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SHARP FUNDAMENTAL GAP ESTIMATE ON
CONVEX DOMAINS OF SPHERE

SHOO SETO*, LiLt Wana! & Guorane WEr

Abstract

In their celebrated work, B. Andrews and J. Clutterbuck proved
the fundamental gap (the difference between the first two eigen-
values) conjecture for convex domains in the Euclidean space [3]
and conjectured similar results hold for spaces with constant sec-
tional curvature. We prove the conjecture for the sphere. Namely
when D, the diameter of a convex domain in the unit S™ sphere,
is < 7, the gap is greater than the gap of the corresponding 1-dim
sphere model. We also prove the gap is > 35—22 when n > 3, giving
a sharp bound. As in [3], the key is to prove a super log-concavity
of the first eigenfunction.

1. Introduction

Given a bounded smooth domain 2 in a Riemannian manifold M™,
the eigenvalues of the Laplacian on ) with respect to the Dirichlet and
Neumann boundary conditions are given by

D<A <A< A3 — 00,

and
0=po <p1 < pg-- — 00,
respectively. There are many works on estimating the eigenvalues, es-

pecially the first eigenvalues. Estimating the gap between the first two
eigenvalues, the fundamental (or mass) gap,

Q) = A2 — A1 > 0, Dirichlet boundary,
B w1 >0, Neumann boundary,

of the Laplacian or more generally for Schrodinger operators is also very
important both in mathematics and physics. For Neumann boundary
condition, it is the same as estimating the first nontrivial eigenvalue.
In this case, for a convex domain in a Riemannian manifold with Ricci
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curvature bounded from below, a sharp lower bound for u; is given by
a 1-dim model [2,4,9, 13,16, 33]. For Dirichlet boundary condition, a
sharp upper bound for Ay — A1 has been obtained for domains in the
space of constant sectional curvature in [7,8,10] in their solution of the
Payne—Polya—Weinberger conjecture. The optimal bound is achieved
by geodesic balls. For convex domains 2 C R" with diameter D and
convex potential, it was independently conjectured by van den Berg,
Ashbaugh and Benguria, Yau [6,26,30] in the 80’s that the gap I'(2)
has the sharp lower bound of 3” . The subject has a long history, see
the excellent survey by Ashbaugh [5] for discussion of the fundamental
gap and history up to 2006, and the references in [3]. We only mention
that in the inﬂuential paper, Singer, Wong, Yau and Yau [25] showed
that I'(Q2) > 4D2 Yu and Zhong [31] improved this to = DQ, see also [19].
Further improvements to the gap is done by Yau [28] which depends
upper bound estimate on the log-concavity of the first eigenfunction.
Yau [29] also studied the case for non-convex potentials. In 2011 the
conjecture was completely solved by B. Andrews and J. Clutterbuck in
their celebrated work [3] by establishing a sharp log-concavity estimate
for the first eigenfunction, see also [22]. For triangles in R?, Z. Lu and J.

Rowlett [20] showed the improved gap estimate, that the gap is > %‘gz

and the minimum is realized by the equilateral triangle, where D is the
diameter of the triangle. See also their work [21] for the behavior of the
gap as the domain collapses to lower dimension. For convex domains
on a sphere, Lee and Wang [18] showed the gap is > 7. See [23] for an
estimate on general manifolds.

In this paper we give a sharp lower bound on the gap for convex
domains on a sphere. One of our main result is the following.

Theorem 1.1. Let Q2 C S™ be a strictly convex domain with diameter
D, \i(i = 1,2) be the first two eigenvalues of the Laplacian on £ with
Dirichlet boundary condition. Then

(L1 D@ =X =\ >Xo(n,D) = Ai(n,D) i D < £,

where \i(n, D) (i = 1,2) are the first two eigenvalues of the operator
6%32 — (n — 1) tan(s )di on [—%, %] with Dirichlet boundary condition.
Furthermore,

(1.2) Xo(n, D) — A\ (n, D) > 3% ifD<m n>3

Remark 1.2. In fact, we prove some monotonicity properties for the
gap of the 1-dim model (2.2) for any constant curvature, see Theorem 2.1
for more detail. In particular, when n = 2, the gap of the model is less
than 3 22 in the non-Fuclidean case. For sphere we expect it is still

greater than 275, and for fixed D, we also expect the gap increases

D27
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when the dimension gets bigger for n > 2. See Appendix A for some
numerical evidence and [14] for the asymptotics.

Corollary 1.3. Let Q C S™ be a strictly convex domain with diameter
D <5, N (i =1,2) be the first two eigenvalues of the Laplacian on
with Dirichlet boundary condition. Then

2
(1.3) Ao — A1 > 3% when n > 3.

Remark 1.4. Same estimates are true for Schrodinger operator of
the form —A + V', where V > 0 and is convex.

Remark 1.5. In continuations of this work, the diameter < F re-

striction in various places of this paper has been removed in [15]. The
gap estimate (1.3) is also shown to hold when n = 2 [14]. Theorems 3.2
and 3.6 in this paper play important role in those work.

The key to proving (1.1) is the following log-concavity of the first
eigenfunction.

Theorem 1.6. Let Q2 C S™ be a strictly convex domain with diameter

D < 5, ¢1 > 0 be a first eigenfunction of the Laplacian on 2 with

Dirichlet boundary condition. Then for Vz,y € Q, with x # v,

(1.4)
(Viog 61(y),7'(4)) — (Vg ¢1(z),7'(—4)) <2 (log é1)’ (d(a;, y)) :

where v is the unit normal minimizing geodesic with ’y(—%) =ux, ’y(%) =
y, and ¢1 > 0 is a first eigenfunction of the operator %— n—1) tan(s)d%
on [—2 D with Dirichlet boundary condition with d = d(z,y). Dividing
(1.4) by d(z,y) and letting d(x,y) — 0, we have

(1.5) V?log ¢ < —Aq id.

This improves an early estimate of Lee and Wang [18] that V2 log ¢ <
0.

In the proof we work on spaces with constant sectional curvature.
In particular, our proof works for spheres and Euclidean spaces at the
same time. Some of our results hold also for negative constant curvature
(see Section 2). For the log-concavity estimate, the last step fails for
negative curvature, see the proof of Theorem 3.2 for detail. In fact, we
have a more general estimate, see Theorem 3.8. We also have a parabolic
version, see Theorems 3.2 and 3.6. For negative constant curvature, it
is not clear if the corresponding log-concavity of the first eigenfunction
holds. If it were true then we also get the corresponding gap estimate,
see Theorem 4.1.

The paper is organized as follows. In §2 we study properties of the
eigenvalues and eigenfunctions of the 1-dimensional model space ob-
tained by considering the rotational symmetry of constant curvature
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spaces. When the curvature is not zero and dimension is not 1 or 3,
the eigenvalue and eigenfunction of the 1-dimensional model cannot be
solved explicitly. We obtained a gap estimate for the model by obtaining
several monotonicity properties for the eigenvalues and eigenfunctions.

In §3, we prove Theorem 1.6, the key super log-concavity estimate.
Following [3], the idea is to apply the maximum principle to the so called
two-point functions. For K # 0, the computation is much more subtle.
In R™, Andrews—Clutterbuck proved the preservation of modulus holds
for general solutions of the heat equation. It is not clear if this is true
when K # 0. We use both the heat equation and the Laplacian equation
to prove several preservation of modulus. Several elliptic versions are
also obtained.

Finally, in §4, with the log-concavity result we derive a gap compari-
son for general manifolds with lower Ricci curvature bound. Namely the
gap of the Laplacian is greater or equal to the gap of the 1-dimensional
model, thereby proving Theorem 1.1. The gap comparison (Theo-
rem 4.1) can be viewed as a generalization of Neumann gap comparison,
as in the Neumann case the first eigenfunction is constant and automat-
ically satisfies the log-concave condition (4.1). We give two proofs of the
gap comparison, one elliptic and one parabolic. As another application
of (1.4) we also give a lower bound on the first Dirichlet eigenvalue of
the Laplacian on convex domain in sphere, see Proposition 4.7.
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paper, thank Lei Ni, Guogiang Wu, Yu Zheng for their interest in the
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Part of the work was done while the third author was in residence at
the Mathematical Sciences Research Institute in Berkeley, California
during the Spring 2016 semester, supported by the National Science
Foundation under Grant No. DMS-1440140. She would like to thank
the organizers of the Differential Geometry Program and MSRI for pro-
viding great environment for research.

2. The gap of 1-dimensional model spaces

Let M’% be the model space, the n-dimensional simply connected
manifold with constant sectional curvature K. Denote sng(s) the coef-
ficient of the Jacobi field starting from 0 in M. Namely sng(s) is the
solution of

sn’(s) + Ksng(s) =0, sng(0) =0, sn,(0)=1.
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Let csi(s) = sn/(s) and tng(s) = () (), (This definition

sk (s)  osk(s)
of tng has the opposite sign of the one in [1].) Explicitly we have
\/%sin(\/?s), K >0,
sng(s) =« s, K =0,

\/i—KSinh(\/—Ks) K <0,

cos(VKs), K >0,
csi(s) =<1, K =0,
cosh(v/—Ks), K <0,
and
\/Etan(\/Fs), K >0,
tng(s) =<0, K =0,
—V/—=K tanh(v/=Ks) K <0.

We write the metric on MY as the following. Given a totally geodesic
hypersurface ¥ C M}, let s be the (signed) distance to X, then the
metric of MY is

(2.1) g = ds® + cs5(s)gs.
The Laplacian operator is

0? cshe(s) 0 1

A=— -1 — Ay,
0s? +(n )CSK(S) ds = s (s) >
The “one-dimensional” model of the equation A¢ = —A¢ is
(2.2) " — (n—1)tng(s)¢' + A = 0.

Below we study the basic properties of the eigenvalues and eigenfunc-
tions of this model with Dirichlet boundary condition on [—%, %] (We
always assume D < \/% if K > 0.) The properties are parallel to the
behavior of the first two eigenvalues and eigenfunctions of balls in S™
established in [8], although there are some essential difference.

First, equation (2.2) is symmetric. Namely if ¢(s) is a solution of
(2.2) with Dirichlet boundary condition, then so is ¢(—s). By taking
d(s) + ¢(—s) or ¢(s) — ¢(—s), we get even or odd eigenfunction. By
Courant’s Theorem on nodal domains (see, e.g., [24, page 126]) the
first eigenfunction does not change sign, and the second eigenfunction
changes sign exactly once. Hence, we can choose the first and second
eigenfunctions ¢1, ¢o such that

(2.3) #1 >0 is even, and ¢ is odd with ¢5(0) > 0.

Denote M(n,D,K), Xa(n,D,K) the corresponding eigenvalues of
¢1a ¢2'
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n—1

With the change of variable ¢(s) = cs; * (s)p(s), we obtain the
Schrodinger normal form of (2.2),

(in—1)K (n-3
(2.4) ¢"(s) - —(n-1))e=-Xe.
4 cs2-(s)
Since ( ) > K, this immediately gives,
Sk
(2.5) Ai(n,D,K) > max{— — 21K, 0} when n > 3.

When n =1,3 or K =0, (2.4) implies that we can find the eigenvalues
and eigenfunctions explicitly and the gap Xo(n, D, K) — A{(n, D, K) =
3175—22. Namely D? (A2(n, D,K) — Ai(n, D, K)) is a constant. In general
one cannot find the eigenvalues explicitly. But as pointed out by Chenxu
He, when n > 3 and K > 0 (or K < 0, D € (0,a(K)), see below),
the potential term in (2.4) is convex, therefore, the gap estimate (2.6)
follows directly from the solution of 1-dimensional conjecture in [17]. On
the other hand, the following monotonicity property has independent
interest, and some of the monotonicity of eigenfunctions obtained in
the proof will be used later on, so we still keep the theorem below.

Theorem 2.1. For K >0, D < 7, D? (X\2(n,D,K) — M\i(n, D, K))
is increasing in D when n > 3, decreasing in D when n = 2. Therefore,
when n >3, D € (0,7),

2
< < s
(26) )\Q(TL,D, 1) — )\1(')1, D, 1) > 3ﬁ

When K < 0, the same statement is true for D € (0,a(K)], where a(K)
is a positive constant depends on K. (see proof for its definition)

To prove this, first we derive some monotonicity properties for the
eigenfunctions. For the first eigenfunction, we observe

Lemma 2.2. ¢1(s) is strictly decreasing on [0, %]

~ Proof. Multiplying (2.2) by the integrating factor cs?(_l(s), we have
¢1(s) satisfies

(csh ()¢ (5)) = A esiL ()i (s) < O
Since ¢1(s) is even, we have ¢;(0) = 0. Integrating the above from 0 to
0 <1< L2 wehave ¢{(I) <0. q.e.d.

Next we show the ratio of ¢1, ¢ is also monotone.

Lemma 2.3. Let

— . . . D
Then w(s) is increasing on [0, 5 ].
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Proof. Since ¢9 is odd with ¢5(0) > 0, we have w(0) = 0, w'(0) > 0.
By [25], w extends to :l:% and @’ (:t%) = 0. Direct computation shows
that @w”(s) satisfies

(2.7) @"(s) = (n—1) tng (s)@'(s) +2(log ¢1) @' (s) + (A2 — A1) (s) = 0.

Since on (0, %], w > 0, we have at points in (0, 7] where @w' = 0, (2.7)
gives

(2.8) " = —()\2 — )\1)@

In particular, @”(£) < 0, which gives @ (% —¢) > 0 for all small € > 0.
Now we prove the lemma by showing @’ > 0 on |0, 2] We show this

by contradiction. Suppose there is some point where 1w’ < 0, since
@'(0) > 0, w' (£ —&) > 0, there are two points a,b with 0 < a < b < %

2
such that @w'(a) = 0 and @'(b) = 0 and w”(a) < 0 and @w”(b) > 0. This
contradicts to (2.8) that w” < 0 at points where w’ = 0. q.e.d.

Now we investigate the dependence of the eigenvalues \;(n, D, K) (i =
1,2) on D using perturbation theory. We define the Sturm—Liouville
operator

d? d

LD:—W-F( 1)'611]{(8)57

with Dirichlet boundary conditions at :t%. (We omit the dependence
on n, K since we are interested in how the eigenvalues change when D

varies.) Its Sturm-Liouville normal form is given by

Lpp = —csi"(s) (s ()¢ (5)) "

Hence, Lp is a self-adjoint operator in the Hilbert space

L? ((—2, B), CSnK_l(S)dS) .

2° 2

In order to work on a fixed interval (—7, %) we note that by making a
change of variable s = ct, the eigenvalue problem L.p¢(s) = A¢(s) on
(=<2, <L) can be rescaled to

= d? d 9

Lo = ~e +c(n—1) tnK(ct)a o(ct) = A p(ct),
for t € (=2, 2). And
(2.9) Ai(n,eD, K) = N\i(Le).

L. is an analytic family of operator in a neighborhood of ¢ = 1, and is
self-adjoint in the Hilbert space L? ((—%, %) cslgn 1)( )ds). We have
fq =L D and

Le—Lp = (n—1)[ctng(cs) — tng(s)] a%



354 S. SETO, L. WANG & G. WEIL

Let ¢, be a normalized eigenfunction associated to eigenvalue A. =
A(Lc). Then

(O S [ ) PO (AL S

Since L; — A is self-adjoint in the Hilbert space L%(—%,%),

cs?(_l(s)ds), the second term above is zero when we inner product with

Cil.

eigenfunction ¢. The perturbation formula of the eigenvalue A(L.) at
c =1 is given by

Lemma 2.4.

d\(L,) _/dL,
i < e ¢c,<z>c> B
7 dL. ~
(2.10) - [ | 05) 0(s) e (o),

D
where ¢ is an eigenfunction of Lp such that [ 2, ¢*(s) cs?(_l(s)ds =1.
2

Hence, for the first two eigenvalues of L., )\i(I:c),z' = 1,2 we obtain

B = =) [ (i) + K o566 ()K(6) e 5)ds
c=1 -3
(211) = 2(n-1) /0 ¥ Uc(s) Gils)BL(s) e (s)ds,
where
(2.12) I (5) == tng(s) + sK csi2(s).

In (2.11) we used the fact that both Ik (s) and ¢;¢}(i = 1,2) are odd.
~ This gives the following monotonicity formula for the first eigenvalue
Ai(n, D, K).

Proposition 2.5.
p <0, K>0, De/(0,
D (D’ (n,D,K)){ =0, K =0;

>0, K<O.

);

Sy

(2.13)

Proof. By (2.9),

d\i(Le)
dc

= i(025\1(71,0D,K))

c c=1

1 d <
= BE(DzAl(n, _D, K))

c=1
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Since [k (s) satisfies

>0, K>0,Dce|(0,

Vi)
Ik(s)§ =0, K=0;
<0, K<O.
On (0, £), by Lemma 2.2, ¢ < 0, since ¢; > 0, the result follows from
(2.11). q.e.d.
Now we are ready to prove Theorem 2.1

Proof of Theorem 2.1. For convenience, we denote

mg(s) = l}(ﬁ =

5 K esi2(s)(1 + stng(s)).
Note that Ik (s) tng(s) = m(s)

K. Using integration by parts and
that 1(0) = 0, ¢;(5) = 0, we rewrite (2.11)
dAi(Le)
de

D

== 1)/2 1k (5) (97 (s)) esh (s)ds

n—l/ G2(s) [l (s

— (n = D)lg(s) tng(s)] esp

csh T (s)ds
_ 7%_1/2¢ﬁ@mmK@w4n—wmm(> K))esi ! (s)ds
0
=(n-1) /0 ’ ¢2(s) [(n — 3)mk(s) — (n — 1) K] esy ! (s)ds.
Hence,
d)\g(fzc) dAl([:c)

de |,  de =1
(2.14) ”

(0= 1)n=3) [ ) [33(s) - )] es ! (5.

0

Note that mg(s) is increasing when K > 0, D € (

0, \/%) m/i-(s) has
exactly one zero on (0, 00) when K < 0. Denote the zero point by a(K)
Then we will show

(2.15)

. 1 >0, K>0, De(0, /)
/ ic(s) [33(s) — BH6)] s H(s)ds § =0, K =0y
>0,

K <0, D€ (0,a(K)].
First we claim ¢1(s)

¢o(s) at exactly one point in [0, £). Since

AQ¢3@wK dy—/ B3(5) el (s)ds,

(2.16)
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and ¢1,¢2 > 0 on [0, 2] there is at least one point in [0, %) such that

#1(s) = ¢o(s). By Lemma 2.3, ¢2 > 21 Therefore,

G1(d) — ) < (d1 — da)

and ¢} — ¢, < 0 when ¢ = ¢o. If ¢1(s) = ¢a(s) at more than one
point in [0, 12) ), since ¢1(0) — ¢2(0) > 0, at the second such point we get
¢} — ¢, > 0 which is a contradiction. Let b € (0,%) be the point such
that ¢1(b) = ¢o(b). We have

<0, se][0,b],

F(s) - ¢1<>{>0 oDl

When K > 0, my(s) is increasing on [0, 2]. Hence,
/ mic(5) [ B3(s) - qﬁ(s)} s (5)ds
/ mic(s)[3(s) — G3(5)| s (s)ds
/ mic(5)[33(s) — (6] esi H(s)ds
> /0 mic(0)[3(5) — 33(5)] esi L ()as
+ /b F e (33(s) — 31(s) | esi (s)ds

= mi) | B0 - 8] i (0
=0.

This proves (2.15) when K > 0. When K < 0, we have the same
inequality since mg(s) is increasing on [0, a(K)]. Clearly when K = 0,
o is my, thus, we have proved (2.15). Recall

d)\g( c)
dc

1 d
DdD

~dM(Le)
1 dc

(D*(a(n, D, K) = Ai(n, D, K))) =

c= c=1

Now the monotonicity part of Theorem 2.1 follows from (2.15) and
(2.14).

As D — 0 the gap approaches to the gap in the 1-dim Euclidean case.
Namely

lim D?(Aa(n, D, K) — A\ (n, D, K)) = 372,
D—0

so we have estimate (1.1) by the monotonicity. q.e.d.
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Corollary 2.6. We also have the monotonicity of the ratio. Namely
forn >3, D€ (0,7/VK) when K >0, D € (0,a(K)) when K <0, we

have
i 5\2(n7D7K) >0
dD \\i(n,D,K)) =

Proof. By direct computation

d <)\2(n,D,K)> 1 <d)\2(n,cD,K)>

dD \ \i(n,D,K) D \dci(n,eD,K) ) |._;
1 [dx(Ly)| da(Le)
D\ de | de ooy
~ (Ae =) da(Le)
D)2 de |y

where A\; = A\i(Lc). The result now follows from (2.15), (2.14) and
Proposition 2.5. q.e.d.

Let f = (log¢1)'. From Lemma 2.2 we have f < 0 on [0, 2]. We will
also need the following equation for f.

Lemma 2.7. f = (log $1)" satisfies
(2.17)
f+2f f —tnk(s) [(n + 1) f 420 + 2f2} — (n—1)(K —tn%(s))f = 0.

Proof. Since

n 7N\ 2
(2.18) = f;i - <i1> = (n—1)tng f— A — f?,
we have

"_(n—1)£f—(n—1)tan’+2ff’=0-
K

Using equation (2.18) we can rewrite this as

/ 3 2
Ozf/ffwf(nfl)tan/jszf’

SN CSK
=2 (t““;il;%;) (' + A+ 12 — (0 — V) tng f +2f
= f"2f ' =t + D F + 2% + 2f%) = 2(n - 1>§Z§§E§Z)> o f

=f"+2ff —tug((n+ 1) f + 20 +2f%) — (n — 1)(K — tn¥) f.
q.e.d.
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3. Log-concavity of the first eigenfunction

In this section, we prove Theorem 1.6. First we show the modulus of
log-concavity is preserved for u = e ¢, where ¢ is a positive first
eigenfunction of the Laplacian with Dirichlet boundary condition with
eigenvalue Aq.

3.1. Preservation of initial modulus. Recall

Definition 3.1. Given a semi-convex function u on a domain €2, a
function ¢ : [0, +00) — R is called a modulus of concavity for u if for
every x # y in (2

(31)  (Vuly),Y(5) — (Vu(@),7'(=9)) < 2¢ <d($2y)> ,

where v is the unit normal minimizing geodesic with 7(—%) =z and
Y(§) =y, d=d(z,y).

Theorem 3.2. Let Q C MY% be a uniformly convexr domain with
diameter D, where K >0, D < Dy < W/\/E Let ¢1 be a positive first
etgenfunction of the Laplacian on S0 with Dirichlet boundary condition
associated to eigenvalue \1, and u : Q x Ry — R is given by u(x,t) =
e Mgy (x). Suppose Yy : [0, %] — R is a Lipschitz continuous modulus
of concavity forlog ¢1. If 1 € C°([0, D/2] xR )NC>([0, D /2] x (0, 00))
is a solution of
(3.2)

UL = 41(s,1) + 200 (s, D0 (5,1) — tre(5) | (m + ' (5,8) + 274

+202(5,1)| = (n = 1)(K — tnk () (s, 1)

1/}(07 t) = 07

where 1) = %@D and " = 254, then (-, t) is a modulus of concavity

S

forlogu(-,t) for each t > 0.

Remark 3.3. Almost all of the proof works for general K € R, some
parts even for general manifolds, until the step in the end which requires
K to be nonnegative.

Proof. We note that u : Q x Ry — R satisfies the Laplacian equation

(3.3) Au= - u on Q, ulspg=0,
and the heat equation

%—? = Au, on  x Ry;
(3.4) u =0, on 02 x Ry;

U(.CE, 0) = ¢1-
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These are the two properties we need for w.
For every = # y in €, let

Z(x,y,t) = <V10g u(y,t), (%)> — <Vlogu(x,t),7' (—%)>
(3.5) d(x,y)
()

2 )

where v is the unit normal minimizing geodesic from x to y with x =

=9,y =~(%).

We need to show Z(x,y,t) <0 for all x # y in Q and ¢t > 0. Consider
Ze (z,y,t) := Z(x,y,t) — eeCt,

for some suitable large C' to be chosen (independent of €). Then our
problem reduces to showing Z.(z,y,t) < 0 on Q x [0,T] for any & > 0
and T € (0,00), where Q = Q x Q — {(z,2) | z € Q}.

We first prove Z. < 0 near the boundary of . To show this we
first establish the general fact that when the domain is convex, Hessu
is concave at the boundary and Hesslogw is concave near the boundary
under suitable boundary conditions. The proof is the same as the proof
for the Euclidean domain in [3, Lemma 4.2].

Lemma 3.4. Let € be a uniformly convex bounded domain in a Rie-
mannian manifold M™, and v : Q x R, — R a C? function such that
u is positive on Q, u(-,t) = 0 and Vu # 0 on Q. Given T < oo,
there exists r1 > 0 such that V*logu|( 4 < 0 whenever d(z,00) < ri
and t € [0,T], and N € R such that V?log u|(, 4 (v,v) < Nlv||* for all
xe€Q andte|0,T].

Proof. Let @« = inf ||Vu||. By assumption « is positive. Let P
0% (0,1

be such that ||[VZu(v,v)|||p < P|jv||? at every point p € Q x [0,T] and

for all v € T2 If g € 0N, then Vul|y, = —|Vul|v|s,, where v is
the outward normal vector since 992 = {u = 0} and ||Vul|| > 0. Also,
V2u|zy (v,0) = —1I(v,v)Vyuly, for (v,v) = 0, where II is the second

fundamental form of 92 at zg. This follows since

V2u(v,0) = (V,Vu,0) = —(Vo(|[Vully), 0)
= —||Vul[(Vyr,v) = —11(v,v) V,u|z,.
Uniform convexity implies that II(v,v) > &|lv||? for some x > 0. The
gradient direction e = Hgizll is smooth near xy as is the projection

7t tw s (w,e)e and the orthogonal projection 7 = id —7+. At xq, mw

is tangent to €2, we have

(3.6) V2u(mw, mw) < —ak||Tw|?.
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Therefore, there exists 19 > 0 depending on «, x and P such that for
x € Byy(z9) N and t € [0, 7], we have

V2uly(rw, w) < = [rw|? for any w € T,0;

IVu(@)| > §[[Vazo)| = 5;
0 < u(x) < 2[|Vu(zo)l||d(z, o).
Then in such a neighborhood, we have for any w
Viu(w, w) = Vu(rw + 7w, mw 4+ mhw)

= V2u(rw, mw) 4+ 2V2u(rw, mtw) + V2u(rtw, ntw)

(677
< 2w + 2P ol ] + P
R 2
< = mwl? + (P+ 422 |l w)?.
Since v
(Vu,w)? = [l > AV e

and u(z) < 2[|Vu(xo)|d(x, o), then

V2 log ul, (w, w) = (VQu(w,w) - M)

oK 9 4P? o 12
= P -
(=%l + (P+ 3 - 2 ol

provided d(z, xp) < r1 = min{ry, m}.
Since {x € Q : d(x,0Q) > r1} is compact, letting
N=max{0, sup{V?log u(w, ) (w,w) : [wl=1,t € [0, T, d(z, 0) = r }}

finishes the proof of the lemma. q.e.d.

INA
S 2l= gl

<

Now we can show Z is almost nonpositive near the boundary of Q0=
QAxQ—A{(z,z) | z € Q}.

Lemma 3.5. Let Q and u be as in Lemma 3.4 and let ¢ be continuous
on [0,D/2] xRy and Lipschitz in the first argument, with 1(0,t) = 0 for
each t with D = diam Q. Then for any T < oo and 8 > 0, there exists
an open set Ugr C M x M containing o0 such that the function defined

in (3.5) satisfies Z(x,y,t) < B for all t € [0,T] and (x,y) € U NS

Proof. Since v is Lipschitz in the first argument, there exists L such
that
[¥(s,t)| < Ls,
for all s € [0, D/2] and t € [0,T]. We construct Ug r as a union of open
balls U  Br(zo,v0), where r = r(xo,y0) > 0. In order to find
(20,90) €00
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r = r(xg,y0) > 0 such that Z(x,y,t) < B for any (x,y) € B,(xo,y0) Nw,
we consider two cases.
Case 1: zg = 9.
Observe that the difference of the gradient and Hessian are related
as follows.
(Viegu(y,t),7' (5)) — (Viegu(z,t),7 (-3))

d

_ /2 di <V10gu(’y(s),t),’y/ (S)> ds

S

[SEWRTS

=[ mm%mM@nmmw.

d
2
Since 9(0,t) = 0, by Lemma 3.4 we have

d
2

2wyt = [

< (N + L)d.

Ik%@guw@xwxynmm—zw(ﬂgy%Q

[SlisH

Hence, Z < § provided (z,y) € By(xg,z¢) with r < SNTT)-

Case 2: x5 # yo. In this case at least one of zg,y9 € 0. Say
xo € 002 and yg € Q or yg € ON2.

If yo € €, then u(yp) > 0 and there is some A > 0 such that
IViogu(y)| < A for d(y,yo) < r2. Let ag = [[Vu(zo)| > 0 and

Y : [—%0 d—o] — € be a normal minimal geodesic from xg to yg. Then

72
n = (= (—%0) ,v(x0)) > 0 by convexity. Since Vu(zg) = —apv(xg),

(
~ o [—g, %] — Q be a normal minimal geodesic from x to y. Since
(Vu(z),~') is smooth in z and y, (Vu(z),7') > inag and 0 < u(z) =
u(z)—u(zo) < 2a0d(z, x0) for x,y € Q with max{d(y,yo), d(z,z0)} < r3
and 0 < r3 < ry. Then

Z(x,y,1)
= (Vioguty. 0.7 (8) ) = (Viowu(w.). 5/ (-4) ) —20 (25 2.0)
1 /
< A-— a@) (Vu(z,t),7) + Ld(x,y)
n
<A- m +Ld(m,y).

Therefore, Z(x,y,t) <0if d(y, yo) < rs and d(z, xp) < min{rs, M}.
If yo € 01, then y can also be handled in the same way as x above.
q.e.d.

Now we continue with the proof of Theorem 3.2.
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Since u satisfies (3.3) and (3.4), by the Hopf boundary point lemma,
(Vu(z,t),v) < 0 for every x € 02 and every ¢t > 0. Namely u satisfies
the conditions in Lemma 3.5. Fix T" < oo and ¢ > 0. By assumption
Ze(z,y,0) < 0on (). By Lemma 3.5, Ze(z,y,t) < —%e on (UG/Q’TQQ) X
[0,T). Hence, if Z(z,y,t) < 0 does not hold on € x [0,T], then there
exists a first time ¢y > 0, and point (x,0) € '\ Ue/2,r» in particular,
x0, Yo are in the interior of 2 and xg # yo, such that Z, < 0 on O x [0, t0),
and at (zo, yo, to),

B
2 7.>0, VowZe =0, V2 Z. <0,

ot
for any v € T,,,Q2, w € T;,,Q2. Let v(s) be a unit normal minimizing geo-
desic with 7(—%0) = o and ’y(d—;) = Yo, where dy = d(z0,y0). Choose a

(3.7) Ze =0,

vOw,vdw

local orthonormal frame {e;} at o such that e, = +/(—%) and parallel
translate them along 7. Let E; = e;®e; € T(y, )X Qfor 1 <i <n—1,
and E, = e, @ (—ep).
For convenience, denote w = log u and S by .
By (3.4), (0 — A)w = ||Vw]||?. Hence,
O Vw = Vow = VAw + V|| Vwl|.

Taking the time derivative of Z. at (zg, yo, to):

d
0= Ez‘g‘(l‘myo,to)
= (0 Vw(yo,to),7) — (0:Vw(z0,t0),7) — 2% — Ceelto
(38) t 0,%0), t 0,%0), ot
9,
= (V (g, o), %) + (VI Tty t0)[,7") — 257 — Cee

— (VAw(zo, t0),7') = (V|[Vew(zo, t0) %, 7).

Now take the spatial derivative of Z. at (xo,yo,%0). We suppress
to at various places below when it is clear. Associated to a vector
v@w € Ty d Ty R, we construct a variation 7(r, s) as follows. Let
o1(r) be the geodesic with o1(0) = o, %01(0) = v, 02(r) be the ge-
odesic with o2(0) = yo,%Ug(O) = w, and 7(r,s), s € [-Q D] be
the minimal geodesic connecting o1(r) and o2(r), with n(0,s) = v(s).
Namely 7(r, s) = exp,, (,y sV (r) for some V'(r). Since we are in a strictly
convex domain, every two points are connected by a unique minimal geo-
desic, the variation 7(r, s) is smooth. Denote the variation field %77(7“, s)
by J(r,s). Then J(r,s) is the Jacobi field along s direction satistfying
J(r, —%0) =, J(T,%O) = w. Denote J(s) = J(0,s). Note that with
this parametrization, in general, for fixed r, n(r,s) is not unit speed
when s # 0.

We will need the first and second covariant derivative of T'(r,s) =

|Z:”, the unit vector of %17(1", s), in r at r = 0. While one can construct
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geodesic variation easily on general manifolds with initial data of Jacobi
field J(0), J'(0), it is not clear how to write out the geodesic variation
with the data of the Jacobi field at both end points. For M%., one can
write 7(r, s) explicitly though already subtle when K # 0, see Appen-
dix B for a construction. In general, we can find the first derivative as
follows,

g:"] gz r=0 ??‘ %J(T S)|7’:0 = J/(S)'
As r — 0, write
an
(3.9) a877(7“ s)=7'(s) +rJ'(s) + 2V v, " Bs ‘T ot o(r®).
Then
on 3

AT a 2 1112 i 3
Il = [t 42y, ) 472 (112 + (9, V0 52| en)) + 00
And

201 = W1 [ 4 (112 4+ (909, 0y en) +062)],

oI ]2 = —0" I,
Bl ey = 300 = 1T = (0, 0Ly en).
Hence,
VI )y = Bl T(0,8) + 9,52,

= (), T ())en+ T(s),

0
ViV, T|—o = <3<7/7 J/>2 - ||J/”2 —(Vy n’r 0 ¢ > €n

on
_2<’7,7 J/>J/ + vTvTailr—O
For space with constant sectional curvature M., J(s) is a multiple of

some parallel vector field. Hence, for variation in the normal direction,
('(s),J'(s)) = 0 and

(3.10) vV, T(r,s) ‘T:O = J'(s).

If, in addition, V v o has only e,, component, then

e lr—o
(3.11) ViV, =g = =7 (s)[Pen

For the variation in the direction e; & e;, we construct the variation
explicitly and verify that VTV,,%’TZO has only the e, component, see
(B.5).

Now we compute the derivatives.



364 S. SETO, L. WANG & G. WEIL

(i) For the first derivative in normal directions 0 ®e;, 1 <7 <n —1,
dg
the Jacobi fields are Q;(s) = %ei(s). Denote the variation by

~i(r,s) and T(r,s) = ﬁ We obtain
(3.12)
0 = Voge; Za|(xo,yo,t0)
o 0 ) do
= o7, (w0 lr B0 10) | _,
= ((V:Velr(r. %)), T, )

+ (V. 9)), Vi Ti(r,9)) )
- <Vw(’yi(r, —%0)), vV, Ti(r, 3)}5:_%0>
- w'%d(ﬂfoa%‘(ﬁ %))

SK(0) o), ) — —

d,
= 70 ,r=0

r=0

= (Ve;Vw(yo), en) + (Vw(zo), €;).

SHK(do) SHK(do)
o do
Here we applied (3.10) with Q}(s) = %ei, and the first variation
of the distance is zero to get the last equality.
sn S—@
Similarly, for the direction e; & 0, choose Q;(s) = %ei(s). we
obtain
(3.13)
9 d
0 = Ve,20Z¢|(20,90) = EZE (%‘(T, -), yo) ‘7’:0
csk (do)
= (V,,V sen) + ———(V ,€i) — \Y ,€5)-
< i W(,CL‘O) € > + SHK(d0)< w(yo) € > SDK(d0)< UJ(.CC(]) € >

(ii) Taking the variation in the direction tangent to the geodesic:

0
0= Ve,00Ze(xo,y0) = EZE (’Y(—%O + T);?Jo)

(3.14) sy =
= —(V,,Vw(xg),en) + 1 (70) .
Similarly,
. _ a /¢ do
(315) 0=Vy EB(_BH)ZE’(zo,yo) = 8’/“Z€ (330”7 ( 2 ’I“)) =0

= — (Ve Vo) en) +4 (%)
For the second derivative of normal spatial in the directions e;®e;, i =
1,---,n — 1, the Jacobi fields are J;(s) = CSKi(s)ei(s). Denote n;(r, s)

d,
csi ()

/
its variation and T;(r, s) = ”Z—?”
[
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We have the following formula for the first derivative.

K R R
87“26 (nz(ra 2 )7771(T7 D) ))

= (VYo lni(r, 4)), T, 9)] g )
+ (Veln(r, 4)), Vo Ti(r )|, _a )
— (Ve Vum(r, =), T 9)l a0 )
— (Veni(s, ~%)), V. Tl )| __aq )
o (%) o (4, G~ )
Then
Oz (w2 mir—)) |
= (V, 9, Vum(r. ). Ti(0.5))
+2(VVun(r, %)), V. Ti(r, )

d
5:70,7’:0

— <VTVTVW(771'(T7 _%)”T:Ov TZ(O? 8)|3:,d70>

=2V Ve (ni(r,~ %)), Vo T, 8)|,__aq )
- 2

+<Vwmxa%»LVAhﬂvﬁﬂg%ﬁﬂ)

=BV T (8o
) o)
(gratnte g ~4))

— ¢/ (70) o ( i )”7%(7"’_%0)) r=0’

Obviously (v/(s), J/(s)) = 0. From Appendix B, VTVT%‘TZO has only
e, component. So we can use (3.10) and (3.11) to get

r=0

r=0

VT, = Jis) =~k 2K
r= csk (5)
and
K2 2
VTVTTZ"T:O = _HJ;(S)HQG’Z = _anilg((g) n:
csy(F)

Also the first and second variation of length [12, Chapter 1] are
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O (o oy o dg 0 /W i Oni 1
8rd<m(r’ 2 ) milr =3 )) o = or _d0/2<8s’ 8s>2d8

= <Jia6n>|iod/2/2 - /d0/2 (Jis Ve, en)
0 —dy/2

=0,

= / j! |:<J’L,7 JZ/> - <R(€n, JZ)JZ7€n>] dS + <€n7vranl>|do/2

dg a do/2
2
do
- ! /2 [(eshe (5))? — K cs2o(s)] ds
et (%) Joa T K
9 dg
2
=3 / [—K sng (s) cs(s) — K sn'(s) csK(s)} ds
s () Jo
oK [7
2
== (sng csg) ds = —2tnp (D).
3 (%) / ) (%)
Hence,
(3.16)
02> Vg il Ze ‘ (%0,%0)

— 887"2Z6 (m( %) mi(r, do)) r=0

= (Ve; Ve, Vw(yo), en) — (Ve, Ve, Vw(xp), en)
— 2ty (%) (Ve Veo(o), e3) + (Ve, Veo(ao), )]
— k(%) [(Veo(yo), en) — (Veo(o), en)] +2mxc (%) v’ (%)

Next the second variation in the tangential direction is

82
0> VEmEnZ| (0,90) jZE fy(_%o + T)’,Y(on )
or

= (Ve, Ve, Vw(yo), en) — (Ve Ve, Vw(z0), €) —21/1//<d )

Adding up (3.16) from i =1,--- ,n — 1 and (3.17) gives
(3.18)

(3.17)

0= (AVw(yo), en) — (AVw(x0), €n)

n—1
—2tng (%) 30 (Ve Volpo), i) + (Ve Veolao), )]
1=1
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~ (0= 1)tk (%) [(Teo(yo), en) — (Vo) en)] — 26" (%)
+2(n — 1) tng (%) (%o) .

Combining the inequality from the second derivative of spatial direc-
tions (3.18) with the inequality from time derivative (3.8), and use the
Bochner—Weitzenbock formula for vector field (see, e.g., [11, Page 18])

(3.19) AVw — Ric(Vw, ) = VAw,
we have, using Ric = (n — 1)Ky,
oy

(VIIVe(yo, o)l en) = (VIIVw(ao, to) %, en) = 25 — Ceet™0
n—1

> —2tnc (%) Y [(Ve, Veolyo), ) + (Ve, Veo(ao), )]
i=1

— 27" (%) +2(n—1)tng (d20> ) (%)
(K — tnf () (Vo (o), en) — (Vw(@o), en))
= —2tng (%0) [Aw(yo) + Aw(zo)]

K (%) (Ve Veo(yo), en) + (e, Vio(ao), e
—2¢" (d7°> +2(n—1)tng (d2 ) W (%0)

Now VHV(JJ(yO,tO)H2 = QVVW(yO)VOJ(yo,tQ).
Since Vw = Z(VUJ, e;)ei, we have
i=1

n—1

<V||Vw(y0, tO) H2a €n> = 2<Vw(y0), 6i> <v€ivw(y07 tO)v en>
1

+ 2<Vw(y0)7 €n> <venvw(y07 tO)a €n>-
Applying the first variation identity (3.12) and (3.15), we obtain

(VIIVw(yo, to)ll, en)

.
Il

n—1
2; (Vw(wo), <m<1(do)<vw(xo)7€z‘> - Scflf(((illz)) <VW(yO)a€i>)

12 (70> (Vw(yo), en)-
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Similarly, applying the first variation identity (3.13) and (3.14) and
combine above, we have

(VIIVw(yo, to) 1%, en) — (VIIVw(zo, to) ||, en)

n—1
— 23" (Veo(uo). e1) (1<w<mo>, ey — SEUD) 5, >)
=1

SHK(dU) SnK(do)
+20' (%) (Vo). ex)

_ 22 Vw(xo), e;) <CSI;EZO; (Vw(zg), €;) —

(st

SN (do)

— oy (%0) (Ve (o), en)

n—1
snK do lz; [(Ve(yo), <Vw(a:o),ei)]2
2(csgc(dp) — 1) S
Ay X (et e + (St

+20' (%) [(Veo(yo), en) = (Veo(o), en)]

2(CSK(d0) — 1) —

1
)2 wl\T €; 2
i) 2o [Tl + (Fewo), )]

+20' (%) [(Veo(o), en) = (Veo(o), en)]
= 2tnK(d—°) {2\ — Aw(yo) — Aw(zo)}
— 2tng (L 0) {(Vw(yo) )2+ <Vw(xo),en>2}

ov(8)os(4) +4]

Here in the last equality we used the identity tnK(%O) = l-ck(d)

SnK(do) ’
IVw|> = [[Viogu|? = 2% — Alogu = —A1 — Aw, and Ze (20, yo, to) = 0.
Plugging this into (3.20) and using (3.14), (3.15), we obtain

— 4tnK(d—0 Al — 2tnK(d70) {<VW(?JO) > <VW($0)7GN>2}
20’ (%) [20 (%) +ee®] - 22 — Ceet

8
2¢”(d70)+2n+1 tnK< )%ZJ(?O)
+(n—1)(K — tnZ (% <d20>+

(3.21)
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Lastly

(Vo (y0), en) = (Voo (x0), €n))”
2

(2¢ (%) + eseCtO)2

2
> 202 (%) +20 (%) ee™.

(Vw(yo), en)? + (Vw (o), en)? >

Now when K > 0,
—2tng (%) {(Vw(yo), en)? + (Vw(zo), €n)?}
< 2tnK(d ) [Qw ( ) + 29 (%0) 5eCt°] .

Choose C >  sup {2¢' —4tng ¢y — (n — 1)(K — tn%(s))}, (this is
[0,31x[0,T]
independent of e as required) then, as € > 0, (3.21) becomes

2(3) a0 (8)e(8)
— 2t (%) [0+ 1w (%) + 20 +20%(%)]

—(n—1)(K —tnK(g))(w(do)) - 2%’ >0,

which is a contradiction to our assumption. q.e.d.

With similar proof we also obtain the following preserving of log-
concavity estimate.

Theorem 3.6. Let Q and u be as in Theorem 3.2. Suppose g :
[0,D/2] — R satisfies

(Vlogu(y,0),7'(§))—(Viegu(x,0),7'(=§)) < 2ol,_a+(n—1) tng(5).

Let ¢ € C°([0, D/2] x R;) N C>=([0,D/2] x (0,00)) be a solution of
(3.22)

G > 0"+ 200 —2tnk (s) (W' + ¢7 + A1) on [0,D/2] x Ry,

1#("0) - %(')7

¥(0,t) =0,

W(s,1) < 0.
Then

(Viogu(y,t),7'(5)) — (Vlogu(x,t),7' (=)
< 2¢(Sat)|s:2 + (1’L - 1) tnK(%)’

forallt>0andD< sz>O
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Remark 3.7. Note that the stationary solutions of 1 satisfy
0= (¢'(s) + ¥2(s) + A1) — 2tng (s) (Y +¥*(s) + A1).

Solving the ODE 3/ —2 tnf(s)y = 0, we have y = y(0)K cs*(s). Hence,
an initial condition y(0) = 0 would imply the trivial solution in y, which
is equivalent to 9’ + 92 + A\; = 0. The condition y(0) = 0 can be
obtained by adding the condition ¢’(0) = —\;. The proof below makes
no assumptions on ¢’. The difference of the stationary solutions of
(3.2) and (3.22) does not have a definite sign, so the two estimates have
independent interests.

Proof. Since the proof is similar, we will only specify the changes. As
in the proof of Theorem 3.2, for any ¢ > 0, define the function Z. on
Q x RJr by

Ze(z,y,t) == (Viogu(y,t),7 () — (Viogu(w,1),7(—4)) — 20($, 1)
—(n—1)tng (%) - et

for some C' > 0 to be chosen later. The boundary case is handled in the
same way as before. By assumption, Z.(z,y,0) < 0 on Q. Let to be the
first time that Z.(zg, yo,t0) = 0. First the time derivative (3.8) and the
first derivative in the normal directions (3.12) are the same. Taking the
derivative tangent to the geodesic, we have

(Ve Veo(o), en) = (Ve, Veolo), en) = ¥/(%) + " K es?(%).
Taking the second variation in the normal direction as in (3.16),
0> (Ve Ve, Vw(yo), en) — (Ve Ve, Vw(x0), €n)
—2tnic (4) (Ve Veo(yo), ) + (Ve, Veo(w0), )]
— tnF (%) [(Vw(yo), en) — (Vew(20), en)]
+2tng (70) g (%0) +(n— 1)K tng (%) s 2 (%).
Next the second variation in the tangential direction as in (3.17),
0> (Ve, Ve, Voyo): en) — (Ve, Ve, Veo(0), €x)
— 20" (%) = 20— DK tnpe(%) o5 2(%).
Adding up from ¢ = 1,--- ,n— 1 and the second tangential variation,

0> (AVw(yo), en) — (AVw(xp), en)
—2tng (‘%O)

—(n—1) tn%((

|
—

n

[(Ve,Vw(yo), €i) + (Ve, Vw(zo), €:)]

™

&II
—

0) [(Vw(yo), en) — (Vw(zo), en)] — 2¢” (%o)
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20— 1) tnge (D)0 (%) + (0= 12K tnc (%) esi2(%)
—2(n— 1)KtnK(d7°) CSI_(Q(%O).

Combining the above with the time derivative, the first variations, and
the Bochner formula as before, we have

(3.23)
o< 20+ 2{w () + "G K e (%) ] (Fston) — Vst
n—1
=200 e 4 20 () Y (ViVilun) ) + (ViPus(ao), i)

@
Il
—

— (n—1)(K — tnf(9))(Vaw(yo) — Vaw(zo))
n—1
+ > _{2(ViVw(yo, t)Viw(yo, t),7') — 2(ViVw (o, t)Viw(zo, t),7") }
=1
—2(n — 1) tug (90 — (n— 1)*K es (%) tuge (%)
+(n— 1)2Kcsl_(2(d0)tn (d20)7

where the main difference between the setting here and Theorem 3.2 is
the first, third, and last line. At the point (zg, yo,to), the middle term
in the first line becomes

2{vr+ SR e (1) ] (Tston) = Vst
=2 {1// + (n = 5 )Kcsl_(2 (”?)} (21/1 + (n— 1) tng (L) + EeCtO)
=4y’ + 2(n — )¢ tn (F) + 20 (n — DK es ()
+(n—1)*K csi? (To)tnK(io) + 2eeCt0 {¢ + (n )K sy (‘g’)}
The third line becomes
— (n = )(K — 0k (9)(Vaw(yo) — Vaw(@o))

—(n = 1)(K —tng (%) (2¢ + (n — 1) tng (%) + £e“%).
By applying the first variation identities and completing the square, the
first term in the fourth line of (3.23) becomes
n—1
Z {2(ViVw(yo, t)Viw(yo, t),7') — 2(ViVw(zo, 1) Viw(zo, t),7) }

i=1

n—1
— _sm<2(cl()) Z {(Viw(yo) — Viw(z0))?
i—1

+ (esc(do) = )((Vaw(yo))? + (Visw(0))?) §
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n—1

< —4\ tng (D) — 2tng (D) Z ((ViVw(yo), e;) + (ViVw(xo), €;))

i=1
_ doy (g (dey 4 "L g g2 do
dtnp (%) (¢'(%9) + 5 Ko ()
— 2tng (%) {(Vaw(y0))® + (Vaw(20))*} -
The last term can be bounded by

(Vaw(y0))? + (Vaw(zo))? > (Ve (30) —2vnw(ﬂfo))2

_ @+ (-1 tng (D) + eeCtp)?
2

> 207(d0) 4+ 2(%)(n — 1) tayc () +
+ 2e9(9)eC% 4 g(n — 1) tng (D )e,

so that for K > 0,

— 2tk (%) [(Vaw(y0))® + (Vaw(z0))?]
< —4tng(9)? — 4p(%)(n — 1) tng (%) — (n — 1)* tn} (%)
— 4 tng(D)e Gt _ 2¢(n — 1) tn2 (%)e Cto,

Inserting the above inequalities into (3.23),

0. 2" (%) + (%) (4) ~ 257 — 4! + 9+ A1) tmic(4)
F2(n— DK — esg2(%)) — 2n — (K ~ (%))

csg (3
— (n—1)*(K — 3 (%)) tng (%) — e(n — 1)(K — tng (%))
—451/JtnK(d—°) Clo _ 9¢ (n— 1)tnK(d°) Cto 4 9gq)eCt0

+e(n—1)Kcsy (%O)eCtO — Ceefto — (n —1)? tnf (L)
0
< 207 (%) + 4p()y/ (%) ~ 27 4y’ + 47 + M) tmk (%)
—(n = 1)’K tng (L) — 4e¢ tnp (D )e e“t —g(n — 1) tn? (%)ecm
+ 269 +e(n — 1)K (csi? (%) — 1)eC™0 — Ceeo
0
< 20/(%) + 49(9)9/ (%) — 257 — AW + 47 + 2) tmse(%)

—(n—1)*K tn ( 0) — detp tnK(jo) eCt0 4 2eq)'eCl0 — Cieello,

When we choose C' > sup {2¢' — 44y tng(s)} which is independent
[0,21%[0,7]
of &, we get a contradiction. q.e.d.
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3.2. Applications. From the proof of Theorem 3.2, we get the follow-
ing elliptic version.

Theorem 3.8. Given 2 C MY a bounded strict convexr domain with

diameter D. Assume K > 0 and D < Dg < ﬂ/\/f when K > 0. Let
o1 > 0 be a first eigenfunction of the Laplacian on Q with Dirichlet
boundary condition associated to the eigenvalue A\y. Then forVx,y € €,
with x # v,

(3.24) (Vlog1(y),7(§)) — (Viog d1(x),~'(—5)) < 2¢ <d($2y)) 7

where v is the unit normal minimizing geodesic with ’y(—%) =z and
fy(%) =y, and ) : [0, g] — R is any C? function with (0) = 0, 2¢/(s)—
4tng(s)y — (n — 1)(K —tnZ(s)) < 0 and

(3.25) V() + 20 (s)9'(5) — tuge(s) [(n + 1)¢'(5) + 20 (s) + 2]

‘ — (n—1)(K — tnk(s))9(s) < 0.

Remark 3.9. Here we have the assumption 2¢/'(s) — 4tng(s)) —
(n —1)(K — tn%(s)) < 0 which is not needed in Theorem 3.2.

In fact, we can formulate for vector fields.

Theorem 3.10. Given ) C MY a bounded strict convex domain with
diameter D. Assume K > 0 and D < Dg < 71'/\/? when K > 0. Let

X be a vector field satisfying

AX =2VxX + Ric(X, )
(3.26) . 9
div X < —|X|* = A1, when K >0,

P 1 [0, g] — R satisfies the same condition as in Theorem 3.8. Then

Z(a,y) = (X(y).7 () — (X (@), (-$) — 20 (452),

_d
2

[\ClisH

where vy is the unit normal minimizing geodesic with ~(

(%) =y, d=d(z,y) cannot attain a positive mazimum in the interior

of Q.

) = x and

Remark 3.11. This recovers Theorem 2.1 in [22]. Clearly X =
V log ¢ satisfies (3.26).

To prove Theorem 1.6 we still need the following observation.

Lemma 3.12. Let Q be a convexr domain in MY with diameter D,
then its first eigenvalue A\1(Q2) of the Laplacian with Dirichlet boundary
conditions has the following lower bound,

)\1 > S\I(n>KaD)'
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Proof. Let ¥ C M% be a totally geodesic hypersurface, and B =
[-2, L] x ¥, the “infinite strip” with the metric (2.1). Recall ¢1(s)
is the first eigenfunction of the “l-dimensional” model with Dirichlet
boundary condition. Define a function on B by vi(s, z) = ¢1(s), then v;
satisfies the Laplace eigenvalue equation on B with Dirichlet boundary
condition. As ¢; > 0 we see that v; is the first eigenfunction with
eigenvalue \;. Since diameter of Q is D, we have that Q C B. By

domain monotonicity A\;(Q2) > A1 (n, K, D). q.e.d.
Now we are ready to prove Theorem 1.6.

Proof of Theorem 1.6. Given any D <

2% when K > 0, let ¢(s) =
(log qgl)/, where ¢ is an even positive first eigenfunction satisfying (2.2)
with Dirichlet boundary condition on [—%, gl] with f > D.
Then w( ’y)) is uniformly continuous on © x . By Lemma 3.12
A1 > A; and by (2.17) 1 satisfies (3.25). By (2.18),
2 — 4tng(s) — (n — 1)(K — tn%(s))
= 2\ — 202 +2(n — 3) tng (s)Y — (n — 1)(K — tnk(s)).
Since s = £ < #, we have K —tn%(s) > 0. Also ) < 0 by Lemma 2.2.
Hence, when n > 3, we have 2¢/ —4tng (s)y — (n—1)(K —tn%(s)) < 0.
When n = 2,
3 2
Y (s) — 2tng (s)P(s) = =M1 — (¥ + 2 tng)” + & tnf(s)
< —5\1 + %tn%((ﬁ) = —5\1 + %

s 1 :
For n = 2, smceD<2\ﬁ,wehaves€[,4\F]adw52(\/§s)§21n

(2.4), and A\; > 4K — 3K = B K. Hence, ¢/ — 2tng ¢ < 0. All the
conditions for ¢ in Theorem 3.8 are satisfied. Hence, (3.24) holds. Let
D’ — D and K =1 finish the proof. q.e.d.

4. Gap comparison

In this section, we use the log-concavity estimates (1.4) to prove the
gap estimate (1.1) in Theorems 1.1. To show this we prove the following
general gap comparison.

Theorem 4.1. Let Q be a bounded convex domain with diameter D
in a Riemannian manifold M™ with Ricy; > (n—1)K, ¢1 a positive first
etgenfunction of the Laplacian on Q with Dirichlet boundary condition.
Assume ¢1 satisfies the log-concavilty estimates
(4.1)

(Viogé1(y),7'(4)) — (Vg d1(x),7' (%)) < 2 (log é1)’ (d(% y)) )

2
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where v is the unit normal minimizing geodesic with 7(—4) = x and

'y(d) y, and ¢1 > 0 is a first eigenfunction of the operator d22 —

4 on (=L, L] with Dirichlet boundary condition with d =
ds 27 2
( ) Then we have the gap comparison

(42) )\2—)\1 Z/\Q(n,D,K)—)\l(n,D,K).
With (1.4), this theorem gives (1.1).

Remark 4.2. This gap comparison can be viewed as a generalization
of Neumann gap comparison, as in the Neumann case the first eigenfunc-
tion is constant and automatically satisfies the log-concave condition
(4.1).

We give two proofs of this theorem. First we give an elliptic proof as
n [22], which is a combination of [3,25], see also [32]. Then we give a
parabolic proof as in [3]. In those two papers [3,22], the result is proven
for domains in R".

We will need the following “Laplacian comparison” for two points
distance function [2, Theorem 3|, see also [22, Lemma 7.1]. This state-
ment should be well known to experts as it follows from the first and
second variation formulas of the distance function quickly. One finds its
importance in Andrews—Clutterbuck’s work [2]. As the Laplacian com-
parison for one point distance function is a very important tool. We
present the two points version in Corollary 4.4 so it is easy to use. For
completeness we give a proof.

Theorem 4.3. Let M™ be a Riemannian manifold with RicM > (n—
1)K. Assume that x,y € M with d(z,y) =d > 0, and let v : [-3, 3] —
M be a unit normal minimizing geodesic from x to y. Let {e;} be an
orthonormal basis at x and parallel translate it along ~y(s) with e, =
v'(s). Denote E; =e; ®e;, i =1,-+- ,n—1. Then

(4.3) ZVE £,y < —2(n— 1) tng ()

in the barrier sense. FEquality holds if and only if M™ has constant
sectional curvature K.

Proof. To begin with assume xz,y are not cut point of each other,
namely d(z,y) is smooth at (x,y). For each i € {1,--- ,n — 1}, let

771’(7“: 8) = €XDPry () (T’V;(S)) )

with V;(s) = jjg((;) ei(s). Since d (n;(r, —2), mi(r, £)) < Lni(r, )], where

L[n;(r,-)] is the length of variation n;, and equality holds for r» = 0, it
follows that

62

0
o’ vEZ,E d|(m y) = 9r a.2 [ ( )]

szd|(ac,y) = EL[nl(ra )]

r=0

r—=
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By the second variation of length formula [12, p. 20|

on: /2

(9r>

(4.4) :/_
sl (5))? cs%(s
/_d [( 12(( R 2K( )<R(€n7€i)6i,€n)] ds.

Summing this from ¢ = 1 to n — 1, we have

[<Vi/7 V/) — (R(en, Vi)V, €n>] ds + (en, Vy

—d/2

n—1
Z v%i,Eid’(%y)
i=1
n—1 82
< Z TQL[FYi(r7 )] -0
i=1 "=
d
= /2 (n—1) (csc(5))° 4G Ric(ep, en) | ds
—d CS%((% cs%((% e

csy(5)
2n— 1)K [2
= — (CS%((;) (sng csi) ds
=—2(n—1)tng (%)

If z, y are cut points of each other, d. (x, 7(% - e)) is a barrier for d(z,y)
and the estimate holds in barrier sense. See [27, Section 3] for the
definition of barrier and the relation to other weak senses. q.e.d.

We can apply this to functions which only depends on the distance.

Corollary 4.4. Let M"™ be a Riemannian manifold with Ricyr >
(n — 1)K. Assume that z,y € M with d(x,y) = d > 0, and let 7 :
[—%, %] — M be a unit normal minimizing geodesic from x to y. Let
{ei} be an orthonormal basis at x and parallel translate it along ~y(s)

with e, =v'(s). Denote E; =e; ®e;, i =1,--- ,n—1. Then

n—1

(45) Y Vi opeldwy) <-2m-1)tng (§) ¢ ifd >0,

i=1
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n—1
(46) > Vi meldy)>-2n—1)tng (3) ¢ ifg <0
1=1

in the barrier sense.

¢2()
¢1()

, where ¢; are the first and second eigenfunctions of the Laplacian

Proof of Theorem /.1 (elliptic proof). Let w(x) =

$a(s)
$1(s)

on Q with Dirichlet boundary condition, and ¢; are first and second
eigenfunctions of the 1-dim model:

¢ — (n—1)tng ()@ + Xip; = 0,
$i(£D/2) =0

specified as in (2.3). Hence, w(0) = 0 and w is positive on (0, D/2). By
direct computation,

and w(s) =

Vw = qu? —w Vlog ¢1,
1
(4.7) Aw = —()\2 — )\1)11} - 2<V log (f)l, Vw>,
0y dadh
4.8 - 2 _ 7e
(4.8) U= T e

(4.9) w” — (n — 1) tng (s)w’ = —(Ag — Ap)w — 2(log ¢1)'w’.

We can extend w to a smooth function on € with Neumann condition
g—f = 0 on 0N [25], same for w.
Consider the quotient of the oscillations of w and w(s) and let

_ w(z) —w(y)
Q(.:U,y) - @ (d(m,y))
2
on 2 x Q\ A, where A = {(z, )|z € Q} is the diagonal. Since
, _ o Vuw(z), X)
Z}l_IgQ(%y) = 2W7
where X = +/(0) and ~ is the unique normal minimal geodesic connect-

ing x to y, we can extend the function ) to the unit sphere bundle
UQ = {(2,X) | 2 €, | X|| = 1} as

Oz, x) = 2Vw@), X)

w'(0)
The maximum of ) then is achieved.

Case 1: the maximum of @ is achieved at (zg,y9) with z¢g # yp.
Denote dy = d(zo,y0) > 0, m = Q(xo,y0) > 0. At (x0,y0), we have
VQ =0, V2Q < 0. The Neumann condition g—f = 0 and strict convex-
ity of  forces that both xy and yg must be in €. Indeed, if zg € 012,
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then taking the derivative in the (out) normal direction at xg, since
V,wlz, = 0, we have

d(rg,yo) )

w'(
me d(xo,y0) v
w(T)

0= VVQ($7y0)|x0 = - ud($,y0)|x=x0'

Now m, w are positive, by Lemma 2.3, @’ > 0, and since { is strictly
convex, V,d(x,yo)|z=z, > 0. This is a contradiction.

Let v be the normal minimal geodesic such that v(—dy/2) = zp and
v(do/2) = yo. Let e, := 7' and extend to an orthonormal basis {e;} by
parallel translation along v. Denote F; = e¢; G e;, 1 =1,---,n; B, =
en @ (—ep)-

For £ € T, M &T,M,

Vew(@) = Vew(y)  (w(r) —w(y))

(4.10) VeQ = - — - (Vew),
w w
and
V2,0 = VEEw( ) — VEEw( )_ VEew( )_—2va( )VEw
5 W w
n 2“’(37) jgw( Vo Vg — w(x) _2w(y) V2
V? - V2 2
411) = p7) - BsW) _ —(VEQ) (Vi) - %VQE,E’U_)_

Hence, at (x0,y0), we have

(4.12) 0 = YEW(@0) ~Vewlp) _ = (Vpw),
V2 w(zg) — V2w
(4.13) 0> BF (z0) = Vi, p0(v0) -2 .

w

We apply these to various directions. From Voge,QQ = V0@ =0, 7 =
1,---,n we have

Ve,w(yo) = Vew(zg) =0, i =1,--- ,n—1,

venw(yO) = Venw(xo) = —%w,(do/Q).

Hence,
(4.14) Vw(yo) = Vw(xp) = —%fu’/(do/Q)en

Adding up VZEhEiQ <0, i=1,---,n, using (4.13), we have

A A -
(415) e -5 L Vha

w K3
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By Lemma 2.3, @’ > 0, hence, by (4.5), Z?;ll VQEiinu’) < —(n—
1)tng @w'. As before VQEmEnﬁ) = w"”. As m,w are positive, plug these
and (4.7) to (4.15), and using (4.14), (4.9), we have

(Vlog ¢1, Vw(yo)) - (Vlog ¢1, Vw(zo))

0>—Ne—A1)m+2

w
w" — (n—1)tng @'
—-m -
== —()\2 — Al)m
oy (V108010 ) = (V108 61(50), e0) — 208 1)
w
+ (5\2 — 5\1)m

Using (1.4), we have 0 > —(\g — A1)m + (A2 — A\;)m, which is (1.1).
Case 2: the maximum of @ is attained at some (z9,Xo) € USQ.
By Cauchy—Schwarz inequality, the corresponding maximal direction

. . . 2
is Xg = % so that the maximum value is m = LLX(IJU)”‘ Furthermore,

[Vw(zo)|| > ||[Vw(z)|| for any > € Q. Suppose zg € 95, then by (strict)
convexity,

0=V, ||Vw|? s, = —II(Vw, V) |z, <O,

a contradiction. Hence, xy € Q. Now let e, := and complete

Vw
[Vl
to an orthonormal frame {e;} at zp. We further parallel translate to a
neighborhood of xg. In such a frame we have

Vyaw = (Vw, e,) = [V,
and
Viw = (Vw,e;) =0, i=1,...,n—1.
At the maximal point xg, we have the first derivative vanishing
0= V||Vuw|? = 2(VVw, Vw) = 2||Vuw||V, Vuw,
and the second derivative non-positive
0> ViVi|Vw|? = 2 ((ViViVw, Vw) + ||V Vw|?)
> 2(V Vi Vw, Vw) = 2||Vw|(ViViVw, ey).

In short
(4.16) 0> (Vi ViVuw,e,), k=1,...,n—1.
Now let

2(5) 1= expy (5 €n),

y(s) = expy,(—sen),

9(s) := Q(z(s),y(s)).
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By construction, since the variations are approaching zg in the e, di-
rection, we have

m = Q(xo,en(z0)) = g(0) > g(s), forall s € (—¢,¢),
and so limg_,0 ¢'(s) = 0 and lims_,0 ¢”(s) < 0. By (4.10), (4.11)

oy (V06— (V) gls)
7= () (o)

and

(4.17)
9" (s)
(VsVw(z(s)), 2’ (s)) + (Vw(x(s)), 2" (s)) = (Vs Vw(y),y'(s)) — (Vw,y"(s))

~2/% — g0 (2.
From (4.9)
Z = (- D tarcls) S — O~ Ar) — 2(log di) =
Using the fact that ¢2(0) = 0, ¢4(0) # 0 and ¢}(0) = 0,¢1(0) # 0,

when s — 0, we have

w//

E%E:K(n—l)—()\g—)\l)—%Q}q,
and
—/
R YN
lim ()2 = ¢/(0)
Since

d
2" (s) = £93'(5) = Vu(s2'(s) =0,

letting s — 0 in (4.17), we have
(V. VoV, ey)

> 2 Ao — A1) — K(n—1) —2X\].
02 OB m[(A2 = A1) = K(n—1) = 2]
Combining this with (4.16), we have
(A(Vw), en) VY X
0> QW +m[(A2 — M) — K(n—1) —2)\].

Use the Bochner—Weitzenbock formula (3.19), we have

(V(Aw), e,) + Ric(Vw, ey,)

0>2
B w'(0)

+ m[(5\2 — 5\1) — K(n — 1) — 25\1].
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Inserting in (4.7), we have

V(=2 — A\)w — 2(Vlog ¢1, Vw)), ) + Ric(Vw, ey,)
w'(0)

+m[(A2 — A1) — K(n —1) — 2\]

022<

= [_2()‘2 - )\1) - 4<an IOg o1, en> + 2Ric(ena en)]
+ m[(j\g — 5\1) — K(TL — 1) — 25\1]

By (1.5) we have —V?log¢; > Ajid. Since m = 2117'%8”)” and Ric >
(n—1)K, we get o
/\2 - /\1 Z )\2 — )\1. q.e.d.

For the parabolic method of proof, we first prove the following theo-
rem which is similar to Theorem 2.1 in [3]. Recall

Definition 4.5. A function w is a modulus of contraction for vector
field X if for every x # y in Q

(X(),7) — (X(2),7) < 2w (

d(ﬂ;y)> 7

where v is the unit normal minimizing geodesic with ~(—
Y(§) =y, d=d(z,y).

Theorem 4.6. Let 2 be a strictly convex domain of diameter D with
smooth boundary in a Riemannian manifold M™ with Ric > (n — 1)K,
and X a time-dependent vector field on 2. Suppose v : Q x Ry — R is
a smooth solution of the equation with Neumann boundary condition,

= Av+X Vo inQxRy;
Vo,o=0 m 0 x Ry.

%) = x and

Suppose that
1) X(-,t) has modulus of contraction w(-,t) for each t > 0, where
w:[0,D/2] x Ry — R is smooth.
2) v(+,0) has modulus of continuity @o, where ¢y : [0,D/2] — R is
smooth with ¢o(0) =0 and py(z) >0 for 0 < z < D/2.
3) ¢:[0,D/2] x Ry — R satisfies
a) ( 0) = ¢o(z) for each z € [0,D/2],
b) 2> o — (n — )¢/ tng +we’ on [0,D/2] x Ry,
c) tp >0 on [0,D/2] x Ry,
d) ¢(0,t) >0 for each t > 0.
Then (-, t) is a modulus of continuity for v(-,t) for each t > 0.

Proof. For any € > 0, define

Z(y,x,t) = v(y,t) —v(z, t) — 2¢ (d(az,y),t> —eél.

2
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By assumption, Z.(y,z,0) < —e for every x # y in , and Z.(z,x,t) <
—e¢ for every x € Q) and t > 0. We will prove for every € > 0, Z. < 0 on
Q x Q x R,. If not, then there exists first time tq > 0 and zg # yo €
such that Z.(zg, yo, to) = 0. If yg € 99, then, by the Neumann boundary
condition,
Vi, Ze = —¢'Vy,d,

where v, is the outward unit normal at y. By strict convexity, we have
Vy,d > 0. With assumption (c), we have Vi, Ze < 0. This implies
Z(z0,ys,to) > 0 for ys near yp in the normal direction, which is a
contradiction to Z. < 0 on Q x Q x [0, #g].

Assume now that xg, yo are interior points of Q. Let (s) be the unit
normal minimizing geodesic such that ~v(— do) = xo and 'y(%o) = o,
where dy = d(zg,y0). Choose a local orthonormal frame {e;} at zg
such that e, =~ (—d—o) and parallel translate them along v. Let E; =
ei D e; € Tigyy)t x Qfor 1 <i<n—1,and E, = e, ®© (—e,). From
the vanishing of first variation, we have

(4.18) Vuy, = Vg, = ¢ep.

Using maximum principle and (4.5), we obtain

n
0= Z VQEhEi Ze
i=1

> Au(yo, to) — Av(zo, to) — 2¢" 4+ 2(n — 1)¢" tng (do/2).

Therefore, combining these,

(20,y0,t0)

0
< —Z
0 ot

- Av(yo, to) — Av(zo, to) + ¢ ((X (y0),7")
(X (z0).y)) — 222 eelo

ot
<92 //72 -1 / d I 87907 to
<297 = 2(n — 1)@ tng (do/2) + 2w ¢’ — 25 —ee? <0,

which is a contradiction. q.e.d.

With above theorem, we derive another proof of Theorem 4.1, the
gap comparison. The proof is a minor modification from the one by Ni
n [22].

Proof of Theorem 4.1 (parabolic proof). Let v(x,t) = e_(’\rAl)t%

with (¢;, A;) the i-th eigenpair of the Laplacian. From (4.7), we can
see that v satisfies the required heat equation with X = Vlog¢;. Let

o(s,t) = C’e*(S‘Q*;‘l)t%, with (&z, \;) the i-th eigenpair of the model,

and let w(s) = (log ¢1)". Denote & 45 by . From (2.7), we see that ¢ satis-
fies the required differential inequality. By assumption, w is a modulus
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of contraction for Vlog ¢1. By Lemma 2.3, we know that ¢’ > 0. To ap-

ply Theorem 4.6, we want ¢’ strictly positive, however, at the boundary

¢ (%) may be zero (which can be seen explicitly when K = 0). We can

overcome this by considering a larger domain D, > D. Let Q_SZD ¢ be the
D. De

corresponding eigenfunctions on [—£=, £<] and wPs = (log $1%)". Note

that A; > AP=. From (2.18), w and wP* satisfy

W = —w? + (n— 1) tng(s)w — i,
w(0) =0,

and
(WD) = —(@P*)2 + (n — 1)t ()P — AP=,
wP=(0) =0,
so by ODE comparison, we have w < w”=. Hence, w?¢ is a modulus of

contraction for X. Furthermore, the corresponding ¢”¢ will be strictly
increasing on [0, %] Hence, applying Theorem 4.6, we have

.
o (et <¢2(y) ¢2(1‘)> < Co—(OPe APy Py~

A% (a2

o1(y)  ¢1(w)

Letting D* — D, we have Ao — A\ > Ao — \p. q.e.d.

As another application of (1.4), we obtain an estimate on the first
Dirichlet eigenvalue of the Laplacian on convex domains in sphere..

Proposition 4.7. Let Q) be a strictly convex domain with diameter
D in M} with K > 0, D < ﬁ when K > 0. Then the first two

Dirichlet eigenvalues of the Laplacian on § satisfy

_ 2 -1
)\1Zn)\12max{7g2 ”(”2 )K,O} when n > 3,
- 3P 2 n(n—1)
)\QZn)\1+l)22maX{(n+3)D2—QK,O} when n > 3.

When K = 0, this recovers Corollary 7.4 in [22] in the case ¢(z) = 0.
Our proof is also similar.

Proof. Let ¢1 be a positive eigenfunction associated to the eigenvalue
A1. Then ¢ attains the maximum at an interior point zg € €2 and
V¢1(zp) = 0. For r small, let B,,(r) C £ be a geodesic ball centered
at xo with radius r and ~ : [0,7] — Q be a normalized geodesic from
xo to x € 0By, (r). Integrating (1.4) over 0By, (r) and applying the
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divergence theorem, we have

2vol(0B,, (r)) (log ¢1(3))’
> [ [(Vlogon@)r/ () = (Vlog én(w0).7'(0) ] dA (o)
OBuy (r)

— [ Vigé) i)
0By, ()

= / div (Vlog ¢1(z)) dvol
By (r)

= A1 vol(By,(r)) — / ) |V log ¢1|*dvol.
By (7

Then

A > _2\/01((93350 (r))

? B ) ) -

—_— |V log ¢1|“dvol.
Vol(Bry (1) S

Let 7 — 0 in the right hand side above, using V¢1(xg) = 0, the second
term in the right hand of above inequality is zero. Also

vol(0By, (1 - r ) Wp1r" !
YIOP) (105 61 (5))' = —Q}gfg,m
0 Wn—

(log ¢1(3))’

2

—2 lim

r—0 VOl(on (T)) (log QEI(%))/

= —nlim
r—0

=N\,

where we used (2.18) and ¢}(0) = 0. Combining this with (2.5) and
Theorem 1.1 gives the result. q.e.d.

Appendix A. Numerical computation of the gap for the
sphere model

We define the normalized gap to be
D? -
F ()\2 - )\]_) .
Below we give the numerically computed values for the normalized gap

for different diameter D and different dimension n. We used the finite
difference method on the operator

j; - 1 : (ch;(i) —(n- 1)> '

Namely, the operator in (2.4) for K = 1.
Here we can see that the normalized gap is decreasing for n = 2 and
increasing for n = 4.




Table 1. The normalize gap when D increases

FUNDAMENTAL GAP ON SPHERE

D gap for n =2 gap forn =4
0.5 2.9999262845 3.0001717986
1.5 2.9940610569 3.0177628990
2.1 2.9713788083 3.0854596183
3.1 2.5564359813  3.8997988823
3.14 2.3138191920 3.9959197251
3.141 2.2836242932  3.9984557650
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3.14159  2.2582889873  3.9999546561

Table 2. The normalize gap for increasing n and D =
157 < 5

n  normalized gap
2 2.99272656
3 2.99998766
4 3.02176274
5 3.05802504
6
7
8
9

3.10872300
3.17377060
3.25303530
3.34632483

Here we see that the gap is increasing, however, not linearly. Note
that when n = 3, we can explicitly compute the normalized gap as 3,
and the difference is due to the program’s rounding error.

Appendix B. Explicit variation formula

In this section, we will use notions from Section 2. First we intro-
duce the models we will use for MY, the simply connected space with
constant curvature K, and review some basic facts about geodesics in
these models.

For K > 0, MY} C R"™*1 is the set given by the equation

i SRR I o
For K < 0, M. C R""! is the set given by the equation
2 2 2 2
et ay e, e = g
with z,41 > 0.

With these models we have the following representation for geodesics.
Namely for any x € MY and unit vector v € T, M, the geodesic start
from x in the direction v is given by

(B.1) exp, rv = csg (1) z + sng(r) v.
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Given any two points z,y € MY, the geodesic connecting x,y is given
by intersection M7 with the plane containing the origin and z,y, and
its distance is given by the following

(B2) %CSK(d(x7y)> - <113,y>,

where one uses the Lorentz metric for the inner product when K < 0.

Now we are ready to construct the variation explicitly. Let v(s) be a
unit speed geodesic on M, such that 7(——0) = o and 7(@) = yo (with
do < \F when K > 0). Let e, 1=~ ( %) and e; € T, M} a unit vector
which is perpendicular to e,. Then parallel translate e;, e, along ~(s)
so that e,(s) = 7/(s). We now construct an explicit geodesic variation
of v(s) in the e; direction. Then construct two geodesics o4,, 0y, at the
endpoints of y(s) such that o,,(0) = 2o and oy,(0) = yo, with initial
condition ¢, (0) = o7, (0) = e;. By (B.1),

wo
Oz (r) = csi(r) xo + sng (r) e; := p(r),
Oy, (1) = sk (1) yo + snk (r) e; == q(r).

Let d, := d(p(r),q(r)). Then

(B.3) (p,q) = % csi(dy) = % csx (do) es (1) + sn% (r).

For each r, let f,(s) denote the geodesic such that f,.(—%) = p(r) and

fr(d—Q’") = ¢(r). To obtain an explicit formula for f,.(s), we use the fact
that on MY, the geodesics are characterized by intersections with the
plane containing the origin and the endpoints. Hence, the direction
of the geodesic connecting p and ¢ is the orthogonal projection of the
vector ¢ — p onto p. Namely

q—p—(q—p)-pﬁ:q—f((@,q»p-

Denote its unit vector by

U(r) = m l¢ — K((p,q))p]-

Then
fr(8) = expg, (n)(s + F)U(r) = csi (s + §)p +sur (s + ) U(r).

Reparametrize by letting V (r) = Z—g U(r). Then
(B.4)
0(r,s) = expy, (s + ) V(r) = cs (s + §)p +snx (§es + §) U(r)

is the variation of geodesics. Namely for each fixed r, n(r,s) is the
geodesic such that 7(r, ——) = 04, (r) and n(r, %) =0y, (7).
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To compute the expansion in r up to the second order term, we
compute out the expansion for the following terms:

dp = do — tnK(%)TQ + O(TA)’
p(r) = (1 = KTrz + O(r4)> zo + (r +O(r*)) e,
a(r) = (1= B2+ 00 yo + (r + O(™) e

(p,q) = K esi(do) + (1 — esk(do))r? + O(r),
1 1 1
VE1T—K((p,q))? snk(do) * tng (do)(csg (do) + 1)

~

K?r? + O(r4).

Using this expansion, we have V(0) = e,, V,V(0) = tnK(dQ—O)ei, and
V,V,.V(0) = (—% tnK(%O) - tn%{(%o))en. Therefore,

(B5)  V.V,0m0,+%) = (- tnx (%) - tnk(%)) en.

References

[1] B. Andrews, Moduli of continuity, isoperimetric profiles, and multi-point esti-
mates in geometric heat equations, Surveys in differential geometry 2014. Reg-
ularity and evolution of nonlinear equations, Surv. Differ. Geom., vol. 19, Int.
Press, Somerville, MA, 2015, pp. 1-47. MR3381494, Zbl 1329.53053

[2] B. Andrews and J. Clutterbuck, Sharp modulus of continuity for parabolic equa-
tions on manifolds and lower bounds for the first eigenvalue, Anal. PDE 6 (2013),
no. 5, 1013-1024. MR3125548, Zbl 1282.35099

[3] B. Andrews and J. Clutterbuck, Proof of the fundamental gap conjecture, J.
Amer. Math. Soc. 24 (2011), no. 3, 899-916. MR2784332, Zbl 1222.35130

[4] B. Andrews and L. Ni, Figenvalue comparison on Bakry—Emery manifolds,
Comm. Partial Differential Equations 37 (2012), no. 11, 2081-2092. MR3005536,
Zbl 1258.35153

[5] M. S. Ashbaugh, The PFundamental Gap, http://www.aimath.org/WWN/
loweigenvalues/ (2006).

[6] M. S. Ashbaugh and R. D. Benguria, Optimal lower bound for the gap between
the first two eigenvalues of one-dimensional Schréodinger operators with symmet-
ric single-well potentials, Proc. Amer. Math. Soc. 105 (1989), no. 2, 419-424.
MR942630, Zbl 0668.34023

[7] M. S. Ashbaugh and R. D. Benguria, A sharp bound for the ratio of the first
two eigenvalues of Dirichlet Laplacians and extensions, Ann. of Math. (2) 135
(1992), no. 3, 601-628. MR1166646, Zbl 0757.35052

[8] M. S. Ashbaugh and R. D. Benguria, A sharp bound for the ratio of the first two
Dirichlet eigenvalues of a domain in a hemisphere of S™, Trans. Amer. Math.
Soc. 353 (2001), no. 3, 1055-1087. MR1707696, Zbl 0981.53023

[9] D. Bakry and Z. Qian, Some new results on eigenvectors via dimension, diam-
eter, and Ricci curvature, Adv. Math. 155 (2000), no. 1, 98-153. MR1789850,
Zbl 0980.58020

[10] R.D. Benguria and H. Linde, A second eigenvalue bound for the Dirichlet Lapla-
cian in hyperbolic space, Duke Math. J. 140 (2007), no. 2, 245-279. MR2359820,
Zbl 1189.58014



388

(11]

(12]

(13]

(14]

(15]

(16]
(17]
(18]

(19]

20]
(21]

(22]

23]

(24]

[25]

[26]

27]

(28]

REFERENCES

J. Cheeger, Degeneration of Riemannian metrics under Ricci curvature bounds,
Lezioni Fermiane. [Fermi Lectures|, Scuola Normale Superiore, Pisa, 2001.
MR2006642, Zbl 1055.53024

J. Cheeger and D. G. Ebin, Comparison theorems in Riemannian geometry,
North-Holland Publishing Co., Amsterdam-Oxford; American Elsevier Publish-
ing Co., Inc., New York, 1975. North-Holland Mathematical Library, Vol. 9.
MR0458335, Zbl 0309.53035

M. Chen and F. Wang, General formula for lower bound of the first eigenvalue on
Riemannian manifolds, Sci. China Ser. A 40 (1997), no. 4, 384-394. MR 1450586,
Zbl 0895.58056

X. Dai, S. Seto, and G. Wei, Fundamental gap estimate for convexr domains on
sphere—the case n=2. arXiv:1803.01115.

C. He and G. Wei, Fundamental Gap of Convex Domains in the Spheres
(with Appendiz B by Qi S. Zhang), Amer. Journal of Math., to appear.
arXiv:1705.11152.

P. Kroger, On the spectral gap for compact manifolds, J. Differential Geom. 36
(1992), no. 2, 315-330. MR1180385, Zbl 0738.58048

R. Lavine, The eigenvalue gap for one-dimensional convex potentials, Proc.
Amer. Math. Soc. 121 (1994), no. 3, 815-821. MR1185270, Zbl 0805.34080

Y. I. Lee and A. N. Wang, Estimate of Ao — A1 on spheres, Chinese J. Math. 15
(1987), no. 2, 95-97. MR909159, Zbl 0648.35063

J. Ling, A lower bound for the gap between the first two eigenvalues of
Schrodinger operators on conver domains in S™ or R"™, Michigan Math. J. 40
(1993), no. 2, 259-270. MR1226831, Zbl 0795.35069

Z. Lu and J. Rowlett, The fundamental gap of simplices, Comm. Math. Phys.
319 (2013), no. 1, 111-145. MR3034027, Zbl 1310.58008

Z. Lu and J. Rowlett, The fundamental gap and one-dimensional collapse, Geo-
metric and spectral analysis, 2014, pp. 223-246. MR3328544, Zbl 1349.35300
L. Ni, Estimates on the modulus of expansion for vector fields solving nonlinear
equations, J. Math. Pures Appl. (9) 99 (2013), no. 1, 1-16 (English, with English
and French summaries). MR3003280, Zbl 1270.35149

K. Oden, C.-J. Sung, and J. Wang, Spectral gap estimates on compact mani-
folds, Trans. Amer. Math. Soc. 351 (1999), no. 9, 3533-3548. MR 1443886, Zbl
0935.58016

R. Schoen and S. T. Yau, Lectures on differential geometry, Conference Pro-
ceedings and Lecture Notes in Geometry and Topology, I, International Press,
Cambridge, MA, 1994. Lecture notes prepared by Wei Yue Ding, Kung Ching
Chang [Gong Qing Zhang], Jia Qing Zhong and Yi Chao Xu; Translated from
the Chinese by Ding and S. Y. Cheng; Preface translated from the Chinese by
Kaising Tso. MR1333601, Zbl 0830.53001

I. M. Singer, B. Wong, S.-T. Yau, and S. S.-T. Yau, An estimate of the gap of
the first two eigenvalues in the Schrédinger operator, Ann. Scuola Norm. Sup.
Pisa Cl. Sci. (4) 12 (1985), no. 2, 319-333. MR829055, Zbl 0603.35070

M. Van den Berg, On condensation in the free-boson gas and the spectrum of
the Laplacian, J. Statist. Phys. 31 (1983), no. 3, 623-637. MR711491, Zbl
0893.60094

G. Wei, Manifolds with a lower Ricci curvature bound, Surveys in differential
geometry. Vol. XI, Surv. Differ. Geom., vol. 11, Int. Press, Somerville, MA,
2007, pp. 203-227. MR2408267, Zbl 1151.53036

S. T. Yau, An estimate of the gap of the first two eigenvalues in the Schrédinger
operator. Lectures on partial differential equations, New Stud. Adv. Math. vol.2,
Int. Press, Somerville, MA, 2003, 223-235. MR2055851, Zbl 1050.35057



29]

(30]

(31]

(32]

33]

REFERENCES 389

S. T. Yau, Gap of the first two eigenvalues of the Schrédinger operator with
nonconvex potential, Mat. Contemp. 35 (2008), 267-285. MR2584188, Zbl
1194.35117

S. T. Yau, Nonlinear analysis in geometry, Monographies de L’Enseignement
Mathématique [Monographs of L’Enseignement Mathématique], vol. 33,
L’Enseignement Mathématique, Geneva, 1986. Série des Conférences de I’'Union
Mathématique Internationale [Lecture Series of the International Mathematical
Union], 8. MR865650, Zbl 0631.53003

Q. H. Yu and J. Q. Zhong, Lower bounds of the gap between the first and second
eigenvalues of the Schrodinger operator, Trans. Amer. Math. Soc. 294 (1986),
no. 1, 341-349. MR&19952, Zbl 0593.53030

Y. Zhang and K. Wang, An alternative proof of lower bounds for the first eigen-
value on manifolds, Math. Nachr. 290 (2017), no. 16, 2708-2713. MR3722506,
Zbl 1379.35206

J. Q. Zhong and H. C. Yang, On the estimate of the first eigenvalue of a com-
pact Riemannian manifold, Sci. Sinica Ser. A 27 (1984), no. 12, 1265-1273.
MR794292; Zbl 0561.53046

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF CALIFORNIA
SANTA BARBARA, CA 93106

USA

E-mail address: shosetoQucsb.edu

DEPARTMENT OF MATHEMATICS
EAsT CHINA NORMAL UNIVERSITY
Dong CHUAN RoaD 500
SHANGHAI 200241

PEOPLE’S REPUBLIC OF CHINA

E-mail address: lilyecnu@outlook.com

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF CALIFORNIA
SANTA BARBARA, CA 93106

USA

E-mail address: wei@math.ucsb.edu




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 100
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 100
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


