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LORENTZIAN EINSTEIN METRICS WITH
PRESCRIBED CONFORMAL INFINITY

ALBERTO ENcCISO & NIKY KAMRAN

Abstract

We prove a local well-posedness theorem for the (n+ 1)-dimen-
sional Einstein equations in Lorentzian signature, with initial data
(g, K) whose asymptotic geometry at infinity is similar to that
anti-de Sitter (AdS) space, and compatible boundary data g pre-
scribed at the time-like conformal boundary of space-time. More
precisely, we consider an n-dimensional asymptotically hyperbolic
Riemannian manifold (M,g) such that the conformally rescaled
metric 2% (with x a boundary defining function) extends to the
closure M of M as a metric of class C"~!(M) which is also poly-
homogeneous of class C’g

olyhom (M ). Likewise we assume that the

conformally rescaled symmetric (0,2)-tensor 22K extends to M
as a tensor field of class C"~1(M) which is polyhomogeneous of
class Cg;;hom(ﬂ). We assume that the initial data (g, K) sat-
isfy the Einstein constraint equations and also that the boundary
datum is of class CP on OM x (—Tp,Tp) and satisfies a set of
natural compatibility conditions with the initial data. We then
prove that there exists an integer r;,,, depending only on the di-
mension n, such that if p > 2¢ + r,, with ¢ a positive integer,
then there is T > 0, depending only on the norms of the initial
and boundary data, such that the Einstein equations (1.1) has
a unique (up to a diffeomorphism) solution g on (=7,7T) x M
with the above initial and boundary data, which is such that
x2g € C"Y((-T,T) x M) N Cloiyhom (=T T) X M). Further-
more, if £2g, 22K are polyhomogeneous of class C* and § is in
C>((=Tp, To) x OM), then x2g is in C° ((=T,T) x M).
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1. Introduction

Our goal in this paper is to prove a local well-posedness theorem for
the (n + 1)-dimensional Einstein equations

(1.1) Ric(g) = —ng,

in Lorentzian signature, with initial data (g, K) corresponding to the as-
ymptotic geometry of anti-de Sitter (AdS) space, and compatible bound-
ary data g prescribed at the time-like conformal boundary of space-time.
More precisely, we consider an n-dimensional asymptotically hyperbolic
Riemannian manifold (M, g), such that the conformally rescaled met-
ric 2%¢ extends to M, the union of M with its boundary M (given
by z = 0), as a metric of class C"~ (M) which is polyhomogeneous of

class Cgolyhom(ﬂ). Here and in what follows, z is a boundary defin-

ing function, that is a non-negative function on M, smooth up to the
boundary OM of M, with OM = {x = 0} and such that the differen-
tial of x is nonzero on M. We refer to Section 4 for the definition of
polyhomogeneity.

Likewise we assume that the conformally rescaled symmetric (0, 2)-
tensor 22K extends to M as a tensor field of class C"~!(M) which is

polyhomogeneous of class Cg;;h om (M). We assume that the initial data
(g, K) satisfy the Einstein constraint equations and also give boundary
data of class CP on OM x (—Tp, Tp) satisfying a set of natural compati-
bility conditions with the initial data (we refer to Appendix A for a dis-
cussion of the constraint equations and compatibility conditions). The
main result of our paper, which asserts that these initial and boundary

data determine an Einstein metric, can be stated as follows:

Theorem 1.1. Suppose that we are given initial and boundary condi-

tions (g, K,g) with z*g € C*1(M) N Cgolyhom(ﬂ), K € C"Y(M)n
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Cﬁ&;hom(ﬂ) and g € CP((—=Ty, To) x OM) satisfying the constraint equa-
tions and the compatibility conditions to order p. There exists an inte-
ger Ty, depending only on the dimension n, such that if p > 2q +
then there is T > 0, depending only on the norms of the initial and
boundary data, such that the FEinstein equations (1.1) has a unique
(up to a diffeomorphism) solution g on (=T,T) x M with the above
initial and boundary data, which is such that z*g € C" 1((~T,T) x
M)ﬂCgolyhom((—T, T)x M). Furthermore, if 2%, 2> K € otyhom (M),
g € C®°((—Tb,Tv) x OM) and the compatibility conditions are satisfied

to all orders, then x%g € otyhom (=1, T) x M).

Hence, the main result of our paper gives an extension to higher di-
mensions of the fundamental pioneering work of Friedrich [20], in which
a general existence theorem is proved for anti-de Sitter type space-times
in dimension n + 1 = 4. The approach of [20] is based on a reduction
of the problem with boundary at infinity to a finite maximally dissi-
pative initial-boundary value problem, achieved through an ingenious
conformal representation of the Einstein equations in dimension four.
This leads to a general existence result for solutions of the Einstein
equations with negative cosmological constant admitting a smooth con-
formal extension at space-like infinity. It is should be noted that even
though the results of [20] are proved the assumption of smooth initial
and boundary data, the method used in [20] is flexible enough to allow
for results on metrics of C* regularity with large but finite k.

The reason for which the method in [20] does not extend to the
Einstein equations in odd space-time dimensions is that the metrics ob-
tained through this approach are smooth up to the boundary, while
the Fefferman—-Graham expansion [19] implies that in odd dimension
n+ 1 > 3, the corresponding Einstein metric cannot have this type
of boundary regularity due to the appearance of log terms, which are
present since the obstruction tensor does not vanish for a generic bound-
ary datum in odd space-time dimensions. In the case of even (e.g., four)
space-time dimensions, this technical point has another subtle but sig-
nificant effect: while the results of [20] are finer than ours in the sense
that initial data that are smooth up the boundary are shown to yield
Einstein metrics that are also smooth up to the boundary (which is a
stronger boundary regularity result than the one we obtain), our re-
sult has the advantage that it also applies to initial data that are only
assumed to be polyhomogeneous, yielding polyhomogeneous Einstein
metrics. This is relevant because, even in four dimensions, the solutions
to the constraint equations constructed in [4] are generically polyhomo-

geneous (in fact, in C"~1(M) olyhom (M) but not smooth up to the

boundary. (Notice, however, that, despite this generic lack of smooth-
ness up to the boundary, [4] does yield many nontrivial solutions to the
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constraint equations that are smooth up to the boundary and which
give rise to many nontrivial Einstein metrics in four dimensions directly
using the breakthrough result of [20].) Finally, it is worth mentioning
that we obtain explicit values for the constant r,, appearing in the state-
ment of Theorem 1.1 (e.g., in four dimensions one can take r3 = 17) but
that they are by no means sharp.

We shall see below that our purely PDE approach to the formulation
of the Einstein equations is of a different nature from that of [20], and
that it uses instead as its starting point some of the key similarities in
the algebraic structure of the Einstein equations between the cases of
Lorentzian and Fuclidean signature. The existence of Einstein metrics
in latter case is well understood thanks to the work of Graham-Lee [23],
Anderson [1, 3], Biquard [8] and others on the global existence and
regularity of Riemannian Einstein metrics with prescribed conformal
infinity that are close, in a suitable sense, to the hyperbolic metric.
The situation in Lorentzian signature is fundamentally different since
it corresponds to a hyperbolic evolution problem. Both the available
analytical techniques and the expected results are, thus, vastly different.
In particular, the metric g is only guaranteed to exist locally in time
(that is, for |t| < T'), even for small data, a reflection of the fact that the
anti-de Sitter space is not expected to enjoy the good stability properties
of Minkowski space [14] (we refer to [9] and [22] for important recent
work on the stability problem for anti-de Sitter space).

We would also like to mention that besides the case of the Einstein
equations considered in [20], the study of wave equations on asymp-
totically anti-de Sitter spaces has attracted much attention in the last
few years. To the best of our knowledge, the wave equation on AdSy
was first considered by Breitenlohner and Freedman in [10] using the
strong symmetry of the problem to separate variables. Again for AdSy,
Choquet-Bruhat [11, 12] proved global existence for the Yang—Mills
equation under a radiation condition, and Ishibashi and Wald [29] gave
a proof of the well-posedness of the Cauchy problem for the Klein—
Gordon equation in AdS,,+1 using spectral theory. More refined results
for the Klein—Gordon equation in an AdS space were developed by Bach-
elot [5, 6, 7], who used energy methods and dispersive estimates to study
the decay of the solutions and prove some results on the propagation of
singularities. In [35], Vasy established fine results on the propagation
of singularities are proved for the Klein—Gordon equation on asymp-
totically AdS spaces using microlocal analysis. Holzegel and Warnick,
both independently and in joint work [26, 36, 27|, used energy meth-
ods to prove the well-posedness of the Cauchy problem for this equation
in asymptotically AdSs space-times and discussed the boundedness of
solutions to the Klein—Gordon equation in stationary AdS black hole



EINSTEIN METRICS WITH PRESCRIBED CONFORMAL INFINITY 509

geometries. The local well-posedness for semilinear Klein—-Gordon equa-
tions in asymptotically anti-de Sitter spaces with nontrivial boundary
conditions at infinity was established in [18]. Spherically symmetric
Einstein-Klein—Gordon systems have been considered in [28].

Finally, we mention that besides its interest as a question in geomet-
ric analysis and mathematical General Relativity, an important motiva-
tion for the problem of constructing Lorentzian Einstein manifolds with
prescribed conformal infinity arises in the context of the AdS/CFT cor-
respondence in string theory [31, 37] (see [2, 17] for further details
on this point). The AdS/CFT correspondence is a conjectural relation
which posits that a gravitational field on a Lorentzian (n + 1)-manifold
endowed with an asymptotically anti-de Sitter metric can be recovered
from a conformal gauge field defined on the conformal boundary of the
manifold. The gravitational field is typically modeled as a Lorentzian
metric g satisfying the Einstein equation and the conformal gauge field
corresponds to the conformal infinity [g] of the metric. In this set-
ting, the holographic principle asserts that the boundary data (which in
the context of the Einstein equation would be the boundary metric g),
defined on the n-dimensional boundary, propagates through a suitable
(n 4+ 1)-manifold (referred to as the bulk in the physics literature) to
determine the field (here the metric g) via a locally well-posed problem.

Acknowledgments. We would like to thank the referee for his de-
tailed comments and suggestions, which helped to significantly improve
our paper. A.E. is supported by the ERC Starting Grant 633152 and
thanks McGill University for hospitality and support. A.E.’s research is
supported in part by the ICMAT Severo Ochoa grant SEV-2015-0554.
The research of N.K. is supported by NSERC grant RGPIN 105490-
2011.

2. Strategy of the proof

In this section, we will present the overall strategy of the proof of
Theorem 1.1. We will also point out where the main points of the
argument can be found in the article, so this section also serves as a
guide to the paper.

Our first step is replace the Einstein equations (1.1) with modified
Einstein equations taking the form of a quasilinear hyperbolic system,
using what is often called DeTurck’s trick [15, 16]. In the Riemannian
case, this is amounts to writing the Einstein equations as an equivalent
elliptic quasilinear system.

The specific features of the quasilinear hyperbolic system correspond-
ing to Theorem 1.1 give rise to difficulties that make its proof rather
involved, both technically and conceptually. A first difficulty lies in the
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fact that asymptotically anti-de Sitter metrics are not globally hyper-
bolic, so the classical local well-posedness result of Choquet-Bruhat [33]
does not apply. This is also reflected in the fact that the modified
Einstein equation when expressed in terms of the conformally rescaled
metric § = 22g contains terms that are strongly singular at the bound-
ary x = 0, so that the usual hyperbolic estimates are not enough to
control the behavior of the solutions of this equation. This requires
the introduction of a functional framework adapted to the geometry of
these spaces. For this we rely on a scale of twisted, weighted Sobolev
spaces that are closely related to the spaces used in the edge differential
calculus [32] but which we find more convenient for our purposes.

A second difficulty is that in contrast to the globally hyperbolic case,
where the modified Einstein equations correspond to a quasi-diagonal
system (meaning that the leading part of the hyperbolic system is given
by a scalar second-order differential operator, in our case the wave op-
erator g"0,0,), the leading part of the equations in the asymptotically
anti-de Sitter setting is no longer given by a quasi-diagonal system.
This is because the leading terms of the equation (meaning the ones
that cannot be absorbed into constants in the estimates) are not only
given by the second-order derivatives, but also by additional terms that
are singular at leading order when x = 0, and reflects the fact that, in
the adapted coordinates, the singularity at « = 0 is critical from the
point of view of scalings. When these additional terms are taken into
account, the equation is no longer quasi-diagonal, so one must construct
approximate diagonalizations of the operators and take into account the
fact that the estimates that we obtain in different “eigenspaces” are not
equivalent. It is remarkable, though, that the various powers of x that
appear in scattered through the equations work together to allow us to
prove Theorem 1.1.

A third difficulty is that, in general, it is notoriously hard to im-
pose boundary conditions in the Einstein equations (see, e.g., [21] and
references therein). The way that we circumvent this problem is by
constructing the solution metric g as a sum of two terms, one that is
“large” at infinity and which we construct using essentially algebraic
methods, and one which is “small” at infinity, whose existence must be
proved using analytic techniques, so that for all practical purposes one
does not need to consider the boundary conditions here.

Hence, we are led to considering the following strategy in order to
tackle the problem:

Step 1: The modified Finstein equation. In Section 3, we discuss how
one can replace the Einstein equations (1.1) by a quasilinear hyperbolic
system @Q(g) = 0 using DeTurck’s trick. Although from a conceptual
point of view the argument goes along familiar lines, the lack of global
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hyperbolicity makes technically nontrivial some arguments needed to
prove that both equations are equivalent. This is established in Sec-
tion 10 using ideas developed in the paper (Theorem 10.1).

Step 2: Peeling off the metric. In Section 4, we construct asymptoti-
cally anti-de Sitter metrics ~; that are “approximate solutions” to the
modified Einstein equation Q(g) = 0 and satisfy the desired boundary
conditions (Theorem 4.5). These metrics have the property that Q(v;)
is suitably small and are obtained from the boundary datum ¢ in an
essentially algebraic way that can be understood as peeling off the lead-
ing “layers” of the solution at x = 0, step by step. The parameter [
corresponds to the number of steps that one considers and is related
to the norms in which +; is an approximate solution of the modified
FEinstein equations. One should notice that, in general, the rescaled

metrics 4; := 2y, are not smooth up to the boundary, but in some
polyhomogeneous space C"~1 N C’ﬁélyhom.

Step 3: Setting an iteration within a suitable functional framework. To
construct the metric g that solves the modified Einstein equation, we
write it as

g=7+ r2u ,
where we have set v := ; for a large enough [. There 7 is going to be
the “large” part at x = 0 and the other terms is going to be “small” at
the boundary.

To construct u, we set up an iteration in Section 5. The convergence
of this iteration will not be proved until Section 9, however. Before that,
we need to define suitable Sobolev spaces adapted to the geometry of
the anti-de Sitter space in which we can derive suitable estimates for w.
In Sections 6 and 7, we consider two related scales of Sobolev spaces,
H;"" and H™", and derive several key estimates for them. It should
be noticed that not only the are proofs of these estimates different from
those of the usual Sobolev spaces H¥(R™), but so is also the case for
the range of parameters for which, e.g., we have pointwise estimates
(Corollary 6.3) or can obtain estimates for the product of two functions
(Theorem 7.1).

Step 4: Linear estimates and convergence of the iteration. Using the
above adapted Sobolev spaces, in Section 8, we obtain estimates for
the linear operators that appear in the iteration under certain assump-
tions about the structure of the metric. Here the way that the various
powers of x appear is crucial to deriving the estimates that are analo-
gous (although the spaces and range of parameters are different) to the
usual ones obtained for globally hyperbolic quasilinear wave equations.
It should be emphasized though that the combination of the equation
being effectively not quasi-diagonal with the fall-off of the nonlineari-
ties at the boundary make the analysis of the linear equations and the
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treatment of the functional spaces much subtler than in our previous
paper [18], which was only concerned with scalar equations.

With these estimates in hand and equipped with the results about
the adapted Sobolev spaces established in the previous step, the proof
of the convergence of the iteration goes along the lines of the classical
result for globally hyperbolic spaces. The details are presented in Sec-
tion 9 although, as we have already mentioned, one has to wait until
Theorem 10.1 to show that these metrics are, in fact, Einstein.

The paper concludes with two appendices. In Appendix A we recall
the constraint and compatibility conditions that must be imposed on
the initial and boundary data and the Andersson—Chrusciel result on
the existence of solutions to the constraint equations. In Appendix B
we record some results about the integral operators A, and A}, defined
in (6.7), that we established in [18]. These operators play an important
role in Sections 6 and 7. For the benefit of the reader, we also include
a sketch of the proof.

3. The modified Einstein equation

When dealing with the Einstein equation, a first difficulty, well un-
derstood by now, is that the gauge invariance of the Einstein equation
under changes of coordinates makes it a very degenerate system. A
standard way of solving this difficulty is using a technique that is often
called “DeTurck’s trick” [15, 16], which employs a reference metric to
get rid of this gauge freedom. In the setting that we are considering, it
is important to choose a reference metric, which we will denote by ~g,
which a certain asymptotic behavior at infinity. To avoid unnecessary
repetitions, let us then begin by introducing the following definition,
where I := (—Tp,Tp) denotes a small interval of the real line contain-
ing 0.

Definition 3.1. A metric g on I x M is called weakly asymptotically
AdS if the following conditions hold:

(i) The rescaled reference metric g := x2g is of class C? up to the
boundary.

(ii) The differential of the function z satisfies g"”(9,2)(0ux) = 1 on
I xOM.

This definition is motivated by the formal calculations of Graham
and Lee in [23], many of which carry over verbatim to the case of
Lorentzian signature. The definition should be compared with that of
an asymptotically AdS metric, cf. [25].
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We will choose the reference metric vy to be a weakly asymptotically
AdS metric on I x M such that the pullback of

o := %70
to IxM isg. A convenient way of doing this in terms of the initial metric
9o := g|i=0, which we write in terms of the initial data as described in
Appendix A, is the following (we recall that the pullback of gg := x2gg
to the boundary is precisely g). Identifying T = I x R, for any (¢, z) €
I x OM let us consider the tensor on T{; .)(I x M) =R x T.OM given
by
G" =Gl — 0. -

Now let G be the only tensor on T{; .)(I x M) = R x T, M which satisfies

(J(-rr)xom) G =G, (Gol- + G)'dw = gy '|.du

at (t,z). Notice that, by continuity, the inverse appearing in the second
equation is well defined provided that the interval I is small enough.
This defines a tensor field on I x 9M.

We can now extend G to a tensor field E(G) defined on a small
neighborhood of I x M, for instance, by parallel transport with respect
to the metric gg along integral curves of the gradient of x. A suitable
reference metric can then be constructed as vg := 2250 with

(3.1) Yo := go + x E(G),
with y a suitable cutoff function that is equal to 1 in a neighborhood of
the boundary. Notice that the reference metric depends on the boundary
and initial data and that it is a (non-degenerate) Lorentzian metric
because E(G) is small if the interval is small.

Let us now denote by I'Y ) and r 5, the Christoffel symbols of the
metrics g and 7y, respectively. DeTurck’s trick consists in looking for
solutions to the modified Einstein equation

(3.2) Q(g) =0,

where the components of the tensor Q)(g) are given in terms of those of
the Ricci tensor, R, by

1
(33) Q,ul/ = R/W +nguw + i(quu + quu) .

Here the covariant derivatives and the Riceci tensor are those of the
metric g and the 1-form W is

(34) WM = G g)\p( Kp - FKp) :

We will discuss the relationship between the solutions of the Einstein
equations (1.1) and those of the modified equation (3.2) in Section 10,
as the lack of global hyperbolicity introduces some peculiarities. It is
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worth mentioning that Q(g) also depends on the initial and boundary
conditions through the reference metric .

It is well-known that the advantage of Equation (3.2) over the Ein-
stein equations is that the nondegeneracy has been taken care of; indeed,
(3.2) is a quasilinear wave equation because

1
(3'5) Q;w = _QgApa)\apg;w + B;w(g7 ag) )

with the second term quadratic in dg. Our goal now is to solve the
modified Einstein equation (3.2) together with the compatible initial
and boundary conditions

gli=o=90,  gl=o=91,  (J-r)x0M) =7

For the class of metrics that we are considering, the coefficients are
strongly singular at z = 0. Indeed, it essentially follows from a com-
putation by Graham and Lee [23, Equation (2.19)] that for a weakly
asymptotically AdS metric g one can express (3.5) in terms of g as
(3.6)

1 1 1
Quv = 2 <”(1 - gkpxx\xp) v — §(Buxl/ + Bvxu)> + Epl(g) +P%(g),

where z, := 0z,

By = (302 G (F0) 2y — (n 4+ 1)y,

o := 2279 and P(g) (respectively P?(g)) stands for terms that depend
smoothly on z, g, 7 and 099 and are linear in g (respectively linear in
0?g and quadratic in dg, depending also on 9?7y). Here all the indices
are raised and lowered using the metric g,, but (70)"”, which is the
inverse of 7p.

In view of Equation (3.6), we can immediately make the following
important observation:

Proposition 3.2. Suppose that g is a weakly asymptotically AdS
metric. Then Q(g) = O(x~1) if and only if the following relations hold
true on (=T,T) x OM :

gwj(’iyo);w =n+1 and g r, = ()" 2y .

4. Peeling off the metric

Throughout the defining function x will be a C'**° positive function on
M that vanishes to first order at the boundary, which ensures that one
can take it as a coordinate in a certain neighborhood of the boundary
OM in M, which we will denote by A. To parametrize A we will always
take coordinates (z,6), where § = (9*,...,0"1) are local coordinates
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on OM. Since the analysis of the equation Q(g) = 0 is only problem-
atic in a neighborhood of the boundary, these are the most convenient
coordinates to carry out the key estimates that are needed in this paper.

Let us start with some preliminary results that we will need to prove
the main result of this section. Here we denote by S? the space of
symmetric covariant 2-tensors on I x M. In the following proposition
we provide a convenient decomposition of this space at any point close
to, or lying on, the boundary I x M. Throughout the section, we will
assume that g is a weakly asymptotically AdS metric.

Proposition 4.1. In I x A, the space of symmetric tensors can be
decomposed as

S*=VieVeVieV,
where
Vi = {H €S?: H,, = @G, with ¢ scalar},
Vi :={H eS8 : H,g" vy=0 and H,,§" =0},
Vi ={HeS8*: Hy, =¢|(n+1)z,2, — gu] with ¢ scalar},
Vi = {H e S?: H,, =aux, + ayx, with g)‘pam:p =0}.

Proof. Since the 1-form dr does not vanish in I x A, it is easy to
check that V/ N VY = {0} if i # j and that the dimensions of the spaces

VJ‘? at each point of I x A are

n(n+1)
2
respectively. The sum of these numbers gives

(n+1)(n+2)
9

1, -1, 1 and n,

that is, the dimension of S? at any point. The proposition then follows.
q.e.d.

In what follows we will need more information about the structure of
the modified Einstein operator (g) in a neighborhood of the boundary.
To analyze Q(g), we will restrict our attention to the set I x A and
use coordinates (t,x,6), where 6 are local coordinates on OM. It was
computed by Graham and Lee [23, Proposition 2.10] that the action of
the differential of the map (3.3) on a symmetric tensor h = ho+h/, with
ho € V§ and ' € V] ® V§ @ V{, is of the form

1

(4.1) (DQ)y(h) = _5((59 = 2n)ho + (Og + 2)I') +a L',
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where [lgh,,, = g)‘pVAVphW is the wave operator on tensor fields and
we, henceforth, use the notation £™ for a matrix m™ order linear dif-
ferential operator in the conormal derivatives (0, 0y, 0;) whose coeffi-
cients are smooth functions of (z, g, 97,30, 350, 9*70) up to = = 0. In
the case m = 1, the operator will not depend on 9%7j.

In particular, the part with second-order derivatives of the linearized
operator (DQ), is the same as that of the wave operator —%Dg. Re-
garding the terms that are most singular at = = 0, it was shown in [23,
Proposition 2.7] that, in terms of the coordinates (¢, z, ), the Laplacian
on a symmetric tensor h can be expanded in z as

Oghyuw = (:1:282 +(1- n)x@x)hw + 2hAnggppra:ng

—(n+1) (hu,\g)‘pxpxl, + hMgApxpxu) + 2§’\ph>\pxuazy
+ 2L (W) + 22 L2 (h) -

To further simplify this expression, let us define the quadratic poly-

nomials
1 n n
pj(s)::—§ 5—§+aj s—5 ),

where 0 < j < 3 and «; are the constants

n(n + 8) n n(n +4)
72 , Q1 = — Qg ‘=, Q3= 72 .

(42) Qo =
In the following lemma, which we borrow from [23, Lemma 2.9] with
a minor change the notation, we use the subspaces ng to effectively
diagonalize (DQ)y up to terms that are smaller at « = 0. Here p;(20;)
has the obvious meaning.

Lemma 4.2 ([23]). Ifh € ng, we have that
(DQ)g(h)y = 72 pj (@00 + 7 (L R) s + (L7R) 0

We will also need some information on the second derivative (D?Q),,
understood as a quadratic form. For our purposes, it will be enough to
have the following symbolic description of (D?Q),(h), where we are not
displaying indices for the ease of notation:

Lemma 4.3. The second derivative of QQ is of the form
(DZQ)g(h) = O()h0*h+ O(1)0hdh + Oz~ Yhoh + O(z~ ) hh.

Here we are using the notation h := x?h and each term O(z~*) above
stands for a smooth function of x, g, g and the derivatives of 7y up to
order s.
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Proof. Ignoring the indices, we can use Eqs. (3.5) and (3.6) to sym-
bolically write the structure of Q(g) as

Q9) = g '0°5 + ao(9) 09 95 + alig) 99+ ai(f 3

where a;(g) stands for a smooth function of z, g and the derivatives of
~o up to order j. Since

Qo +<h) = Qg) + = (DQ)y(h) + 3 (D*Q),(h) + O(E)
an elementary computation using that
(G4+eh) P =gt —egthgt + 25 thg thg !t + O(?),
readily yields the desired expression for (DQQ)g. q.e.d.

We will also need the following elementary fact:

Lemma 4.4. For any integers o > 0 and s there is a polynomial f
of degree o or o + 1 such that

pj(z8,)(2° f(log z)) = 2°(log )7 .
Furthermore, f has degree o + 1 if and only if pj(s) = 0.

Proof. Since p;(0) # 0, it is clear that

We now proceed by induction on s and o. Indeed, assume that the
statement holds true for all s < sp and o < 0¢g. The key observation is
that

(4.3)

D) (x@x)(xs(log ac)(’) =pj(s)a’*(logx)? — 0(28—’—24_701‘5(105; $)U_1
— 0(02_ 1)xs(log x)7 72,

If pj(so + 1) # 0, by the induction hypothesis there is a polynomial F'
of degree at most oy such that

p;(20:)p = 2% (log 2)*°,

log z)7°
:::L‘S°+1<(—|—F10 x >
@ pi(s0 + 1) (log z)

On the other hand, if p;(so 4+ 1) = 0 we have that sg is § £ «;, and in
this case 2sg + 2 —n is always nonzero. Hence, the induction hypothesis
and the identity (4.3) ensure that we can then take a polynomial F' of
degree at most og such that

with

p;(20:)p = 2% (log 2)*°,
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with

2(log z)e0t!
= St — F(l .
L < (Go+ D(2sot+2—n) (log z)

The same argument yields analogous functions ¢ with

pj(@8z)9 = &* (log 2)7 ™,

and deals with the case of negative s, thereby completing the induction
argument. q.e.d.

Armed with these auxiliary results, we are now ready for the analysis
of the equation Q(g) = 0 that we will carry out in this section. For this
we need to impose more stringent regularity assumptions on the metric
7o than those in Section 3. Specifically, hereafter we make the following
regularity assumption:

Assumption (Regularity of the reference metric). The metric 7y is

of class C"~1 N Cgolyhom onl x M.

Here p > n — 1 a given integer and we recall that a function h is
in Cgolyhom(I N M) (polyhomogeneous of class CP) if it is of class CP
away from the boundary (say, on I x (M\A)) and a CP function of
(t,r,0,logz) on a neighborhood of the boundary, say I x A. The last
condition means that in a small neighborhood of each point of I x A

there is a CP function h’ of n + 2 arguments such that
h="h(t,z,0logx).

Since the pullback of the reference metric 7y to the boundary is g, this
regularity assumption implies that the boundary metric g must be of
class CP(I x OM).

To state the following theorem, we will introduce the space C)"* (I x M)
of functions with m -+ r continuous derivatives, with the peculiarity that
the last r derivatives with respect to x are regularized by multiplying
by x. This way, for instance, for all k,I,m > 1 we have that

(4.4) 2™ (log z)!

is in O}~ but not in C™+*~1. To define the space C™(I x M), we will
also use a smooth nonnegative function y 4 of x that vanishes outside
I x A and is equal to 1 in a neighborhood of I x 9M. With these objects
at our disposal, we can now define C}"*(I x M) as the space of functions
© such that

(4.5) ellemaxarn = (1 = xa)ellemrrxan

+ > (@) 080, (xap)llem(rxan)
|B|+j+k<r
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is finite. The space CF(M) is defined analogously. (Of course, the
notation 85 is somewhat heuristic as OM is not covered by a global
chart. To define it rigorously, it is standard that one can resort to
either covering OM with a fixed finite collection of charts and use a
subordinate partition of unity, or to taking vector fields Xy,..., Xas on
OM that span the whole tangent space T,0M at each point p € OM
and replace 86,5 © by
Xlﬁl .. XfJM 0,

with |8| = 81+ - -+ + Ba. For notational simplicity, we will stick to the
notation 896 , which must be interpreted in the aforementioned sense.)

We shall next present the main result of this section, which is a pro-
cedure to obtain asymptotically anti-de Sitter metrics v that satisfy the
boundary condition (jrxgar)*y = ¢ and for which Q(7) is suitably small.
To state the theorem, we need to introduce some notation. Given non-
negative integers s and o, we will say that a symmetric tensor field ¢, of
class CP in the interior of I x M, is in O;(z*log™’ z) if it can be written
in A as

ag
qg=1a° Z (logz)” B,
o'=0

where B? is a smooth symmetric tensor field in I x M satisfying the
bounds

1B loxrany < Fe(IFollow any):
for each k < p—j, where ¥’ := min{k+7j,n—2}, ' := max{0, k+j—n+2}
and Fj is a polynomial with F;(0) = 0. Although we will not say it
explicitly hereafter, it is important that in all the terms of the form
Oj(x* logS? x) that will appear in this section, the coefficients of the

corresponding polynomials Fj will be uniformly bounded in terms of
the C™ 1N Cg—n—f—l norm of 7.

Theorem 4.5. Let us take a nonnegative integer n — 1 <1 < p and
a small real § > 0. Then there is a weakly asymptotically AdS metric
on I x M of the form

z
W= Opa*?log<7 z),
k=0

where each nonnegative integer oy is zero for k < n — 1, such that:
(i) The pullback to the boundary of 7; := x>~ is
(Jrxom)™ M =9.
(ii) The metric v, is uniformly close to 7o in the sense that

1% — Aol <9,
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and, furthermore,
||'7l||c’g:i+1(]><M) <C,

with a constant that depends only on H%HCTLAH and 0.
p—n

(iii) The metric v, is a solution of the modified Einstein equation almost
to order I — 1 in the sense that

Q) = Opy1(2' " log=7t z) + Oppa(at log=7 ) ,
where o}, is a nonnegative integer that is equal to zero for all k <

n—1.

Proof. Proposition 3.2 trivially proves the result for [ = 0. To see
how things work for I = 1, let us write the O1(z~!) terms that appear
in

Q(y0) = O1(z™") + O2(1),
as
H
Oi(a™h) = > +0i(1),
where the tensor field Hi is defined in terms of this quantity as

(46) H1 = E(.T (’)1(30_1)]3,:0),

and is O1(1). Here E denotes the extension operator that we introduced
in Equation (3.1), and for the time being we will restrict our attention
to small values of z.

Let us now use the direct sum decomposition of S? proved in Propo-
sition 4.1 to write in a unique way

3
=2 My,
J=0

with Hyj € VJO. We will take now

Y1 =0 — Zfl] z)Hj,

with suitably chosen functions fi; (ac) By Lemma 4.2 and Taylor’s for-
mula,

Q(n) = Qo) + (DQ)y(m1 — ) + 11
3

= (x—p] 20;) flj)Hlj + 0y(1)

7=0
+ (2L + 22L%) (71 — ) + I,
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where the error term is

1
I = /O (D*Q) (1=s)70-+5m (71 — Y0) ds .

Since p;(—1) # 0, Lemma 4.4 ensures that we can take functions f;; =
O(z') (indeed, fi;(z) = 27!/p;(—1)) such that

pj(x02) frj = .
Since H1, in principle, is only defined in a neighborhood of the boundary,
we should include in f1; a suitable cut-off function, which we, hence-
forth, omit for the ease of notation. In any case, with this choice of fi;
and Lemma 4.3, we obtain that the error term is controlled by

I = 02(1) + Og(x) ,
which immediately implies that

Q(m) = 02(1) + O3(x) .

The general case follows by an induction argument that also relies
on Taylor’s formula and Lemmas 4.2-4.4. To sketch the proof, let us
assume that the claim holds for all integers up to I — 1, with

-1
it = Y Oula* log=r ),
k=0
and o = 0 for all & < n — 2. To prove it for [, we argue as above to
write

!
-1

3
(4.7 Qlyi-1) = zl2 Z (log :L')kHlkj + (’)lH(acl_l loggallfl x),
§=0 k=0

with Hj,; = O)(1) a tensor field in ij_l and o]_, an integer, related
to 0;_1 and to the regularity of 49 up to the boundary, which will be
discussed later. Notice that Hj,; can be assumed to be related to the
extension via the operator E of a suitable tensor field defined on the
boundary, in an analogous fashion to (4.6).

Lemma 4.4 allows us to take polynomials f;, of degree k if p;(l) # 0
and k 4+ 1 otherwise, so that

Dj (:U@x)(xlflkj (log :U)) = xl(log $)k .
If we now set
3 Oi—-1

=g — Z Z fikj(log z) Hyj

j=0 k=0
a computation analogous to the one for v; then shows that
Q1) = Op1(a" ! logS7 2) + Op12(a log="' z),

for some integer oj.
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Let us now complete our analysis of the log terms that appear in
this computation by discussing the values that o], can take. We have
seen that o; = 0 as long as o}, = 0 for all £ < ! — 1 and p;(l) # 0.
That is, log terms appear in v; either through log terms the right hand
side of Equation (4.7) (where they can come from log terms in ;1 or
from the reference metric 7, which is in C"~! OC’S olyhom and, therefore,
such that its first non-smooth term is of the form z™ log x) or due to the
existence of integer roots of a polynomial p;(s), as shown in Lemma 4.4.
It follows from Equation (4.2) that the first integer root of a polynomial
pj(s) is pi(n) = 0, so log terms can only appear at order z"logx in ¥

and we, therefore, get that 4; is of class C"~1 N C’g olyhom"

Since 4; — g vanishes at z = 0, it suffices to take the support of
the aforementioned cut-off functions to be small enough to ensure that
7 — 70|z is as small as one wishes. Besides, it is apparent from the
construction that the tensor fields Hj; that appear at the I*h step of
the induction that the coefficients are bounded in terms of 7y and its
I*" order derivatives which yields the estimate

Fillgns, <.
with C' a constant that depends on ||| ol Of course, the reason
p—n

for which in general we get this estimate in Cg__; 41 but not in C? is
the presence of log terms in the expression for #; starting with ™ log x.

q.e.d.

5. Setting the iteration

Our goal in this section is to set up an iterative procedure that will
eventually lead to a solution of the equation Q(g) = 0 with the desired
initial and boundary conditions. To this end, let us write the solution
as

g=ty+h,
where
Y=
is the metric constructed in Theorem 4.5 with some large enough value
of the parameter [ that we will specify later. We will also assume that
the number p appearing the regularity assumption of Section 4 is large

enough. Intuitively, the weakly asymptotically AdS metric v is the part
of the metric that is “large” at the boundary and h is “smaller”.

Let us recall from Equation (3.5) that one can write Q(g) in local
coordinates as

Q(9) = Pyg + B(g) ,
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where we define the g-dependent linear differential operator ]59 as

~ 1
(Pyg ) = —ig’\"(?x?pg;w

and B(g) depends on g and quadratically on dg. Taylor’s formula en-
sures that

(5.1) B(g) = B(Y) + (DB)yh — E(h),
where the error term is

_ 1
(5.2) E(h) = —/0 (D?B)4sn(h) ds,

and the second order differential of B is understood as a quadratic form.
The equation Q(g) = 0 can then be written as

(5.3)  Pyh+ (DB)gh+ (Pyy — Pyy) + Q(v) — E(h) = 0.
Let us now define a linear operator, depending on g, as
Tyh = —3h(V Wz, VW) g,

where V() stands for the connection associated with the metric . As
easy computation shows that 7T}, is the differential of the function g —

P,y — Pyy at g = ~. Hence, we will set
(5.4) F(h) := Tyh + ﬁgfy - ﬁ,fy,
which, in view of (5.3), allows us to write the equation Q(g) = 0 as
Pyh+ (DB)gh + Tyh = —Q(v) + F(h) + E(h).
Let us now define another g-dependent linear differential operator P
by setting
Pyh+ (DB)gh + Tyh =: 222 Pyu,
where we have introduced the new unknown wu as
h=:z2u.

Full details about the structure of the differential operator will be given
in Section 8. In terms of u, the equation Q(g) = 0 can be finally written
as

(5.5) Pyu=Fy+G(u),
where
G(u) == F(u) + E(u),

and

n n ~

Fo:=—x 272Q(v), F(u) :==z"272F(h), E(u) ==z~ 2728(h).



524 A. ENCISO & N. KAMRAN

In the forthcoming sections our objective will be to solve this equa-
tion using an iterative procedure that will produce u as the limit of a
sequence u™, with u!' := 0 and

Pymu™ = Fo + G(u™).

Of course, here g™ := v+ 22 4™ and the initial conditions that we need
to impose are

u" i = g, O™ =0 =y,
where we have set
(5.6) uj =272 (g7 — O]7li—0),
for each nonnegative integer j, with g; := 6g9|t:0. As we will see,

the compatibility conditions of the initial and boundary data boil down
to assumption that a certain number of the functions w; fall off fast
enough at x = 0 to be in a suitable space of square-integrable functions
over M. Since g; is just a time derivative of the metric at ¢ = 0, and,
therefore, determined by the initial datum of the problem (that is, a
Riemannian metric on M and a second fundamental form satisfying the
constraint equations), and v was determined by algebraically solving the
Einstein equations to a certain order near the boundary, this just means
that the formal series expansions for the solution that we get from the
initial and boundary data must be compatible to a certain order. In the
terminology of [20], this is means imposing corner conditions to a finite
order.

6. Adapted Sobolev spaces

In this section, we will introduce some twisted Sobolev spaces that are
adapted to the AdS geometry near the conformal boundary. They will
be key in our derivation of the estimates that will allow us to prove the
convergence of the iteration presented in the previous section. Specif-
ically, we will consider two kinds of adapted Sobolev spaces, H]' and
H™ as well as certain modifications of them, Hg"" and H™", that play
a role somewhat similar to that of the spaces C)" introduced in (4.5).
The first kind of adapted spaces depends on a parameter o that in our
applications will ultimately be one of the quantities «; defined in (4.2),
so we will assume throughout that o > 1 without further mention. The
properties of these spaces for a < 1 are quite different, as discussed
in [18].

To define the spaces HJ', let us begin by introducing the twisted
derivative with parameter « as

«
Dm,aSO = 6x90 + ;()0 .
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Its formal adjoint in the Hilbert space
(6.1) L2 := L*((0,00), z dx)

is
a—1

D::,a(to = _6964)0 + P

and we will set
D {(D* oDz a)ggo if k£ is even,

(6.2) i
D, o(D;oDua) T ¢ if k is odd,

with the proviso that Dgg,()lgp = .

The twisted Sobolev space HI' = H2'(M) is defined as follows. Let

us suppose that the function w is supported in a small neighborhood of
the boundary M, which we will take as

A:={(z,0) € (0,a) x OM } .

We can then define its H]}' norm as

w||Zem : / / D(J 8Bu2xdmd0
lullfin == D - | |

J+IBI<m

where df is the canonical measure on the sphere and the twisted deriv-
ative acts on u in the obvious way. Using a suitable cutoff function that
is equal to 1 in a neighborhood of the boundary and vanishes outside
A, for a function u defined on the ball we can then set

(6.3) Julleg = [Ixullapcay + 110 = x)ullzm o
where H' is the usual Sobolev space. The space H)' can then be defined
as the closure in this norm of the space of smooth functions on M of
compact support, the definition being also applicable to tensor-valued
functions using standard arguments. For m = 0 the norm, which does
not depend on «, will be simply denoted by ||u||g2 or occasionally by
Jull

For real s > 0, we can use interpolation to define the space H? =
H, (M). Equivalently, since D} ,D; o is an essentially self-adjoint op-
erator in L?(R*, z dr) with the domain C§°(RT), we can write

(6.4) ulleg, == [|A% ()| + 11— x)ullgsar)
where
(6.5) A% i= (1 - Apps + Df Dy a)/?

is defined using the spectral theorem. As we did in (4.5), we can also
consider the space with m derivatives as above and r “regularized”
derivatives. For this we use the norm that is defined as

[ullgmr = > (@025 (xw)lmg + (1 = X)ull groneer(ary -
JHBI<r
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Closely related scales of Sobolev spaces are H™ = H"™(M) and
H™" = H™T (M), which do not depend on any parameters and are
weighted variations of the spaces typically considered in the theory of
differential edge operators (see, e.g., [32]). They are respectively defined
as the closure of C§°(M) in the norm

lullpm == >~ 2778305 (xw)llrz + 11 = x)ull grmr (ar)
J+HBl<m

T
lullzemr =D adullggms ,
§=0
in each case. Notice that these norms are constructed by including in
each derivative a singular weight that depends on the number of z-
derivatives that one is taking. These spaces can also be defined for
non-integer values using interpolation or, denoting by 9} := —0, — 1/z
the formal adjoint of d, with respect to the L2 product, directly through

the formula
1 _ A 8/2
(F22 v a0.) o
€ L

In particular, this ensures that the usual interpolation formulas are valid
for these scales of Sobolev spaces.

(66) [ullye =

= ulean

We shall need estimates relating the various adapted Sobolev spaces
that we have introduced. A simple observation is the following, which
show how multiplication by powers of x can help us redistribute the
“standard” and “regularized” derivatives in the spaces Hg' and H™":

Proposition 6.1. Given nonnegative integers m, r and an integer
I € [=m,r]|, we have the inequality

2" ullgmr < Cllullgmsro-t

Proof. 1t is enough to expand the various terms appearing in the
definitions of the norm and use some elementary algebra. q.e.d.

To explore the properties of these spaces we will make use of the
integral operators

(6.7a) Anip(z) = 270 /O "y y) dy,

1
(6.7) Arp(a) = 2o / Y o(y) dy |

which act on functions of one variable and will play an essential role in
the rest of this section. Notice that these operators are right inverses of
D, and D} , in the sense that

D, o(Aap) = Dj o (Anp) = ¢;



EINSTEIN METRICS WITH PRESCRIBED CONFORMAL INFINITY 527

in particular, A% is the adjoint of A, in L2. Obviously A4, A% also act
on functions defined on A. In Appendix B we record some important
properties of these operators, extracted from [18].

A simple but important estimate is the following, which gives an L*>°
bound for functions belonging to an adapted Sobolev space. Notice that,
contrary to what happens in the usual Sobolev embedding theorem,
we are not asking for the square-integrability of 5§ + ¢ derivatives but
actually of ”TH +e&:

Theorem 6.2. Let u € Hgf with r > "T_l Then we have the point-
wise estimate in the ball

[uflzee < C'llullggyr -

Proof. By the definition of the norm and the Sobolev embedding, it
is obviously enough to prove the result for v supported in A. But for
a.e. (z,0) in A we then have

u(z,0)] = AL (Dg.au)(z, 0)]

where H, = H"(0OM) is the Sobolev space of functions on OM with r
square-integrable derivatives and to pass to the first, second and third
lines we have respectively used the properties (i) and (iii) in Theo-
rem B.1 and the Sobolev embedding. The theorem then follows. q.e.d.

Corollary 6.3. For any p > "3, lullcmary < Cllullagmerrip. Fur-
thermore, we have the bound

2™ (2 02) 0 ul| oo () < Clltllggmr40,
for all indices with j + |5 < m +r.

Proof. Tt stems Theorem 6.2 and the fact that 7™ (x ﬁx)jagu € HIr
for the above range of indices whenever u € H™T17+7, q.e.d.

The connection between the spaces Hy"" and H™" is subtler. Of
course, the estimate

(6.8) ullyr < Cllullpmr

follows from an elementary computation. That for some range of the
parameters there is a converse to this inequality, so that the norms Hg""
and H™" are equivalent, is more sophisticated. The following theorem
is the partial converse to the inequality (6.8) that we need:
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Theorem 6.4. For any k <m, ifa >k —1,
[ll3grsm—r < Clluflggr -
In particular, both norms are equivalent if a > k — 1.
Proof. Since u € H3"" if and only if (z 8,)795u € H? for all j+ || <
r, it is clearly enough to prove that
[[ullggrm—r < Cllullag,

whenever o > k — 1. There is no loss of generality in proving the result
for functions supported in A, since away from the boundary both norms
are equivalent.

With m = 1, it suffices to see that one can write
U= Aa(D$,au)7

as a consequence of Theorem B.1 and that, due to this theorem,

u
U < oDyaulee < Clulg
L2
Hence,
u u
Osullgs = HDz,au—a < Daatls + o] Y| < Cllulla
X L2 X 1.2

as we wanted to prove.

Let us now consider the case m = 2. A moment’s thought reveals
that it is enough to keep track of derivatives with respect to x in the
argument, which is what we will do here, because we have that 85 u €

HZL_W 3 Hence, let us start by using Theorem B.1 to write
Da:,au = AZ(Dng,()xu) + xa_lfl(e) )

where fi(0) is a function on the sphere satisfying ||f1||L§ < COlluflpz -
Here we are using the notation L2 = L?(0M). Again by Theorem B.1,
this implies

u= AP (DEu) + ca®f1() ,

(0% x,
where c is a constant and we are using the notation
L .
A, .= {(AZAa) 2p if [ is even,

« =

Aa(A%AL) 7 ¢ if s odd.

The desired estimates follow from this formula and the properties of the
operators A, and A7, listed in Theorem B.1. In order to see this, we
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start by noticing that

‘ AQp

2

L2

1 * Q A*
—at3 /0 y*Ase(y) dy
H (A* )

a+1

(6.9) < CH‘P”LQ ,
which readily yields

L2

L2

u

AP (D) _
i< A eppae—2p )

L2 H x? L2
< CIDZhullee + lelllz® Iz [ f1ll 2
< COllullmg
provided a > 1, which is the condition for %72 to be in L2. If a € (0, 1],

one can easily fix the argument by multiplying by a factor of x, which
yields the estimate

[z < Clluflmz,
for «v in this range. A similar argument shows that

B Ax (D)
‘ U < H a( m,au) +C % < CHUHHQ )
X L2 X L2 X L2 @
Ozt U
|07ull2 < [DPhull + C||==| +C||=| < Cllullm
3 T L2 T L2 «

provided « > 1. This proves the claim for m = 2.

The general case follows by induction using the same argument using
that if v € H]', one can write it as

u= A(()m)(Dgc@u) + Z 3:0‘+2(j_1)fj(9) ,
0<i<m/2
with ||fj||L2 C|lul|gzm. As before, the constraint on o appears from
the fact that, for u to be in H*¥7, 2% must be in L2, which forces

x
a > k — 1. The only aspect that is slightly different than above is that
the way in which the powers of x must the distributed when we have

()

an expression of the form Ay’ is by recursively using the formulas

. _ _ 1 _
' Aplle < Cllz' ellLe s a7 Aap = — A (')
x q.e.d.

Combining Theorem 6.4 with Proposition 6.1 we arrive at the follow-
ing useful:
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Corollary 6.5. Ifa>m —1—1,

lullgemr < Cllztullgg -

Proof. 1t is enough to consider I < m. We then have
2" ull3mr < Cllullggmrrst < Cllullggm-vrsr < Cllullggr

where we have used Theorem 6.4 to pass to the second inequality. q.e.d.

7. Nonlinear estimates for adapted Sobolev spaces

We shall next provide estimates that help us deal with nonlinear
functions of elements of an adapted Sobolev space. To obtain estimates
for products of functions in adapted Sobolev spaces, a basic result will
be the following. To state it, we will use the notation

(7.1) Dy = (xax)kag .

Theorem 7.1. Given r > 2 , consider functions wi,...,Wn_1 €
HY and uw € HOT, which we can assume to be supported in A. Then,
given multiindices with

m

=1
we have that

”(Dklwgl wl) T (ka—lyﬁm—lwm_l) (,ka:ﬁmu)H[P

m—1

< Cllullyor T llwillzgnr -
i=1

Proof. Notice that for any a > 1 we have

|| H ij,ﬁj wJ)kaﬁm
- / ( H (ijﬁjwj)2> (ka,ﬂmu)2xdaz do

J=1

m—1
< [ (T s0p Pes 010" 00 ) (Dr a9

J=1

2

m—1 2
g/(1_[ HD%Qijﬂjwj(‘ae)HLg) (ka,gmu)zxdxde

J=1

7.2 g/ V2de,
(72) 11
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where we have defined
Vin =Dk, pnullLz  and  Vj:=||Dg oDy, g,w;i(+0)l|Lz,

for 1 < j <m —1 and in order to pass to the third line we have used
that, by Theorem B.1, for any one-variable function ¢(x) € H with
a > 1 we have the inequality:

[ellee = [[Aa(Dz.a)llzee < ClDzapllLz -

By definition and the Sobolev embedding, when r — k; — |8;] < "5t

we have
r—k;—|8;l D 2n — 2
VieHy W Ly b T o, a3,

while for r — k; —|B;| > 5% the function V; is in L{°. For convenience,
we will also relabel the functions V; so that r — k; — |8;| > 25 if and
only if j > m/, so that V; € L’ with p; = oo for j > m/. We will also
relabel the functions so that r—k; —|3;| = 2=l oxactly for m” < j < m/
and for this range of j’s we will take pj to be any finite but very large
number. Of course, these last two sets can obviously be empty. Since
OM is compact, the generalized Schwartz inequality ensures that the
integral (7.2) can be estimated as

2 12
/aMHv @ < ]_[1|!‘6||ng

m m—1
<c]] II‘GHZPW@\ < CllufFpor [T Nwil3r
j=1 o j=1
provided that

(7.3) Z p2

Let us show that the condition (7.3) holds, which completes the proof
of the theorem. For this, let us write
n—1

2
where p > 0 by hypothesis. Since p; = oo for m > m’ and p; is
arbitrarily large for m” << j < m/, we can then take an arbitrarily
small constant § such that

r=(1+4+p)

m m
2 2
DS ot
=P P
1 m//
=1 (n—1—2r42k; +2[8]) + 0
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1

1 m
= n_1(m”(n—1—27‘)—1—22(@—1—]@\)) +6
j=1
"
gm’/_M_F(S
n—1
(7.4) =1-(m" —1)p+34.

Therefore, the claim follows for m” > 2 by taking § smaller than (m” —
1)p. To conclude the proof, let us discuss the remaining cases. When
m/ = 0, the claim is immediate. For m” = 1 one can go over the proof
of (7.4) and observe that the only problematic case is when k1 +[31| = r.
But in this case kj + || = 0 for all j > 1, which implies that there are
not any j’s for which r — k; — |5;| = ”T_l and, thus, one can take § = 0.
The theorem then follows. q.e.d.

Theorem 7.1 will be key in the rest of the paper. It should be no-
ticed that this theorem provides a wide range of estimates for nonlinear
functions of elements of an adapted Sobolev space. In particular, we
have the following result, where, although we do not emphasize it nota-
tionally, here the function F'(wq,...,wy) can also depend on the space
variables:

Corollary 7.2. Let u € H°" and wi, ..., w, € HY" with r > "Tfl
Then, if F is a C" function of w; and a C? function of the space vari-
ables (whose dependence will not be made explicit), we have

(7.5) | (w1, ...y wm)ullyor < Cllullygo.r,

where C' depends on ||w1 ||z + -+ + |[wim ||z

Proof. The result follows by applying Theorem 7.1 to the various
terms that appear after using the Leibniz rule on

Dy 3 [F(wl, ... ,wm)u],
with k+ [B] < 7. q.e.d.

8. Estimates for the linearized equation

For future convenience, we will assume that the metric g possesses
the following properties, which will be needed in the following section
to prove the convergence of the iteration set in Section 5. While some
parameters could have been chosen in a different range for the purposes
of this section, this way the application of these results in the following
section will be transparent.

Assumption. Throughout this section we will assume that the met-
ric g satisfies the following hypotheses:
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(i) The metric g is weakly asymptotically AdS and can be written as
g=7+zw,
with v = v; is the metric constructed in Theorem 4.5 with [ >
5 + 5+ 2, for some integer s satisfying

2<s<g—|—2.

We also assume that ||g"||p~ < A.
(ii) The tensor field w is bounded as

s—1
k
(8.1) S 08w oopgn.rsesca + |00l psepgrr s < A,
k=0
for some integer r > "T_l and some constant A.
(iii) The metric 7 satisfies
W1, <A

with p > [ + r + s 4+ 1, which is equivalent to demanding that the
initial and boundary data (g, K, g) satisfy

W?Hcg_jﬂ + HCCQKHC;:% + 19l e (rxonny < A’

Using the formula (4.1), which ensures that the principal part of P,
is g"”0,,0,, together with the small-z behavior described in Lemma 4.2
and the fact that g is weakly asymptotically AdS, is easy to derive a
manageable expression for Pju. Specifically, if we take u € ng , a direct
calculation shows that P,u can be written in 4 using local coordinates
as

1 - .
(8:2) (Pywu = 59" (a,? +5,G"8y; + D o W'Dy, + 05 (820,

+ $8mb38t + (991‘ (b4)16t> Upy

b8
+ <b58xu + b59,u + b Dgu + fu> ,
T uv
where as usual the local coordinates § = (0',...,0"!) parametrize

the boundary OM, the star denotes the formal adjoint of a differential
operator computed with respect to the scalar product of L2, and the
quantities b’ are scalar functions or tensor fields that depend smoothly
on g, dg (through ~ and 07), w and dw. Observe that the principal
part of P, is scalar. Although we do not make explicit the tensorial
structure of the tensor fields b’ appearing in the non-principal part of
the operator, their action must be understood in the obvious fashion,
e.g.,
(90, ) = (b6)f‘“’3 Ortixp.
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Notice that, in particular,

FTT B ~0t07 ) 27:091'
(8:3) b = _%’ GY = _g*tt , a(0?) =~ .?tt ;
9 9 ‘ 9
2gzt i QthZ
3 _ 4vi _
zb” = ——, (b)l__ftt
9 9

Since the metric is weakly asymptotically AdS, all the quantities b are
of order O(1), with b* > 0 and G¥ a positive definite matrix.

We shall next derive estimates for a function satisfying the scalar
equation

(8.4) Lyou=F, uli=o = uo , Oruli—o = u1 ,
where
Lyt = (af + 05 G0y + D5 b Dy + 29 (02)'0,
+ 28,6%0, + agi(b‘l)iat)u .

Taking o = «j, Ly would be the part of Pju containing both the
highest order derivatives and the more singular terms at x = 0, which
is a scalar differential operator for u € V]g . The metric ¢ is assumed
to satisfy the above hypotheses, and we will also assume that a > n/2.
The reason for which we introduce this auxiliary equation is to postpone
the treatment of the tensorial nature of the equation until the end of
this section, but we have chosen to keep the notation u for the unknown
as we will eventually replace u by a tensor field satisfying Pyu = F.

In the following theorem we provide a priori estimates for the prob-
lem (8.4). To state the theorem in a notationally concise way, let us
denote by

(8.5) ug = Ofuli=o, 2<k<s,

the value of the k*" time derivative of u at ¢ = 0. Notice that, by
isolating the term with the highest number of time derivatives in (8.4)
and differentiating k& — 2 times with respect to t, one can write uy in
terms of derivatives of the initial data and source term (ug, u1, F'). The
functions uy will often appear in arguments via the quantity

s—1
(8.6) Cor =D _ llullpgrrser—s + sz .
k=0

For the tensor-valued equation Pju = F', this quantity will correspond
to the quantity that appears in the statement of Theorem 1.1.
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To state the results, we will make use of the following norms (here
the prime does not refer to any sort of duality):
s—1
k
(8.72) lulls = D 10Full pgopgrirs—sr + 105 ull Lgononr
k=0
s—1
k
B1)  F = 3 10 Fl i
k=0

Throughout, we will use the notation Cy for constants depending only
on ¢ and A.

Theorem 8.1. For any F € L°L? there is a unique solution u €
LEH! N Vth’ooL2 to the Cauchy problem (8.4), which satisfies the fol-
lowing estimate in (=T,T) x M:

lulls.r < €T Cor + CoT|IFIl5,,

For small T, the constant depends only on A.

Proof. 1t is standard that it suffices to prove the a priori estimate.
For this, there is no loss of generality in assuming that w is supported
in A, since the estimate is known to hold for u supported away from
the boundary. Let us then define the energy functional
(8.8)

Eqv] = ;/M ((8,521)24—6”78@-1) D0 +b' (D av)? +2(b?) 0pv O) xdx db

where in the rest of this section we will write 9; = 9p:. It is apparent
that at any time Ej [v]% is equivalent to the norm |[vl|g + |G|z
(which is in turn equivalent to ||v||z1 + ||Ov]|1,2 by Theorem 6.4) in the
sense that

N[

1
(8.9) GB7 <l + |0w]e < CEalo)?

where the constant C' only depends on
Igllcr + [13egllco + 107 gllco -
In particular, by Corollary 6.3, C' = Cy only depends on A.
Now let us use the energy functional (8.8) to define

Eypo]:= ) Ei[Dypo],
k+|B|<r

where again we are using the shorthand notation Dy g := (:rﬁm)k@g . In
view of the norm equivalence (8.9), it is clear that E ,/[v] is equivalent
to the norm

[0l + [10c0ll 30,
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with a constant that only depends on A. We can now define a higher
analog of the energy E7 by setting

s—1
(8.10) Eor[v] := Y E1ppsp1[0v].
k=0
In view of the norm equivalence (8.9), it is clear that Fj,[v]'/? is equiv-

alent to the norm
s—1

(8.11) > N0Fvllgrrre—r—t + 1050]|30.r,
k=0

in the same sense as above, which implies that

D=

sup Es,[v]
[t|<T

is equivalent to ||v]|s .

Our goal now is to show that, if u is a solution of (8.4), the energy
E, »[u] satisfies the differential inequality

s—1
(812)  OEs,lu] < CoEsylu] + CoEsylu)z Y |OFFllpomss s i .
k=0

Indeed, by Gronwall’s inequality it is standard that this implies
1 c! 1 st ‘tl k
By, [u](t)z < eColt (Es’r[u](O)z +Co Y / ||atF||HO,T+S“> .
=0 —Itl

Since F , [u}% is equivalent to |[ul|s,,, the a priori estimate of the theorem
then follows from the above inequality.

Armed with Theorems 6.2 and 7.1, the proof of (8.12) is now stan-
dard. Let us begin by computing the evolution of Ej,4s_1[u]. One
readily finds that it is given by

(8.13) atELH_S_l[’U,] = Z {/at(Dkﬁu) Lg@(pkﬁU)

k+|B|<r+s—1

— / 20, Dy, gu Oy (030, Dy gu) — / 0Dy, gu 0;((b*)'0, Dy, su)
o)
+ O(l)@tpkﬁu aDk,ﬁu + TDk’ﬁu (9,5Dk75u

+ [ O D + [ o) @Dy,

where all the integrals hereafter correspond to integration over the ball
with respect to the natural measure xdxr df and we are denoting by



EINSTEIN METRICS WITH PRESCRIBED CONFORMAL INFINITY 537

O(1) well-behaved functions of 4, w and Jw. We claim that this can be
estimated as

(8.14)

OB yys—1u]
< CoE1pys—1[u] + CoEr pys—1]u]

=

Y Iga(rpul,

k+|8l<r+s—1

where || - || stands for the L2 norm. Indeed, for k + |3| < r + s — 1 the
first term in (8.13) is bounded as

1
/ |0: Dk v Lg,a Dk pgul < CoBvris—1[ul? || Lg,aDr pul,
and the last for summands can be easily upper bounded by
CoEr ypts—1[u]

using Theorems 6.2 and 7.1. Let us now consider the first of the two
remaining terms. We have that

’/:r@tpkﬁuﬁx(b?’ﬁtDk,gu)
1
= ‘/(@Dkﬁu)Qz@wb?) + 5 /b?’x@x[(@ﬂ?kﬁu)Q]

1
< / ‘§x8x63 — b3’(8tDk,gu)2
< COEl,r-‘,-s—l[u]y

and an analogous argument shows that

‘/@Dkﬁu&((b“)@mkﬂu) < CoELTJrS,l[u].

Putting everything together, this yields (8.14). To conclude, we can
now estimate the commutator using Theorems 6.2 and 7.1 to infer that

| Lg,a(Drpu)|| < |Dr,s(Lg,aw)ll + [[Lg,a Dk slull
< | DrgF | + [[[Lg,as Drglull

< | llpgores-1 + CoByplu]?,
which shows that
1
WEr r1s-1[u] < CoEsp[u] + CoEs p[u]2 | F[5,, -

The computation of the time evolution of the other quantities
Eyyys—k—1[0Fu] appearing in the definition of Es,[u] (cf. Equa-
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tion (8.10)) is similar, the only difference being that one needs to control
the commutator

1Lg.a(Dj 07 u)ll < |IDy,p0F Il + [I[Lg.as Dj50¢ ull
< HathH'HO,r—o—s—k—l + C()E&T[u]% .

Summing over k, this readily yields the differential inequality (8.12).
q.e.d.

REMARK 8.2. Notice that we are not imposing that u(t) € H2 for
a.e. t, so Equation (8.4) has to be understood using the energy formu-
lation, as it is customary.

Promoting the estimates proved in Theorem 8.1 to estimates for the
tensor-valued equation

(8.15) Pyu=F, ul=o0 = uo, Opult=o = u1

is now immediate as the norms (8.7) can be trivially extended to tensor-
valued functions. As before, we will state the theorem in terms of the
quantity Cs,, which we can still define in terms of the initial data and
source term at t = 0 as in Equation (8.6).

Theorem 8.3. For all times T' < Ty, if u solves the problem (8.15)
one has the estimates

lulls,r < €T Cop + CoT|IFll5,r
where the constant Cy depends only on A.
A final simple result that will come in handy in the following section is

the following, which controls the difference between the solution to two
Cauchy problems of the form (8.15) with different metrics and source

terms. For concreteness we will control the difference in the || - ||1,0
norm and assume that we have the same initial conditions (ug, u1), but
we could have used any norm || - ||y, with & < s —1 and allowed for

distinct initial conditions. It is worth emphasizing that estimating the
difference is not completely trivial a priori because the leading part of
the equation, as represented by the operator Py, is not scalar: we have
seen that the parameter oo = oy; takes a different value depending on the
subspace VJQ that u is assumed to belong to. However, the structure of
the metrics under consideration allows to prove the result quite easily.

Proposition 8.4. Let
g:=7+zw and  § =7+ zuw

be metrics satisfying the assumptions (i)—(iii) above. Suppose that u,u’'€
L>®H' N H}L? satisfy the equations

Pyju=F and Pyu' =F',
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with the same initial conditions (ug,u1). Then the difference is bounded
by
lu = u'll10 < Ce“TT(IF = F/ll g+ [lw — w’

1,0) )

where the constant C' only depends on A, |||, and Cs .

Proof. A short computation using the expression for P, shows that
the differential operator P,, whose leading part at x = 0 is not scalar,
can be symbolically written in a neighborhood of x = 0 as

(8.16) ) ) o
Pyu = Ay(g) 0%u + (Alafg) + A1 (g, 5§)> ou + (A;gg) + AO(“Z; 69)) u,

where A;, A;- are tensor-valued functions. Furthermore, we know that
the term with second-order derivatives is scalar, and given by (8.2).

With g = 442w, it then follows that P, agrees with P, modulo terms
that are subdominant at x = 0. More precisely, Theorem 7.1 yields

Ar(9) — Ar(7)

2
[(Py — Pg’)“” < Z 22—k o"u ‘
k=0
1 — A= _ _
A5(9,09) — 447, 99')
DY
(8.17) < Cllw — leLO ,
with || - || denoting the L? norm and the constant C' depending only

on the quantities discussed at the statement as a consequence of the
estimates for v proved in Theorem 8.3.

To see why this is true, let us consider a term that does not depend
on g, such as A3(g) 9%u. Observe that, as the L> norm of w and dw is
bounded by a constant that depends on A by Theorem 6.2, it is standard
that we have

|A(7,09) — A(7,07)| < Co(jlw — w'| + z|ow — du']).
Therefore,

1(A2(g) — A2(7")) 0%ul| < [|[(zw — 2w H (2w, 20')8?ul|
Cll(w — w")xd*ull
Cllw = w'|| o 20wl L2 Lo
C

lw = w'llg [l

INCINCIN O INN

2
S
|
g
5

Here H is a smooth tensor-valued function, r’ is any number larger in

("7_1,7‘] and the constant C is as above. When derivatives of g are
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involved, the argument is similar. For instance,

1(A1(g,09) — A1(g',09")) Oull < [[(w — w') Hy0u|| + [|l2(Ow — Ow') Ha0ul|

/

< Cll(w — w")ou|| + C||(dw — dw')zdul|
< Cllw — w'| oo 2| Oullrz e

+ Cl|ow — 0w’ ||| z0u|| L
< Cllw — w'llgg lullyr.ora
< COllw—w'|1p-

To conclude the proof of the proposition, let us notice that

Py(u—u)=F —F+ (P, — Py)u.

Since
1(Py — Py)ullt g = [[(Py — Py)ullpeer2 < Cllw —w'[|1,0,

by (8.17), Theorem 8.3 then provides the desired control for the differ-
ence u — u'. q.e.d.

9. Convergence of the iteration

We are now ready to prove the existence of solutions to the equation
Q(g) = 0 with the desired initial and boundary conditions. With the
technical tools that we have already developed, the argument is now
standard.

To present the result, let us introduce a new norm that is stronger
than ||u||s, in the sense that it also includes additional (adapted) deriva-
tives with respect to the variable z. To define it, we can assume that
the tensor field w is supported in A4 and consider its decomposition

u:u0+u1+u2+u3,

where 1/ € V]. The norm is then defined using the metric v as

3
|||uH|577" = HUHS,T + "D;%iz)afu]||7_[0,r+m .
J
71=0 i+k+m<s—2

For s = 1 we simply take [[ull;, = [[ull1,,. By Theorem 6.4 and the
fact that a; > 5, for s < 5§ + 1 this is equivalent to

k
lully, = lullsr + D 10Fullpzirem ,
i+k+m<s—2

so, in particular, it does not depend on ~. Likewise, for s € [§+1, 5 +2)
one can write

3
j k
lully,» = lullsrt > IDEL 0 [l30.-+ > 10 ullpgz+isrm.
j=0

i+k+m<s—2 and i<s—3
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Of course, when u is not supported in A one defines its triple norm using
a compactly supported function Y, e.g., as in Equation (6.3). It should
be noticed that we will not only estimate w, but also xzPu, as in the
bound (9.2) below. The reason for this is that this not only amounts to
redistributing standard and regularized derivatives as in Proposition 6.1,
but, in fact, allows us to control p additional time derivatives of u. This
will be useful to prove Theorem 1.1.

Theorem 9.1. Let us choose numbers s, v, | and p and take v =,
as in the assumptions (i)—(iii) of Section 8. For any compatible initial
and boundary data (g, K, q), there is some time T > 0 and a function u
such that the weakly asymptotically AdS metric

g:zv—l—m%u

solves the modified Einstein equation Q(g) =0 in (=T,T) x M with the
specified initial and boundary conditions and is bounded as

(9.1) llull,, < €,
with a constant depending only on
2~ 2 ~
193Gl enr  + 12K g1+ Wallerrxonn
Furthermore, if r > %_1 + p with p a positive integer, we also have

(92) ”|xpu|”s+p,7‘—p <C,

and g € Co1 hom if g € C*® and 2§, 2°K € polyhom -

Proof. For simplicity we will divide the proof in four steps. As usual,
it is enough to prove the estimates in a small neighborhood A of the
boundary. As before, we will write the metric as § = 7 + 22 724 and
write the equation Q)(¢g) = 0 in the convenient form (5.5).

Estimates for the source terms. Let us begin by deriving some estimates
for the functions F(u) and £(u) under the assumptions that

93) Wl <A lullar <A 197 < A;

cf. Section 8. Just as in that section, we will write the metric as g =
¥ + zw with w := 22 'y bounded in the norm (8.1). Throughout, we
will denote by Cp a constant that only depends on A and § and we
will use without further mention the properties of the adapted Sobolev
spaces that we established in Sections 6 and 7.

A close look at Equation (5.4) reveals that the function F(u) can be
written as
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where F(g) is a smooth function of § := 7 + 2272 (in particular, F(u)
does not involve any derivatives of u). Hence, at any fixed time we have

u—u

|17 () = F(u)[l < Co < Collu = u'll3

where || - || again stands for the L? norm, which implies
17 () = F(u)llh 0 < Collu = u'llro0-
Furthermore, by the elementary inequality lv/z||3grs < Cllv|lgr1.s,

||J_'.( sr = Sup Z ”8 f ||'H0,r+sflc—1

[t<T 2o
s—1

< Cy sup Z ey | Pe——

t<T =1

Using the formula for £(u) given in Equation (5.2) and computing
the second derivative of B as in Lemma 4.3, we infer that £(u) can be
symbolically written as

1
E(u)—/ 22 B(u, x du) do
0

where B is a quadratic form whose coefficients are smooth functions of
~ + ox2 72y and the integral is with respect to the parameter o. Using
this formula and arguing essentially as in the case of F(u) one can prove
the analogous estimates

/

1€ (u) = E@W)1 0 < Collu — 10,
I1€W)Ils, < Collulls,r -

Hence, it stems that the function G(u) := F(u) + £(u) that appears in
Equation (5.5) satisfies the same bounds, that is,

(9-4) 1G(u) = G()1 0 < Collu = ull10,
(9-5) IG(wl5» < Collulls-

NN

Convergence in the low norm. Our objective will be to solve the equation
using the iteration

(9.6a) Pymu™ ™ = Fo + G(u™),
where g™ =y + 22u™ and the initial conditions that we impose are
(9.6b) ™ =g = o, " i— =

where of course u; == 72 (g, —&7]4=0). We can start the iteration with
1':= 0 and the desired solution to the equation Q(u) = 0 will arise as
the limit of ©™ as m — oo. Notice that we are using superscripts both
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for the sequence of iterates and for the components of u in the space
V;, but this should not cause any confusion because only the former
will appear in the study of the convergence of the sequence.

Let us assume that the condition (9.3) is satisfied, where A is chosen
so that

_ v A
07 Illgpr,, +18%lcollze +Cor + 1 Folly < 5 -
Recall that, by Theorem 4.5,

1Foll < ClFollr,.reany < Clillengaxonn -

where we have used that [ > s+ 5 +2 and p > [ +s+7+1, so this just
means that we choose A in terms of the sizes of the initial and boundary
data.

To prove the convergence of the sequence in the norm || - [|1,0, then
we can use Proposition 8.4 and the estimate (9.4) to write, for T < T,
lu™ = u™ 1o < CoT[IG(u™) = Gu™ Il o+ CoT l[u™ = u™ 10

(9.8) < CoT|u™ = u™ 1.

It then follows that the sequence (u")°_; converges in the norm |- |/1,0
to some u € LH! N th’OOLQ, provided that 7T is smaller than some
constant depending only on A (i.e., T' < 1/(2Cy)).

Boundedness in the high norm. Let us assume that the bound (9.3) is
satisfied up to the m'™" step of the iteration with A chosen so that (9.7)
holds. Writing ¢ = v + zw™ with w™ := 22ty we then infer that
the assumptions on the metric of Section 8 are satisfied too. Hence,
applying Theorem 8.3 to Equation (9.6) immediately yields, for T < Tp,

99 " Hlar < e“TCop + CoT (I Folsr + 1G(™)l5.1) -

If we employ that [ Fof%, < A/2 in the inequality (9.9) and use the
estimate (9.5), we arrive at

||Um+1||s,r < eCOTCS,'f' + COTH’LLWHS,T

A

< (9T + CoT) 5
(9.10) <A
provided that T is small enough.

Since the sequence (u") is bounded in || - ||, by (9.10) and converges
towin || - |l1,0 by (9.8), together with the fact that these spaces pos-
sess good interpolation properties (essentially as a consequence of the
formula (6.6)), we immediately obtain that «™ — w in || - ||y, for any
real s < s and that u also satisfies the bound ||ul|s, < A. The usual
argument then shows (cf., e.g., [33, Chapter 9]) that u is, indeed, a
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solution of the equation Q(g) = 0 in (=7, T') x M, with T small enough,
and that u is bounded by

(9.11) lullsr < A,
as a consequence of (9.10).

Higher spatial reqularity. Our goal now is to show that, if u satisfies
the equation Q(g) = 0, up to s adapted derivatives of u can then be
controlled in terms of the energy E; ,[u]. More precisely, need to prove
that

3
(9.12) > Y IDCEIOf || peeggorim

j=0 it+k+m<s—2
<Collullsy +Co > 10F Follpgsrsm -
itk+m<s—2
Since I > s+ 5 +2and p > [ +s+7+ 1, Theorem 4.5 then asserts that

> 0 Follyrem < Clla* *Folleo,, ,axan)
i+k+m<s—2

< CA.

Hence, the desired bound (9.1) follows from the inequality (9.12) and
the estimate (9.11).

The estimates (9.12) are proved by isolating the term D%u in the
equation Q(g) = 0, which we write as

Pyu = Fo+ G(u),

with ¢ = v + zZu. Once the term D;Q()xu has been isolated, we can
take the necessary number of adapted z-derivatives for which we need
a priori estimates. For concreteness, let us spell out the details for the

first quantity, namely the norm ||D§322yu]| LooHO+s—2.
From Equation (8.4) we can write
(9.13)
DY), ul = (7 4+ Gy + Gpud — (@)D o7 — 0 (G o)

— 2O [(b2)0p?] — 20, (B3u?) — B[(bY) D] + 1.0.t.> ,
where the superscript j indicates the component in Vj7 and we have
employed the identity (8.16) to write

Pyju = Pyu+lo.t.

using the same ideas as in the proof of Proposition 8.17. Besides, we
have used that, as thanks to our choice of the number s, we have the
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uniform bound
g — gli=o|lz~ < CT.

Equation (8.3) guarantees that we can, indeed, divide by b' to solve the
equation for Dg"&ju To compute the norm HD;(BQ&J U || g40,r+5—2 We must
now consider the action of the differential operator Dy, g on this equation,
with {+[8| < r+s—2 and Dy, g defined as in (7.1). Given the dependence
on u of the various terms that appear in the equation, a straightforward
computation shows that, in fact, the terms that appear can, indeed, be
controlled using the norm ||ul|s, and Theorems 6.2 and 7.1 as

(9.14) D), w || poepgoirss—2 < Collu

00

ENG + COHFOHL?O’HO,Tqu—Q .

Although we will not write down the tedious but straightforward minu-

tiae, it is clear from (9.13), e.g., that the most dangerous terms that can

appear when one estimates HDECQZY W || 340.0+5—2 are of the symbolic form

VF ()R ullpnrsecs + | F(w)adBptulyorsas + | F(u)adudiulloss s
and these are clearly controlled by ||u||s-

. 2) . .
Now that we have estimated HD&& U |lggo.r4s—2, which gives
control over |[lu|pecp2r+s-2, we can easily obtain bounds for

HDSE,()XJ.(‘)quL?oHo,Hs_z_z by taking time derivatives in Equation (9.13)

and repeating the argument. Estimates for the other terms
||D:(E2,;r].l)8fuj|\ Lsono.r+k are then obtained by successively acting with

Dﬁ)a on Equation (9.13), with ¢ = 1,2...,s — 2. The only difference
is that one has to use that, by the choice of the range of parameters
made in the assumptions (i)(iii), the norms | - [| ;s and || - || are
equivalent by Theorem 6.4 for all s’ < 5 + 1.

Additional time derivatives and C* estimates. The proof of the a priori
estimate (9.2) is, in a way, analogous to that of (9.12). If we now isolate

0?u in Equation (9.13), we find that the component u/ € Vj7 satisfies
the equation

(9.15)
07w = G(u) =D v/ —(0,0") Dy o, 0! —0F (G* O’ ) — 207 [ (b7) O’
— 20, (bP0u?) — O;[(b) D’ ] + Lo.t.

Multiplying by z”, taking s — 1 derivatives with respect to ¢t and using
the bound [|ull,, < Cd, we immediately find that 2P0y satisfies

”"L’paf—‘rlu”Ltoo'HO,rfl < C .

Likewise, by successively taking s — 2 + ¢ time derivatives in (9.15) and
repeating the argument, we readily obtain the bound
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|’l'paf+iu||LtooH0,r7i < C,

for 2 <1 < p.

The fact that the solution is smooth in the polyhomogeneous sense
if the initial and boundary data are is a straightforward consequence of
Theorem 6.3 and the persistence of regularity principle (see, e.g., [34]),
which just means that the time of existence T" does not depend on
the choice of the integer s,r as long as they are large enough, so that
in this case [[ull,, is finite (although not uniformly bounded) for all
s,r (of course, ¥ is smoothly polyhomogeneous by construction). This
completes the proof of the theorem. q.e.d.

The statement about the existence of C¢ metrics that appears in the
statement of Theorem 1.1 is an immediate consequence of Theorem 9.1
due to Corollary 6.3 provided that the initial and boundary data are
smooth enough. Specifically, by keeping track of the various choices of
exponents that we have made in the preceding sections we arrive at the
following:

Corollary 9.2. Given any q = n — 1, let us choose an integer p >
2q+ %n—i—?. IfgeCP, 22, 2°K € C"! ngolyhom and they satisfy the
constraint equations and the compatibility conditions to order q, then
there exists a T > 0 and a unique solution to the equation Q(g) =0 on
(=T,T) x M with the above initial and boundary data, which is of class

~ ~1 q
geCc™n Cpolyhom.

10. DeTurck’s trick revisited

Corollary 9.2 provides a weakly asymptotically AdS metric g that
solves the equation Q(g) = 0 in (—T,T) x M, satisfies the desired ini-
tial and boundary conditions. Our objective in this section is to show
that g is also a solution of the Einstein equation Ric(g) = —ng, which
completes the proof of Theorem 1.1. The standard way of proving this
is via the so-called DeTurck’s trick. A textbook presentation of this
method can be found in [33, Chapter 14] (see also [24]), so we will
only sketch the main ideas and refer to this book for further details. It
should be noticed, however, that the lack of global hyperbolicity and
the fact that the equations that appear are singular at the conformal
boundary ensure that an additional effort is necessary to show that De-
Turck’s method actually works in the situation that we are considering.
Fortunately, the estimates that we have derived in the previous sections
of this paper are well suited for this task.

The key idea in DeTurck’s method is that, if Q(g) = 0, the 1-form
W introduced in (3.4) to break the gauge invariance of the Einstein
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equation must satisfy the linear hyperbolic equation
(10.1) HgWyu+ R,W, =0,

where R} := g”ARM,\ is the tensor obtained by raising an index of the
Ricci tensor of the metric g. When the metric g is globally hyperbolic,
it is immediate that if W, = 0 and O;W, = 0 at t = 0, then W = 0
for all time, which readily implies that the metric satisfies the Einstein
equation Ric(g) = —ng because of the structure of the operator Q.

The difficulty here is that Equation (10.1) is not globally hyperbolic.
In fact, since g is weakly asymptotically AdS (which ensures that g =
x72g for some § smooth enough up to the boundary and such that
g xux, = 1 on (=T,T) x OM), a tedious computation shows that,
in A, Equation (10.1) reads as

(3—n)0uWy nWyu+ (n— 12)57”“”/” TH 1ot
x

(10.2) g™ 068, W+ "

where l.o.t. stand for terms with at most one derivative of W that are
smaller at x = 0 (i.e., they are of the form O(1) OW + O(x~1)W).
Let us now write W =: W9 + W3, with

AV
g x/\WV

W), =—"""g,.

( )M ]dac]% Ly

This decomposition diagonalizes (10.2) in the sense that the leading
terms of the equation (both in terms of derivatives and singular behavior
at the boundary) are now controlled by scalar operators:

3—n
T

3 — 2
n&E — Z) W3 + l.o.t.,
x

-1
EOWO e <g)\Va)\aV + 633 — 3nx2) WO + l.o.t. s

L3Ws = (f”@@,, +

where again l.o.t. stands for lower-order terms that are smaller at x = 0.
Setting W, =: mf_:lV} for j = 0,3, we can now write

LW, = a2~ PV,
where in A the linear operator P; reads as
PV; = g (af + 05,G™ 0. + D%, B' Dy, + 2 51%0,;
+ 20,50y + 20,50, + 203°0;) V)
+ (136:[:895‘/3 + 2b"0,V; + xb®9pV; + Bgvj),

with ap and ag defined in Equation (4.2)

Since this has the same structure as the operator P, considered
in (8.2), a minor variation of Theorem 8.3 proves, in particular, that
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any solution V' := Vjy + V3 must vanish identically in (=7,7T") x M if it
has zero boundary and initial conditions. The compatibility conditions
for the initial and boundary conditions guarantee that this is, indeed,
the case (cf. Appendix A), so we have proved the following:

Theorem 10.1. The metric g constructed in Theorem 9.1 (or Corol-
lary 9.2) solves the Einstein equation Ric(g) = —ng in (=T,T) x M.

The main result of the paper (Theorem 1.1) then follows.

Appendix A. Constraint equations and compatibility
conditions

In this appendix we recall the constraints that must be satisfied by
the initial and boundary data of the Einstein equations Ric(g) +ng = 0.
We refer to [4] for details.

The initial and boundary conditions are a Riemannian metric g;; on
the n-dimensional manifold M, a second-order tensor K;; on M and a
Lorentzian metric g,g on R x M. We also need a function x on M,
which we assume to be C* up to the boundary. The connection of
these objects with the Lorentzian Einstein metric g on (=7,7) x M is
that gap is the pullback of g, = z%g,, to (—T,T) x M, g;; is the
pullback of g, to the Cauchy surface {0} x M and Kj; is the second
fundamental form of the Cauchy surface in (—7,7T) x M with respect
to the metric g,,,. In terms of regularity, we assume that g,s is of class
CP((—=Ty, Tp) x OM), that 2g;; is in C" (M )ﬁCgolyhom( ) and that
K;;j can be written as

1 1. .
Kij = —Lij+ —Kgij
where L;; is traceless (that is, g L;; = 0, so K = g K;;) and L;;, K €
crY(M)NCL L (M). With some abuse of notation, throughout this

polyhom
paper we use the shorthand notation

02K o1 = [ Zigll g + Kl gt
and when we say that 22K;; is in C"~1NCP

cnlnCrr

these quantities (in addition, to z2g;;).

Olyhom we mean that L;;, K €

Olyhom We recall that the estimates in [4] control precisely

The way to compute 9Fg,,|i—o from the initial data (g, K) is well
know, the only difference being that one must take care of the powers of
x that characterize the behavior at infinity of the metric. An economic
way of doing this (see, e.g., [13, Section 7.5] for details) is by embedding
M in the product (—Tp,Tp) x M and choosing t € (—Tp,Tp) as a time
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coordinate. We can then identity {¢t = 0} with M and set, for any local
coordinates on M,

Gijlt=0 = Gij , gtilt=0 =10, , git = —x 7
The condition that K be the second fundamental form of the spatial
hypersurface {t = 0} translates into
2
Ougijle=0 = — Kij,
while the time derivatives of the coefficients g, at 0 are chosen so as to
ensure that the 1-form W (cf. Equation (3.4)) vanishes at t = 0. Higher

order time derivatives of the metric a time 0 can then be computed from
the equation Q(g) = 0. Because of Proposition 3.2 we assume that

_ =ij
1 =g"zu20|(0yxom = 9 iz 05zl
=ij . . =
where ¢ 7 is the inverse of 9ij = 30291’;‘-

The initial data (g;;, /(;;) cannot be chosen freely, as the following
constraint equations must be satisfied:

(A.1a) R—KyK9+K?=—n(n—-1),
(A.1b) VIKji—VK=0.

Here the quantities with tildes are computed using the Riemannian met-
ric g, R stands for the scalar curvature of g and indices are raised and
lowered using this metric. The proof goes exactly as in [33].

This kind of initial data, with the assumption that the objects should
be C*° up to the boundary, were considered by Friedrich in his break-
through paper [20] to construct space-times with AdS-type behavior
at space-like infinity in dimension 4. This has been discussed in more
generality in Kannar [30]. Andersson and Chrusciel [4] have established
the existence of many solutions with the right behavior at infinity to the
constraint equations under the additional assumption that K is constant,
that it,

VK =0.

This extra hypothesis is used to decouple the scalar and vector con-
straint equations. These solutions are “labeled” by a symmetric trace-
less tensor A% that is sufficiently smooth up to the boundary (say, in
C*(M)). Tt is worth mentioning that, generically, the resulting solu-
tions (Ez-j, L;;,K) are not arbitrarily smooth up to the boundary due to
the appearance of log terms: they are generically in C"~' N Sﬁlyhom’
although there are also “many” nontrivial solutions that are smooth up
to the boundary, in which the log terms are absent.

Additionally, one must consider compatibility conditions between the
initial conditions (g, K') and the boundary datum g. As is well-known,
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solving the Einstein equation in a bounded domain with nontrivial
boundary conditions on the boundary is usually problematic (see,
e.g., [21] and references therein). Fortunately, in this setting we can
exploit the fact that the metric we want to construct is asymptotically
anti-de Sitter to obtain a manageable set of compatibility conditions:
one have fixed the integers s,r (with s+ < p), we only need to im-
pose that the functions uy, defined in (5.6) and (8.5), belong to H"
for 0 < k < s—1 and to L2 for k = s. This integrability condition
at infinity is enough to ensure that the arguments in the paper make
sense, essentially because we can integrate by parts in the proof of The-
orem 8.3. A more intuitive way of understanding this condition is that
it is tantamount to saying that the formal solutions that we calculate
at t = 0 using (g, K) (that is, ¥ g|i—o as computed above) and at z = 0
using the boundary data (the metrics 4; of Theorem 4.5 with [ > q)
must agree to order q.

Appendix B. Some estimates for the operators A, and A},

The integral operators A, and A, defined in (6.7), play a key role
in some arguments presented in Sections 6 and 7. Therefore, we will
record here some estimates the we proved in [18, Theorem 3.1 and
Proposition 3.3], where as usual we assume that « > 1. For the benefit
of the reader, we also include a sketch of the proof.

Theorem B.1 ([18]). The following statements hold:

(i) Acting on one-variable functions, the operators A, and A%, define
continuous maps

L2 - L.
(ii) The operators %Aa and %Az are continuous maps
L2 L2 and L?—=1L12.
(iii) If u is a function in L2(A) with Dy qu in L2(A), then
u(z,8) = (AaDgqu)(z,0).

(iv) If u is a function in L*(A) with D} ,u in L*(A), then

u(e,0) = (AZD% 4u)(w,0) + £(0) 221,

the function f(0) being bounded in L2 = L*(OM) by

£z < ClullLz + Dz aulL2)-

Proof. We can assume that u is smooth and supported in the region
0 < x < 1. Let us begin analyzing the mapping properties of A},.
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In view of the expression for A7, we will use the Hardy inequality

1 1 2 1
(B.1) / xQO‘_QT_l(/ Yy =%0(y) dy) dx < C/ 237 p(2) dx
0 T 0

with r = 0,1. To prove this, let us set

1
P(x) = / y' % (y) dy .

Then integrating by parts and using the Cauchy—Schwarz inequality we
find

1 1 1
/ 1204727‘71,(/)2 dx — gowwanTfl de’
0 a—1J
I :
- @i el
0

a—T

1 1 1 1 1
< </ $2a72r71,¢2 d$> (/ 1'3727.%02 d.’L‘) .
a—7T 0 0

This proves (B.1). This implies that, with r = 0,1, 1A% is a bounded
map

L*((0,1), 237 % dx) — L?((0,1), 27" dx),

and with r = 1 this implies that iA(*y : L2 — L2. Since the star denotes
the adjoint with respect to the L2 product, a standard duality argument
then ensures that A, is a bounded map

L*((0,1), "% dz) — L*((0,1),2* 'dx),

which with r = 0 implies that %Aa : L2 — L2. The fact that this also
corresponds to L? — L? bounds is immediate.

Let us now pass to the pointwise bounds. To prove (i) for A} we
utilize the Cauchy—Schwarz inequality to write

1
/ ¥ % (y) dy’

1 1
a—1 L% 2 ! 2 2
<z /y dy /w(y) dy

1— :L,a—l 1/2
g -
lellua (55 )

_1
< (2-2a)72lgl|Lz -

The LY° estimate for A, is similar.

| Anp(a)] = 27

To prove (iv), notice that if u; := D} ,u € L2, we can solve the ODE

* JR—
D; qu=u1,
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to write
u= A% (u) + f(0) 2,

for some function f(#). Moreover,

1£1lz = CIIF(0) 2° MLz < Cllulle + 144 (ua)llx2)
< C(lJullez + flurlle2)

where we have used that A* : L2 — L2 by (ii). To prove (iii), the
reasoning is analogous: again we can solve the ODE

Dx,au = U2,

to write
u= Aq(uz) + fo(0) =<,

but we infer that fo must be 0 because 2~ is not in L2. The theorem

then follows. q.e.d.
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