeger and Gromov in
[18]).

Theorem 1.13. Let A be a simply connected Legendrian submanifold
which s relatively Pin, and let ¥ be an exact Lagrangian cobordism
from A to itself. If A(A;C) admits an augmentation, then ¥ is simply
connected as well.

Combining Theorem 1.8 with Theorem 1.13, we get the following
result.

Corollary 1.14. Let ¥ be an n-dimensional Legendrian homotopy
sphere and assume that A(A;Z) admits an augmentation. Then any
exact Lagrangian cobordism X from A to itself is an h-cobordism. In
particular:

1) If n # 3,4, then X is diffeomorphic to a cylinder;

2) If n = 3, then X is homeomorphic to a cylinder; and

3) If n =4 and A is diffeomorphic to S*, then ¥ is diffeomorphic to

a cylinder.

When n = 1, a stronger result is known. Namely, in [16, Section 4] we
proved that any exact Lagrangian cobordism ¥ from the standard Leg-
endrian unknot Ag to itself is compactly supported Hamiltonian isotopic
to the trace of a Legendrian isotopy of Ay which is induced by the com-
plexification of a rotation by km, k € Z. This classification makes use of
the uniqueness of the exact Lagrangian filling of Ag up to compactly sup-
ported Hamiltonian isotopy, which was proved in [42] by Eliashberg and
Polterovich. In contrast, the methods we develop in this article give re-
strictions only on the smooth type of the cobordisms and little informa-
tion is known about their symplectic knottedness in higher dimension.

1.3.3. Obstructions to the existence of a Lagrangian concor-
dance. A Lagrangian concordance from A~ to AT is a symplectic cobor-
dism from A~ to AT which is diffeomorphic to a product R x A. In
particular this implies that A~ and AT are diffeomorphic as smooth
manifolds. Note that a Lagrangian concordance is automatically exact.

If ¥ is a Lagrangian concordance, then Ho(%,9_3; R) = 0, and thus
Theorem 1.1 implies the following corollary.

Corollary 1.15. Let ¥ be an exact Lagrangian concordance from A~
to AT, If, fori=0,1, e; is an augmentation of A(A™; R) and ;" is the
pull-back of e; under the DGA morphism induced by 3, then the map

R LCH!. (A7) — LCHZ, (AT)

is an isomorphism. Consequently, there is an inclusion

{LCH*. _(A")}/isom. — {LCH®, (A")}/isom.
€ €1 eg €1
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of the sets comsisting of isomorphism classes of bilinearised Legendrian
contact cohomologies, for all possible pairs of augmentations.

This corollary can be used to obstruct the existence of Lagrangian
concordances. For example, it can be applied to the computation of
the linearised Legendrian contact homologies given by Chekanov in [19,
Theorem 5.8] to prove that there is no exact Lagrangian concordance
from either of the two Chekanov-Eliashberg knots to the other. We also
use Corollary 1.15 to deduce new examples of non-symmetric concor-
dances in the spirit of the example given by the first author in [15]. We
refer to Section 9.4.3 for a simply connected example in high dimensions.

We recall that a Legendrian isotopy induces a Lagrangian concor-
dance. Since Legendrian isotopies are invertible, two isotopic Legen-
drian submanifolds thus admit Lagrangian concordances going in either
direction. On the other hand, we have now many examples of non-
symmetric Lagrangian concordances, and hence the following natural
question can be asked.

QUESTION 1.16. Assume that there exists Lagrangian concordances
from Ag to A1 as well as from A; to Ag. Does this imply that the
Legendrian submanifolds Ay and A; are Legendrian isotopic? Are such
Lagrangian concordances moreover Hamiltonian isotopic to one induced
by a Legendrian isotopy (as constructed by [40, 4.2.5])7

In view of Corollary 1.15, this question will not be easily answered
by Legendrian contact homology.

1.4. Remarks about the hypotheses.

1.4.1. Restrictions on the ambient manifolds. The reasons for re-
stricting our attention to Lagrangian cobordisms in the symplectisation
of the contactisation of a Liouville manifold are two-fold. First, the an-
alytic framework to have a well defined complex (Cth(3g,%1),0 e 51‘)
is vastly simplified from the fact that the Reeb flow has no periodic
Reeb orbits. However, using recent work of Pardon in [56] (or the
polyfold technology being developed by Hofer, Wysocki and Zehnder),
we expect that it should be possible to extend the construction of the
complex (Cth(X, 21)70867E;> to more general symplectic cobordisms.
Second, our applications use exact sequences arising from the acyclicity
of the complex (Cth(X¢, ¥1),0 o ), which is a consequence of the fact
that any Lagrangian cobordism can be displaced in the symplectisation
of a contactisation. Floer theory for Lagrangian cobordisms in more
general symplectic cobordisms will be investigated in a future article.

1.4.2. Restrictions on the Lagrangian submanifolds. Now we de-
scribe some examples showing that many of the hypotheses we made in
Section 1.3 are in fact essential, and not merely artefacts of the tech-
niques used. First, an exact Lagrangian cobordism having a negative
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end whose Chekanov-Eliashberg algebra admits no augmentation can
be a quite flexible object: in fact Eliashberg and Murphy proved in [41]
that exact Lagrangian cobordisms with a loose negative end satisfy an
h-principle, and therefore one cannot hope for a result in the spirit of
Theorem 1.8 to hold in complete generality. Indeed, we refer to the
work of the second and fourth authors in [26] for examples of exact
Lagrangian cobordisms from a loose Legendrian sphere to itself having
arbitrarily large Betti numbers.

Second, the condition that A is a homology sphere in the statement
of Theorem 1.8 was shown to be essential already in [26, Section 2.3].

Finally, the importance of the condition on the Reeb chords of the
positive end in Theorem 1.11 is emphasised by the following example,
which will be detailed in Section 9.4.

Proposition 1.17. There exists a non-simply connected exact La-
grangian cobordism from the two-dimensional standard Legendrian
sphere to a Legendrian sphere inside the symplectisation of standard
contact (R5, &xq).

As a converse to Theorem 1.11, the existence of a non-simply con-
nected exact Lagrangian cobordism can be used to show the existence
of degree zero Reeb chords on the positive end of the cobordism.

Acknowledgments. While this research was conducted, the authors
benefited from the hospitality of various institutions in addition to their
own; in particular they are indebted to CIRGET and CRM in Montréal,
the Centro De Giorgi in Pisa, and the institute Mittag-Leffler in Stock-
holm. We warmly thank Stefan Friedl for suggesting that we should look
at L?-homology theory to gain information on fundamental groups.

2. Preliminary definitions

2.1. Exact Lagrangian cobordisms. Let (P, 0) be a Liouville man-
ifold. Its contactisation (Y,«a) is ¥ = P x R with the contact form
a = dz + 0. We consider exact Lagrangian cobordisms in the contacti-
sation of a Liouville manifolds (P, ). The following convention will be
used throughout the article: given a smooth manifold M, a submani-
fold N C M and a differential form 7 on M, we will denote by n|y the
pull-back of  under the inclusion of N in M.

DEFINITION 2.1. Let A~ and A" be two closed Legendrian subman-
ifolds of (Y,«a). An exact Lagrangian cobordism from A~ to AT in
(R x Y,d(eta)) is a properly embedded submanifold ¥ C R x Y without
boundary satisfying the following conditions:

1) for some T > 0,

(a) ¥N((—o0,—T) xY) = (—00,-T) x A7,
(b) XN ((T,+0) xY) = (T,+00) x AT, and
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(¢) XN ([-T,T] x Y) is compact;
2) There exists a smooth function fx : ¥ — R for which

(a’) € Oé|2 = dfza

(b) fE\ —o0,—~T)xA- 18 constant, and

(c) fE\ (T,00)x A+ 18 constant.
We will call (T',4+00) x Ay C ¥ and (—o0, —T) x A_ C ¥ the positive
end and the negative end of X, respectively. We will call a cobordism
from a submanifold to itself an endocobordism.

Condition (2b) is used to rule out certain bad breakings of pseudo-
holomorphic curves. Condition (2c) is used to ensure that the concate-
nation of two exact Lagrangian cobordisms (as in Definition 2.3) still is
an exact Lagrangian cobordism. If one does not care about concatena-
tions, then this condition can be dropped.

ExXAMPLE 2.2. If A is a closed Legendrian submanifold of (Y, ¢), then
R x A is an exact Lagrangian cobordism inside (R x Y, d(efa)) from A to
itself. Cobordisms of this type are called (trivial) Lagrangian cylinders.

In the case when there exists an exact Lagrangian cobordism from
A~ to AT we say that A~ is exact Lagrangian cobordant to A™. If ¥ is
an exact Lagrangian cobordism from the empty set to A, we call ¥ an
exact Lagrangian filling of A. In the latter case we say that A is exactly
fillable.

DEFINITION 2.3. Given exact Lagrangian cobordisms >, from A~ to
A and ¥ from A to AT, their concatenation ¥,®Xy is defined as follows.
First, translate ¥, and X so that
YaN((—=1,400) xY) = (—1,+00) X A,
YpN((—00,1) xY) = (—00,1) x A.
Then we define
Yo ©p = (s N ((—00,0] x Y)) U (2N ([0, 4+00) x Y)).

Conditions (2b) and (2¢) of Definition 2.1 imply that ¥, ® 3, is an
exact Lagrangian cobordism from A~ to A™.

The following Lemma follows from the fact that different choices of
translation lead to Hamiltonian isotopic exact cobordisms.

Lemma 2.4. The compactly supported Hamiltonian isotopy class of
Yo © Xy is independent of the above choices of translations.

2.2. Almost complex structures. In this subsection we describe the
almost complex structures that we will use to set up the theory.

2.2.1. Cylindrical almost complex structures. Let (Y, «) be a con-
tact manifold with the choice of a contact form. We denote by J!(Y)
the set of cylindrical almost complex structures on the symplectisation
(RxY,d(ela)), i.e. almost complex structures J satisfying the following
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conditions:

J is invariant under the natural action of R on R x Y;
Jat = Ra;

J (&) =&, where £ :=kera C TY'; and

J is compatible with dalg, i.e. dog(-,J-) is a metric on &.

2.2.2. Almost complex structures on Liouville manifolds. Let
(P,0) be a Liouville manifold. Recall that there is a subset Py, C P
that is exact symplectomorphic to half a symplectisation

([0, 4+00) x V,d(e"ay)),

and where P\ P, C P is pre-compact. We say that an almost complex
structure Jp compatible with df is admissible if the almost complex
structure Jp on P coincides with a cylindrical almost complex structure
in 7Y (V) outside of a compact subset of P,,. We denote by J24™(P)
the set of these almost complex structures.

2.2.3. Cylindrical lifts. Given an almost complex structure Jp €
J2m(P) there is a unique cylindrical almost complex structure Jp on
(R x Y, d(ela)) which makes the projection

T RXxXY=RxPxR—>P

a (j p, Jp)-holomorphic map. We will call this almost complex structure
the cylindrical lift of Jp. We denote by J'(Y) € J¥(Y) the set of
cylindrical lifts of almost complex structures in J2d™(P).

2.2.4. Compatible almost complex structures with cylindrical
ends. Let J* and J~ be almost complex structures in ;fyl(Y), and
let T € R*. We require that J© and J~ are lifts of almost complex
structures in 7™ (P) which coincide outside of a compact subset of P.
We denote by J j§T1+,T(X ) the set of almost complex structures J on
X =R x Y that tame d(e’a) and satisfy the following:

(a) J is equal to the cylindrical almost complex structures J~ and J©

on subsets of the form

(=00, —T)x P xR, [T,400)x P xR,

respectively; and
(b) for some compact K C Y, the almost complex structure J coin-

cides, outside of R x K, with a cylindrical lift living in J& (V).
Condition (b) is needed in order to deal with compactness issues.

We will always assume that 7' > 0 is such that the cobordisms are

cylindrical outside [T, T] x Y, and simply write J jﬂin}+ (X). The union
of all 724 (X) over all J=,J* € TI(Y) is denoted J29m(X); almost

complex structure in this set will be called admissible.
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3. A monster compendium of holomorphic discs

Through the paper we will consider various moduli spaces of holo-
morphic curves with boundary on a pair of Lagrangian cobordisms.
Asymptotics will be either intersection points or Reeb chords. Such
moduli spaces are similar to many already appearing in the literature
(see [31], [32], [11]) and compactness results for such moduli spaces
follows from the results in [12] and [2]. In this section we describe these
spaces and express their dimension in terms of the Conley-Zender indices
of their asymptotics (using the dimension formula from [61, Proposition
11.13]). We will follow the symplectic field theory (SFT) convention: in
all moduli spaces we take a quotient by reparametrisations of the source.

We fix two lifted almost complex structures J* € J2(Y) on R x Y
and a path Jo = {Ji};c(0,1) of almost complex structures in jﬁif’}, (X)

which is constant near t = 0,1. We denote by R(Aii, A;t), {i,j} =10,1}
the set of Reeb chords from Aii to A;-—L. Those chords are called mized,
while chords starting and ending on the same Legendrian are called pure.

3.1. Pure moduli spaces. Denote ¥ = %;, J = J; and AT = A;t
for one of i = 0 or 1. Let v*,4;,...,8] be Reeb chords of AT and
¥—,01,...,6, Reeb chords of A=. Throughout the paper we will write a
d-tuple of pure Reeb chords as a word; this notation is reminiscent of the
multiplicative structure of the Chekanov-Eliashberg algebra. Therefore,
we set 8% = 6%...6;.

We will consider three types of pure LCH moduli spaces:
Mgyp+(Y5567507), Mpopn-(v75673J7), and Ms(y%;675).
The first two moduli spaces will be called pure cylindrical LCH moduli
spaces, and are used to define the Legendrian contact homology differ-
ential of A*. The third moduli space will be called pure cobordism LCH
moduli space and is used in [37] to define maps between Legendrian con-
tact homology algebras. The pure cylindrical LCH moduli spaces are
moduli spaces of J*-holomorphic maps from a (d + 1)-punctured disc
(d > 1) to R x Y with boundary on R x A*, one puncture positively
asymptotic to 7i and d punctures negatively asymptotic to 8. The
pure cobordism LCH moduli spaces are moduli spaces of J-holomorphic
maps from a (d + 1)-punctured disc (d > 1) to R x Y with boundary
on ¥, one positive puncture asymptotic to v and d negative punctures
asymptotic to 4. Finally in the cylindrical moduli spaces we take a
quotient by the natural R-action, while such an operation is not possible

(nor desirable) for the cobordism moduli space.

3.2. Mixed moduli spaces.

3.2.1. General definition. Let L = (L, L), where {Log, L1} denotes
one of the sets {R x AT, R x AT} or {Zg, $1}. In the former case define
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Jp = J* and in the latter Jr = Jo. Let § be a word in the Reeb cords
of the negative end of Ly and ¢ a word in the Reeb cords of the negative
end of L. Finally, compatibly with L, let % be either an intersection
point or a mixed Reeb chord, requiring that, when z is a Reeb chord,
it should go from the positive ends of L to the positive end of L.

We denote by My (z%; 8,27, ¢; J) the moduli space consisting of J-
holomorphic maps from a boundary punctures strip (with coordinates
(t,s) € [0,1] x R) to R x Y with boundary on Ly for ¢ = 0 and on
Ly for t = 1, asymptotic to v for s — 400 and to v~ for s — —oo0,
and with boundary punctures negatively asymptotic to § and (. If
{Lo, L1} = {R x AS—L,R X A{E}, we denote by My (z";8,27,¢;Jg) the
quotient of My (x*;8,27,¢; J) by the natural R-action.

Remark 3.1. When no confusion can arise, we will often drop the
almost complex structure, and sometimes also the boundary conditions,
from the notation of the moduli spaces. In the latter case, the boundary
conditions can be inferred from the asymptotics.

3.2.2. Mixed LCH moduli spaces. Let % := 6%...5?_1 be Reeb
chords of A{E and ¢* = Ciiﬂ .. .C;lt be Reeb chords of A(jf. We will
consider three types of mixed LCH moduli spaces:

MRXA§’RXA%(7+;6:‘:)7_74.:&;‘]:‘:) and MEO,21(7+35_,7_,C_§J0)7
where

7i € R(Aih A(—)’—) fOl‘ '/\/I]R><A8L7]R><A;r (7+7 6+7 777 CJF; J+)7

v € R(AT,Ay) for MRXAO_,RXAI(’Y—F; 6,7 ,¢;J7), and

v e R(AT,AG), v~ € R(AT,Ag) for M, s, (vF567,77,¢75 Je).

The first two moduli spaces will be called mixed cylindrical LCH

moduli spaces and are used to define the bilinearised Legendrian contact
homology differential of (AT, A¥) (see [10]). The third moduli space will
be called mixed cobordism LCH moduli space and is used to define maps
between bilinearised Legendrian contact homology groups.

An illustration of a curve in the mixed cobordism LCH moduli spaces
is shown in Figure 2.

3.2.3. Floer moduli space. Let p,q € 39N X be intersection points,
0~ =4y ...6;_; aword of Reeb chords on Ay, and {~ = ¢ ;...(; a
word of Reeb chords on A] . Elements of the moduli spaces

MZO7Z1 (pS 0 ,q,¢; J.)
will be called (punctured) Floer strips. See Figure 3.

3.2.4. LCH to Floer moduli space. Let v~ € R(A],A; ) be a mixed
chord, p € ¥p N ¥; an intersection point, 6~ = 6; ...6,_; a word of
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Figure 2. A mixed cobordism LCH curve.
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Figure 3. A punctured Floer strip.
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Figure 4. A pseudoholomorphic Cthulhu.

Reeb chords on A, and {~ =
Curves in the moduli space

MZQ,El (p7 677 777 Civ J‘)
will be called pseudoholomorphic Cthulhus. See Figure 4.

i+1---Cq aword of Reeb chords on A7 .
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3.2.5. Floer to LCH moduli space. Let y© € R(A{, Al) be a mixed
chord, p € ¥9 N X an intersection point, = = ¢; ...d,_; Reeb chords
of Ag and ¢~ = (;;;...¢; Reeb chords of A]. Curves in the moduli
space

MZQ,El (’7+a 6_7p> C_; J’)

will be called pseudoholomorphic cultists. See Figure 5.

,},Jr
\
20 \\21
VAR
q \ \\
“LH/"'\ \
01

d2 G ¢
Figure 5. A pseudoholomorphic cultist.

3.2.6. Bananas moduli space. Let 719 € R(A],A;) and 1 €
R(Ay, A7) be mixed Reeb chords (going in opposite directions), let
0~ =0y ...0;_; be Reeb chords of Ay and ¢~ = (;; ...(; Reeb chords

of A. Curves in the moduli space

Mpns mxas (11050757%01,¢7507)

will be called pseudoholomorphic bananas. See Figure 6.
Note that we can also define bananas moduli spaces

MRXAS"RXAT (IYLO; 6+7 70,1, C+’ J+)7 MEQ,El (71,0; 6_7 70,1, C_a J‘)

71,0 70,1

R x Ay [ Rx AT

e
61 b2 G G
Figure 6. A pseudoholomorphic banana.
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3.3. Structure of the moduli spaces. We recall that the cobordisms
3); have dimension n + 1. If x is an intersection point or a Reeb chord
(either pure or mixed), we denote by gr(x) its Conley-Zehnder index as
defined in [35]. If the cobordisms are graded, then gr is well defined;
otherwise it depends on some (non-canonical) choice and only the di-
mension formulas for the moduli spaces will be well defined for maps in
the same relative homotopy class. The proof of the following proposi-
tion is a patchwork of results from the literature, see [28, Section 2.2],
[20, Theorem A.1], [36, Lemma 2.5].

Proposition 3.2. For generic almost complex structures J* and J,,
the moduli spaces described in Section 3 are transversely cut out and
therefore are smooth manifolds. Their dimensions are

(4)
dim M(y*567,77,¢7) = gr(v") —gr(y™) — gr(d) — gr(¢),
(5)
dim M(y"567,¢,¢7) = gr(v") — gr(q) — gr(d) — gr(¢) + 1,

(6) dimM(p;6—,q,¢") = gr(p) —gr(q) —gr(d) —gr(¢) — 1,

dim M(p;6~,77,¢7) = gr(p) —gr(y~) —gr(d) — gr(¢) — 2,
(8)
dim M(v1,0;6,70,1,¢~) = gr(71,0) + gr(10,1) — gr(6) — gr(¢) —n + 2.

When the natural R-action is well defined and free, the moduli spaces
after taking the quotient are still transversely cut out and their dimen-
sion is one less. Moreover the zero-dimensional moduli spaces (after
quotient, when possible) are compact, and the one-dimensional mod-
uli spaces can be compactified by adding two-levels pseudoholomorphic
buildings where each level belong to a zero-dimensional moduli space.
Finally, if both cobordisms are relatively Pin, the moduli spaces can be
coherently oriented.

3.4. Energy. In this section, we recall the notion of Hofer energy for
pseudoholomorphic curves in the symplectisation of a contact manifold
as introduced in [51] and [12]. See also [1] for the relative case.

3.4.1. Hofer energy. Assume that ¥ and ¥; are two exact Lagrang-
ian cobordisms in the symplectisation of (Y,«). Let f;: ¥, — R be
primitives of e'aly, which are constant at the cylindrical ends. With-
out loss of generality we will assume that both constants are 0 on the
negative ends, while the constants on the positive end of ¥; will be
denoted by ¢;, ¢ = 0,1. Here we rely on Definition 2.1 of an exact
cobordism.
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Take any T > 0 and T > € > 0 for which
YiNn((—o0, =T +¢e) xY) = (—00,-T +¢) x A
YN (T —¢,+00) xY) = (T — g, +00) x A},
for i = 0,1. Now, we let ¢ : R — [e~T,e”] be a smooth function
satisfying:
o ¢(+t) =etT for t > T;
o $(t)=el forte[-T+eT —¢;
e ¢(t) = 0.
In the case when both ¥y and ¥; are trivial cylinders over Legendrian
submanifolds, we will also allow the case T'=¢ =0, and ¢ = 1.

By construction we have ¢-aly, = e'aly, for the reason that a|y, =0
in the subset where ¢ is not equal to e!. A primitive of e'aly, (which
exists by exactness) is hence also a primitive of ¢ - a|y,.

Let C~ be the set of compactly supported smooth functions

w-: (_007 T+ 6) - [07 +OO)
—T'+e€
satisfying w_(s)ds = e~ T, and let C* be the set of compactly
—0o
supported smooth functions

wy: (T —€,400) = [0,400)
+o0o

satisfying / wy(s)ds = el
T—e

DEFINITION 3.3. Let S be a punctured disc and let v = (a,v): S —
R X Y be a smooth map.

e The d(¢pa)-energy of u is given by
Putgey ) = | (6.

e The a-energy of u is given by

E,(u) = sup (/ (w— o a)da Nv*a + /(w+ oa)da A v*a) :
(w—,wy)eC—xCTt S S

e The total energy, or the Hofer energy, of u is given by
E(U) = Ea(u) + Ed(d)a) (U)
If E(u) < oo, we say that u is a finite energy pseudoholomorphic disc.

Non-constant holomorphic curves have positive total energy, as stated
in the following simple lemma. We leave the proof to the reader.

Lemma 3.4. If u is non-constant punctured pseudoholomorphic disc
with boundary on a pair of exact Lagrangian cobordisms, and if the
almost complex structure is cylindrical outside of [T + ¢, T — €] X Y,
then E(u) > 0, Ey(u) > 0, and Egga)(u) > 0. Moreover, Egigqy(u) =0
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implies that the image of u is contained in a trivial cylinder over a Reeb
orbit.

3.4.2. Action and energy. Consider a pair of exact Lagrangian cobor-
disms 3J; from A, to A;-F with potential functions f;: 3; — R, ¢ =0, 1.
For a Reeb chord ¢ of Aac U Aic we define

o) = / .

Recall that the definition of the Eq(4q)-energy depends on the choice of
a constant T' > 0, where equality is possible only when both cobordisms
are trivial cylinders. The action of a Reeb chord v of Af U A(j)E is defined
by

a(y) == eTl(a) + (¢; —¢j) if v is a chord of AJ UA{, and
a(y) = e T4(a) if v is a chord of Ay UA7 .
In particular, the action of a pure Reeb chord ~ of Afisa(y) = eFTe(y).

Given a word ¥ = 71 ...74, we denote a(y) = Z a(y:).
The action of an intersection point p € g ﬁ 21 is defined by

a(p) = fi(p) — fo(p).

Stoke’s theorem gives the following proposition (see [24] for details),
whose proof heavily relies on the fact that each cobordism %;, ¢ =0, 1,
is exact.

Proposition 3.5. Let v* € R(ATY, AT) be mized Reeb chords, 6~ =
0y ...0,_1 and ¢ = (iy1...Cq words of pure Reeb chords on A} and
Aq , respectively, and p,q € o N X1 intersection points.

o Ifue M(vt;6,v,¢7), then
(9) Eggay(u) = a(y") —a(y7) = (a(67) +a(¢7)),
Eo(u) < 2a(y™).
o I[fue M(vt;6,p,¢7), then
(10) Eagay(u) = a(y") —a(p) = (a(67) +a(¢7)),
Eq(u) < 2a(y™).
o Ifue M(p;6,v,(), then
(11) Fugoy (1) = a(p) — a(r7) — (a(67) + a(¢)),
Eq(u) < a(p).
o Ifue M(p;6,q,¢), then
(12) Ed(¢a)( = a(p) — a(g) — (a(67) +a(¢7)),
Eq(u) < a(p).
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o Ifuec M(v1,0;0 ,7%,1,C ), then

(13) Eqga)(w) = (a(y1,0) + a(10,1)) — (a(67) +a(¢7)),
Eq(u) < 2a(y1,0) + 2a(v0,1)-

4. The Cthulhu complex

Let ¥y and ¥; be two exact Lagrangian cobordisms inside the sym-
plectisation (R x P x R,d(efa)) of a contactisation. We assume that:

e Yo and ¥ intersect transversely (in particular AT N AT = §), and
e The links AB—L U Afc are chord-generic.

The Cthulhu complex of the pair (X, 1) is the complex whose un-
derlying graded R-module is

(14)  Cthe(Xo, ¥1) == C* (A, AT)[2] & C*(Z0,T1) & C*(Ag, A)[]

for a unital ring R. Here C*(AJ,A{) is the free graded module gen-
erated by the Reeb chords from AT to AT and C*(2g, %)) is the free
graded module generated by the intersection points g N X1.

4.1. The Cthulhu differential. In this section we fix generic almost
complex structures J= € J¥/(Y) and a generic path J, of admissible

almost complex structures in Jf§@+ (X). We fix also two augmenta-

tions €, and e, of the Chekanov-Eliashberg algebras of A, and A}
respectively.
We define the Cthulhu differential 0 el which is a differential of

degree 1 on C'the(Xg, ¥1). With respect to the direct sum decomposition
in Equation (14), it has the form

diy dyo dy—
(15) o= 0 do do
0 d_o d__

Loosely speaking, every non-zero entry in this matrix is defined by
counting rigid punctured pseudoholomorphic strips in the moduli spaces
described in Section 3.2, where the counts are “weighted” by the aug-
mentations.

Below we give a careful description of each entry of the matrix (15),
where the mentioned degrees are the degrees as maps between the sum-
mands in (14) without the shifts in grading appearing in the definition of
Cthe (X0, X1). When we want to emphasise to which pair of Lagrangian
%0,%1
e
di?’_zl, etc. We will denote by # the count (either with sign or modulo
two, as appropriate) of the zero dimensional part of the corresponding
moduli space.

cobordisms the maps belong, we put them as superscript, e.g. ?
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4.1.1. The bilinearised LCH differential. We define 5;r = &, o

7

®y. 7, © = 0,1, which are augmentations of the Chekanov-Eliashberg
algebras of AJ and A, respectively.

The map d++ is the bilinearised Legendrian cohomology differential
for (AT, AT) induced by the pair (eT,e7) of augmentations as defined
n [10]. In other words, it is defined as

(16)
dix(3) = dx 2 (7)) =
=303 #Ma ot pns (585,95, C5 TR g5 (85)F () - f

i 5i7<i
It follows from Equation (4) that d+4 has degree 1.

4.1.2. The Floer “differential”. The map dyy is a modification of
the differential in Lagrangian Floer homology. For an intersection point
q, it is defined as

(17) doo(q) =D > #Msy 5, (pi67,6,¢ 75 Je) -5 (87)er (¢7) - p.
P 6 ¢

From Equation (6) we deduce that this map is of degree 1.
4.1.3. The Cultist maps. The maps d4¢ and dy_ are defined as

(18)
=3 ) H#Msys, (p67,77,¢5 ) g5 (67)er (C7) -y
P
(19)
deo(@) = 3 3 # My s (7518710, C ) 25 ()1 () 4
AN e

Equations (5) implies that do— has degree 2, while (7) implies that
d4o has degree —1. A version of the map d4( appears already in [32]
in the case when the negative ends of the cobordisms are empty.

4.1.4. The LCH map. The map d_ is analogous to the map in bilin-
earised Legendrian contact homology induced by an exact Lagrangian
cobordism. It is defined as:

(20)
di(v7) =Y > #Msy s, (707,77, ¢ 5g (87)er (67) -
AN e
It follows from Equation (4) that this map has degree 0.

4.1.5. The Nessie map. Let Co(AT, AT) be the dual of C*(AF, AT)
and 644 the adjoints of the differentials dzl’zo.
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Figure 7. A building contributing to (d_oq, ).

The count of “banana” pseudoholomorphic strips gives rise to a map
b: Cro1-o(AF,AT) — C*(AT, AT)
which is defined as

(21) b(y01) = ZZ#MVRX/\E,RX,\;(%o;57V01,C; J7)€0(d)e1(€) 10
Y10 0,

The degree of the map b follows from Equation (8).

Further, let CF¢(X0,%1) be the dual of CF*(%Xy,%1). For a fixed
choice of Maslov potentials for the two cobordisms, there is a canonical
isomorphism

CF*(X0,%21) 2 CFhi1-e(21,X0).

Using 6_¢ : CFe(X1,%0) = Ce—2(A],Ay) to denote the adjoint of the
map dozi’zo in the entry of 05211,,’3%0 (defined using the opposite path J,

such that J; = Ji_;), we define
d,O =bo 5,02 CF.(E(), 21) = CFn+1,.(21, 20) — C.(AE,AI),

which has degree 0.

More explicitly, the map d_y counts pseudoholomorphic buildings
with two levels, one of which is a punctured strip with one end at an in-
tersection point p € ¥¢NX; and another end at a chord y91 € R(A,, A7)
(the neck of the nessie), and the other one is a banana with one end
at y01 € R(Ay,A;) and another end at 19 € R(A7,Ay) (the body of
the nessie). See Figure 7. Observe that, compared to the pseudoholo-
morphic Cthulhus used in the definition of the map dy_, the neck of a
nessie has reversed boundary conditions. The configurations above have
previously been considered by Akaho in [4]. (See also [5] from the same
author.)

4.2. The proof of 056 o 2 = 0. We are now ready to present and prove
€1
the following central result.

Theorem 4.1. LetY; C RxY,i=0,1, be a pair of exact Lagrangian
cobordisms from A, to Af as above. If Efc, 1= 0,1 is an augmentation
of the Chekanov-Eliashberg algebra of A, , then
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° 055761_ s well-defined over a ring of characteristic two, and
o0 __2=0.

EO 751
If ¥;, 1 = 0,1, are both endowed with relative Pin structures, the differ-
ential DEO_ - is defined for any ring.

In our setting pseudoholomorphic strips are punctured, and their
count is weighted by the augmentations. For this reason, we insist on
two important points that need to be taken into account when perform-
ing these counts:

(I) The punctured pseudoholomorphic strips used in the definition of
d4+ have boundary on R X AT and are allowed to have punctures
which are negatively asymptotic to pure chords of AZ'-F. When
adjoining the rigid punctured strips in the definition of d4; and
d., where x = 0, —, i.e. the glued configurations corresponding to
the compositions d4dy., we do not necessarily obtain a broken
pseudoholomorphic strip. In order to obtain a broken strip, we
will adjoin the pseudoholomorphic punctured discs that appear in
the count defining the right-hand side of

ef =¢ 0dy, i=0,1.

i =

From the latter equality it follows that the composition dyd,
indeed is obtained by counting buildings of this form.

(IT) Not all broken punctured pseudoholomorphic strips correspond to
two glued pseudoholomorphic strips. Namely there are so-called
0-breakings that consist of a punctured strip together with a punc-
tured disc with boundary on R x A;t, 1 =20,1. The count of these
discs defines the differentials 04 of the Chekanov-Eliashberg alge-
bras of AaE UAT, and the equalities

efody =0, i=0,1,

holds by definition. It thus follows that the total count of broken
strips of this kind vanishes if it is weighted by the augmentations.

Proof of Theorem 4.1. The theorem is a consequence of Proposition 3.2.
In order to verify ex T 2 = 0 we make a term-by-term analysis of the

matrix
2 _
0551
dyy? dypdyo+dyodoo +di—d_o dyydy_ +dyodo- +dp_d__
0 doodoo + do_d_g doodo— + do_—d__
0 d_odoo +d——d—g d_odo— +d__d__

and show that all entries count boundary configurations of one-dimen-
sional moduli spaces.
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AFUAT

Yo U2y

Ay UAT

Figure 8. Breakings involved in dyidig + d+odoo +
d4—_d_g = 0. The number on each component denotes
its Fredholm index.

di + = 0. The term dyy is the standard bilinearised Legendrian
contact cohomology differential [10] restricted to mixed chords
from A to Ag .
dytdyo+ dyodoo + dy—d_g = 0. We must study the boundary of
the moduli spaces My, s, (7; 9, p, ) of dimension 1. Their possible
breakings are schematically depicted in Figure 8.

We claim that, when counting these boundary points weighted
by the augmentations ¢; , i = 0,1, we get the contribution

<(d++d+0 + d+0d00 + d+—d—0)(p)7 '7>

Indeed, inspecting the boundary components of different types
we obtain the terms (dyidyo(p),7) (here we use e = ¢; o ®y;
see (I)), (dyodoo(p),), and (dy+_d_o(p),~), together with the 0-
breakings which contribute to zero (here we use EZ:»t 0 0% = 0; see
(D).

dyydy_ +diodo— +di—d__ = 0. This follows as above.

doodpo + dop—d_g = 0. Again this follows as above.

doodo— + dg—d__ = 0. This also follows as above.

d_odoo + d—_d_g = 0. Analysing the breakings of holomorphic
bananas, we get that the map b satisfies bod__ = d__ o b (see
Figure 9), where 6__ again denotes the adjoint of d=*° . Hence,
we obtain

d_odog +d—_d_g = bd_gdpg + d—_bd_g = 5(5_()d00 + 5__(5_0),

where §_q is the adjoint of dgi’zo. Since dyg is the adjoint of

d(?ol’zo, the factor §_gdog + d__d_g is the adjoint of dgol’zod(?i’zo +
dgi’zo d§1_,20’ which vanishes by the previous case.
d_ody_+d__d__ = 0. For action reasons we must have d_gdg_ =

0. Moreover d__d__ = 0 for the same reason why d4d4+y = 0.
q.e.d.
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Figure 9. Breakings involved in bod__ =d__ob.

5. The transfer and co-transfer map for concatenations of
cobordisms

Recall that two exact Lagrangian cobordisms with matching ends
can be concatenated; see Section 2.1. In this section we will provide
formulas which relate the Floer homologies of the different pieces of
such a concatenation. This will be done by introducing a relative ver-
sion of Viterbo’s transfer map, originally defined in [66] for symplectic
(co)homology. (Recall that Viterbo’s transfer map concerns concate-
nations of symplectic cobordisms.) For the Hamiltonian formulation of
wrapped Floer homology, the transfer map was constructed and treated
in [3].

In the following we will consider exact Lagrangian cobordisms

v(bVl,Wo,Wl CRXPX]R,

where V; is a cobordism from A; to A; and W; is a cobordism from A;
to A;;F for i = 0,1. The concatenations

VioW;, CRx P xR, i=0,1,

are exact Lagrangian cobordisms from A to A;r.
Under the further assumption that the negative ends of V;, i = 0,1,
are empty, a transfer map

q>Wo,W1 : Cth.(Vo, Vl) — Cth.(Vo O Wy, V1o Wl)

was constructed in [32, Section 4.2.2]; recall that the analytic set-up
of the latter article is the same as the one used here. Our construc-
tion of the transfer map will be a straight-forward generalisation of this
construction to the case when the negative ends are non-empty.

We will also construct a co-transfer map

@Yo V1: Cthy(Vo © Wo, Vi © Wi) — Cthe(Wo, Wh)

which should be thought of as a quotient projection associated to a
transfer map.
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5.1. Concatenations and stretching of the neck. Assume that J¢
and J? are paths of admissible almost complex structures on R x Y
which are cylindrical in the subsets {t > —1} and {t < 1}, respectively,
and which moreover agree in the subset {—1 <t < 1}. We also assume
that V; and W; are cylindrical in the subsets {t > —1} and {t < 1},
respectively, where they coincide. For each N > 0let 7y : RxY — RxY
be the translation 7y (¢,y) = (t + N,y). We define

VoW = (Vn{t<ohU(rn(W)n{t>0}),
" et p, 2) t<0
(Jo ON Jf)(t,p, z) = {Jf(t—N,p, 2) t>0,

where we recall that 7p is the translation of the ¢t-coordinate by T' € R.
We also write J¢ @ JC := J& ¢ J?.

The Hamiltonian isotopy class of VOny W C R x Y is independent
of N > 0 by Lemma 2.4. We have thus produced a family of boundary
value problems for (J¢ Gy J?)-holomorphic curves in R x Y having
boundary on V ©n W, N > 0. This family of boundary value problems
is conformally equivalent to the family which “stretches the neck” along
the contact-type hypersurface {0} x Y C RxY with boundary condition
V O W; see [12, Section 3.4] as well as [39, Section 1.3] for more details.
This fact will be important below.

There is a compactness theorem in the case of a neck-stretching se-
quence of almost complex structure; see [12, Section 10] for the precise
formulation. The key fact is that a sequence of J¢ @y Jé-holomorphic
punctured strips, with N — 400, has a subsequence converging to
a building consisting of sewveral levels whose components satisfy non-
cylindrical boundary conditions. In the case under consideration, the
limit buildings consist of:

e An upper level containing punctured J¢-holomorphic strips (or
discs) with boundary on Wy U Wy; and

e A lower level containing punctured J¢-holomorphic strips (or discs)
with boundary on V4 U V.

A priori there could also be levels consisting of pseudoholomorphic discs
or strips for a cylindrical almost complex structure satisfying cylindri-
cal boundary conditions on R x A", R x A; or R x Aj'. However, since
we are only interested in rigid configurations, and since the latter solu-
tions will have positive dimension (unless they are trivial strips), they
can be omitted from our breaking analysis (under the assumption that
transversality is achieved for every level).

There is a gluing result in this setting (see [30, Lemma 3.14]), giving
a bijection between buildings of the above type where all components
are of Fredholm index zero, and punctured J¢® y J2-holomorphic strips
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for each V > 0 sufficiently large. Figure 10 schematically depicts two
such buildings.

Wo U Wy

VoUW

Figure 10. A holomorphic buildings appearing after
stretching the neck along A.

5.2. The complex after a neck stretching procedure. The goal
of this section is to find a description of the complex

(Cthe(Vo ©N Wo, V1 ON W), DZO_G;?/)
when the almost complex structure is given by J¢ ®n J? for N > 0

sufficiently large. We first consider the Cthulhu complex for (Vp, V1)
defined using J¢:

(Ctha(Vh, V1) = C*2(8, A1) & C*(Vo, Vi) @ C*L(Ag, A7), 01 ),

Vo,Vi Vo, V1 Vo,V
APV v ghe

02/561_ — 0 dé;ga“f d%)‘jg’Zl
O d,Od 1 d_O_, 1

Consider the entries dKIO’VO, dKl_’VO, and dili’vo in the differential of the
complex Cthe(V7,V)) (i.e. with the inverse order for the cobordisms),
where the opposite path J¢ is used. We will need their adjoints

S0 = (@Y%) Cu(Ar, Ao) — Caa(Vi, Vo),

5OV = (@) Cu(Ar, Ao) = Cesi(AT,AD),
(SK%VI = (dzlerO)*: Al,Ao)%C.,l(Al,Ao),

Co(
Co(
50V = (@YY Cy(AT,AY) = Cu1(AT,AD),
SN = (dY0)*: Co(Ar, Ag) = Coi(AT,AD),

where the canonical basis of Reeb chords and double points has been
used in order to identify the modules and their duals. Observe that,
exploiting the same notation, we also get 6&3”% = dgg’vl.
We write

5; = EiOCDVi,JEa iZO,l,
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for the pull-backs of the augmentations under the DGA morphisms in-

duced by the respective cobordisms. These augmentations now give rise
to a complex

(Cthe(Wo, W1) = C*7*(Ag, AT) ® C* (Wo, W1) @ C*~ (Ao, A1), 01, ),

Wo, W Wo,W- Wo, Wi

A g s

ayg’ — O dg[O/le dg[ﬁhwl

01 Wo, W1 jWo, W1

0 d”y a’?

where the differential is defined using the almost complex structure J?.
Note that ¢V = dzo;vl.
In addition we will also need the map

LYoV Cy(Ag, Ag) — C™"27%(Ag, Ay)
which is defined similarly to
phoAr, C.(Al, Ao) — Cnflf.(A(), Al)

as defined in Section 4.1.5, but which instead counts rigid “bananas”
having boundary on Vy UV}, and two punctures with positive asymp-
totics to Reeb chords.

Recall that the compactness theorem for a neck-stretching sequence
together with pseudoholomorphic gluing shows the following. For N >
0 sufficiently large, the rigid (J¢ @y J?)-holomorphic curves in R x Y
having boundary on (Vy ©n Wy) U (V3 ©n W7) are in bijective corre-
spondence with pseudoholomorphic buildings of the form described in
Section 5.1, in which every involved component is rigid.

Analysing the possible such pseudoholomorphic buildings, we obtain
the following. When N > 0 is sufficiently large, the differential of
the complex for the concatenated cobordisms, defined using the almost
complex structure J¢ @y JP as in the previous paragraph, is given by

(Cthe(Vo On Wo, V1 ©ON W)
= C* (Mg, AY) @ C*(Wo, W) @ C*(Vo, Vi) @ C* 7 (Ag, Ay), 0120,

with differential

VW =
€0 &1
Wo, W1 ;Wo, W1 Wo, W1V, V1 sWo, W1 Wo, W1 Vo, V1 Wo,W1 41Vo,Va
et d%o W N df/rvfw bv % 5?[9 W dtJ/rvfw d\tov dJVVW d\tfv
0,W1 0,W11.Vo, Vi sWo,W1 0,W1 ;Vo,V1 0,W1 ;Vo,V1
0 dog +dy b 0 dy_ d+0 dy~ d+_

Vo,Vi ¢Wo, W3 Vo,Vi Vo,Vi ’
0 d e dng’ dn’’

0+ —0 00 0—
0 pAo Ay 5‘_/(1‘,_‘/1 5_W007W1 pAo Ay 5Y007V1 dYo_,Vl

in terms of pseudoholomorphic strips on VU V; and Wy U W7 for each
N > 0 sufficiently large. (For instance the term dKVE’Wl ACRE 5%””}1
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corresponds to the breaking (1) in Figure 10 and the term dYﬂ’Wl dz%’vl
corresponds to the breaking (2) in the same figure.)

We have here relied on the exactness assumptions in Definition 2.1
and action considerations from Section 3.4.2 in order to rule out certain
configurations.

5.3. Definition of the transfer and co-transfer maps. The trans-
fer and co-transfer maps on the chain level are defined for a very
“stretched” almost complex structure on a concatenated cobordism
(i.e. when the parameter N > 0 in Section 5.1 is sufficiently large),
so that the complexes take the form as described in Section 5.2.

DEFINITION 5.1. The transfer map is defined by
Py, 0 Cthe(Vo, Vi) — Cthe (Vo O Wy, Vi ON W),
a0 0
g™ 0 0
0 id 0]’
0 0 id
while the co-transfer map is defined by
dYoV1: Cthe (Vo On Wo, Vi @y W1) — Cthe(Wo, W),

(I)WO,Wl =

id 0 0 0

eVoV1 — | 0 id 0 0
Wo,W- Vo,V Vo,V
0 bVO,V1 5—(? 1 d+% 1 d+07 1

Lemma 5.2. IfoV. _, 3%, and VW gre defined using J¢, J° and
€0 €1 €0f1 €0 &1

JEONJE (for N > 0 as before) respectively, the transfer and co-transfer
maps are chain maps.

Proof. This a standard but tedious study of the degenerations of 1-
parameter families of curves through the neck stretching procedure.
q.e.d.

Remark 5.3. When there are no Reeb chords from A; to Ay (recall
that these are the Legendrian submanifolds along which the concatena-
tions are performed), the transfer and co-transfer maps take a partic-
ularly simple form. Since C(Ag, A1) = 0, the transfer map @y, w, is
simply the inclusion of a subcomplex, while the co-transfer map ®"0-V1
becomes the corresponding quotient projection. In fact, as it will be
shown below in Section 6.1, this situation can always be achieved after
the application of a Hamiltonian isotopy that “wraps” the positive and
negative ends of Vi and W7, respectively.

The following lemma is standard. It follows from the fact that, in the
cylindrical situation, regular O-dimensional moduli spaces are trivial,
together with a stretching-the-neck argument.
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Lemma 5.4. The transfer and co-transfer maps satisfy the following
properties:

e IfW; = Rx Ay, i = 0,1, and J° = J® is a cylindrical almost
complex structure, we have
¢W07W1 - ld
e IfV; =R xA;, i@ = 0,1, and J¢ = J® is a cylindrical almost
complex structure, we have
Vo1 — i,
o fW;=U;on U, i=0,1, and J2 = JS O JE, we have
QWQ,Wl = (I)U(/),U{ o (I)Uo,Ul
when M > 0 is sufficiently large.
o IfV,=U; Om U, i=0,1, and J¢ = J ©Opr JE we have
Vo1 — pUsUi o ploln

when M > 0 is sufficiently large.

In the case when W1 = R x A, we write @y, := Py, w, and, similarly,
when V; = R x A C R x Y, we write "0 := "o:V1,

6. Proof of acyclicity

In this section we establish the invariance result for our Floer theory.
In fact, in our context, the invariance is simply the fact the complex
Cth(Xo, X1) is acyclic (actually null-homotopic). The naive reason for
this is that one can use the Reeb flow in order to displace any exact
Lagrangian cobordism from any other one.

6.1. Wrapping the ends. Let ¥;, i = 0, 1, be exact Lagrangian cobor-
disms from A to A;r, 1 = 0,1. We assume without loss of generality
that 3;, ¢ = 0,1, are both cylindrical in the subset {|t| > T'} for some
T > 0.

Fix a smooth non-decreasing cut-off function p: R — [0, 1] satisfying
p(t) =0 fort <1and p(t) =1 for t > 2 and, for N > 0, consider the
functions

pN+<t> plt—T—N),
N,-(t) = p(=t =T = N),
o) = poe () + e (9
and the flows

N+ (0, 2) = (6,0, 2+ spN + (1)),
N —(t,p,2) = (t,p, 2 + spn,—(1)),
on(t,p,2) = (t,p, 2+ spN (1)),
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which are the Hamiltonian flows of the functions hy + (¢, p, 2) =e'on +(t)
and hy(t,p, z) = e'on(t) respectively where o 1+ and o are such that
On++0oN+ = pnxand oy +on = py. Note that ¢} = ¢y 0oy =
¢§V’_ o gbf\,’ +- We denote also ¢ = ¢ .

After applying the isotopy QSX,S to Xg for S > 0 sufficiently large, we
get additional double points <;3]_VS (X0) NXq, all which correspond to the
Reeb chords starting on the ends of ¥; and ending on the corresponding
ends on Y. More precisely, the following is true (the proof is standard
and left to the reader):

Lemma 6.1. When

S>8):=2 max {(c
cE€R(AT Ag JUR(AT,AD)

there are canonical bijections
wi: o (R X AF) N (R x AT) = R(AT, Ag)

induced by the Lagrangian projection, i.e. by identifying elements on
both sides with a double point in Tp.g(AT UAT) C P. These bijections
moreover satisfy

gr(w—(p)) = gr(p) and gr(wi(p)) = gr(p) — L.
In particular, there is a canonical identification
Cthe(Z0, 21) = Cthe(dx" (Z0), 1)

on the level of graded modules. After taking N > 0 sufficiently large,
we may assume that the action of a generator in

w-(C(Ag, A7) € Ctha(¢5°(Z0), T),
1s arbitrarily small, the action of a generator in
wy (C(AF,AT)) C Ctha(¢y° (o), 51)
1s arbitrarily large, while the action of a generator in
C(0,31) C Cthe(dy" (Z0), X1)
cotncides with its original action.

Next we will show that the identification given by the above lemma,
in fact can be made to hold at the level of complezes as well.

Proposition 6.2. For each N > 0 sufficiently large and S > Sy as
defined above, there is a canonical identification of complexes

(Cthe(So, 1),0.. ) = (Ctha(dy° (S0), £1),0. ).
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Remark 6.3. Recall that J, is a cylindrical lift outside of a compact
set of R X Y by assumption, so outside that compact set it is invariant
under the Reeb flow. Since the negative ends of %y and ¢3(2g) differ by
the time-S Reeb flow, it follows that these Legendrian submanifolds have
canonically isomorphic Chekanov-Eliashberg algebras and, in particular,
we can identify their augmentations.

For a general choice of almost complex structure with cylindrical
ends, there should again exist an analogous isomorphism, albeit non-
canonical.

Proof of Proposition 6.2. Consider the transfer and co-transfer maps

-5 (myat) Cthe(¥o, 1) — Ctha (¢, (Z0), £1),

=" XN Ctha(¢y°(S0), £1) — Ctha(¢37, (Z0), 1),

defined by counting J*-holomorphic strips having boundary on
¢]_th+(]1% x AJ)U (R x Af) and ¢]_V:5L (R x Ay)U (R x A7), respectively.
In order to identify the domains and codomains of the above maps we
have used the fact that,

JQ@NJ+:J_®NJ.:J.7 N207
which holds by the assumptions made on J,, as well as the facts that
¢]_V:9+(Eo) = o on ¢ (R x AJ),
oy (To) = ¢ (R x Ay) On ¢35 (Zo),

hold for every N > 0 by construction.

Recall that the transfer and co-transfer maps are chain maps by
Lemma 5.2, assuming that N > 0 has been chosen sufficiently large.
The proposition will follow from the claim that the maps ® 675 (RxAD)

and &%= ®XA0) both are isomorphisms which, moreover, induce the re-
spective canonical identifications of graded modules described in Lemma
6.1. The latter facts follows by the explicit disc count performed in
the proof of [16, Theorem 2.15]; also, see [25, Proposition 5.11] for a
similar argument. Roughly speaking, it is shown there that every J*-
holomorphic disc of index zero in the definition of the above (co-)transfer
map is a transversely cut-out strip having one positive puncture and one
negative puncture, and whose image under the canonical projection to
P is constant. Conversely, there is an explicitly defined such strip for
every double point in P corresponding to a Reeb chord. In particu-
lar, under an appropriate choice of basis, the matrices of both maps

_s _
d ) and ®%— BxAo) are equal to the identity matrices. q.e.d.

¢ % (RXAS
6.2. Invariance under compactly supported Hamiltonian iso-
topies. The following proposition is the core of the invariance result
that we need in order to deduce the acyclicity of the Cthulhu complex.
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Proposition 6.4. Let (£§,%1), s € [0,1], be a compactly supported
one-parameter family of pairs of exact Lagrangian cobordisms from A
to A;.F, 1 =0,1. There is an induced homotopy equivalence

Wissy: (Cthe(28, £1) ) — (Cth.(E(l),Zl)?DEasl,),

Ocger
This map moreover restricts to give an isomorphism of the complex
(Co(A$,AY),ds+), regarded as a subcomplex of (Ctha( 3’21)70835;)7
fori=0,1.

Remark 6.5. Under the additional assumption that A, = 0,7 =0, 1,
this result was established in [32, Section 4.2.1].

Proof. The first part follows from standard bifurcation analysis.

In order to deduce the last claim of the proposition, it will be nec-
essary to use the following additional property of the identifications of
complexes described in the proof of Proposition 6.2. Consider the sub-
set C' C qﬁ]_vs (X§) N3 of intersection points corresponding to the Reeb
chords from A} to A(J{ ; these intersection points are contained in a subset
of the form (N, +o00) x P x R, which may be assumed to be fixed in the
one-parameter family gb]_vs (3) of cobordisms. Even though these inter-
section points are fixed, their actions will in general vary with s € [0, 1].
We use M to denote the minimum of the action of a intersection point
in C C ¢5°(28) N Xy taken over all s € [0,1]. For N > 0 sufficiently
large, Lemma 6.1 shows that any intersection point (¢5”(35) N %)\ C
has action strictly less than M. In conclusion, we must have K(C) C C
for the map K defined above, thus implying the claim. q.e.d.

6.3. Displacing the cobordisms. We are finally ready to prove the
main result of this section. The idea is to displace the cobordisms so that
the Cthulhu complex vanishes, and to invoke the invariance properties
from Propositions 6.2 and 6.4.

Theorem 6.6. For any pair of exact Lagrangian cobordisms ¥, X1 C
RxY from A; to A;r and choices €; of augmentations of the Chekanov-

Eliashberg algebras of A, , i = 0,1, the complex
(Cthe (X0, 21)’05551‘)
1s homotopic to the trivial complex,

Proof. For S > 0 sufficiently large, there is an exact Lagrangian
cobordism ¥j C R x Y, isotopic to ¢R[S (X0) by a compactly supported
Hamiltonian isotopy, such that Cth(X{, ;) = 0. To that end, observe
that Cth(qﬁj_\,s (30),%1) has no Reeb chord generators for S > 0 suffi-
ciently large by Lemma 6.1. The Hamiltonian isotopy is constructed as
follows. Let ¢° be the Reeb flow ¢*(¢, p, z) = (¢, p, z+s). Then, denoting

Yy =¢ %o qzﬁ]_v(s_s)(Eo), we have that X, is isotopic to QSX,S(EO) by a
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compactly supported Hamiltonian isotopy and ¥{ N %; = (). Therefore,
Cth(X), 21) = 0.

The invariance result for compactly supported Hamiltonian isotopies
that was established by Proposition 6.4 thus implies that the complex
Cth.(qb&s (30), 21) is null-homotopic. The fact that the same is true for
the complex Cthe(Xp, Y1) is now an immediate consequence of Propo-
sition 6.2, for N > 0 that have been chosen sufficiently large. q.e.d.

7. Long exact sequences from the Cthulhu complex

Under additional hypotheses, we deduce several exact sequences, in-
cluding those stated in Section 1.2, from the acyclicity of the Cthulhu
complex. They will be induced by Lemma 7.1 applied to a pair of ex-
act Lagrangian cobordisms (X, ¥¢,), where Y, is obtained from ¥ by
a Hamiltonian perturbation for a suitable cylindrical Hamiltonian h.

7.1. The general construction. As usual, we fix augmentations ¢, ,
i = 0,1, for the negative ends of the Lagrangian cobordisms ¥; and a
generic path J, of admissible almost complex structures. We denote by
CF_ (30, %1) the complex C'(X¢,%1) ® C(Ay,A;) with differential

€0 €1 d()() do_
0°1
s = (0 8.

Its homology is denoted by HF_(39,%1). Note that, in general,
HF_(X0,1) depends on the choice of augmentations.
The complex Cth(X,>1) is the cone of the chain map

dyo+ds_: CF_OO(EQ, 21) — C(AS_,AT)
Thus, the acyclicity of (Cth(X, 21)705551‘) implies that this map is a
quasi-isomorphism, and hence that

(22) LCH:O L (AT, AY) = HFEL (55, 50).

Lemma 7.1. Let 2;, ¢ = 0,1, be a graded exact Lagrangian cobor-
disms from the Legendrian submanifold A; to A;-'r m R XY and assume
that there are augmentations ; of A(A;") fori =0,1. If either dyp— =0
or d_og =0 then d3, = 0 and, denoting by HF (X9, %1) its homology, we
have the following exact sequences.

o Ifdy_ =0, then there exists a long exact sequence

(23) LCHE L (Af, AT)

/

HFk(Zle) FEe LCHk; 7(A(;>A1_) - LCHfoJr’E;r (Aa_vAi‘_)

€051
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o Ifd_g =0, then there exists a long exact sequence
(24)
HEM1(%0,%)

/

do—
LOHY, (A A) —~ LCHE _(Ag,AD)™ HFV2(5), %))
0°1 0>

€1

Note that HF(Xg,¥1) depends on the augmentations ¢, and ¢ .

Proof. Since d%o + dy_d_g = 0, the vanishing of either dy_ or d_g
implies that dgg is a differential. Moreover d_,, becomes a triangular
matrix, and therefore CF_ (3o, ¥1) is a cone. Thus the exact sequences
of the lemma follow from the exact sequence of the cone and the iso-
morphism (22). q.e.d.

There are action conditions that imply dgp— = 0 or d_g = 0 without
the need of counting pseudoholomorphic maps.

Lemma 7.2. If a(p) < v~ for every p € X9 N X1 and every Reeb
chord v~ € R(A{,Ay), then do— = 0. If a(p) > —a(y~) for every
p € 3o N3y and every Reeb chord v~ € R(Ay, Ay ), then d_g = 0.

Proof. If dy_ # 0, then there is a non-empty moduli space of the form
My, 5, (p;07,77,¢") # 0. Then Equation (12) implies a(p) —a(y~) >
0. If d_o # 0, there is a moduli space My, »,(p;6~,7,¢) # 0, with
v~ € R(Ay,A;), forming the neck of a nessie. Then Equation (12)
implies —a(p) —a(y~) > 0. q.e.d.

We introduce the following terminology. A point p € 3o N X is
positive (resp. negative) if a(p) = fi1(p) — fo(p) is positive (resp. nega-
tive). Assuming the (generic) condition that a(p) # 0 for every intersec-
tion point, this leads to a decomposition CF (g, %1) = CF+ (20, %1) @
CF_(%0,%1) where CF{ (X, ¥1) and CF_ (X, ¥;) are generated by the
positive and negative intersection points respectively. This motivates
the following definition for a pair (g, 1) of cobordisms.

DEFINITION 7.3. We say that (X¢, X1) is directed if CF;(29,%1) = 0,
and V-shaped if CF_(3¢,%;) = 0.

When (X9, ¥1) is directed do— = 0 and when (3¢, >) is V-shaped
d_g = 0. This is a particular case of Lemma 7.2.

Remark 7.4. Both CF_ (X, X;) and CFy (X, ¥1) can endowed with
a differential induced by dyg: the first as a subspace, and the second
as a quotient. Their homologies are denoted by HFy(Xg,>1). Note
that they depend on choices of augmentations and have extremely weak
invariance properties under Hamiltonian isotopies.
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7.2. Cylindrical Hamiltonians. In the following, we assume that
> C R x Y is an exact Lagrangian cobordism from A_ to A, inside
the symplectisation of a contactisation. We furthermore assume that 3
is cylindrical outside of the set [A, B] x P x R for some A < B. We shall
write

Y:=Xn{te[A B},
0_Y:=%n{t=A},
8+EZ: Eﬂ{t:B},

so that clearly 0% = 0_X U 0, 3.

We will consider different push-offs constructed via suitable pertur-
bations of an autonomous Hamiltonians h: R x P x R — R induced by
a function fz(t) only depending on the symplectisation coordinate. We
write d)% for the Hamiltonian flow of h and observe that it takes the
particularly simple form

@ (t,p, 2) = (t,p, se” "W (t) + 2).
In particular, (;5%(2) is an exact Lagrangian cobordism with cylindrical

ends if and only if e~*h/(t) is constant. We will assume that e~*h/(t) =
+1 for t ¢ [A, B], but not necessarily with the same sign in the two
components. The ends of qbi(E) are modelled on positive or negative

Reeb posh-off of A*, depending on the sign of h.

In general ¥ and qS%(Z) will not intersect transversely and their Leg-
endrian links at infinity will not be chord generic. For this reason we
will replace h(t) with h(t,p, z) = h(t) +e'g(t,p), where g: R x P — R is
a C?-small function and d;g = 0 for t € [A, B]. For € > 0 we will denote

Yen = ¢2(2)7
if the ends of ¥ are modelled on the Legendrian submanifolds A%, then
the ends of ¥, are modelled on Legendrian submanifolds Aﬁl. We
will assume, from now on, that ¥ and X intersect transversely and
(Ai,Ajl) are chord generic for every € > 0 sufficiently small. In the
rest of this section, we will call such a Hamiltonian a generic cylindrical
Hamiltonian.
Let us denote b’ = d;h. A straightforward computation yields

Lx, (e*a) = dh' — dh.
So, if f: ¥ — R is a primitive of e’a|x, then the primitive fo: X — R

of elaly,, is given by

(25) fonods=f+ /O (W~ )]s 0 6})ds.

We assume, without loss of generality, that f vanishes on the negative
end of X. Since A’ = h at the negative end, f., also vanishes there.
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7.3. The Cthulhu complex of a Hamiltonian push-off. Let
¢5: PxR—PxR

be the contact flow generated by the contact Hamiltonians g & 1, where
g: P — R is a generic C?-small function. Given a Legendrian subman-
ifold A C P x R, we denote Ay, := ¢% (A). Note that AS = AT, where
the sign before € is the sign of d;h in the corresponding end.

Proposition 7.5. Let A C P xR be a close Legendrian submanifold.
For the cylindrical lift Jp of a regular almost complex structure Jp on
P, we have a canonical isomorphism of complexes

Lccee

€0,€1

(A7 A+€) = LCC;o,El (A)

for any sufficiently small € > 0.
Under the additional assumption that A is horizontally displaceable,
we moreover have a quasi-isomorphism

Lcce

€0,€1

(A, A—.) = LOCS (M),

n—1—e
where n is the dimension of A.

Proof. The statement follows from [16, Proposition 2.7] and [36,
Proposition 4.1]. q.e.d.

Remark 7.6. The identifications of augmentations in Proposition
7.5, despite the fact that the DGAs are associated to geometrically dif-
ferent Legendrians, can be justified as follows. For A, A” C P x R being
sufficiently C'-close together with a fixed choice of compatible almost
complex structure Jp on P, the invariance theorem in [35] gives a canon-
ical isomorphism between the Chekanov-Eliashberg algebras (LA(A), Oa)
and (A(A"), dpr) induced by the canonical bijection identifying the Reeb
chords on A with the Reeb chords on A”.

In the following theorem all maps will be defined, as usual, using a
generic path J, of admissible almost complex structures.

Theorem 7.7. Let ¥ be an exact Lagrangian cobordisms from A~ to
AT and h a generic cylindrical Hamiltonian.

1) If @5 A(AY) = A(A7) and @y, : A(AS) — A(AS) are the
DGA morphisms induced by X and Xy, respectively, then, fore >0
sufficiently small,

Oy = Py,
after identifying A(AT) with A(Ai) as in Remark 7.6.
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2) Let €;, i = 0,1, be augmentations of A(A™). If Oth > 0 fort >0
and € > 0 is small enough, there is a commutative diagram

LOC?, (A=, A5) = LOC

Py 0eg ’(I)Zeh, og1

l Pc0-cl \L

(A_) ; LCC‘%EOEO,q)EOEl (A+)

(AF,A%)

where the vertical maps are the isomorphisms coming from Proposition
7.5 and (1) and DX is the adjoint of the bilinearised map induced by
the DGA morphism ®yx, as described in [37].

Proof. Both results follow from Proposition 7.5 and [16, Theorem
2.15], where the latter provides the necessary identifications of pseudo-
holomorphic strips with boundary on the cobordism ¥ with those with
boundary on ¥ and on its two-copy X U X.,. To that end, an admis-
sible almost complex structure which coincides with cylindrical lifts in
the prescribed subsets must be used. q.e.d.

Lemma 7.8. Let ¥ be an exact Lagrangian cobordism from A~ to
AT and h a cylindrical Hamiltonian function. For € > 0 small enough:

1) If A, = AL, then do— = 0;

2) If A, = A__, then d_og = 0.

Proof. By Equation (25), the action of an intersection point ¢ € 3N
E€h is

(26) a(q) = e(h'(q) — h(q)).

On the other hand, if A, = A7 there is lower bound independent of ¢
on the action of the Reeb chords from A_, to A™. Therefore, for € > 0
small enough, a(p) < a(y~) for every intersection point p € ¥yN¥; and
Reeb chord v~ € R(A_,,A™). Then Lemma 7.2 implies that dy_ = 0.
When A;, = AZ_ there is lower bound independent of € on the action
of the Reeb chords from A~ to A, and again we can apply Lemma 7.2
to conclude that d_g = 0. q.e.d.

Theorem 7.9. Let X be an exact Lagrangian cobordism, €, and €]
augmentation of A, and h a generic cylindrical Hamiltonian such that
f:=hlg: X = R is a Morse function. Assume we defined the differ-
ential 056755 on Cthe(X,Xep) using an almost complex structure which

induces a Riemannian metric g on ¥ making (f, g) into a Morse-Smale
pair. Then, for an appropriately chosen Maslov potential on > and e > 0
sufficiently small, there is an isomorphism of complexes

CF.(E, Esh) = #ffs_e.(f)
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Moreover, if ¥ is relatively Pin, then the above identification holds with
coefficients in 7. and if 3 is not graded, it holds on the level of ungraded
complezes.

Proof. First, we observe that dgo = 0. In fact 0%_ = 0 implies that

€0 551
d%o = dyp_d_g, and either dy_ = 0 or d_y = 0 for ¢ > 0 sufficiently
small by Lemma 7.8. Next, we argue that dyy counts only Floer strips
without boundary punctures asymptotic to pure Reeb chords. This is a
consequence of Equation (12) because the action of the pure chords of
A~ and A, is bounded from below, while the action of the intersection
points can be made arbitrarily small by Equation (26).

At this point, since we have shown that we can work in a compact
region, the isomorphism of Morse and Floer complexes is standard, go-
ing back to the original work of Floer [47]. For the current setting, the
analogous computation made in [25, Theorem 6.2] is also relevant.
q.e.d.

Remark 7.10. Observe that the function f = h|y has no critical
points on X\ int(X). We denote by 9% the portion of 9% on which V f
points inward; then

H(CYE, () = Hyt1-o(Z, 13).

n

7.4. Proof of the exact sequences.

Proof of Theorem 1.1. Let h be a generic cylindrical Hamiltonian such
that 9:h = e’ for t # [A, B]. In this case A% = AT, and therefore,
by Lemma 7.8, dg— = 0. Then we use Proposition 7.5, Theorem 7.7,
Theorem 7.9 and Remark 7.10 to identify the exact sequence (23) of
Lemma 7.1 with the exact sequence of Theorem 1.1. q.e.d.

Proof of Theorem 1.2. Let h be a generic cylindrical Hamiltonian such
that O;h = —e! for t < A and 9;h = e* for t > B. In this case A=A,
and AZ;Z = Aig, so, by Lemma 7.8, d_y = 0. Then we use Proposition
7.5, Theorem 7.7, Theorem 7.9 and Remark 7.10 to identify the exact
sequence (24) of Lemma 7.1 with the exact sequence of Theorem 1.2.
q.e.d.

Proof of Theorem 1.3. We consider a generic cylindrical Hamiltonian h
obtained by perturbing the function h as in Figure 11. Recall that
the perturbation h of h is realised by adding a term e'g(t,p) for a
C?-small function g: R x P — R as done earlier in this section; the
function g(t,p) for t < A can in fact can be constructed near Ily (A7)
by a suitable Morse function on A~ which can be extended to the im-
mersed Weinstein neighbourhood of the Lagrangian immersion (care
has to be taken near the double points). For simplicity, we assume
that the Morse function on A~ has a unique local minimum and max-
imum.
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The pair (X, X¢,) is V-shaped, and therefore all intersection points
have positive action and d_g = 0. We decompose

C*(A7,AG,) = CL(AT,AG) © G5 (A7, A,)

so that the “plus” summand is generated by those Reeb chords in
R(A,,,A™) corresponding to Reeb chords of A~, so that they have
length bounded from below in terms of the minimal length of a Reeb
chord on A™, while the “zero” summand is generated by those Reeb
chords in R(A_,, A™) corresponding to the critical points of a Morse
function on A™, which then have length roughly equal to € > 0. See
[36, Section 3.1]. Thus the intersection points have action of order e,
the “plus” chords have action of order e’ and the “zero chords” have
action of order ee~7 for some fixed T'>> 0; see Section 3.4.2.
By action reasons there is a short exact sequence of complexes
(27)
0= Co(A™,A,) = CF_o(X,5a) = CL(A,AL ) )BCF*(E,5) — 0.

If we take e small enough we have a(p) < a(y~) for every intersection
point p and “plus” chord ~~, and therefore, by Equation (12) there
can be no holomorphic map between an intersection point and a “plus”
chord. This shows that the direct sum C$(A™,A;) & CF*(X, %), a
priori only of modules, is in fact a direct sum of chain complexes. For
this reason

Hy(CL (A, AL) @ CF* (S, 5q) = Hi(CL(A™,AL)) & HiCF*(S, 5a,)).

We rely on [36, Theorem 3.6] together with Proposition 7.5 in order
to make identifications
(28) HI(CHA M) = LOH: _(A"),

(29) H'(C§(A™,A,)) = Hy1—5(A7)

and therefore, using also Equation (22) and Theorem 7.9 together with
Remark 7.10, we can identify the long exact sequence induced by the
short exact sequence (27) with the long exact sequence (3).

The technique in the proof of [25, Theorem 6.2(ii)] shows that the
restriction of do— to C§(A™,A_,) fits into a commutative diagram

Hi(C3(A,AS)) == HFF2(3, 5,,)

~l lN

Hy, 1-i(A2) Hy 1-4(%)

where i, is the map induced by the inclusion i: 0_3 — ¥ and the ver-
tical maps come from (29) and Theorem 7.9 together with Remark 7.10
respectively.
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Figure 11. The function h. The corresponding Hamil-
tonian vector field is e~ *h/(t)0..

To see the commutativity of this diagram, note that the map
is: Ho(A7) = Ho(X)

can be realised as the inclusion of the subcomplex of the Morse complex
of f = h|y generated by the critical points near {t = a} into the full
Morse complex of f. See Figure 11.

It then suffices to show that do_ identifies Co(A™,A_,)) to the said
subcomplex, as in the proof of Proposition 6.2 (in particular, see the
computation at the end of the proof). The reason why this technique
applies is that, in the subset {¢t < a+ €}, the push-off ¥, is obtained by
slightly ‘wrapping’ ..t using the negative Reeb flow. See also Section
8.4.2 for a similar analysis.

Finally, the statements concerning the fundamental classes is a conse-
quence of [36, Theorem 5.5], a result which is only valid if we are working
with €5 = €] = e. Namely, the latter result shows that the shortest
chord in Co(A™, A,) defines a nontrivial class in LCHZ}(A™,AZ,). Sim-
ilarly, under the additional assumption that A~ is horizontally displace-
able, the differential of the longest chord in Co(A™,A,) is an element
of CY(A~,A,,) which defines a non-zero class in

H"(CL(A™,AG,)) = LCHZ (A7)

called the fundamental class in Legendrian contact cohomology (also see
Section 8.4).
With the above considerations, we have proved Theorem 1.3. g.e.d.

7.5. Seidel’s isomorphism. We end this section by reinterpreting the
definition of Seidel’s isomorphism, originally introduced in [32], in the
context of our theory. This isomorphism will be important when later
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considering the fundamental class in Legendrian contact homology in
relation to a filling; see Section 8.4.1.

Let ¥ be an exact Lagrangian cobordism from A~ to AT and let
h: RxY — R be a generic cylindrical Hamiltonian such that Ajh = AL
and A_, = AZ.. Combining Theorem 7.9 and Proposition 7.5, for every
pair of augmentations ¢, and €, of A~ we obtain a morphism

G L (f) = LOC L (A% R),

induced by the term d.¢ in the differential of (Cth(3, Xp), O E;). In
this case, by Remark 7.10, H(CM*,(f)) & Hp11-(X). Observe that

n
d_op = 0 by Lemma 7.8 and therefore d ¢ is a chain map. Then we have

proved the following lemma.

Lemma 7.11. The map G;g’sf is a chain map which, in the case
when the negative end of X is empty, is a quasi-isomorphism.

8. Twisted coefficients, L?>-completions, and applications

In order to deduce information about the fundamental group of an
exact Lagrangian cobordism it is necessary to introduce a version of the
Cthulhu complex with coefficients twisted by the fundamental group,
analogous to that defined for Lagrangian Floer homology in [64] by
Sullivan and in [22] by Damian. Since it is not possible, in general,
to make sense of the rank of a module over a group ring, it will also
be necessary to introduce an L?-completion of this complex. So-called
L2-coefficients were first considered by Atiyah in [7]. We start by de-
scribing the version of the complex with twisted coefficients, and we also
introduce the fundamental class in this setting. The fundamental class
will be crucial for the proof of Theorems 1.11 (see Section 9.3.1). We
then continue by defining the L?-completion of this complex, for which
we recall some basic properties. The proof of Theorem 1.13 will use this
theory (see Section 9.3.2).

8.1. The Chekanov-Eliashberg algebra with twisted coefficients.
Legendrian contact homology with twisted coefficients has previously
been considered in [38], and a detailed account is currently under de-
velopment in [43]; see also [17]. Here we consider a version of the
Chekanov-Eliashberg algebra for a connected Legendrian submanifold
A C P x R with coefficients the group ring R[mi(A)], where R is a
commutative ring.

Fix a base point * € A and write w1 (A) := 71 (A, %) for short. Let A
be a unital, not necessarily commutative, ring for which:

e There is a ring homomorphism i: R[m(A)] — A. This induces an
R[m1(A)] — R[m (A)]-bimodule structure on A;
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e There is an augmentation homomorphism £: A — R such that
IT := € o1 is the standard augmentation II: R[m(A)] — R.

By abuse of notation we will see any element a in R[m;(A)] as an element
of A by identifying it with its image under the ring homomorphism 3.

As an example, we can take A = R[G] the group ring of G over
R. Any group homomorphism 71(A) — G then induces a ring homo-
morphism R[mi(A)] — R[G] = A and the augmentation corresponds
to the canonical ring homomorphism A = R[G] — R. In case when
G = {1}, the construction we describe below will recover the standard
Chekanov-Eliashberg DGA.

We denote by A4(A) (or Ag(A) if A = R[G]) the tensor algebra over
A of the free A — A-bimodule generated by the Reeb chords of A. If
A = R, we denote A(A) = Ag(A); this is the usual Chekanov-Eliashberg
algebra. Recall that A4(A) is generated, as an R-module, by elements
of the form

a1v71 ® agy2 Q-+ Q ajYiai41,

where 71,...,7; are Reeb chords and ay,...,aj4+1 € A. (The case j =0,
i.e. no chord) is also permitted.

For any Reeb chord ~ of A, we fix connecting paths {5 and £5 on A
from the end point and the starting point of ~y, respectively, to the base
point *. (Such paths exist because we assume that A is connected.)
A punctured pseudoholomorphic disc u € M(yT;91,75 5. - - .7, ) deter-
mines an element c,, of A4(A) via the following procedure. Let S be the
domain of v and denote by 0yS, ..., 0rS the connected components of
0S ordered counterclockwise starting from the puncture corresponding
to vT. We denote by p the canonical projection R x Y — Y.

e For j € {1,...,k — 1}, we denote by a; the based loop (Ei__)_l *
J
(pouly,) x5 ;
j+1
e For j = 0, we denote by a; the based loop (€§+)_1 *(poulg,) *Zi,;
and '
e For j = k, we denote by a; the based loop (Ei,j)_l *(poulg,)* L2

From now on we assume A = R[m1(A)]; the general case is obtained by
the change of coefficients induced by i: R[m1(A)] — A. The element c,
is then given by

Cy = Q07 a1 @Yy A2 @ -+ D Y, Q-

The Chekanov-Eliashberg differential on A 4(A) is defined on generators
by the formula

8(7_‘—) = Z Z Cu,

TV ue MY Fy] g 0o Ts )
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where the sum is taken over the rigid components of the moduli spaces.
The differential is then extended to the whole algebra using the Leibniz
rule.

By an augmentation of the Chekanov-Eliashberg DGA we mean a
homomorphism of R[m (A)] — R[m1(A)]-bimodules €: A4(A) — A which
is a unital ring homomorphism and € o @ = 0.

Remark 8.1. 1) An augmentation in this setting is still deter-
mined by its values on the Reeb chord generators.

2) Any homomorphism G — H of groups induces a unital DGA
morphism r: Ag(A) — Ag(A). In particular, when H is the triv-
ial group, we get a canonical DGA homomorphism r: Ag(A) —
A(A). The pre-composition £ := € o r of an augmentation ¢ of
A(A) is clearly an augmentation of Ag(A); this augmentation will
be called the lift of .

3) An exact Lagrangian cobordism ¥ from A~ to AT induces a unital
DGA homomorphism ®y;: Az (2)(AT) = Az 5y (A7) with twisted
coefficients. In particular, an exact Lagrangian filling induces an
augmentation in the group ring of its fundamental group.

For any pair of augmentations, the linearisation procedure gives rise
to a differential d, ., : LOC"* (A; A) — LCC'(A; A) on the free
A— A-bimodule generated by the Reeb chords in the usual way. The map
dey e, is in this situation a bimodule homomorphism. We again denote
the resulting homology by LCH"*(A; A) and call it the bilinearised
Legendrian contact homology with twisted coefficients.

Moreover, when A = Ay U Ay and g; is an augmentation of A; for
i = 0,1, we can again define the complex LCCE’O’EI(AO,Al;A) which,
as a module, is the free right A-module generated by the Reeb chords
starting on A; and ending on Ay, as well as the corresponding cohomol-
ogy groups LCHZ, . (Ao, A1; A). The result [16, Proposition 2.7] carries
over immediately to this setting, and thus the identification

LCH? _ (ANAN;A)=LCH? _ (A; A)

€0,€1 €0,€1

holds on the level of homology (again, for a suitable small push-off A’
of A, together with a suitable lifted almost complex structure).

Remark 8.2. If ¢ takes values in R, then LCCY, . (A, A5 A) is a
complex of free right A-modules. In particular, the differential is a right
A-module morphism (it is defined by multiplication on the left). This
is relevant for the next section, where we will twist coefficients using
R[m1(X0)] in a way so that the augmentation e; still will take values

in R.

8.2. The Cthulhu complex with twisted coefficients. Let R be
a unital commutative ring. We are now ready to define the Cthulhu
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complex with twisted coefficients for a pair of exact Lagrangian cobor-
disms (3o, ¥1). For Lagrangian intersection Floer homology, such a
construction has previously been carried out in [64] and [22]. This was
subsequently generalised to Wrapped Floer homology in [16, Section
4.2].

Let ¥; C R x Y be exact Lagrangian cobordisms from A, to AZTF, =
0,1, where both ¥y and A are connected. The ring homomorphisms
R[m1(AT)] — R[m1(X0)] coming from the inclusion maps {7} x A7 —
Yo induce non-free R[m (Ag)] — R[m1(Ag)] and R[mi(Ay)] — R[mi(Ag)]-
bimodule structures on R[m(Xg)]. (Of course all mixed structures are
also possible.)

Let u € M(x;¢,y,d) be a pseudoholomorphic strip involved in the
Cthulhu differential ? e A8 defined in Section 3.2. If S is the domain
of w and 9yS,...,0,S are the connected components of 9S which are
mapped to ¥¢, we associate to each arcs 0;5 an element a; € m1(Xp) in
the same manner as in the definition of the differential of the Chekanov-
Eliashberg algebra with twisted coefficients described above. These
paths, together with augmentations € : Ay, (5,)(Ag) — R[m1(30)] and
e1: A(A]) — R, now determine an element

e = arey (C)azeg (C2) -+ - ap—16g (Ce_1)arey (8) € R[m1(Xo)).
This construction allows us to define the Cthulhu differential 9 e on
the non-free R[m1(3g)]-R[m1(20)]-bimodule

Cth(zo, X1 R[T('l (Zo)]) = Cth(ZO, 21) KRnr R[ﬂ'l(zo)]

that is induced by the standard (non-free) bimodule structure on the
group ring R[m1(Xp)] by ring multiplication from left and right. First,
when y is either a intersection point or a Reeb chord from Ay to Al

we define
L= >, aTe
T ueM(z;¢,y,0)

where the sum is taken over the rigid components of the moduli space.
The formula when y is a Reeb chord from Af to Ag is similar, but in-
volves the pull-backs g, o CTDZO and €] o @y, of the augmentations under
the DGA homomorphism induced by the cobordisms with and with-
out twisted coefficients, respectively. The differential is then extended
to all of Cth(Xo, X1; R[m1(X0)]) as a right R[m1(3g)]-module homomor-
phism.

The techniques in Section 6 can be used to prove the following theo-
rem.

Theorem 8.3. The map
T : Cth(zo, 21; R[T['l(zo)]) — Cth(zg, 21; R[Trl(zo)])

055 €
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satisfies Dg, = 0, and moreover
01

H(Cth(zo, i R[Wl(ZQ)]), 05575;) =0.

Proof. The proof is similar to the ones in Sections 4.2 and 6.3. We
only need to observe the following: if v and v are holomorphic strips
with matching asymptotics, so that they can be glued to a strip u * v,

£g €1 €0 €1 £0 €1 -+ . . .
then ¢y ' = ¢! ¢! is satisfied in the group ring. q.e.d.

In view of the above theorem, the computations in Section 7 can
be carried over immediately to the case of twisted coefficients. We
proceed to explicitly describe the long exact sequence analogous to (1)
in Theorem 1.1. Let X be an exact Lagrangian cobordism from A~ to
A*. Let g5 and €, be two augmentations of Ay (A7) and A(A7)
into R[m(X)] and R, respectively. Further, we consider the pull-back
53 =gy 0 &Jg and 5{“ = ¢] o @y, of these augmentations.

Remark 8.4. It is important to note that a—:ar need not be the lift of
an augmentation into I in general, even in the case when ¢ is.

Writing % for the universal cover of the compactification ¥ of ¥, there
is a long exact sequence:

(30)
-« LCH" ' (A*; R[m(2)])

€0 5€1

{
Hp1-5(S,0_5; R) —= LCH*  _(A=; R[m(2)])

€0 +€1

|
LOHY, (A" R[m(2)]) = -
€0 :€1
The identification of the topological term Hn+1_k(§], - R) is proven
in the same manner as before (see Theorem 7.9), while making the
observation that the Morse homology of a manifold with coefficients
twisted by its fundamental group computes the homology of its universal
cover.
Finally, we point out that
LCH® _(A™;R[m(%)]) = LCHY (A7) ® R[m(2)]
01 0

€0 €1

is satisfied when A~ is simply connected.

8.3. Augmentations in finite-dimensional non-commutative al-
gebras. In this subsection we describe how augmentations into non-
commutative unital algebras, as used by the second and fourth authors
in [27], fit into the framework of this article. Since we will be interested
in computing the ranks of linearised complexes, we will restrict ourselves
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to the case when the augmentations take values in algebras which are
finite-dimensional as vector spaces over a field F.

A finite-dimensional augmentation of the Chekanov-Eliashberg alge-
bra is a unital DGA homomorphism

e A(A) — A,

where A is a not necessarily commutative unital algebra over the ground
field F, seen as a DGA with trivial differential and concentrated in
degree 0. Here F denotes the field that was used as coefficient ring for
A(A). Recall that the existence of such a (graded) augmentation is
equivalent to the existence of a finite-dimensional representation of the
so-called characteristic algebra, which is defined as the quotient algebra
A(A)/(0(A)) by the two-sided ideal generated by the boundaries (see
551).
Given two such augmentations

et AAT) = A;, i=0,1,

we can define the linearised and Floer complexes as free left Ag®p(A7)°P-
modules or, put differently, as free Ag — A1 bimodules.

To construct the differentials in this setting one proceeds as in [27].
The differentials are of the form

d((a0 @ ar)z) =D > #M(y;67,2,¢7) 2067 )ag ® are1(¢7) -y,
Y T ¢T

where x and y denote either intersection points or Reeb chords, and

where a; € A;, 1 =0, 1.

Remark 8.5. This convention tells us that the differential is defined
by multiplication of Ag®p (A1) from the left, and is hence a morphism
of right Ag ®r (A1)°P-modules.

The long exact sequences in homology for these bimodules now follow
verbatim from the proofs in the case when the augmentation is taken
into F. It is important to notice that all the complexes above are finite
dimensional as vector spaces over F. More precisely,

dimp LCC* (AT, AT) = |R(A, AT)| - dimp Ag - dimg Aj,
while
dimp H.(X, Y Ay Qp (Al)Op) = dimp H.(X, Y; F) dlm]F(AQ) dlmF(Al)
holds by the universal coefficients theorem.
ExXAMPLE 8.6. There are examples of Legendrian submanifolds which
admit augmentations into finite-dimensional non-commutative unital al-
gebras, but which do not admit any augmentation into any commutative

unital algebra. We refer to Part (1) of Example 9.4 below for Legendrian
torus knots, found by Sivek in [62], which admit augmentations into the
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matrix algebra Ma(Zsz). The second and the fourth author later used
these examples in order to construct plenty of Legendrian submanifolds
inside contact spaces (R?"*1 £q) for arbitrary n € N whose Chekanov-
Eliashberg algebras admit augmentations into My (Zs), but not into any
commutative algebra.

8.4. The fundamental class and twisted coefficients. In this sec-
tion we will introduce the fundamental class in the setting of twisted
coefficients. We will prove that this class coincides with a twisted co-
efficient version of the fundamental class introduced in [36]. We will
also prove that it is functorial under exact Lagrangian cobordisms. In
Section 9.3.1 we will use this functoriality to prove Theorem 1.11. In
the following we let ¥ be a connected exact Lagrangian cobordism from
A~ to AT, where the latter Legendrian submanifolds are connected as
well.

8.4.1. The definition of the fundamental class. Recall that in Sec-
tion 7.5 we defined the map

GL s Ho(S; R) — LCH?* (A*:R).
The underlying chain map of GEES 1 ifts to the corresponding com-
plexes with twisted coefficients. Namely, we define the chain map by
the same count of pseudoholomorphic strips, but where the count takes
the homotopy class of the boundary of the strips into account in the

manner described in Section 8.2. The lifted map on homology will be
denoted by

G54 Hu(S; Rim()]) — LOHT % (A5 Rim (2)).

Observe that this map is R[mi(X)]-linear from the left, and hence
can be interpreted as being 7 (3)-equivariant in the appropriate sense.
Also, we recall that H,(X; R[m(X)]) is isomorphic to He(Z, R) of the
universal cover 3 — % (observe that ¥ and ¥ are homotopy equivalent).

Later we will be particularly interested in the case when A™ is simply
connected and when 5?, 1 = 0,1 both are induced from augmentations
in the ground ring R. In this situation the universal coefficients theorem
gives us an identification

(31)  LOH? (A Rm()) = LCHY, . (A*; R) or Rim ()]

Choosing a generator m € Hy(X; R[m1(X)]), the fundamental class
induced by 3 is defined to be the image
~£0 €1 .
xm

=GP (m) € LOH: (A Rlmi(2))).

Let Aie be a C'-small perturbations of positive push-off of AT by the
Reeb flow as defined in Section 7.3. If we identify a standard contact
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neighbourhood of A* with the jet space J'AT, we can identify Aie with
the jet j'gT C J'AT of a Morse function g*: AT — R. We assume that
g™ has a unique local minimum m™ € AT. We will denote by m™ also
the Reeb chord from AT to AY, induced by it.

There is a twisted “banana” chain map

~ + +
b: LCCS ™ (AL, AT; R[mi(2)]) = LOCT7*(A*, AL; R[mi ()
€0 561

+ +
u

defined as b(y0,1) = 32 60 ! 41,0, where
u

u € 'A/lIRxAW‘,RxAi6 (7170’ g, 70,1, C)

The twisted coefficient version of the fundamental class of [36] is the

class
+ o+
(32) G € LOHT, (A% Rm(2))
J 0 €1

defined as the image of b(m™) by the identification
(63 LCH? (A AL:RIm(D)]) = LOI?, (A5 Bl ().

which holds by [16, Proposition 2.7]. The following proposition shows
that the two definitions of the fundamental class given above in fact
coincide. Its proof is postponed until Section 8.4.3.

Proposition 8.7. Assume that the natural map
Ho(A™; R[m1(2)]) — Ho(%; R[m1(2)])

sendsm™ € Ho(AT, R[m(2)]) tom € Ho(3; R[m1(X)]). For appropriate
choices of almost complex structures and Hamiltonian perturbations in
the constructions, there is an identification

+ ot -
G0 =8 € LOHY, (A% R[m (%)

)

of fundamental classes.

In Section 9.3.1 we will see that Theorem 1.11 is a direct consequence
of the above proposition.

8.4.2. Slightly wrapping the end. The push-off ¥, of ¥ as used
in the proof of Theorem 1.2 (cf. Section 7.5) will here be constructed
with additional care. Since X, is C'-close to ¥, it can be seen as
the graph of dF inside a Weinstein neighbourhood of ¥ for a C?-small
Morse function F': ¥ — R with appropriate behaviour outside of a
compact subset. The goal in this subsection is to choose this Morse
function to be of a particular form, so that the technique from the end
of the proof of Proposition 6.2 can be used to compute the relevant
part of the component dyg of the Cthulhu differential. Recall that the
latter computation concerns the differential of a pair of trivial cylinders,
where one of them has been wrapped by applying the Reeb flow. These
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i i i t
T TT+a

TR e \/

Figure 12. The function h. The corresponding Hamil-
tonian vector field is e~ *h/(t)0..

techniques will be applicable here as well since we will achieve making
the (relevant part of the) push-off, which is the graph of dF, to be given
by a small ‘wrapping’ of the end.

Remark 8.8. Recall that a similar argument was used in Section 7.4.
The difference here is that the wrapping takes place near the positive
end instead of near the negative end, and that we want some additional
control of the Morse function F' describing the push-off.

Here we suppose that ¥ is cylindrical outside of the subset [—T', T x
P x R. We will take a Hamiltonian h(t,p,z) = h(t) + e'g(t,p) as in
Section 7.2 such that h is a function as shown in Figure 12 and g is a C?-
small function satisfying d,g = 0 for |¢| > T. The complex Cth(3, ¥.)
is of the type considered in the proof of Theorem 1.2 because A_, = A_,
and AY, = AT, and can thus be used in order to define the Seidel
isomorphism.

Lemma 8.9. For a suitable function h as above and € > 0 sufficiently
small, X¢p, is given as a section dF in a Weinstein neighbourhood of ¥,
where F': ¥ — R is a Morse function. Furthermore, we may assume
that

1) A;& is given as a section j'gT C J'AT for a standard Legendrian
neighbourhood of the positive end AT of ¥ with g*: AT — (0,€] a
small Morse function with a unique minimum m™,

2) O F >0 and O,F < 0 holds for all t > 0 and t < 0, respectively,
and

3) there is a unique local minimum m of F which appears near the
slice {t =T 4 a}, and which corresponds to the unique minimum
m™ of the Morse function g+.
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The Morse functions F': ¥ — R and g™ : AT — R both have unique
local minima, denoted by m and m™, respectively. Now we will see
that it is also is possible to assume that there is a unique Floer strip
connecting the minimum of F' with the chord at +o0o corresponding to
the minimum of g*. In fact, this Floer strip can be identified with a
gradient flow line from the critical point m™, seen as a saddle point at
+00, to the global minimum m of F.

Lemma 8.10. Let X be the Hamiltonian push-off of 3 described
in Lemma 8.9. There exists almost complex structures for which the
canonical projection

[T,400) x PxR — P

is pseudoholomorphic (in particular, J is a cylindrical lift in the convex
endt > 0) and there is a unique and transversely cut out J-holomorphic
disc having boundary on X U X, and a single positive puncture asymp-
totic to v,,+. This disc is moreover a rigid strip having precisely two
punctures, where the second puncture is mapped to the intersection point
m € XN X, corresponding to the unique minimum of the Morse func-
tion F'.

Proof. This follows by the same technique used in the end of the proof
of Proposition 6.2. Also, see the explicit calculation made in [25, Lemma
8.2] as well as in the proof of [16, Theorem 2.15]. The key observation is
that the boundary of X, N {t < T+ a— ¢} is a submanifold A’ which is
Legendrian in {T'+a—d} x P xR (for some small § > 0), and therefore
Yn can be obtained from X, N {t < T + a — 6} by concatenation
with a small “wrapping” of R x A’ using a suitable t-dependent positive
rescaling of the Reeb flow. This is possible because 9,9 = 0 if ¢ > 0.
q.e.d.

8.4.3. The proof of Proposition 8.7 and functoriality.

Proof of Proposition 8.7. Let [, denote the coefficient of the Reeb chord
ed et

At mt*
of rigid punctured holomorphic bananas in the moduli spaces of the

~ in the fundamental class ¢ Recall that [, is given by the count

form MRXA+’RXA; (7;8,m™,¢), where each strip is counted with the
weight e (8)e7 (€).

Now we consider the moduli spaces My 5, (v; 8, m™, ¢) of punctured
holomorphic bananas with boundary on ¥ U X, having precisely two
positive punctures, one of which is asymptotic to the Reeb chord m™
from AT to A; corresponding to the minimum of the Morse function g™,
and the other one is asymptotic to the Reeb chord ~ from A:;L to AT. By
combining the properties of the non-negativity of the Fredholm index for
a generic path of admissible almost complex structures, together with
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the positivity of the energy, we can conclude the following: the com-
pactification of the index one moduli spaces My s, (v;8,m*, ¢ Je) a
priori consists of pseudoholomorphic buildings of the following different
kinds when the path of almost complex structures is generically chosen:

1) Pseudoholomorphic buildings with:

e a level consisting of a punctured banana of index one with
boundary on R x AT UR x A}, (which hence is rigid up to
translations), and

e alevel consisting of punctured discs of index zero having bound-
ary on either ¥ or Xy,.

2) Pseudoholomorphic buildings with:

e a level consisting of a punctured strip of index one having
boundary on R x AT UR x A}, (which hence is rigid up to
translation) together with a trivial strip over a Reeb chord,
and

e a level consisting of a single punctured banana of index zero
having boundary on ¥ U Y.

3) Pseudoholomorphic buildings with:

e a level consisting of two punctured strips of index zero having
boundary on ¥ U ¥, and

e a level consisting of a punctured banana with boundary on
R x A~ UR x A, which is of index one (and hence rigid up to
translation).

4) Pseudoholomorphic buildings with:

e a level consisting of a punctured banana of index zero having
boundary on ¥ U ¥, and

e a level consisting of a punctured disc of index one with bound-
ary on either R x A~ or R x A_, (which hence are rigid up to
translation), together with additional trivial strips over Reeb
chords.

5) A broken punctured strip having boundary on YUY, with match-
ing ends asymptotic to an intersection point between ¥ and X,.

See Figure 13 for a schematic picture of the above pseudoholomorphic
buildings.

A gluing argument implies that the configurations in (1) are in bijec-
tion with the configurations contributing to the coefficient of « in the

+ .+
fundamental class Ej\ofo +. Similarly, the count of the configurations in
m

(5) gives the coefficient of v in é;& ol (m) by Lemma 8.10. We proceed
to infer that the count of all buildings of type (2)-(4) is equal to the

coefficient of ~ in the expression d et © b>1*(m*), from which the

sought equality on the level of homology now follows. (As usual, all
counts above are weighted by the augmentations €, , ¢ = 0, 1.)
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Figure 13. The pseudoholomorphic buildings (1)-(5)
described in the proof of Proposition 8.7. The number
on each component denotes its Fredholm index.

(2): There are two cases: either the non-trivial strip in the top level
has a positive puncture asymptotic to m™, or it has positive puncture
asymptotic to «. The former case can be excluded by actions reasons,
while the count of the latter configurations corresponds exactly to the
coefficient in front of v of the boundary dag,aj o b™1>(my).

(3): There are no buildings of this type. Namely, by Lemma 8.10,
we may assume there are no punctured pseudoholomorphic strips with
boundary on ¥ U X, having positive asymptotic to the minimum m™
and a negative asymptotic to a Reeb chord from A to A_,.

(4): The sum of these contributions vanishes, as follows from the fact
that €;7, 4 = 0,1, vanishes on any boundary of the Chekanov-Eliashberg
algebras of A~ and A_, (see (II) in Section 4). q.e.d.

The argument above allows us to prove the fact (already pointed
out in [37]) that the fundamental class is functorial with respect to
exact Lagrangian cobordisms. Indeed, stretching the neck in the slice

€0 €1

{t = =T} decomposes the map G‘;O 1 into @;0 1 G\, where @y
is the DGA morphism induced by the cobordism. Alternatively, one
can also use the long exact sequence produced by Theorem 1.3 together
with Proposition 8.7 in order to deduce this. In either case, we have:

Theorem 8.11. [37, Theorem 7.7] Let ¥ be a connected exact La-
grangian cobordism from A~ to AT, and let e; , i = 0,1, be augmenta-
tions of the Chekanov-FEliashberg algebra of A~ which pull back to aug-
mentations 5;r under the DGA morphism ®x, induced by 3. It follows
that S L
(I);) o (Cj\o—’;ll—) = cf\o+7,€nll+a
i.e. the fundamental class is preserved under the bilinearised dual of the
DGA morphism induced by X, under the additional assumption that the
images of m* under the natural maps Ho(A*,F) — Hy(X) agree.
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Remark 8.12. Recall that the fundamental class cio’rfll is guaranteed

to be nonvanishing in homology only when 9 = €1; we again refer to
[36, Theorem 5.5].

8.5. A brief introduction to homology with L?-coefficients. We
use the technology of L2-Betti numbers, introduced by Atiyah in [7],
as a tool to study rank properties of Legendrian contact cohomology
when the coefficient ring is a (countable) group ring C[r] for a group
m. This technique will be used later in the proof of Theorem 1.13,
see Section 9.3.2. The main idea is to replace C[x]|, which is not a
priori a Noetherian ring, with a more manageable module. Namely, we
consider its L?-completion £?(7) defined by the set of functions f: 7= —
C satisfying > . | f (9)|> < oo, endowed with its natural structure of a
Hilbert space.

We do not intend to give a comprehensive introduction to the sub-
ject of L?-homology and L2-dimension, but we still try to give an un-
derstandable overview of the techniques we use. For more details we
refer the reader to the book of Liick [53] and the introductory paper of
Eckmann [29] as the main references for the results used.

A Hilbert m-module V is a Hilbert space over C on which 7 acts by
isometries. It is said to be finitely generated if it admits a m-equivariant
isometric embedding i: V — £2(7) ®c C™ for a some m € N. When
this is the case, there is also a m-equivariant orthogonal projection
p: £2(7) @c C™ — V such that poi = Idy.

Morphisms of Hilbert m-modules are m-equivariant bounded linear
maps. Given an endomorphism f: V — V of a finitely generated
Hilbert module, we define its von Neumann trace by

m
(34) trea(f) =Y (Fl®e)1@e),

i=1
where f := io fop and {e;} is the standard basis of C™. A simple
computation shows that this trace only depends on f and not on the
particular choice of the embedding.

The von Neumann dimension of V is dimy2(V') = trp Idy, which is a
non-negative number bounded from above by m, under the assumption
that V can be embedded in ¢2(7) ®c C™. Note that the von Neumann
dimension can take non-integer values.

A sequence of morphisms of Hilbert m-modules

Udlv e w

is weakly exact (at V) if im f = kerg. The following basic properties
will be crucial:

Lemma 8.13 (Theorem 1.12 in [53]). 1) V =0 holds if and only
Zf dimp (V) = 0,’
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2) If
0=USVEW S0

is a short weakly exact sequence, then dimy (V) = dim:(U) +
dimp (W)

If (Ce,0) is a complex of finitely generated free C[r]-modules, we

can consider its £2-completion (C,,0); where Cy = C, ®cCn] (@) and

0 =20 ®cr] Idg2(r). Then (C,,0) is a complex of finitely generated

Hilbert m-modules. Its L?-homology, denoted by H.(Q)(C., 0), is defined
as

H.(Q)(C., 0) = kerg/m ;

i.e. as the quotient of the subspace of cycles by the closure of the

subspace of boundaries. It follows from the definition that H.(2) (Ce,0)
is also a finitely generated Hilbert m-module.

Lemma 8.14. If (C,, ) is a complez of finitely generated free C[r]-
modules, then

dimp H? (Cy,d) < dime C; @py C.
Furthermore, for a finite-dimensional complex (C,,d") over C, we have
H?(C, © Cln], 8 © dep) = Hi(Cl, ') ¢ (),
and thus, in particular,
dimp H? (CL @ Cln], & @ 1dgpy) = dime Hi(Cl, ).

Proof. The first statement follows from Lemma 8.13 together with
the Hodge decomposition in [53, Lemma 1.18]. The second statement
follows by a direct computation. q.e.d.

For a pair of finite CW complexes (X,Y), Y C X and a group homo-
morphism ¢: 71 (X) — , there is an induced covering (X,Y) — (X,Y)
with a natural free m-action. (We do not assume that the total space
of a covering is connected.) When (C,, 0) is the m-equivariant cellular
complex associated to such a covering, we will write the correspond-
ing L?-homology groups by H.(Q)(X,Y;gp) or, by abuse of notation,
HY(X,Y ;7).

L?-homology for finite! CW-complexes satisfies a version of the exact
sequence for the pair and of Mayer-Vietoris sequence.

Proposition 8.15. Let X be a finite CW-complex and p: w1 (X) —
T a group homomorphism.

!The finiteness condition can be relaxed, but not completely removed.
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1) If Y C X is a sub-CW complex and x € Y, then there is a long
weakly exact sequence

= HY (X, Y;m) = HO(Y;7) = HP (X;7) = HY (X, V7)) — .

it1
2) If X9, X1 C X are sub-CW-complexes and x € XoN X1, then there
1 a long weakly exact sequence

— Hi(-?—)l (X;m) —

— Hi(Q)(XO NXy;m) — HZ-(Q)(X();T(') @ Hi(z)(Xi;ﬂ) — Hi(Q)(X;TF) — .

Sketch of proof. Let X — X be the cover induced by ¢ and let }7, X’o, X,
be the preimages of Y, Xy, X7 respectively. There are m-equivariant
short exact sequences of cellular homology complexes

0= Co(Y) = Co(X) = Co(X,Y) = 0

and
0 — Co(XoNX1) = Co(X0) ® Co(X1) = Cu(X) — 0.

If we complete the C[r]-modules appearing in the above exact sequences,
we obtain short exact sequences of complexes of finitely generated
Hilbert m-modules. Since complexes of finitely generated Hilbert -
modules are automatically Fredholm in the sense of [53, Definition 1.20],
we can apply the snake lemma for L2-homology due to Cheeger and
Gromov [18] (see also [53, Theorem 1.21]), from which the long weakly
exact sequences follow. q.e.d.

Let io — Yo be the covering associated to a group homomorphism
p: m(3g) — 7w and let €;, i = 0,1 be augmentations of the nega-
tive ends A; with values in C[r]. Then we can complete the bilin-
earised Legendrian contact homology complexes LCCE'S:’E%(A(:)E,A% )

and the Cthulhu complex Cth(X,X1;7) of Section 8.2. This con-
struction yields L? bilinearised Legendrian contact homology groups

LCHg(?;% (AF,Af;7) and LOHSS (A ).

The proof of acyclicity goes through for the completed Cthulhu com-
plex and, since it is a complex of finitely generated Hilbert m-modules,
when either do_ = 0 or d_g = 0 (e.g. if Lemma 7.2 holds) the L? Snake
Lemma of Cheeger and Gromov yields an L? version of the exact se-
quences (23) and (24). Finally, the same arguments of Section 7.3 go
through in the L? setting, and therefore we have the following proposi-
tion.

Proposition 8.16. Let ¥ be a relative Pin exact Lagrangian cobor-
dism with ends AT and A~. If p: w1 (X) — 7 is a group homomorphism,
gy, €1 are augmentations of A_ with values in C[r] and C respectively,
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and 53 = EIVJE o¢gg, 5f = &y 0e] are their pull-back, then there is a
weakly exact sequence

D°_(Asm) LCH®"®, (A*;m)

€0 €1 €9 €1

\ /

ol (2,0-%;7)

LCH@*

9. Applications and examples

In this section we deduce all applications mentioned in the intro-
duction of the paper. In addition, we provide explicit examples of La-
grangian cobordisms: both examples to which our results apply, but
also examples showing the importance of the different hypotheses used.
We will use H(X) to denote the total homology of X, and a similar
convention will be used for the Legendrian contact homology.

9.1. The homology of an endocobordism. The following proofs of
Theorems 1.6 and 1.8 are similar to the proofs given in [26].

Proof of Theorem 1.6. We begin by showing the result in the case when
F = Zy. (i): First, recall the elementary fact from algebraic topology
that

(35) dimp H(%; F) > dimyp H (A; )

is satisfied, which follows by studying the long exact sequence of the
pair (3, 0Y) together with Poincaré duality (see [26, Lemma 2.1]).
We proceed to prove the opposite inequality

dimp H(%; F) < dimp(A; F).
Linearised Legendrian contact cohomology satisfies the bound
dimg LCH./(A) < [R(A)|
for any ¢’. Thus we can fix an augmentation ¢ of A(A;F) satisfying
(36) dimp LCH.(\;F) = m;}x{dimﬁr LCH.(\;TF)}.
The exact triangle in Theorem 1.3 gives us
dimg LCH,  (A;F) >
> dimy LCH (A; F) + dimp H (X;F) — dimp H(A; F),

where £ is the augmentation of A(A; F) obtained as the pull-back e :=
e o &y, Formula (36) implies that dimp H(X;F) — dimp H(A;F) < 0.
Together with inequality (35), we obtain

(37) dimy H (X; F) = dimy H(A; F).
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In order to show that dimg H;(3;F) = dimp H;(A;F) for all 4, we
argue by contradiction, assuming that
diy(2) := dimp H;,(3;F) — dimg H;,(A;F) >0
for some ig. By the Mayer-Vietoris sequence we conclude that the in-
equality
dimp Hio (E © X F) > 2dimyp Hio (Z, F) — dimp Hio (A, IF)
holds. In particular,
dio (E ®© 2) = dim]}r HZ‘O(Z © 2; ]F) — dim]}? Hio (A, F) > 2dio (E),
which by induction then leads to a contradiction with equality (37). In-
deed, after the k-th iteration of this argument, we obtain the inequality
dimy Hy, (S92 F) > 284, (%),
where the right hand side is positive by assumption.

(ii): The argument is the same as the one in the proof of [26, Theorem
1.6 (ii)], and follows from Part (i) applied to the concatenation ¥ ® X.
Namely the Mayer-Vietoris sequence for the concatenation ¥ ® 3 seen
as two copies of X glued along the boundary component A shows that

dimp H(X © X;F) > 2dimg H(X;F) — dimg im(i} , i;})
and by the above result, we conclude that
dimpim(i, ,i}) = dimp H(Z; F) = dimp H(A; F),
from which the claim follows.

(iii): By contradiction, we assume that i} @i, : H(AUA) — H(X) is
not a surjection. Considering a representative V' C H(X) of the cokernel
of this map, which hence is of dimension dimg V' > 0, the Mayer-Vietoris
long exact sequence implies that the image of V @ V under the map

HX)pH®XY) - HXOY)
has image of dimension 2dimp V' > 0. Moreover, V &V is not contained
in the image of
if®—iy: HAUA) - HXoX).
Namely, the above inclusion factorises through the canonical maps as
if @ —iy: HAUA) - HXUY) —» HXEOY),

where the latter morphism is the one from the above Mayer-Vietoris
long exact sequence. In conclusion, the cokernel of

if @i, HAUA) —» HXOX)

is of dimension at least 2dimg V. Arguing by induction, now we arrive
at a contradiction with Part (i).

The proof is now complete for Zs. Under the additional assumption
that A is Pin, and admitting an augmentation in an arbitrary field F,
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Corollary 9.3 of Theorem 1.9 will imply that any endocobordism of A
is Pin as well. This allows us to repeat the previous argument with
coefficients in the field F. Note that Theorem 1.9 relies on Theorem 1.6
in the particular case F = Zs, which can be established without orienting
the moduli spaces, and therefore is independent of any assumption on
the Stiefel-Whitney classes of X. q.e.d.

We now prove the following theorem, of which Theorem 1.8 is an im-
mediate corollary. Observe that it can be proved also by using Theorem
1.6.

Theorem 9.1. Let A be an n-dimensional Legendrian homology
sphere inside a contactisation, 3 an exact Lagrangian cobordism from A
to itself inside the symplectisation, and F a field. If A(A;TF) admits an
augmentation, then He(X, A;F) =0, i.e. ¥ is a F-homology cylinder.

Proof. Let £ k > 1, be the k-fold concatenation of ¥ with itself,
which again is an exact Lagrangian cobordism from A to A. Since A
is a homology sphere it is Pin and, hence, X% is Pin for all k£ > 1 by
Corollary 9.3.

We fix an augmentation ¢ of A(A;F) and let 5 be the augmentation of
A(A;TF) obtained by the pull-back of € under the unital DGA morphism
induced by k.

The (ungraded version of the) long exact sequence in Theorem 1.1
becomes

(38) LCH.(A) LCH.,(A)

\ /

HE, 0.5 )

Observe that
0, 1=0,n+1,
kdimHi(f,ﬁ_f;IF), O<i<n+1,

as follows from the Mayer-Vietoris long exact sequence together with
the assumption that A is a F-homology sphere.
Since the linearised contact cohomology satisfies the bound

dimp LCH.(A) < |R(A)|
for any augmentation ¢/, we get the inequality
kdim H; (Z,0_5;F) = dim H; (57", 0_5°% F) < 2/R(A)], 0 < i < n+1,

for each k, where the exactness of the above triangle has been used to
show the last inequality. In conclusion, we have established

dim H;(%,0_3;F) =0, 0<i<n+1,
which finishes the proof. q.e.d.

dim H; (%%, 0_5°%,F) = {
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Proof of Theorem 1.8. Since A is assumed to have an augmentation over
7Z it admits an augmentation over Q as well. And thus it follows from
Theorem 9.1 that He(X, A; Q) = 0 and thus that He(X, A;Z) is torsion.
The augmentation over Z also induces an augmentation over any finite
field, and thus Theorem 9.1 implies that He(3, A;Z) has no p-torsion
for any prime p. Thus He(X, A;Z) = 0. q.e.d.

Remark 9.2. Following the discussion in Section 8.3 we get that
Theorem 1.6 holds under the weaker assumption that the Chekanov-
Eliashberg algebra admits a non-commutative augmentation in a finite-
dimensional F-algebra. (The proof is a verbatim reproduction of the
precedent.) In the same manner, Theorem 1.8 thus holds under the
weaker assumption that the Chekanov-Eliashberg algebra admits a non-
commutative augmentation in a finite-rank Z-algebra of characteristic
Zero.

9.2. Characteristic classes of endocobordisms.

Proof of Theorem 1.9. Recall from Section 1.1.1 that Theorem 1.6 still
applies when the cobordism X is not orientable and has Maslov number
one i.e. when the Cthulhu complexes involving Y necessarily are un-
graded. In this case, however, we obtain exact triangles instead of long
exact sequences.

The dual statement of Part (iii) of Theorem 1.6 reads as follows:
let ¥ be an exact Lagrangian endocobordism of A, the map (i ,i*) :
H*(X,Z2) — H*(A U A,Zsy) is injective. Theorem 1.9 is then an im-
mediate corollary of this and of the naturality of characteristic classes.
Theorem 1.9 for the Maslov class and the Pontryagin classes follows
similarly, assuming that A is relatively Pin. q.e.d.

Theorem 1.9 implies the following.

Corollary 9.3. If A is orientable (respectively, Pin) and admits an
augmentation into a finite-dimensional Zs-algebra, then any exact en-
docobordism ¥ of A is orientable (respectively, Pin) as well.

This result can be seen as a generalisation of the result of Capovilla-
Searle and Traynor, see [13, Theorem 1.2].

ExXAMPLE 9.4. Recall that a Legendrian knot in the standard contact
R3 for which the Kauffman bound on tb is not sharp does not admit an
augmentation in a commutative ring [57].

1) Consider the family of the Legendrian representatives of torus
(p, —q)-knots Ap—q C R3 with ¢ > p > 3 and p odd described
by Sivek in [62, Figure 3]. Following Sivek [62], we observe that
tb(A(p—q)) = —pgq and, hence, from the classification result of
Etnyre and Honda [45] it follows that A, _g) is tb-maximising.
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Recall that Sivek [62] proved that the Chekanov-Eliashberg alge-
bra of A, _,) admits a 2-dimensional representation over Zz, but
for which the Kauffman bound on tb is not sharp. Therefore, these
Legendrian knots do not admit non-orientable exact Lagrangian
endocobordisms.

2) Consider Ay, _o#A, where pis odd, ¢ > p > 3, and let A be a tb-
maximising Legendrian knot of R? whose Chekanov-Eliashberg al-
gebra admits an augmentation (or, more generally, m-dimensional
linear representation) over Zs. Then, following the discussion in
[27, Lemma 4.3], we see that the Kauffman bound for A, _q)#A is
not sharp and that the Chekanov-Eliashberg algebra of A, _)#A
admits a finite-dimensional linear representation over Zs. In addi-
tion, from the fact that A, _,) and A are tb-maximising, together
with [46, Corollary 3.5] (or [65, Theorem 1.1]), it follows that
Ap,—g)#A also is tb-maximising. This leads us to many other ex-
amples, besides A, _,), which do not admit non-orientable exact
Lagrangian endocobordisms.

Remark 9.5. The above examples provide a negative answer to a
question of Capovilla-Searle and Traynor, see [13, Question 6.1]: it is
not necessarily the case that a Legendrian knot admits a non-orientable
endocobordism in the case when its Kauffman bound on tb is not sharp.

There is also an example due to Sivek, see [62, Sections 2.2 and
3], of a tb-maximising knot with non-sharp Kauffman bound on tb,
whose Chekanov-Eliashberg algebra does not admit a finite-dimensional
linear representation over Zs, but which does admit a representation in a
infinite-dimensional algebra. Unfortunately, in this case our methods do
not provide an obstruction to the existence of a topologically non-trivial
endocobordism.

9.3. Restrictions on the fundamental group of an endocobor-
dism between simply connected Legendrians. We now prove the
results concerning the fundamental groups of endocobordisms between
simply connected Legendrian submanifolds.

9.3.1. Proof of Theorem 1.11.

Proof of Theorem 1.11. Recall the construction of the fundamental class
in the setting of twisted coefficients carried out in Section 8.4. The proof
will be a straightforward consequence of Proposition 8.7 therein.

From the assumptions of the theorem, the Legendrian submanifold
AT has a unique augmentation e*. It follows that [36, Theorem 5.5] can
be applied, and hence the fundamental class Ef;;i . is non-vanishing.
By Proposition 8.7 we, moreover, conclude that this fundamental class
is the image of a generator m of Hy(X; R[71(X)]) under the map é;_’e_.
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Since AT is simply connected by assumption, it follows from (31) above
that this image is not torsion. In particular,

+ ot
9 Ej\+€ L # ¢, CA+ m+’ Vg € m(X).
Thus, m is not torsion either, and since it generates Ho(X; R[m1(2)])
we conclude that Ho(X; R[m1(X)]) = R[m1(¥)]. However, since X is

connected, we know that Ho(X; R[r1(2)]) = Ho(X) = R. In other
words, m1(X) is the trivial group, as sought. q.e.d.

9.3.2. Proof of Theorem 1.13.

Proof of Theorem 1.13. Here it will be crucial to use the machinery of
L?-coefficients as described in Section 8.5. We will denote 7 = 71 ().
Since A is Pin by assumption, it follows from Corollary 9.3 that the
k-fold concatenated cobordisms X% are Pin for all k > 1.

Let T°% be the quotient of LF_, 3, 3, 2 ¥, which identifies 04 (X) C
3 with (%) C Zj41. We will write o= = 0_T% 8+i®k, where
0.5 =95, 0,5 = 0,5

Further, consider the covering space S0k 5 59 obtained by gluing

the boundary of the universal cover I_IZ» 12 — I_IZ 13 in a m-equivariant
way via the identification of the induced cover

o[ [or(Z) = 04(E) S

gem
with the induced cover
Sit1 D | ]0-(%) = 0-(%) C Tipa.
gem

Observe that the covering Sk 5 59" obtained is induced by a group
epimorphism

T (X )=Ea k. xm = =m(X)
k

given by multiplying all elements in a word.

First, we will consider the case |71(X)| < co. Under this assumption,
the version of the long exact sequence in Theorem 1.1 applied to the
system of local coefficients induced by the covering nok 57k (see
Section 8.2) becomes
(39)

LC’H;E(A;(C[W]) LC’H’ (A; C[n])

Hy(39F,0_5°%;C)
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Here the augmentation ¢ is the pull-back of the augmentation £ under
the unital DGA morphism induced by % and & is the twisted pull-

back of €.
For k > 0 sufficiently large, unless |71 (X)| = 1 the equality

dime (H1 (%%, 0_%%%: C)) = (|7()| — Dk, k> 1,

proved using the Mayer-Vietoris exact sequence, together with the uni-
versal bound

dime LOHY, ., (A; Cm()]) < [m(D)[[R(4)

gives a contradiction.

It remains to show that |m(X)| is finite. Assuming the contrary,
we apply the long weakly exact sequence from Proposition 8.16 to the
cobordisms ¥°F to obtain the following weakly exact triangle:

LOHE (A;m) LCH®® (A7)

B (£ 05 m)

The inequality
diméz(HF)(i@k,8_i®k;7r1(2))) >k,
shown in Lemma 9.6 below, together with the universal bound
dimp LCHS®(A) < [R(A)],

which follows by Lemma 8.14, finally gives a contradiction. It thus fol-
lows that 71(X) is finite, and therefore trivial by the previous argument.
q.e.d.

9.3.3. Estimating the first L?-Betti number of a tower. We finish
the proof of Theorem 1.13.

Lemma 9.6. If the fundamental group m is infinite, then the L?-
homology group H1(2) (iQkﬁ,i@k;w) satisfies
dimg (H? &, 0_5%, 7)) > k.
Proof. Lemma 8.14 implies that
H(()2) (0+3; ) = £*(7) and H1(2) (0+3;7) =0,

since 0+ are connected and simply connected. Observe that we also

have

ok

I_"0(2)(i 777) = 07 k > 17
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as follows from [53, Theorem 1.35(8)], using the fact that 7 is infinite.
The long weakly exact sequence of a pair (Proposition 8.15(1)) imme-
diately implies the base case

dime H? (S, 0.5 1) = dimpH?(Z,0_S;7) > 1

as well as the vanishing
HPE 0_5% 1) = 0.
The Mayer-Vietoris long weakly exact sequence (Proposition 8.15(2))

. H<2>(a Sim) =
-~ HPE ) P E" Y o 5"V a)
- HPE 0.5 )
— H (8 7r) —-0—.
together with H( )( (7)) = 0 and [53, Theorem 1.12(2)] gives

that
dimg2 Hl(Q) (ka , a_5" ) >

> dimpHP(EOF D o 500,

) + dlmng( )(872; ).
Since dimg2 HéQ) (0_3%;7) = 1, the claim now follows by induction. q.e.d.

9.4. Explicit examples of Lagrangian cobordisms. In this sub-
section we discuss some examples to illustrate the applications of this
section. We start by recalling a few general constructions of Legendrian
submanifolds and exact Lagrangian cobordisms.

9.4.1. A Legendrian ambient surgery on the front-spin. The
front S™-spinning construction described in [50] by the fourth author
constructs a Legendrian embedding XgnA C (R2MH0+1 ¢ 1) of §™ x
A, given a Legendrian embedding A C (R?"*! &q). In the same ar-
ticle, it was also shown that the same construction can be applied
to an exact Lagrangian cobordism ¥ C R x R*™*! from A~ to AT
inside the symplectisation, producing an exact Lagrangian cobordism
YgmY C R x R2OHM)H from Sem A~ to gm AT that is diffeomorphic
to S™ x 3.

Consider a Legendrian knot A C (R3,&q). Its left-most cusp edge
in the front projection for a generic representative corresponds to a
cusp edge diffeomorphic to S™ in the front projection of the front spin
YgmA C (R?™F3 £4q). Moreover, this cusp edge bounds an obvious
embedding of an isotropic (m + 1)-disc D C (R2m+M)+1 ¢ 1) whose
interior is disjoint from Y gm A, while its boundary coincides with this
cusp edge; see Figure 14.

A Legendrian ambient m-surgery, described in [24] by the second au-
thor, can be performed on the sphere S < Y gm A corresponding to the
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xy

Figure 14. The front projection of the front spin
YA C (R® &4q) near the left-most cusp of A C
(R3,&4tq4). The corresponding cusp-edge for the front
projection of the front spin bounds an obvious embedded
Legendrian disc D intersecting X1 A cleanly along this
cusp edge.

***********

o H A+

z1

Figure 15. The front projection of the Legendrian sub-
manifold AT C (R® &q) obtained after a Legendrian
ambient surgery on the front spin ¥g1A C (R?, &),
utilising the Legendrian disc D as shown in Figure 14.

cusp edge 9D, utilising the bounding Legendrian disc D. The Legen-
drian submanifold AT c (R2(m+m)+1 ¢ 1) resulting from the surgery has
the front projection shown in Figure 15 in the case of m = 1 = dim A.
Recall that there also is a corresponding elementary Lagrangian (m+1)-
handle attachment, which is an exact Lagrangian cobordism from »gm A
to the Legendrian submanifold A™ obtained after the surgery. Topolog-
ically, this cobordism is simply the handle attachment corresponding to
the surgery.

9.4.2. Non-simply connected exact Lagrangian fillings of Leg-
endrian spheres (the proof of Proposition 1.17). Using the con-
structions in Section 9.4.1, the sought examples will not be difficult to
produce. We start with a Legendrian knot A C (R3,&q) which ad-
mits a non-simply connected Lagrangian filling Y. For instance, we can
take the Legendrian right handed trefoil knot and one of its exact La-
grangian filling diffeomorphic to a punctured torus; see [37]. It follows
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that LgmA C (R2MHD+L £ 1) is a Legendrian S™ x S which admits
an exact Lagrangian filling ¥ gm Y diffeomorphic to S™ x ¥; this filling
is of course also not simply connected.

The Legendrian ambient surgery along a cusp-edge in the class S™ x
{p} for p € A corresponding to the left-most cusp edge of A C (R3, &iq)
as described above produces a Legendrian sphere A’, and concatenating
Y.gm3 with the corresponding elementary Lagrangian (m + 1)-handle
provides a non-simply connected filling X' of A’.

Remark 9.7. Theorem 1.13 rules out non-simply connected endo-
cobordisms of A’. However, the existence of the non-simply connected
filling implies that Theorem 1.11 does not apply to ¥’. By using Re-
mark 1.12, one thus sees that this Legendrian sphere necessarily has
Reeb chords in degree zero, and that it moreover admits at least two
distinct augmentations.

9.4.3. Non-invertible Lagrangian concordances. Here we will
prove the statement that

Proposition 9.8. In all contact spaces (R*"1, £q) withn > 1 there
exists a Legendrian n-sphere A of tb = (—1)=D(0=2)/24n yhich is fill-
able by a Lagrangian disc, but which admits no Lagrangian concordance
to the standard Legendrian sphere Ag of tb = (—1)(*=D(=2)/2+n  (pe_
call that the filling induces a Lagrangian concordance from Ag to A.)

In [15] the first author proved that the relation of Lagrangian con-
cordance is not symmetric by establishing the above proposition in the
case n = 1. More precisely, it was shown there that the Legendrian
representative Ag,, C (R3,&sq) of the knot 946 as depicted in Figure
16 (satisfying tb = —1; this is maximal for this smooth knot class),
which is fillable by a Lagrangian disc, is not concordant to the standard
Legendrian unknot Ag of tb = —1.

Recall that an exact Lagrangian filling by a disc can be used to con-
struct a concordance C from Ag to Ag,,, which was explicitly described
in the same article. One such concordance is described in Figure 17
below. Note that along the entire concordance the leftmost cusp-edge
p is fixed, and so we can assume that the cylinder C' coincides with the

/%

Figure 16. Front (left) and Lagrangian (right) projec-
tions of the maxnnal TB m(946) knot.
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<X - <K
ELX <X
L - ==

Figure 17. A Lagrangian concordance from Ay to Ag,,.

trivial cylinder R x [ for a small arc p € [ C Ag,, inside a neighbourhood
of this cusp. This fact will be important below.

Using the results in the current article, the non-existence of a con-
cordance from Ag,, to Ag can be reproved by applying Corollary 1.15
together with the calculations in [15]. Namely, in the latter article it
is shown that, for an appropriate pair €g,e1 of augmentations of the
Chekanov-Eliashberg algebra of Ay, we have

LCHiolﬁl (A946) #0,

and no concordance going the other way can thus exist by Corollary
1.15.

The front spinning construction produces exact Lagrangian concor-
dances Y gnC C R x R3T?™  obtained as the front spin of C, from
ESMAO C (R3+2m,§std) to ESmA946 C (R3+2m7§Std)' Here, the latter
Legendrian submanifolds are the front spins of Ag and Ag,,, respec-
tively. In [16, Section 5] the authors proved using the Kiinneth formula
in Floer homology that again

LC}I{OI’gl (ZST"A946) #0

holds for a suitable pair of augmentations, which together with Corollary
1.15 implies that there is no Lagrangian concordance from ¥gmAg,, to
ZSWAO.

Recall that Ygm Ag=Y gmAg,;=S™ x S, while ¥gm O=R x S™ x S1.
We will now perform an explicit modification of the above example
to produce an example of Legendrian spheres in all dimensions which
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admit a concordance from the standard sphere, but which do not ad-
mit a concordance to the standard sphere; this establishes Proposi-
tion 9.8.

Proof of Proposition 9.8. The Legendrian ambient surgery can be per-
formed to the cusp-edge of the front projection of ¥ gmAg,, correspond-
ing to the left-most cusp edge p € Ag,,. In this way, a Legendrian
sphere AT C (Rz(mﬂ)“,ﬁstd) is produced. Since the concordance C'
moreover may be assumed to be a trivial cylinder over a neighbourhood
of p € A and, hence, so is XgmC, we obtain a Lagrangian concordance
from A~ to AT, where A~ is the Legendrian sphere obtained by per-
forming the corresponding Legendrian ambient surgery on Y gmAg. In
fact, the latter sphere is the standard Legendrian (m + 1)-sphere of
tb = (_1)(m(m—1)/2+m+1.

Recall that the Legendrian ambient surgery also produces an exact
Lagrangian handle attachment cobordism from X gm Ag,, to A*. Inspect-
ing the long exact sequence induced by Theorem 1.1, we immediately

+

conclude that there are augmentations €;", ¢ = 0,1 for the Chekanov-

Eliashberg algebra of the Legendrian sphere AT satisfying

+ .+ €0,€
LCH™ ' (A*)2LOH™™ (Sgnhg,,) # 0.

Once again, Corollary 1.15 shows that there exists no concordance from
AT to A™. q.e.d.
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