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THE COHOMOLOGICAL CREPANT RESOLUTION
CONJECTURE FOR THE HILBERT-CHOW
MORPHISMS

WEL-PING L' & ZHENBO QIN?

Abstract

We prove that Ruan’s Cohomological Crepant Resolution Con-
jecture holds for the Hilbert-Chow morphisms. There are two
main ideas in the proof. The first one is to use the representa-
tion theoretic approach proposed in [QW] which involves vertex
operator techniques. The second is to prove certain universality
structures about the 3-pointed genus-0 extremal Gromov-Witten
invariants of the Hilbert schemes by using the indexing techniques
from [LiJ], the product formula from [Beh2] and the co-section
localization from [KL1, KL2, LL]. We then reduce Ruan’s Con-
jecture from the case of an arbitrary surface to the case of smooth
projective toric surfaces which has already been proved in [Che].

1. Introduction

In [ChR], Chen and Ruan defined the orbifold cohomology ring
H{(Z) for an orbifold Z. Motivated by orbifold string theory from
physics, Ruan [Ruan] proposed the Cohomological Crepant Resolution
Conjecture. It eventually evolved into the Crepant Resolution Conjec-
ture after the work of Bryan—Graber, Coates—Corti-Iritani-Tseng and
Coates—Ruan [BG, CCIT, CoR]|. Roughly speaking, assuming that
an orbifold Z has a crepant resolution W, then the Crepant Resolu-
tion Conjecture predicts that the orbifold Gromov-Witten theory of Z
is ring isomorphic (in the sense of analytic continuations, symplectic
transformations and change of variables of type ¢ = —e') to the ordi-
nary cohomology ring of W plus those quantum corrections on W which
are related to curves contracted by the crepant resolution. We refer to
[BG, Che, Coa] and the references there for other excellent examples
confirming the Crepant Resolution Conjecture.

In this paper, we prove that Ruan’s Cohomological Crepant Resolu-
tion Conjecture holds for the Hilbert—Chow morphisms. Let X be a
smooth projective complex surface, and X (] he the Hilbert scheme of
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points in X. Sending an element in X™ to its support in the symmetric
product X we obtain the Hilbert—-Chow morphism Pn X [ 5 x ()
which is a crepant resolution of singularities. Let Hj (X "]y be the
quantum corrected cohomology ring (see Sect. 4 for details).

Theorem 1.1. Let X be a simply connected smooth projective sur-
face. Then, Ruan’s Cohomological Crepant Resolution Conjecture holds
for the Hilbert-Chow morphism py, i.e., the two rings Hj (X)) and

HEg (XM are isomorphic.

This theorem has been proved earlier when n = 2,3 [ELQ, LQ],
when Ky is trivial [FG, LS|, and when X is a smooth toric surface
[Che]. We also refer to [LQW4, MO, OP, QW, Zho] for discussions
when X is quasi-projective.

There are two main ingredients in our proof of Theorem 1.1. The first
one is the axiomatization approach originated from [Leh, LQW1] and
formulated in [QW]. This approach involves Heisenberg algebra actions
and vertex operator techniques pioneered in [Gro, Nak]. We recall
that a graded Frobenius algebra over a field k is a finite dimensional
graded vector space A with a graded associative multiplication A® A —
A and unit element 14 together with a linear form 7' : A — k such
that the induced bilinear form (a,b) := T'(ab) is nondegenerate. For
k > 1, the k-th co-product 7, : A — A®* is defined by requiring
(Tkx(a),b1 @ -+~ @ bg) = T(aby - - - bg). Now the axiomatization in [QW]
states that the algebra structure on each A" in a sequence of graded
Frobenius algebras A (n > 0) is determined if

(A1) the direct sum @, A affords the structure of the Fock space of
a Heisenberg algebra modeled on A := Al

(A2) There exists a sequence of elements Gj(c,n) € A" depending
on a € A (linearly) and a non-negative integer k. Define the

operators %k(a) on @, Al"l which act on the component A via
multiplication by Gj(a,n) € AM. The operators &(a) and the
Heisenberg generators satisfy:

~ 1
(1.1) B1(la) = _6 a1 (13.14),
(1.2) Bu() aa(B)] = alH(ap),
where : a3 iy is the zero mode in the normally ordered prod-

uct : a3 :, and a{k}( ) denotes the k-th derivative with ol }( ) =
a_1(a) and a¥ (@) = [61(14), a7 ()] for k > 1.
When (A1) and (A2) are satisfied, the algebra A" is generated by

the elements N
Gr(a,n) € AP ae Ak >o.
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In addition, the product is determined by (1.1) and (1.2). On one hand,
with A"l = HEL (X)) (viewed as an algebra over C), the results in
[QW] (see Theorem 3.1 below) indicate that (A1) and (A2) hold for
the rings Hg (X ™). On the other hand, by [Gro, Nak] and [LL], the
rings Al = Hj. (X" (= H*(X!") as vector spaces) also satisfy (A1)
and (1.1). Moreover, using [Che|, we prove that (1.2) holds when X is
a smooth projective toric surface.

To prove that the rings A" = Hp (X 7]y satisfy (1.2) for an arbitrary
surface X, our second main ingredient comes into play. It involves finer
analysis of the virtual fundamental cycle using the method in [LiJ] and
the co-section localization technique in [KL1, KL2, LL]. Let X[
be the moduli space of 3-pointed genus-0 degree-d stable maps to X",
By [LL], every stable map (p,C) € X" has a standard decomposi-
tion ¢ = (p1,...,¢;) € X" where the stable reduction ¢ is con-
tained in X4l for some n; and d;, pn;(Im(p;)) = n;x;, the points
x1,...,x; are distinct, and ¢(p) = >, ¢;i(p) for all p € C. We use the
ideas from [LiJ] to index the support of p,(Im(p)) = 3, niz; € XM,
This is done by introducing the notion of 3-pointed genus-0 degree-§
a-stable maps to X" where a = (a1,--- ,0q) denotes a partition of
the set [n] = {1,...,n} and 6 = (01, -+ ,0;) with ;’s being nonnega-
tive integers. The set of such pairs («,0) with > ,; = d is denoted
by Ppn.q- The techniques in [LiJ] and the product formula in [Beh2]
for Gromov—Witten invariants enable us to express the virtual funda-
mental cycle [X™4]VI" in terms of certain discrepancy cycles [©1*4]],
(@,0) € Ppyja- In fact, one of the key points in the paper is to study
such decomposition of [X Wd]]"ir as a sum of cycles indexed by the par-
tition type of p,(Im(y)) € X, However, this cannot be done on the
moduli space X4, The technique to overcome this impasse is to intro-
duce the Hilbert scheme of a-points X" and an non-separated space
XI=71 following [LiJ]. Then the cycle ev, ([X[4]') is a sum of various
[Oldl] in (X[=71)3. Even though the space XI=" is not Hausdorff in
analytic topology, all the operations involving X [<n] in this paper are
all algebraic topological, such as pullbacks of cohomology classes and
cap products, which are defined on any topological spaces. Combining
with the co-section localization theory in [KL1, KL2, LL], pairings
with [0[*9] can be studied via C*®-maps from X to the Grassmanni-
ans. For d > 1, we assemble those [O[*9] (a,4) € Pin),a with 6; > 0
for every i into a homology class 3,4 € H.((X [71)3). Note that we are
back to the original Hilbert scheme X™. Now the structure of the
3-pointed genus-0 extremal Gromov—Witten invariants of X" is given
by the following two theorems.
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Theorem 1.2. Let Ay, Ay, A3 € H*(X!") be Heisenberg monomial
classes, and mp,; be the i-th projection on (XIm3. Then, (A1, Ag,
A3)o.ap, is equal to

3
(1.3) Z Z (A11,A21,A37) - <3m,d7 HW;JAL2> .
=1

mgn Al,l oA1,2:A1
A2710A272:A2
A3710A372:A3

Theorem 1.3. Let Ay, Ay, A3 € H*(X!") be Heisenberg monomial
classes.

(i) If A; contains a factor a_;(x) for some i, then

3
<3n,da HT‘-:L,ZA2> =0.

i=1
(ii) For1 <1< 3, let Ai = ﬂ_)\(i)(lx)a_ni’l (042',1) s Cl_m.’ul_ (Oéi,ui)|0>

where u; > 0 and |a; 1| = ... = || = 2. Then,
3 3wy

(1.4) <5n,da HWZ,iAi> =TT &Ex. i) -p.
i=1 i=1j=1

where p is a polynomial in (Kx, Kx) whose degree is at most (n—
ZM nij)/2, and whose coefficients depend only on d,n,/\("),nm
(and hence are independent of the surface X and the classes oy ;).

We refer to Definition 2.9 for the operation o appearing in (1.3),
and to Definition 2.2 for the notation a_,u (1x) appearing in Theo-
rem 1.3 (ii). Geometrically, we may think of the pairing

3
3m,d7 Hﬂ-:n,iAi,Q ’
i=1

in (1.3) as the contributions of the non-constant components ¢; in the
standard decomposition of ¢ = (¢1,...,¢1) € X [.dl | while those con-
stant components ¢; contribute to the factor (A1, A2, A3 1) in (1.3).

Using Theorem 1.2 and Theorem 1.3, we are able to reduce the proof
of (1.2) for A"l = H; (X 7]} from an arbitrary surface X to the case
when X is a smooth projective toric surface. This proves (1.2) for
APl = H; (X 71y and hence completes the proof of Theorem 1.1.

Finally, this paper is organized as follows. In Sect. 2, we review
the Hilbert schemes of points on surfaces and Heisenberg algebras. In
Sect. 3, we recall from [QW] the results regarding Hgp(X™). In
Sect. 4, we review Ruan’s Cohomological Crepant Resolution Conjec-
ture. In Sect. 5, we prove Theorem 1.2 and Theorem 1.3. In Sect. 6, we
verify (1.2) and Theorem 1.1.
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Conventions: All the homology and cohomology groups are in C-
coefficients unless otherwise specified. For a subvariety Z of a smooth
projective variety Y, we will use Z or [Z] to denote the corresponding
cycle/cohomology class, and use 1y to denote the fundamental cohomol-
ogy class of Y. The symbol A - B denotes the cup product for A, B €
H*(Y). For Ay,..., Ay € H*(Y), let (Ay,..., Ax) = [, A1--- Ap. By
abuse of notation, for A € H,(W) and B € H*(W) of an arbitrary
topological space W, (A, B) also stands for the natural paring between
the homology group and the cohomology group. For subsets A and B
of W, AN B C W stands for the intersection of the two subsets; for
A€ H (W) and Be H*(W), ANB € H,(W) denotes the cap product.

Acknowledgment. The authors thank Professor Jun Li for offering
enormous helps and suggesting valuable ideas, without which this paper
would be impossible to complete. In particular, the crucial Lemma 5.5,
Lemma 5.9 and their proofs are due to him. The authors also thank
Professors Wan Keng Cheong, Yongbin Ruan and Weigiang Wang for
stimulating discussions. In addition, the authors thank the referee for
carefully reading the manuscript and for providing valuable suggestions
which have greatly improved the exposition of the paper.

2. Hilbert schemes of points on surfaces

Let X be a smooth projective complex surface with the canonical class
Kx and the Euler class ey, and X" be the Hilbert scheme of points
in X. An element in X" is represented by a length-n 0-dimensional
closed subscheme & of X. It is well known that X[ is smooth. For a
subset Y C X, define

M, (Y) = {¢ € XI"| Supp(¢) = {x} for some = € Y}.

Let Z, = {(&,2) ¢ X" x X |z € Supp(¢)} be the universal codimen-
sion-2 subscheme of X" x X. Let p; and py be the two projections of
X x X. Let

+o0
Hx = @ H*(x")
n=0

be the direct sum of total cohomology groups of the Hilbert schemes
Xl

For m > 0 and n > 0, let Q™™ = ( and define QI™*™™| to be the
closed subset:

{(€,2,n) € X"+l x X x XM ¢ 50 and Supp(L,/I¢) = {=}}.

We recall Nakajima’s definition of the Heisenberg operators [Nak].
Let n > 0. The linear operator a_,(«) € End(Hy) with o € H*(X) is
defined by

a_n(a)(a) = pr.(QM ™) - 5 - fha),
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for a € H*(X!"™), where p1, j, pp are the projections of X[+ x X x
Xl to xm+nl X XM respectively. Define the linear operator a,(a) €
End(Hx) to be (—1)™ times the operator obtained from the definition
of a_,(«) by switching the roles of p; and py. We also set ag(a) = 0.

For n > 0 and a homogeneous class « € H*(X), let || = s if a €
H*(X), and let G;(a,n) be the component in H1+2/( X 1) of

G(a,n) = pra(ch(Oz,) - ptd(X) - psar) € H (X)),

where ch(Oz, ) denotes the Chern character of Oz, and td(X) denotes
the Todd class. Set Gj(a,0) = 0. We extend the notion G;(a,n) lin-
early to an arbitrary class a € H*(X). The Chern character operator
®;(a) € End(Hy) is defined to be the operator acting on the com-
ponent H*(X™) by the cup product with Gj(a,n). It was proved in
[LQW1] that the cohomology ring of X[™ is generated by the classes
Gi(a,n) where 0 < i < n and « runs over a linear basis of H*(X).
Let 0 = &4(1x) where 1x is the fundamental cohomology class of X.
The operator 0 was first introduced in [Leh]. For a linear operator
f € End(Hy), define its derivative f' by f = [0,f]. The k-th derivative
§%) is defined inductively by f*) = [0, f(*=1)].

Let : ay, a2 be apy, i, when my < mo and ayp, 0y, When mg > ma.
For k > 1, 7 : H*(X) — H*(X%) is the linear map induced by the
diagonal embedding 7, : X — X* and a,,, - am, (The()) denotes
> 0m (1) apy (@) when ma = Y7 a1 ® -+ ® ajy via the
Kiinneth decomposition of H*(XF).

The following is a combination of various theorems from [Nak, Gro,

Leh, LQW1]. Our notations and convention of signs are consistent
with [LQW2].

Theorem 2.1. Let k> 0,n,m € Z and o, B € H*(X). Then,

(i) the operators an(cv) satisfy a Heisenberg algebra commutation re-
lation:

[am(a), an(ﬁ)] =—-m 5m,—n : (avﬁ> : IdHX-

The space Hy is an irreducible module over the Heisenberg algebra
generated by the operators a,(«) with a highest weight vector |0) =
1e HY(xI) = .

(ii) ®1(a) = —% ca? i (r3ea) = YO 5 L tnain : (o (K xa).
n>0

I
(it}) [Be(a).a-1(8)] = 75 - ol (aB).
The Lie brackets in Theorem 2.1 are understood in the super sense ac-
cording to the parity of the degrees of the cohomology classes involved.
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Also, Theorem 2.1 (i) implies that Hx is linearly spanned by the coho-
mology classes a_p, (a1) - - - a_p, (ax)|0) where &k > 0 and ny,...,ng > 0.
These classes are called Heisenberg monomial classes.

Definition 2.2. Let o € H*(X), and
A= (o (2R (g )

be a generalized partition of the integer n = ) . im,; whose part i € Z
has multiplicity m;. Define £(A) = >, m;, |A| = >, im; = n, s(\) =
Sii2mg, N =[], my!, and

ar(@) =[] (ai(@)™, ax(rea) = (H(ﬂi)mi> (Te(r)« ),

i i

where [T, (a;)™ is understood to be - - - a5 *a™ *al"al'? - - - . A general-
ized partition becomes a partition in the usual sense if m; = 0 for every
1 < 0. A partition \ of n is denoted by A - n.

The next three theorems were proved in [LQW3].

Theorem 2.3. Let k>0, n € Z, and o € H*(X). Then, agﬂ)(a) is
equal to

O] I DT NCP S SR PREXES)

((N)=k+1 ((N)=k—1
[A|=n [X|=n

J(A
+ Y 3 ] 'A(, )aA(T*(ea)),

e€{Kx, K%} L(N)=k+1-|e|/2,|X=n

where all the numbers f¢|(\) are independent of X and a.
Theorem 2.4. Let k > 0 and o € H*(X). Then, («) is equal to

- Y qemetr Y 3(2317)\_!2%(7'*(6)(04))

L(N)=k+2,|A\|=0 L(XN)=Ek,|\|=0

- > 1Y e

ee{Kx,K%} L(A\)=k+2—|e|/2,|A\|=0

where all the numbers gM()\) are independent of X and «.
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Theorem 2.5. Let n > 1, k> 0, and o« € H*(X). Then, G(a,n)
s equal to

(-p-t
> 2 W'l—(n—j—nﬂ—x(naw

0<j<k A-(G+1)
((N)=k—j+1

—_ 1Al s(A) —
Ly oy O 2 )

- - A A 24
0<j<k ARG+
L(N)=k—j—1

DY

ee{Kx. K%}
0<j<k,AF(j+1)
L(N)=k—j+1—]e|/2

(—=DPgig (A + (171)
A

1 (n—j_1)a-x(Tx(ea))|0),

where 1_(,_;_1y denotes a_1(1x)" 771 /(n—j—1)! when (n—j—1) >
0 and is 0 when (n —j — 1) < 0, the universal function g is from
Theorem 2.4, and X+ (1911 is the partition obtained from X by adding
(j + 1) to the multiplicity of 1.

Lemma 2.6. [a,, - - 0y, (Thst), Gy - - - O, (Tx8)] 15 equal to

k s j—1 s
- Z Z ntént,—mj : H Amy H On, H Amy (T(k+s—2)*(a5))'
=1

t=1 j=1 1<u<k,u#t l=j+1

The above lemma was proved in [LQW 2], and will be used implicitly
in many proofs throughout the paper. The following geometric result
was proved in [LQWS5].

Proposition 2.7. Let the classes ay,...,a) € &1 H(X) be respec-
tively represented by the cycles Xi,...,X C X in general position.
Then, the Heisenberg monomial class

t ) k

Cl_i(lx)sl

(H ) (Lo @) | 10)

i=1 j=1

is represented by the closure of the subset consisting of the elements
t

k
(2.1) D Eiat )T E
i=1 j=1
where & € M;(zim) for some z;, € X, & € M, (xj) for some
z; € Xj, and all the points x;m, 1 < i < t, 1 < m < s; and zj,
1 < j <k are distinct.

Theorem 2.9 in [LQW4]| expresses a Heisenberg monomial class in
terms of a polynomial of the classes Gi(v,n). The following lemma is
a special case.
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Lemma 2.8. Let A+ ng, a € H*(X) with |a| =2, and m > 1.

(i) Then, the class 1_(,_pg)a—x()|0) € H*(X™M) can be written as
a polynomial of the classes Gi(x,n),k > 0. Moreover, the coeffi-
cients and the integers k depend only on A (hence, are independent
of n and X );

(ii) If the odd Betti numbers of the surface X are equal to zero, then

1 (n—ng-m)a=x(@)a—m(a)[0) = (Kx,a) - Fi(n) + Z G (o, n) - Fai(n),

where F1(n) and Fy;(n) are polynomials of the classes Gy(x,n),
k > 0. Moreover, the coefficients of F1(n), F3;(n) and the integers
k,k; depend only on A and m (hence, are independent of n,c« and
X).

Proof. Follow from the proof of Theorem 2.9 in [LQW4] by setting
I=C-zCcH*(X)andZ=C- -2+ C-a C H*(X) respectively. q.e.d.

Next, we define some operations which will be used intensively.

Definition 2.9. Let A =a_,, (a1)---a_p,(ag)|0) where n; > 0.
(i) If B=a_y,(B1) - a_m,(Bs)|0) with mq,...,ms > 0, then define

(22) A o B - a—nl (041) e a—nl(al)a—ml (51) e a_ms (/85)’0>
(ii) We use the symbol B C Aif B =a_p, (i) - a_p,, (@, )|0) with

A
1 <iy <...<is <l In this case, we use A/B or AB~! or =

to denote the cohomology class obtained from A by deleting the
factors a_y, (@i, ),...,a-n, (q,).

3. The ring Hjy(X™)

For an orbifold Z, the ring H{(Z) was defined by Chen and Ruan
[ChR]. For a global orbifold M /G where M is a complex manifold with
a finite group G action, the ring structure of H¢y(M/G) was further
clarified in [FG, Uri].

Next, let X be a closed complex manifold, and let X = X" /Sn
be the n-th symmetric product of X. An explicit description of the
ring structure of H¢p (X (")) has been obtained in [FG]. An alterna-
tive approach to the ring structure of Hgg (X ™) is given in [QW] via
Heisenberg algebra actions. Put

+oo
Fx = @ o (XM).
n=0
In [QW], for a € H*(X) and n € Z, the Heisenberg operators p,(«) €

End(Fyx) were defined via the restriction and induction maps. More-
over, for k > 0, the elements OF(a,n) € Hep (X ™) were introduced via
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the Jucys—Murphy elements in the symmetric groups. Put Og(a,n) =
1/k! - OF(a,n). Let the operator Oi(a) € End(Fx) be the orbifold
ring product with Og(a,n) in H(*jR(X(")) for every n > 0. The opera-
tor D1 (1x) plays the role of the boundary operator @ = &;(1x) for the
Hilbert schemes. Define p{ }( ) inductively by putting p{ }( ) = pm()
and p{k}( ) = [D1(1x), p;{f 1}( )] for k > 1. The following result was
proved in [QW].
Theorem 3.1. Let X be a closed complex manifold. Then,

(i) the operators p,(a) € End(Fx) (n € Z,a € H*(X)) generate a
Heisenberg (super)algebra with commutation relations given by

[pm(a)7pn(/8)] = m(sm,—n : <a75> : Id]:X,

where n,m € Z, o, € H*(X), and Fx is an irreducible repre-
sentation of the Heisenberg algebra with the vacuum vector |0) =
1 e H*(pt) = C.

1
(ii)) O1(1x) = o 93 20 (7elx). In general, Op(a) is equal to

AL B S S P D e ()

£(N)=k+2,|A|=0 £(N\)=k,|A|=0

(iii) [Ok(a),p_1(B8)] = k:' p 1 (ozﬁ) and both sides are equal to

)\ _
(| Y gmme s Y O exan)
L) =k+1 ((N)=k—1
A=—1 A=—1

Note that there is a fundamental sign difference in the two commu-
tators of Theorems 2.1 (i) and Theorems 3.1 (i). Since Og(a,n) =
Or(a)p-_1(1x)"0)/n!, we see from Theorem 3.1 (ii) that Ox(a,n) is
equal to

(3.1) (=1~ Z 1W' (n_j—1)P—x(T:0)[0)

OSJ’SICAF(HU
((N)=k—j+1

D DRED DR .1|A|!'|A|+S(A)_2'1—(n—j—1>P—A(T*(€Xa))|0>

- , 24
0<j<k A-G+1)
((N)=k—j—1

Moreover, as noted in [QW], the ring Hp (X (")) is completely deter-
mined by Theorem 3.1 (i), the formula of O;(1x) in Theorem 3.1 (ii),
and Theorem 3.1 (iii). In particular, the ring Hgp(X™) is generated
by the classes O (a,n) where k > 0 and « runs over a fixed linear basis
of H*(X).
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4. Ruan’s Cohomological Crepant Resolution Conjecture

In this section, we briefly review the definition of Gromov—Witten
invariants, and recall Ruan’s Cohomological Crepant Resolution Con-
jecture for the Hilbert—Chow morphisms.

Let Y be a smooth projective variety. For a fixed homology class
B € Hy(Y,Z), let M, (Y, B) be the coarse moduli space parameterizing
all the stable maps [p : (D;p1,...,pr) — Y] such that p.[D] = 8 and the
arithmetic genus of D is g. The i-th evaluation map ev;: M, (Y, B) —
Y is defined by ev;([u : (D;p1,...,pk) — Y]) = pu(p) € Y. It is
known [FP, LT1, LT2, Behl, BF] that M, (Y, 3) is projective and
has a virtual fundamental cycle [, x (Y, B)]V" € Ag, (9, (Y, 3)) where
dy = —(Ky - B) + (dim(Y") — 3)(1 — g) + k. Let aq,...,ap € H*(Y),
and ev = evy X --+ X evy, : ﬁg,k(Y,ﬁ) — Y*. Then, the k-pointed
Gromov—Witten invariant is defined by

(4.1) (al,...,ak>g,ﬁ :/

(Mg, (Y, B)]Vr
Next, let X be a smooth complex projective surface. Define the
homology class

(4.2) Bn=My(x1)+x24+ ...+ 251 € 1112()(["];2)7

where 1, ...,r,_1 are fixed distinct points in X. An irreducible curve
C c X" is contracted to a point by p, if and only if C' ~ df3, for some
integer d > 0. Let ¢ be a formal variable. For wy,ws, w3 € H*(X!"),
define a function of ¢:

evi(a] ®...® ag).

(wi, wa,w3)p, (q) =D (wi, wa, w3)o,as, 4"
d>0
Definition 4.1. The quantum corrected cohomology ring H (xn)

is the group H*(X ™) together with the quantum corrected product wy - on
wy defined by

(4.3) (w1 -p, w2, ws) = (w,wa, w3, (—1).
CONJECTURE 4.2. (Ruan’s Cohomological Crepant Resolution Con-

jecture) The quantum corrected cohomology ring H (X [”]) is ring iso-
morphic to Hp (X ™).

Our idea to deal with Conjecture 4.2 is to use the axiomatization
approach mentioned in the Introduction. On one hand, letting Al =
Hip(X™) and Gr(a,n) = Op(a,n), we see from Theorem 3.1 that
both (A1) and (A2) in the Introduction hold for the rings Hp (X (™).
On the other hand, by [Gro, Nak], the rings A" = H (X" also
satisfy (A1) with A = All = H*(X). To deal with Axiom (A2) for
Hj. (X[, we now define the elements Gy (v, n) € Hy (X,
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Definition 4.3. Let k > 0 and o € H*(X). Define Gy(a,n) €
H (X)) to be

(—phit
(4.4) Z Z BUDE 1_(—j—na-(T)|0)

0<j<k AF(+1)
L(N)=k—j+1

_) S —
- Z Z g\! '1’))\“ AL+ 2(4)\) 2 1_(n_jo1y8-x(Tu(exa))[0).

0<j<k A-G+1)
L(N)=k—j—1

REMARK 4.4. We have Go(a,n) = 1_ (n—1)0-1(a)|0) = Go(a,n) and

Gifa,n) =~ 1_u2ya-2(@)|0) = Ga(a, ).

In general, we see from Theorem 2.5 that the class en (v, m) consists of
those terms in Gy («,n) which do not contain the canonical divisor Kx.

Note from the definition of the operator & () on ®nH, (X 7]y that

(@k(a)wl,w2> = (ék(a,n) o W1, W) = (ék(a,n),wl,w2>pn(—1),
for wy,ws € H ;n(X [”]). For convenience, we introduce the operator
(o q) by
(45)  (Bilasq)wr,wa) =Y (Grle,n), wi, w)oas, q

d>0

In the rest of this section, let the surface X be simply connected. By
Remark 4.4, G1(1x,n) = G1(1x,n). Thus by [LL],

(4.6) &i(lx) — —é L 1 (7alx).

So (1.1) holds for the rings H, (X (]} as well. To verify Ruan’s conjec-
ture for py, it remains to show that (1.2) holds for H; (X 71y, For the
right-hand-side of (1.2), we have the following which follows from (4.6)
and the same proof of Theorem 2.3 (i.e., Theorem 4.4 in [LQW3)).

Lemma 4.5. Let k >0, m € Z, and o € H*(X). Then, ay{,f}(oz) is
equal to

1 s5(A) —1
(—m)*E! g ﬁa,\(na) — E (241)7)\!%(7*(6)(04)) . g.e.d.
e(ﬁ)‘:kﬁ»l e(ﬁ)‘:kfl
Al=m Al=m

Comparing with Theorem 2.3, we see that a{ }( ) consists of those

(k)

terms in a;,’ (o) which do not contain the canonical divisor Kx.

Lemma 4.6. Let X be a smooth toric surface. Then (1.2) holds for
XM,
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Proof. Recall that P? and the Hirzebruch surfaces F, are smooth
toric surfaces, and admit T = (C*)2-actions. By the Proposition in
Subsection 2.5 of [Ful], X is obtained from P? or F, by a succession of
blow-ups at T-fixed points.

Now let al (), H;;LT(X["]) and p) (a), Hé’llf(X(")) be the equivariant
versions of an(a), H (XY and po,(a), Hyg (X ™) respectively. By
[Che], the equivariant version of Conjecture 4.2 holds for X, i.e., there
exists a ring isomorphism

Ul Hp (X ™) — BT (x )
sending \/—1n1+"'+ns_qu£m (o) - P?ns (s)[0) to

a, (1) -aT, (as)[0).

Note that up to a scalar factor which depends only on the partition
A= (ni,...,ns) and the tuple a = (a1,...,as), our notation

Pl (@) - pl, (as)0)
coincides with the notation )\(3) used in [Che]. Also, our notation

al (o) coincides with the notation p,,(a) used in [Che]. The integer

N1+ ...+ ns — s is the age. Passing the map U} to the ordinary
cohomology, we obtain a ring isomorphism

U, 0 Hop(X™) — 1y (XI),
which sends =17 " p_, (1) -+ pn, ()|0) to
A, (o) -+ ap,(as)|0).

Using (3.1) and (4.4), we see that \I/n(\/—lkOk(a,n)) = G, n).
Next, let A =a_,, (a1)---a_n,(as)|0) € H*(X[~1). By definition,

[Br(a).a-1(B)]A = Gx(a)a_i(F)A— a_s(B)Bx(a)A
= Bp(,n)-a_1(B)A — a_1(8)(Bk(a,n — 1) - A).
Put P = p_p, (1) p_pn,(as)|0) and a = ng + . +ns — 5. Let o

denote the orbifold ring product. Then, ¥, (p_1(8 )(\/ Ok(a n—1)e
V—1"P)) equals

_1(6)\Ifn<\/—_1k0k(oz, n—1)e \/__1“13) — a1 (8)(Br(a,n — 1) - A),
and U,,(v/—1"p_1(B)P) = a_1(B)A. So [&(a),a_1(B)]A is equal to
n(\/_O( n) e V—1"p_1(8)P)

(p— (\/_ Op(a,n — 1) o /=1"P)).

Since Oy (c,n) ® p_l(ﬁ)P = O5(a)p_1(B)P, we obtain
(Br(e), a1 (B)]A = V=T 0, ([Dk(a), p-1(B)P).
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By Theorem 3.1 (iii), we conclude that [6;(c), a_1(8)]4 is equal to

ﬁ’”“-(—l)k 0, Z %m(n(aﬁ))P

((N)=k+1
A=—1

s(A)—1

WP/\(T*@XO&@)P

Finally, by the definition of ¥, and Lemma 4.5, [6 (), a_1(8)]A is
equal to

) —
DRETICACT VI S ke NEN AN
Z()\):k+1 e(N)=k—1
w IAl=—

= alep)a

Therefore, [6,(a), a_1(8)] = 1/k! - a{_kl}(aﬁ). Hence (1.2) holds. q.e.d.

5. Extremal Gromov—Witten invariants of Hilbert schemes

In this section, we study the structure of extremal Gromov—Witten
invariants of X" for a smooth projective surface X. We will use the
ideas and approaches in [LiJ], and adopt many presentations, notations
and results directly from [LiJ]. In addition, the product formula in
[Beh2] and the co-section localization in [KL1, KL2, LL] for Gromov—
Witten theory will play important roles. For convenience, we assume
that X is simply connected.

5.1. Hilbert schemes of a-points and partial equivalence. In this
subsection, we introduce some new spaces related to Hilbert schemes
to provide a platform where, in the subsequent subsections, we can
construct cycles 3,4 € H.((X)3) derived from various virtual cycles
of moduli spaces of stable maps to these new spaces.

Let Y — T be a smooth family of projective surfaces over a smooth,
projective base T'. The relative Hilbert scheme of length-n 0-dimensional

closed subschemes is denoted by Y}n}. It is over T" and for any t € T,

Yr}n] x7{t} = (Y;)["l. Define its relative fiber product Y? = Y xp---x7Y
(n times), and its relative symmetric product Y(n =Y/S,.

Let A be a finite set with |[A| = n. We define Y[A] YT["], Y( ) = YT(n),
and for accounting purpose, denote

YA = {(20)ac| Ta € Y; for some t € T
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Using the Hilbert—Chow morphism pp := p,, : YF}A} — YF}A), we define
the Hilbert scheme of A-points to be

A A
(5.1) Y:,[L I _ Y:,[w } XYZI(“A) Y:,/«\.

These spaces Y:,HWAE can be thought of as Hilbert schemes of ordered
points.

Let Pp be the set of partitions or equivalence relations on A. When
a € Py consists of [ equivalence classes az, ..., qp, write « = (aq, ..., qp).
For such «, we form the relative Hilbert scheme of a-points as follows:

l

l .
(5.2) v =TTy v =TTy v = TTvid,
i=1 i=1 i=1

where the products are taken relative to T'. Note that Y:,Hwaﬂ = Y}a} XY}")
Yf\. The “indexing” morphism is defined to be the second projection
(5.3) in: vl v

The spaces YTM and YT[LB ] are birational. To make this precise, we
first fix our convention on a partial ordering on P,. We agree

‘a> 7 = “a~gb=a~y b
Namely, o > g if ( is finer than a. When g = (f1,...,[5;), we put
aNf=(NP,...,aqNB),

which is the largest element among all that are less than or equal to

both av and 3. Note that Pp contains a maximal and a minimal element.

The maximal element is A consisting of a single equivalence class A; the

minimal element is 1% whose equivalence classes are single element sets.
For a > 8 € Py, define

Eg:{xer\]Ela,beAsothat Lgq = Tp, aNaby a%ﬁb}

For a # [ € Py, define Eg = Egap Y Eg/\ﬁ. The discrepancy between
YT{LO‘]] and YTM ] (in YQ[LQH) and its complement are defined to be

=lo] _ /o] = o] _ ylo] _ =lo]
(5.4) By =Yp" xya B, and YU =1 - =00
More precisely, by Lemma 1.2 in [LiJ], there exists a functorial open

embedding di : YBM — Y:,[LB V induced by the universal property of the

respective moduli spaces such that Im(Cg ) = Yogﬁ J. Thus we obtain an
isomorphism (equivalence) ¢5 : YBM = vl We define

(5.5) ylsel = (H YJW)/ ~,

BLa
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where the equivalence is by identifying Y«yﬁ e Y:,[LB } and YﬁM C Y:,M
via Cg for all 5,7 < a. Note that YI[LSO‘] is non-separated (except when

a= 1A), and contains the spaces YI[LSBH, 8 < «, as open subschemes.

Even though the non-separated space YTESB J comes into the picture,
in later subsections, we only perform standard algebraic topological op-
erations on these non-Hausdorff spaces such as pull-backs of cohomology
classes and cap products. These operations are allowed on any topolog-
ical spaces (see [GH, Iv, Sp)).

5.2. Stable maps to Hilbert schemes of ordered points. We in-
corporate stable maps into the above constructions. This is motivated
by the standard decompositions of stable morphisms introduced in [LL].
For d > 0, we let

v = 0 5 (v, dB,,)

be the relative moduli space of 3-pointed genus-0 stable maps to YQL"} of
class dg,.

We study the standard decomposition of [u,C] € Y}"’d}. Given
[u,C] € Y}n’d}, composed with the Hilbert-Chow morphism p,,, we ob-

tain ppou : C' — Yr}n). Since the fundamental class of u(C) is a multiple
of the null class ,, and C is connected, p, o u is a constant map. We
express p, o u(C) = 22:1 n;x;, where n; € N such that > n; = n,
and z; are distinct. With such data, for p € C', we can decompose
u(p) = z1(p) U --- U z/(p) such that z(p) € YT[M, and pp, (zi(p)) = niz;.
Because x; are distinct, such decomposition is unique. We define

(5.6) u;: C — Yj[f”}, ui(p) = zi(p)-

Because of the uniqueness of the decomposition, one checks that u; are
morphisms; since u,[C]| = df,, we have u;[C] = d;[3,, for some d; > 0
such that ) d; = d. Using such data, we can define the Hilbert—-Chow
map from Y}"’d} to the weighted symmetric product of Y.

For the pair (n,d), we define the weighted symmetric product of Y
to be

1
Y}n’d) = {Z dl[anZHl <l<n, 1, - ,7 € Yy distinct, for a t € T}.
i=1
Here the formal summation > d;[n;z;] is subject to the constraints
di € N, Y d; = d, n; € Ny and > n; = n. Also, [n;z;] represents
the multiplicity-n; 0-cycle supported at x;, and d; is its weight. Thus
d;[n;z;] # [din;z;] and O[z;] is non-trivial. Endow Y}n’d) with the obvi-
ous topology so that it is a stratified space such that the forgetful map

Y}n’d) — Yr}n) is continuous, proper and having finite fibers.
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We define the Hilbert—Chow map:
n ,d)
(5.7) e : — " = Zd [nizi],

where (d;,n;, ;) are data associated to (u ,) from (5.6). Define hey :
Y[n d_, Y( " to be the composite of he with the forgetful map Yr}"’d) —

Y} ). For a finite set A (of order n), define

Y}A,d} _ Y}n,d}’
(5.8) v = v o v = Y Y
Y}Ad]

To simplify notations, the composition of YQ[LA’dﬂ —
Y[A d]

and bey
— Y(") will again be denoted by bhe;.

Definition 5.1. We call («,0) a weighted partition of A if o =
(a1,...,07) € Py and § = (d1,...,0;), 6; > 0 for every i. We define
>, 0; to be the total weight of («,6). For (A,d), we denote by Px 4 the
set of all weighted partitions of A with total weight d. We say that

«o,0) > (B,n) if a > § and n; = 0; for every j.
BiCa;
For (o, d) € Pp 4, define
Y}avé] — YI[WOCL(SI} X e X Y%alyél]'

We form the relative moduli space of 3-pointed genus-0 degree-§ a-stable
morphisms to the Hilbert scheme of points:
(5‘9) YIILQ’CS]] — Y,Illa1751ﬂ XT . XT Y,Illah&l]]‘

5.3. Birationality. The key result Lemma 5.3 provides the comparison

[0l and Y[[B 77]]7 which will be used in later subsections for

@, B,
v}l ana v},

between Y

the comparison of normal cones for and

For (a,d) > (B,n)," the pair Y:,[La’ﬂ and Y:,Eﬁ’nﬂ are “birational”. To
make this more precise, we introduce some notations. Given an element

€= ([0l (o)) € Y =¥ Y,
where he([u]) = 2221 d;i[niz;] and such that > n;z; = ), . (as O-cycles
in YT(")), we define a pair (a(£),0(€)) € Paa by
a(§) = (a1, ,m), ai ={a € Aya = xi}; (&) = (du,--- ).
Definition 5.2. For (8,7n) € Py 4, we define
v = {e e v (a6),0€) < (B0},

YR = (&, &) e VP hey(€), -+, bey (&) mutually disjoint}.

'"Without further mentioning o = (a1, ..., a;) and 8= (B1,-- -, Br).
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For (8,n) < (a, ), we define (as fiber products over T')

l l
[e] [evi,di] [Bm] [BNai,nNé;]
Yo = I Yatuimsy ad Y = Yo ™™
i=1 1=1
Lemma 5.3. For (a,0) > (8,n), we have a natural, proper surjective
morphism

B . y-lad] 18,m]
(5.10) G Y — Yiaa-

Proof. By definition, we only need to prove the case (a,d) = (A, d).

Let & = ([u,C,pi, (ya)) € YL with be(fu)) = Sl difniz]. Let

u; : C — YT[ni] be as in (5.6). Denote a(§) = (ay,---,q;) and 9(&) =
(dy,--- ,dy). Since £ € Y([[ﬁ/??’gﬂ, we have (a(£),9(§)) < (8,n). Thus we

can form

]a ug, (p) = UagCﬁzuj(p) € Y’_Z[“m]

Because the degree of u; is dj, and (a(£),0(§)) < (B,7), the degree of
ug;, is m;. For 1 < i < r, let usﬁi : O, — Yr}m} be the stabilization

ug, : C' — Yr}m

of [ug,C,pi]. Then (uf,---,uy) € Y:,[Lﬁ’n]]. It is routine to check
that
A,d s s S
R Y — Y (O a)a) v (- )

defines a morphism. By the definition of Y([Ei’d")]], we have Im(CK’Z) C

[8.m]
Yina

We now show that Im(Cf:Z) = Y([E\B’J)]]’ Note that a closed point in
5/(@\6’&?7)1] is an r-tuple (§1,--+ &) with § € Yz{iﬁi’mﬂ such that

hey(€1), - bey (&)

are mutually disjoint. Let & = [u;, C;, p; j]. Since [C;, p; ;] are 3-pointed
genus-0 nodal curves, we can find a 3-pointed genus-0 [C, p;] and con-
traction morphisms ¢; : C' — C; so that ¢;(p;) = pij, j = 1,2,3. Since
hei(§1),---bey(&r) are mutually disjoint, the assignment p — u(p) =

up o p1(p) U+ Uu, o ¢p(p) € Y}n} defines a morphism u : C' — YT["].

We let & = [u,C,p,|** be its stabilization. Then § € Y(HBA;]C)H], and

CYNE) = (&1, ,&). Hence Im(Cy) = Y7L
We check that {f:g is proper. Let so € .S be a pointed smooth curve
over T; let S* = S — sg. Suppose £* is an S*-family in Y([[A;;)l]] so that

Cf:g(f*) = (&, -+ ,&) extends to an S-family (&, --,&), we need
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to show that, possibly after a base change, £* extends to & so that
Cﬁ:g(&) = (517 e 757“)‘

Since Y:,[LA’dﬂ is T-proper, possibly after a base change, we can extend
&* to an S-family & in YI[LA’d]]. Let ¢ be given by ([u, C, p;], (ya)), where
each term implicitly is an S-family. Let yg, = Eaeﬁi Yo @ S — Yj(ﬁi).
By definition, &(sg) = & xg {so} € Y([[BAnljﬂ if yg, (s0),- - ,ys,.(s0) are mu-
tually disjoint. Since Cﬁ:g(&*) = (&, -+ ,&)), we have yg,|g« = hey 0 &
Since Yr}n) is separated, we have yg,(s0) = bey(&i(so)). Further, since

(€1(s0), - &(50)) € YOI, bey(€a(s0)), -+, bey(&n(s0)) are mutually

disjoint. This proves that &(sg) € Y([[ﬁAgﬂ. Then £ lies in Y([[BAnc)lﬂ, and by

the separatedness of Y:,[LA’dﬂ, we have <f’2(£) = (&, ,&). This proves
the properness. q.e.d.

The morphism ¢ 5:57 fits into a fiber diagram that will be crucial for our
virtual cycle comparison. As we only need the case where (5,7) < (o, )
is derived by a single splitting, meaning that » = + 1, we will state it
in the case («, ) = (A,d), and (8,n) = ((51, B2), (d1,d2)).

We first introduce necessary notation, following Behrend [Beh2].
Given a semi-group G = N or N2, we call a triple (C, pj,T) a pointed
G-weighted nodal curve if (C, p;) is a pointed nodal curve and 7 is a map
from the set of irreducible components of C' to G. We say (C,p;,7) is
stable if for any Cy = P! C O, either 7([Cp]) # 0 or Cy contains at
least three special points of (C,p;). (A special point of (C,p;) is either
a node or a marked point.)

We denote by My 3(d) the Artin stack of stable total weights d N-
weighted 3-pointed genus-0 nodal curves. We denote by D(d;,ds) the
Artin stack of the data

{(C.pj,7) = (C1,p15,71), (C.pj,7) = (Ca,p2j,72) },

so that (C,p;, ) is a stable total weight (di,ds) N*-weighted 3-pointed
genus-0 nodal curve, (Cj, p; j,7;) € Mo 3(d;), and the two arrows induce
isomorphisms (C,p;,pr; o 7)%* 2 (Cy,p; j,7i), where pr; : N> — N is
the i-th projection. (See the diagram (3) in [Beh2] for details.) For
i = 1,2, define ¢ : D(dy,d2) = Mo3(d;) to be the map sending the
element

¢:={(C,pj,7) = (C1,p1,5,7),(C,p;,7) = (C2,p2,5.72) },
to (Cy, pi j, 7) which is indeed stable by the definition of the data &.

Lemma 5.4. Let 5 = (1, 52) be a partition of length two, and let
n = (d1,ds) with d = dy + da. We have a Cartesian diagram
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[A.d] } 8.1
Y(ﬁm) Y(A,d)

l l

D(dr,ds) L Mos(dr) x Moa(da)
Further, (e1,€2) is proper and birational.

Proof. The proof is a direct application of Proposition 5 in [Beh2)]
plus the definition of Y([[A C)l]]. Note that the second vertical arrow is

induced by Y([E\BJ)]] - Y[w vl o Y[w 242 and the forgetful morphism
vt Mos(dy). qed.

5.4. Virtual classes and comparison of normal cones. As Y —
YT(") is a finite quotient map by a finite group, it is flat. So the tauto-
logical projection pq s : [a a YQLQ’(S] is flat as well. Let [V, vl 5]]"”
be the virtual class of Yr}a 9l We define [Y:,[[a’5]]]Vir to be the pullback
of [Y[ }]‘”r via pos. Our goal is to inductively construct cycle repre-
sentatives of the virtual classes of YQ[LQ’(S]] that are compatible via the

comparison ¢ g .

We recall the construction of virtual cycles in [BF, LT1]. Let

V
(E[a,5]) _>LYT[“’5]/T><(M0,3)I

be the standard perfect relative obstruction theory? of YT[OMﬂ — T x
(Mo3)h; let Clag) C Flae = hl/hO(E[a’(g]) be its intrinsic normal cone.
To use analytic Gysin map, we put it in a vector bundle. Following [BF,
LT1], we can find a vector bundle (locally free sheaf) £, 5 on Yr}a’(ﬂ and
a surjection of bundle-stack E, 5 — hl/hO(E[a’(;]). Let Co5) C Elq4) be
the flat pullback of C, 5. Then [Yr}a’é}]"ir = O!E[a . [Cla,5)], the image of
the Gysin map of the zero-section of El, g). Let Efq 5] = pj, 5E[a,5) Where
Pas lea’éﬂ — Y}a’é] is the tautological projection, and Cp, 57 C Elqa ]
be the flat pullback of Cl, 6 via Epo 51 — Ela,5- The virtual class of
Yzla’éﬂ is equal to

«,d]7 vir * a,0]vir * a,d
(VA = (o ) Y = 0 [Claay] € HL(1YVET); @),
where O*E[[a . is the Gysin homomorphism of the zero section of Ej, g,

and |Y1la’5ﬂ| is the coarse moduli space of Y:,[La’(g]]. Also, put Ep 5 =
P 6E(a,5); and let Fq 5 = hl/hO(E[[a,(;]]) = P 5Fa,6) De the flat pullback.
Let C[[a,é]] C F[[a,cﬂ] be the flat pullback of C[a’(g] via F[[a,cﬂ] — F[a’(g].

2Here Eja,s) is a derived object locally presented as a two-term complex of locally
free sheaves placed at [0, 1].
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We now compare the cycles Cp, 5] using Cg:g. The tricky part is that
the vector bundles Ej, ) are not comparable. Thus we will state the
comparison using cycles in F, ), and later will use the obstruction
sheaf for accounting purpose.

Lemma 5.5. For pairs (a,0) > (8,n), we have canonical isomor-

phisms
wfjg : (Cg,’g)*(F[[ﬁ,n]]\yuﬂ,nﬂ) — Fla,s7ly Lol
(ev,8) (8,m)
that satisfy the cocycle condition: we have @5’20@5’?)*(@2’2) =5 for
) —
m)
Fisn |Y[[5,n]] be the projection induced by gog’g, which is proper by Lemma
(a,4) ’

5.3. Then

any triple (o,0) > (8,m) > (v,e). Further, let @g’g : F[a75]\},([£3a

=B _
(%75)*[0[[%5]]!3/([%11] = [C[[B,n]]‘n[f’gﬂ]'

Proof. By induction, we only need to prove the case where £(3) =
l(a)) + 1; by definition this follows from the case (a,d) = (A, d) and
B = (B1,B2) with n = (di,dz2), which we suppose in the remainder of
this proof.

Let y = (ya) € Y2 be a closed point so that ys, = pg, ((Ya)aes,) €

Y}B Y and Yg, € Yr}ﬁ 2) (defined similarly) are disjoint. We then form

: A
V;: = YI[WB} Xyz(fgi) {yﬁz} and V = YJ[« ] ij(wf\) {p/\(y)}

Note that yg, Nyg, = () implies that Vi x1 V, C YQLB }. Also, there exists
a canonical isomorphism {é\ : Vi xp Vo — V. Let V; (respectively, V') be

the formal completion of YF}B i (respectively, YF}A}) along V; (respectively,
V). The isomorphism {é\ induces

ég : ‘71 XT VQ — V,

which is injective and smooth. - -
For notational simplicity, we denote 9(V;) = My 3(V;, d;) with 1o in

]

5.11) being the tautological morphism induced b vV — y B ; we let
( g g y T

M(Vy x7 Va) = Mos(Vi x7 Va, (di,da)),

with ¢1 in (5.11) being the tautological morphism induced by VixrVs —
v

We consider the following commutative diagram of arrows, where ¢
is defined by sending [u,C,p;] € ﬁ(f/l X7 Vg) to (&1,&2) with & =
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[m; ou, C,p;]5 for m; : Vi x7 Vo — V; the projection; ¢’ is induced by ¢.

B
[Ad] Shvd 18,1]
Yis.m) — Y(rd)
01 P2
ﬁ(ffl XT ‘72) XYI(ﬁ) ng L} (ﬁ(f/’l) XT ﬁ(%)) ij(ﬁ) ng
(5.11) 1 s
M1 x7 Va) LN M(V1) x7 M(Va)
L1 L2
Y}A’d} YT[B,n]

We let C; C F; be the intrinsic normal cone in the bundle stack
of the obstruction complex of the prefect relative obstruction theory of
ﬁ(f/l X7 Vg) — T x Mp,3. Because Vi x7 Vy — Y}A’d} is injective and
smooth, we have (1(Cpy q C Fip q) = (C1 C Fy). Since Cpy q) C Fpa g
is the pullback of Cjy 4 C F[p 4, we conclude @T(C[A,d}] C Faq) =
Yi(C1 C F1).

Similarly, letting Co C F3 be the intrinsic normal cone in the bundle
stack of thg obstructig)n complex of the prefect relative obstruction the-
ory of M(V1) x1 M(Va) — T x (Mg 3)?, we have ©5(Cram € Fram) =
P5(Cy C F3). Since ¢1 and g9 are injective and smooth, since ¢’ is
proper, since the top square is commutative, and since the image of

¢1 (respectively, of ¢2) covers Y([[BAWC;]] (respectively, Y([E?g)ﬂ) for y varying

through Yf\ satisfying yg, Nyg, = 0, to prove that Fpp 4 = (Cf’Z)*FMm]]

and (Cﬁ:g)*[c[[/\,d]]] = [Cy,y], it suffices to show that we have the canon-
ical isomorphism and identity

(5.12) F1 = ¢*F2 and gE*[Cl] = [CQ],

where ¢ : F; — F5 is the induced projection. But this follows from the
Cartesian square

MV > V) —2s (V1) x M(Va)

! !

T x @(dl,dQ) — T x M073(d1) X M073(d2),

similar to the one stated in Lemma 5.4 (originally constructed in Propo-
sition 5 of [Beh2]). Since the lower horizontal line is birational, and T
is smooth and projective, by Theorem 5.0.1 in [Cos], we have the iso-
morphism and identities in (5.12). This proves the lemma. q.e.d.



COHOMOLOGICAL CREPANT RESOLUTION CONJECTURE 521

5.5. Multi-sections and pseudo-cycle representatives. In this
subsection, we use multi-sections to intersect the cycles Cf, s to ob-
tain pseudo-cycle representatives of [lea’éﬂ]"ir.

In the remainder of this section, we will work with analytic topol-
ogy and smooth (C*°) sections. Let V be a vector bundle over a DM
stack W. In case W is singular, we stratify W into a union of smooth lo-
cally closed DM stacks W = [ [ W, and use continuous sections that are
smooth when restricted to each stratum W,. Without further comment-
ing, all sections used in this section are stratified sections; we denote
the space of such sections by C(W, V). Also, we will use |W| and |V| to
denote the coarse moduli of W and V.

We recall the notion of multi-sections, following [FO, LT2]. We
first consider the case where W = U/G is a quotient stack and V
is a G-vector bundle on U. Let S™(V) — U be the n-th symmetric
product bundle of V. A liftable multi-section s of V' (of multiplicity
n) is a G-equivariant section s € C(U, S™(V))“ such that there are n
sections s1,---,s, € C(U,V) so that s is the image of (s1, -+ ,sp).
For a multi-section s € C(U, S™(V))Y that is the image of (s1,--- ,s,),
we define its integer multiple ms € C(U,S™(V))“ be the image of
(S1,°°* ,81,°"* ySn," "+ ,8n), where each s; is repeated m times. Given
two multi-sections s and s’ of multiplicities n and n/, we say that s and
s' are equivalent, denoted by s ~ s’, if n’s = ns’ as multi-sections.

In general, since W is a DM-stack, it can be covered by (analytic)
open quotient stacks U, /Go C W, and the restriction V{y, /¢, = Va/Ga
for G,-vector bundles V,, on U,. A multi-section s of V consists of an
analytic open covering U, /G, of W and a collection of liftable multi-
sections s, of V|7, /c., so that for any pair (a, 3), the pullbacks of s, and
sg to Uy X Up are equivalent. We denote the space of multi-sections of
V by Coo (W, V). (Thus multi-sections in this paper are always locally
liftable.)

The space of multi-sections of V' has the same extension property as
the space of sections of a vector bundle on a manifold. The usual ex-
tension property of vector bundles on manifolds is proved by using the
partition of unity and the addition structure of the vector bundles. For
multi-sections, over a chart U, /Gy, we define the sum of two (liftable)
multi-sections s and s’ (with lifting (s;)j_; and (s})7L,, respectively) be
the multiplicity nm multi-section that is the image of s+ s" = (s; + s7).
This local sum extends to sum of two multi-sections on W. Thus com-
bined with the partition of unity of |IW|, we conclude that the mentioned
extension property holds for Cp (W, V).

We also have the following transversality property. Given a closed
integral substack C' C V and a multi-section s € Cpy(W, V), we say
that s intersects C' transversally if there is a stratification of C' so that
each strata C, of C lies over a strata of W, say W/, and the section
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slw,, intersects C, transversally, meaning that the local liftings of s/,
intersect C, transversally. Given a cycle [C] = Y n;[C;] with C; closed
integral algebraic substacks, we say s intersects [C] transversally if it
intersects each C; transversally.

Lemma 5.6. Let p: W/ — W be a proper morphism of DM-stacks;
let V' be a vector bundle on W and p : p*V — V be the induced pro-
jection. Suppose [C'] € Z.(p*V) is an algebraic cycle and [C] = p.[C"].
If s € Coou(W, V) intersects [C] transversally, then p*s € Cou (W', p*V')
intersects [C'] transversally.

Proof. We pick stratifications W = [[W,, and W' = [[ W/ so that
p(W},) = W, and po = plw: : W, — W, are smooth. We then pick
a stratification C” = [] C} so that each C} lies over a stratum of W,
and that 15|c;3 : O — p(Cp) is smooth. Therefore, by the definition

of transversal to C, we are reduced to check when p : W/ — W and
C" — p(C") are smooth. In this case, the statement of the lemma holds
by direct local coordinate checking. This proves the lemma. q.e.d.

We now construct pseudo-cycle representatives of the topological
Gysin map

(5.13) 0 : Z.V — H.(|W],Q),

via intersecting with multi-sections [FO, LT2, LT3, McD, Zin|.

We assume W is proper. Let 7 : V. — W and 7 : |V| — |W]| be
the projections. Given a closed integral algebraic substack C' C V', we
find a multi-section s of V' so that it intersects C' transversally. Let
k = 2(rank V — dim C). By slightly perturbing s if necessary, we can
assume that there is a closed (stratifiable) subset R C V| of dimg R <
k — 2 and an (analytic) open covering of W by quotient stacks U, /Gq
so that, letting g, : Vo, — |V| be the projections,

1) sly, /. are images of 541, , Sa,ma 0 C(Us, Va);

2) there are topological spaces S,; and proper embeddings fq; :

Sa,i — Vo such that
a) there are dense open subsets S; ; C S, ; so that Sp, ; are smooth
manifolds and fq ilse . : S5 ; — Vo are smooth embeddings;

b) Sai N (C Xy Va - QEI(R)) = fa,i(Sgc,i);
) fai( o, T SO ) C qul(R)'
Since s € Cpu (W, V) by definition, > " fa,i(Sq ;) is Ga-equivariant.
Define

(5.14) (CNs)y, =— (Z foi(Sei) ) /G,

viewed as a sum of piecewise smooth k-dimensional Q-currents away
from a (k — 2)-dimensional subset. Since (s, ;) are local lifts of a global
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multi-section s, the Q-currents (5.14) patch to form a piecewise smooth
Q-currents with vanishing boundary in |V| — R. We denote this current
by CNs. Since |W| is compact, the current CNs defines a homology class
in H(|V|,R;Q) = Hi(|V|;Q). Applying the projection 7 : |[V| — |W]|,
we obtain the image Q-current 7(C N s) and its associated homology
class [1(C'Ns)] € Hi(|]W|; Q). Following the topological construction of
Gysin map of intersecting with the zero-section of V,

0y[C] = [F(C N s)] € H(IW;Q)

is the image of [C] under the topological Gysin map O!V. By the linearity
of Gysin map, this defines the topological O!V in (5.13). The current
7(C N s) is called a pseudo-cycle representative of the Gysin map.
We now assume in addition that F is a quotient sheaf ¢ : Oy (V) — &,
and the cycle [C] = > n;[C;] € Z,W has the property
(P) for each C;, and any closed z € W and a € JF|,, letting ¢, :
V, = F|. be ¢ restricting to z, we have either ¢, (a) N C; =0 or
¢;a)NCi = ¢;(a).?

Definition 5.7. Two multi-sections s and s’ of V are F-equivalent,
denoted by s ~g s, if for any z € W, as Q-zero-cycles, we have
(¢2)«(s(2)) = (¢2)(s'(z)). A multi-section of F is an ~g equivalence
class of multi-sections of V. We say a multi-section s of F intersects
C' C V transversally if a representative s of s intersects C' transversally.

We comment that when C' satisfies property (P), the notion that a
multi-section of F intersects C' transversally is well-defined, after we
pick the stratification of W so that & restricts to each stratum is locally
free, which we always assume in the remaining discussion.

We apply this discussion to Cq 5] C Efa,s]- Let Fq 5 = H! (Eja,)s

[c,6]

coherent sheaf on Y, and let F, 57 = P 5T (a5, the pullback sheaf
on Y:,[La’ﬂ. (Note that |, 4 is the obstruction sheaf of the relative ob-

struction theory of YT[Q’(S].) Then JF, 51 is the quotient sheaf of Ep, g)
via

Ds] * Ejas] — Flagp = /(04 5Bas) — H' (0% 5E[ae]) = Fla.s]-

Since Cl,,g] is the pullback of the cycle Cy, 51 in Fiq 5], the cycle Cpq 51

satisfies property (P) for the pair E, 5 — J[a,5). Thus we can speak

of multi-sections s of JF, 57 intersecting Cp, 5 C E[q,5) transversally.
In the future, we will call a multi-section of F, 5 intersecting Cq 4]

transversally a good multi-section. Let ki, 5 be the virtual dimension of

Y}a’(ﬂ. For a good multi-section s[5 of F[q 5, we denote

D(sa,61) = T(Cla,6] N S[a.0])s

3As argued in [CL], this means that C is a pull back of a “substack” of 7.
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where s, 5] is a representative of sy, 51, and D(s[q ) is a piecewise
smooth ki, 5-dimensional Q-current away from a subset of dimension
at most K, 5 — 2. (Note that D(sp,6)) is independent of the choice of
S[a,5]-) We denote

[D(Sgas))] € Hig 5 (VEN; @),

the homology class it represents.
Applying the pseudo-cycle representative of Gysin maps, we obtain:

Proposition 5.8. Given a good multi-section sy, 51 of Fa,s), we have
06,6 vir 076
[Disgaa)] = V™ € B.(¥E T Q).

5.6. Comparison of virtual cycles. Our goal in this subsection is to
compare the virtual cycles in terms of pseudo-cycle representatives. We
will prove the analogue of Lemma 5.6 in [LiJ].

To begin with, we recall a-diagonals, their tubular neighborhoods,
and the associated partitions from [LiJ]. For a € P, we form the
strict a-diagonal:

(5.15) Ag =AY ={z e Y ar~gb= x4 =13}

it is closed in YA and isomorphic to Y} when a = (ay,...,q). Fix a
sufficiently small number ¢ > 0 and a large real N, and pick a function
€ : Px — (0,¢) whose values on any ordered pair a > (3 satisfy e(a) >
N - ¢(f). After fixing a Riemannian metric on Y, we define the e-
neighborhood of A, C Yf\ to be
(5.16) Age= AZ’E = {z € Y{ | dist(z,Ay) < e()}.

For a pair a > (8, we define A;E = Ua>y>344,c and Q%"e = Age—
UQZV>BA?;,E = Ag.c—Ua>y>pA, .. Then, Q%E is a closed subset of Ag..
By Lemma 5.5 of [LiJ], if Ag, (N Q5,¢ 7# () for some 1, f2 < a, then

(5.17) B < Ba.
It follows that Ag’e = HQZ’YZB Q5 ¢ In particular, for any «, by taking
B =14, we get YTA = H7<a QS . Further, letting Q[[ﬁi’éﬂ = Yzla’éﬂ
Qf . we obtam Y[[a oq_ Hﬁ<a Qﬂa I Note that for fixed B with 8 < a,
we have Qﬁe C ]_[ (Ban)<(ad) y([[ )ﬂ Define Q[([gi]] Q[aéﬂﬂy([aiﬂ for
(8,m) < (a,d). Then, we obtain a partition:

a,d a,d
(5.18) R | e

(Bm)<(,6)

Lemma 5.9. For sufficiently small €, we can find a collection of good
multi-sections S|, 5] of F[a,s) that satisfy the properties

Xy A
Y7

(i) each sy 5] intersects transversally with the cycle Cpq 51 C Ela.6];
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(i) for (B,m) < (e, 9), the pseudo-cycles (as Q-currents)
, a,d , o,
(TN (Dlspasy) N QG0 ) = Disgaa) NCT(QG0 -

Proof. We follow the proof of [LiJ, Lemma 5.6] line by line, with Q3

respectively, s, ) in [LiJ, p. 2156] replaced by Q[[a Al respectively,
(B.m).€

Sla,é )

: T(ﬂ) carry the argument in [LiJ, p. 2156] through in the current situ-
ation, two modifications are necessary. The first is using multi-sections
of Fq,57, etc. The two properties of sections we used in the proof of
[LiJ, Lemma 5.6] are the existence of extensions and general position
results. For multiple-sections, similar results hold as we have mentioned
before.

The other is to choose multi-section sy, 51113, Of F[a,sl Q[[a 5] to be

n),€
the pullback K
— an *
Spadlisal = Cad)" (St8.1lcsn ozt ))-
(Compare the construction of s,|g = SB|Q(B . D [LiJ, p. 2156].) Since
Fla,d] ]Y[[a,a]] = (Cg’g)*?[[g,n]], such pullback is well-defined.
(B,m) ’

What we need to make sure is that the section s, g)[[3,; intersects
transversally with the cycle C[, s]; this is true, following Lemma 5.5 and
Lemma 5.6. This completes the proof of the lemma. q.e.d.

5.7. Approximating virtual cycles. In this subsection, we define
the pseudo-cycle ©l*9 and study its properties. The formula (5.21)
below can be roughly thought of as a decomposition of the virtual cycle

evy [YQ[LOZ’(S]]]Vir as a sum of cycles O°7 supported near a-diagonals. The
ideal situation is that we have a similar decomposition for ev, [Y}n’d}]m

in (YT["])?’. Unfortunately, such a decomposition doesn’t exist. However,
the decomposition (5.21) works equally well as if we had a decomposition

for ev, [Y}n’d}]m. This is carried out in subsections 5.11 and 5.12. In
fact, the main reason for introducing Hilbert schemes of a-points Y:,[[aﬂ,

non-separated spaces Y:,[Lga]], and moduli spaces Yzla’éﬂ of a-stable maps
to Hilbert schemes is to provide appropriate spaces where we can define

Qledl,
Let (8,n) < (,0) € Pp 4. Define

Qbﬁ,a . YJ[B]] — YI[LSQ]]7 (gﬁ,a . YJ[[SB]] — YI[LSQ]]

to be the open immersions induced from the construction (5.5). The

[A,d] ool _,

evaluation map ev; : Y. — Y[ I induces an evaluation map Y,

Yzla]] which will be denoted again by ev;. Let ev = evy X evg X evg :
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v o (R since evi s ¥ = vt v o v =
YT[Q] Xy e Y does not affect the factor Y}, we have ev(Yj[La’é]]) C
(YQ[LO‘])?’ X (yA)3 A (Y4) where

i YA = (VA3
is the diagonal embedding. Define the indexing morphism to be

(5.19) in: U @a)ev(V?) — i (V) = v,
(Bm)<(@d)

Definition 5.10. Define the pseudo-cycle > (YJ[ESO‘]])?’ induc-
tively by

(520) O = (63 )ev. Disogp) = S (Fa).00.
(B:m)<(e,9)
By Proposition 5.8, we obtain
«,0]7 vir D%
(5.21) (4} a)ev [Y7 ] = (95 0): 101771,
B:m)<(a,9)
Further properties of the pseudo-cycles ©1%9] are contained in the next

two lemmas which are the analogues of Lemmas 5.7 and 5.9 in [LiJ].

Lemma 5.11. ©l*d (Y:,[[Sa]])?’x(yjz})g LA (Aqe) for sufficiently small
c> 0.

Proof. We use induction on the order of (a,d) € Py 4. Assume that
(cv,0) is minimal. Then for each i, we have either (a;,d;) = (1,0), or
o; =2 and d; > 0. So Y}a’éﬂ = Y:,[La’é]] XyA A, = Yzla’éﬂ XyA Age. Thus,

Ol = (¢ ,)sev,D(spag) C (Y1) X(ypys tA(Bae)-
Next, we assume that our lemma is true for every (v, p) with (v, p) <
(a,0). Recall that YA = [p<o @5 and Qg = Aqe. So to prove

the lemma, it suffices to verify @l N ((YJ[LSQ]])?’ X (v)3 w(Qf,)) =10

for every 5 < a. By (5.20), this is equivalent to proving that the
intersection

(522) (63 a)eevaD(spas) N (V)P x a1 (Q5)

- Z (gi’;ﬂ)*@[{%pﬂ N ((YJ[LSa]])i% X (y 8 LA(Q;E)).
(7.p)<(,8)

On one hand, if (7, p) < («,§), then D71 ¢ (YT{LSV]})3 X ()3 tA(Ay ) by
induction. Thus, a nonempty (5370)*6[[7*]] N ((YJ[LSOCH)?’ X(vA)3 i (QF,))
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forces Ay NQF  # () which in turn implies v < 8 by (5.17). Therefore,
the right-hand-side of (5.22) equals

(5'23) Z (5?\/706)*@[[770]] N ((YQ[LSQ]])?’ X(YTA)g LA(Q;E))

(r:p)<(a,6),7<p
= Y Y (@900 0 (VT x s a(@QF0)-
(Bm)<(,0) (v,p)<(B:m)
Since (¢? 5.8)+eV=D(s[5.) = 22 )< (5, n)((b )00 (5.23) is equal to

7

(5.24) 3 (B0 (6% p)ueviDlspa) N (VNP x s a(Q3,)

(B.m)<(ev,9)
<a a
- (#a)seveDlsga) 0 (V) (0 14(Q5,)).
(Bm)<(,6)
Since QF, = Age — Ua>y>pAT ., we see that ((é%a)*ev*D(s[ﬁmﬂ) N

((Yj[lﬁa]])ia X (vA)3 ta(QF,)) is contained in ng’aev({g:g(QEg:g};’e)). So

(5.24) (hence the right-hand-side of (5.22)) equals

a,d
(5.25) S (Bha)eviD(sya ) N dhaev(CTIQIEN )
(B:1)<(,5)
a,d
= Z (¢%,a)*ev* (D(S[[B,n]]) N Cg:g(g[([ﬁm];vf))'
(B,m)<(a,9)

On the other hand, (¢}, ,)«ev.D(s[4]) is supported on

a,d
Uly,p)< () ¢i,aev(QM)],e)7

by (5.18). Moreover, ¢i7aev(QE3’ge) is contained in (Y:,[Lgaﬂ)?’ X (yA)p
1A (@S ), and the subsets 14 (QF ),y < a are disjoint. So the left-hand-
side of (5.22) is equal to

S (B a)eevaDisgas) N 6 ev(Ql )
(B < ()

= > (@ha)eeve(Dispg) N QG )
(Bm)<(e,6)

= > (Gha)eeva (D (D) N Q0 )
(B,m<(e,0)

a,d
= Z (¢?é,a)*ev* (D(S[[B,n]]) a Cg:g(g[([ﬁm];ﬁ))’
(B,m)<(a,9)

where we have used Lemma 5.9 (ii) in the last step. Combining with
(5.25), we get (5.22). q.e.d.
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Lemma 5.12. Let (a,6) € Ppg with o = (on,...,0q). Then,
@[[lavéﬂ [[:< }]Hi'=1 Oleidl yia the natural identification (legaﬂ)?’ =
@
[Tima (V7).
. . [e,d] 1l [evi,0:]
Proof. First of all, since Y ' = [[;_; Y} , we have

!
(5.26) D(S[[a,5]]) = H D(Sﬂai75i]])'
=1

Next, to prove the lemma, we use induction on the size |A| and on the
order of (a,d) € Pp 4. Assume that («,6) is minimal in Py 4. Then
(0, 6;) is minimal in Py, 5,. By (5.20) and (5.26),

l l
01 = (67, a)-eveD(s1aa) = [ [ (92, . )vev-Dlsa,07) = [T O71.

i=1 i=1

In particular, the lemma holds for |[A| = 1 (necessarily, («,d) = (1,0)).
Next, assume that 57 = [T, @] for every (8,7) < (a,8). By
(5.26) and (5.20),

I
.EN

.
Il
—

(3 )wevsD(S[a5)) (3, 0,) Ve D(S[a; 5:7)

- (@) )
((bi’é(i)’ai)*@% ]

I
EN

(2

L(B®) (D)< (as,6:)

= @[[051761] + Z (5%704)*@[[67”}]
=1 (B:m)<(a,5)

—~

~

noting that induction has been used in the last step to handle those 3()
which have length greater than 1. Applying (5.20) again, we obtain the
lemma. q.e.d.

5.8. Co-section localizations. We now apply the co-section localiza-
tion techniques from [KL1, KL2, LL] to the constructions in the pre-
vious subsections. Let 6 be a meromorphic section of Ox (K x ), and let
Dy and D4 be the vanishing and pole divisors of 6 respectively. For
simplicity, we assume that Dy and D, are smooth irreducible curves
intersecting transversally. Let Xg"’d] be the subset of X ™4 consisting
of those ¢ whose standard decomposition (¢1,...,¢;) have the prop-
erty that for each i, either ¢; is constant or the support of ¢; lies in
DyUDy. The meromorphic section 8 induces a meromorphic section 6"
of Q2X[”]’ By [KL2, LL], we obtain the localized virtual fundamental cy-

cle [X[”’d]]foiz € A, (Xgn’d]) of X4 such that ¢ [X["’d}] = [X[”’d]]Vir

vir
loc
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where ¢, is the map induced by the inclusion map ¢ : X(gn’d} ey Xlndl
For simplicity of notations, we write [X ["’d}]roiz = [X ["’d}]Vir.

The constructions in [KL2, LL] and Subsections 5.1-5.7 are canon-
ical. Applying the constructions in [KL2, LL| to Subsections 5.1-5.7,
we obtain localized cycles [X[a";ﬂ]ﬁz € H*(X(L[a’é]]; Q), D(8[a,0])10c, and
01 C Ugs<(as) 8 aev(X0) with [XIW0)E = [XIadl]¥ ang
[@{[:f]]] = [6[[0"6]]] in H*(X[[O"‘s]];(@) and H*((X[[So‘ﬂ)?’;(@) respectively.
Here the subset Xé[a,&]] c Xlo9) i defined similarly as Xén’d} c Xlndl,
5.9. Extensions of Heisenberg monomial classes. Let (3,7) €
Pin),a- To study the pairings with (gg[n})* [©1%1] we need to extend the
classes (fI')*w e H*(X")) from X[ to XI=71 where fI71 . X[l —
X[ is the tautological map. Let fI°l = I Fsi,

Lemma 5.13. Let o; € H*(X) be homogeneous with |a;| > 0, and
Q45 = 1)(. Let

t s k

(5.27) w= [ [T ] a-icus) (H a_m(ai)) 0y € H*(X[).
i=1j=1 i=1

Then there exists a class wI="l € H*(XI=1) such that (¢[n]7[n})*wﬂgnﬂ =

(fI'y*w, and that if B = (B1,...,5) < [n], then via the identification

x[<8] — Hﬁzl xl<Bil,

5.28 b xlsnl — @b ISl
(5.28) (98,0n]) L=l

w10---0wWw;=w
where each w; € H*(XUPI) is a Heisenberg monomial class.

Proof. We use induction on n. The lemma is trivially true when
n = 1. In the following, assume that the lemma holds for all X" with
m < n.

Let S be the set consisting of all the partitions 8 of [n] with g #
[n]. By (5.5), X[="] is covered by the open subsets Bn), ) (X ["I) and

55,[,1](X[[§ﬁ]]),5 € S. For each § € S, define
W= 3 sl e (XIS = (G (X))

wi10---ow=w

. . <8
where since |f;| < n, the existence of each class wZLIB il comes from

induction. Now we have the class (fI")*w on By, ) (X ["1) and the class
wl=Al on 5@["} (X[[Sm]) for each 5 € S. We claim that these classes can
be glued into a class, denoted by wl="l, on X[=7l. Indeed, by applying
the Mayer—Vietoris sequence successively, we see that it suffices to prove
the following:
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(A) the restrictions of wl=Fl, 5 € § and wl=7] 4 € S to the intersection
55@1 (XI=8) n 5%[,4 (X[=71) are equal;
(B) the restrictions of (fI™)*w and wl=1 ~ € S to the intersection
qﬁ[n},[n](X[”]]) N am[n} (X[=71) are equal.
First of all, we verify (A). Let 8,7 = (71,...,7) € S and 8 # 7.
Then,
¢B,[n] (X[[SB]]) N %,[n} (X[Sv]]) C Dprmin] (X[[Sﬁmﬂ)_

Let i Ay =(BiNv,...,BiNY) € Pg,. Then (<;~55,\%5)*w[§5ﬂ is equal
to

CTo M S S L N I DR M

W10 0w =W w10--owW=w

[<18:l

Applying induction to the classes w, , we see that

(5.29) (Dpny,s) wl=

<[BiMy;
SRR S )

W1 0---0W =W W; 10 0Wj, r=W;

<|Bin
_ Z ®21®]1 HI il

W1,10-0W] =W

It follows immediately that (gﬁm,ﬁ)*wﬂgﬁﬂ = (agmﬁ)*w[[g'ﬂ].
Next, we verify (B). Note that X[ is covered by the open subsets
QSBW(XM), B <, and qﬁ[n},[n](X[["ﬂ) N B, [n] (X18]) is identified with the

images of X g"ﬂ = X [[[nﬁ]ﬂ So it suffices to prove

(5.30) (f["]])*W|Xgnﬂ = (cﬁ])*((¢m>*w“§”ﬂ|xw)-
To see this, represent each «; € H*(X) by a cycle X; such that
X1,..., X are in general position. By Proposition 2.7, the class wy,) :=

w)/ H';Zl s;! is represented by the closure W of the subset consisting of el-
ements of the form (2.1). Then, (f[”]])*w[n] is represented by (fI")~1(W).

By Proposition 2.7 again, the closure of f[[ﬁﬂ(([ﬁn}((f[[nﬂ)_l(W) N Xgn]]))

in X8 represents the class

wpi= ) HH

wio---owp=w \1=17j5=1 Z’]

l
WIR- - -Quy € H*(X[ﬁ]) g®H*(X[5i}),
=1

where each w; € H*(X 831y contains exactly s ; copies of a_;(1x). Note
that Z;‘:l sij = s;. Also, the class (fI°1)*wg € H*(X1P) is represented

by the closure of C[i}((f[["ﬂ)_l(W) OXE"H) in X041 So (f[["ﬂ)*w[nﬂx[[n]] =
E
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(C[Bn])* ((f[[ﬁﬂ)*wg\X[m]]). Note that for fixed integers s; j, the number of
(]

choices of wr,...,w; satisfying wy o --- o w; = w is precisely equal to
C s T TT L 84 Therefore, (fI"1*w|_ . is equal to
i=1 i=111k=1°%) X[[ 1

(5.31) ¢ (fm (Hs' w6> Xm>

= ()" ((fw)* > w1®"'®wl|X[[B]]>-

w _ [n]
100w =w

On the other hand, since ¢, = <;~55,7 °© ¢g 3, we obtain from (5.29) that

(b)) w0 = (g5 > @lw=l

wW10---ow=w

= > @) el

W10+ 0W =W

= Z @b, (LB, = (#LAD)* Z & w;,

W10 oW =W W10 oW =w

where we have used induction in the third equality. Combining with
(5.31) verifies (5.30).

Finally, the properties of the class wl="l € H (X [[5"]]) stated in the
Lemma follow from the fact that w[="] is the gluing of the class (f M)*w
and the classes wl=Fl g e S. q.e.d.

Our next lemma says that even though the extension wl="l may not
be unique, it does not affect the pairings with [@H"’dﬂ]. Recall that the
tautological map pq5 : X [0] _y x1d] ig a finite map of degree nl.

Lemma 5.14. Let Ay, Ay, A3 € H*(X[") be Heisenberg monomial
classes. Then, the pairing

<@MMLAFﬂ®AFﬂ®AFﬂ>

1s independent of the choices of AF"H,AF”E, A‘[[))gn]].
Proof. Since [X[mdl]vir — Pl JX [.dlvir e have
<[X[n,d}]vir7 ev*(A1 ® A, ®A3)>

= <[X[” djir, PinpaeV (A1 @ Az ®A3)>

— 71' <[X[[nd]]]v1r ev* ®(f[[nﬂ)*Az> )

i=1
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By Lemma 5.13 and (5.21), <[X["7d]]"ir, ev*(A; ® Ay ® A3)) is equal to

3
1 n vir * * n
(5.32) ) <[X[ e ey ®(¢[n],[n}) Al ]]>

i=1

3
- n vir n
- L, g

1=1

3
i i' Z <($i’[”])*[@[[a76]]]7 ®A£'[<n]]>.
)

" (@.0)<(nl.d i=1
Next, to prove the lemma, we use induction on n. When n = 1, the
lemma is trivially true since Aggn]] = A;. Assume that the lemma holds
for all XI™ with m < n. Let (a,d) < ([n],d). By Lemma 5.12 and
(5.28), <($§7[n1)*[@[°"5ﬂ], A[[Sn]] ® A[[Sn]] ® A[[Sn]]> is equal to

(5:33) ([0, (G o) AT ® (G ) AF™ © (Do) AF™)

- 3 H<[@uai,&-u]7 Alloll g gl<lodl @Agimim»
Ap0m0Ay =4y i=1
Ag 100l =Ag
Ag,10°0A3 ;=A3
Now our lemma follows from (5.32) and induction. q.e.d.
REMARK 5.15. Note that for A € Hp(W) and B € H*(W) on a
topological space W, the pairing (A, B) is the degree of the 0-cycle
AN B € Hy(W). As 0-cycles, (<Z5‘[9’n},[n])*(eV*[D(S[[n,d}])] N ((fIh*4; ®

(fIhy Ay @ (fIn)* A3)) is equal to

Z (gi,[n])* Z

(e,6)<([n],d) Appoody =41
A2,10"'OA2,I:A2
A3710”'OA3,I:A3

ﬁ(Gual,m (Al & AfS1o g AlSled))

=1

Next, we extend the notation of Heisenberg monomial classes to a
smooth family Y — T of quasi-projective surfaces.

Definition 5.16. Fix integers sq,...,s; > 0 with ), is; = n. Define
t
(5.34) w' =[Ja(x)%(0) €' (3",
i=1

to be the cohomology class represented by the cycle [['_, s;! - [W] €
A*(Yr} }) where W C Yr}} is the closure of the subset consisting of
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elements of the form
t
Z(é.i,l +...+ §i78i) S (Yu)[n]7 u < T7
i=1
where &, € M;(z; ) for some x;,, € Y,, and all the points x;,, are
distinct.

The following is similar to Lemma 5.13, and its proof is omitted.

Lemma 5.17. Let w = wY be as in (5.34). Then there exists
wl=nl e H*(Y:,[Lsn]]) such that (¢[n]7[n})*wﬂgnﬂ = (fI'ly*w, and that if

B= (B ) < [n], then (D) wl<T = 30,10 oy ©oyw!=
; ~ oot [<B] _ 1l [<8i]
via the identification Y= = [[,_ Y= .

5.10. Normal slices and universal families. This subsection mainly
provides a necessary set-up for the proof of the universality result Lemma
5.21 in the next subsection.

By Lemma 5.11, we have ©l*4 ¢ (Y:,[[S()l]])3 X (y)3 tA(Aqe). In this
subsection, with Y = X and « = [n], we will describe an analytic space,
independent of e, which contains (X[=71)3 X (xny3 tn(App),e) whenever e
is sufficiently small.

To begin with, let Y — T be the total space of a rank-2 vector
bundle, viewed as a smooth family of affine schemes. Define the fiber-
wise averaging morphism

() . ) 1
aU.YT" —Y; Zml[xZ]EYtn r—>52mi$i€Yt, teT.

Here > mjx; is the sum using the fiber-wise linear structure of Y/T.
Using Y — Yr}") and Yr}"} — Yr}n), we obtain the averaging maps
av : Y and YT[n] — Y. We define the relative Hilbert scheme of centered
a-points to be

(5.35) Vi = Y <oy Oy,

where Oy C Y is the zero-section of Y — T

Next, like in [LiJ], we need to express an open neighborhood of the
diagonal Ay = A[)g} C X x X a vector bundle structure, using the first
projection. As this is impossible in general, we will content to have a
C*°-vector bundle structure. For this reason, we will again work with
the analytic category. We will use differentiable map to mean a C°°-
map; and an open subset will be open in analytic topology; we will
use regular function and Zariski open subset to stand for their original
meanings in algebraic geometry.

Consider the total space of the tangent bundle T, and its zero-
section Ox C T'x. For an open U C X x X, we view it as a space over X
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via (that induced by the first projection) pry |y : 4 — X. By Lemma 2.4
in [LiJ], there exists a diffeomorphism

(5.36) U —V,

of a tubular neighborhood U of X5 C X x X and a tubular neigh-
borhood V of 0x C Tx, both considered as fiber bundles over X, such
that

(A-i) restricting to each fiber U, = (pr, |u)_1(:17), the map ¢, = ¢|uy, :
U, — V, is a biholomorphism,
(A-ii) @g(z) =0 € Tx 4, and dy, : Ty, o — Ty, o is the identity map.

Since V C Tx (over X), we define
VE = (&, &) € (@)X | Supp(&) € V).

For U over X, we define U g(a] = l,ex Uy)[1 endowed with the obvious
smooth structure. By Lemma 2.5 in [LiJ], ¢ induces a differentiable
isomorphism

(5.37) ol :Z/{)H?]] — V;[?H,
as stratified spaces. Both V)H? Vand u )H?]] are bundles over X:

(5.38) vl x and ult — x.

The first is induced by the bundle ¥V C T'x — X, and the second is via

U] — {z}. As Tx — X is a vector bundle, we obtain (TX)E?% C

(TX)E?H as in (5.35). Let Vg(ofl]) = VE?H N (TX)_H)z]]O, and let Ull ¢ Xl be
I

the image of VE:O under the composition
0a: VS-SV gl xlel s x P xlel,

where the first factor of L{gg I Xl X is induced by the inclu-
sion (Uy,)[] ¢ XI°l and the second is (5.38). By the Lemma 2.6 and

Lemma 2.7 in [LiJ], after shrinking V if necessary, U [] is an open
neighborhood of X[ x xn Ap C X[l and

(5.39) 0o : VL — Ul

is a smooth isomorphism of stratified spaces fibered over A, via the
map
Pro

Ulel c ylel — xlol » x 22 x,

and preserves the partial equivalences of V)H?f ]g and Ul Note that

(5.40) X5 scxn Ay = T 0 (X1 xx0n A,

a<(n]
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So Ul=nl .— Uag[n}qﬁ[a},[n](Uﬂo‘ﬂ) is an open neighborhood of XI=7 x yn
Apy in XI[=n1 Since € is sufficiently small, X[=7] x xn Ape C Ul=nl,
Thus,

(5.41) (XT=M)3 5 xemys 1 (A ) € (UTSMT)3

noting that by our convention, (U [[<”]])3 is a fibered product over Ayp,).
Since V[[ ﬂ (TX)E?%, we put V[[— nl _ Uag[n]gb[a]’[n}(V;[g]g) C (TX)&S’SL]].
Then, the smooth isomorphisms g, from (5.39) induces a smooth iso-
morphism

(5.42) O[<n] * V[[_n]] U[[Sn]],

of stratified spaces fibered over X = Ap,;. Combining with (5.41), we
have

o,
(543  (@oke)* o gl = ol
D) ()([[Sn]])3 X (xm)3 Ln(A[n],s)-
To prove universality results later on, we pick a differentiable map
(5.44) g: X — Gr=aGr(2,C"Y),
with N > 0 so that T'x = ¢*F as smooth vector bundles, where F' — Gr
is the total space of the universal quotient rank-2 bundle over Gr. Let
Fg[ilg — Gr be the associated relative Hilbert scheme of centered ;-
points. By Lemma 2.8 in [LiJ], g induces isomorphisms (as stratified
spaces) of fiber bundles over X:

[€n] . ( )f[< n] *F[<nﬂ

(Tx)Y 0_>9FG7«0 and g Gr0

5.11. Pairings with [©["9] when d > 0. Here we study more prop-

erties of [@I4] which are the crucial ingredients for the universality

results of extremal Gromov—Witten invariants of X[,

CONVENTION 5.18. Fix d > 0 and Heisenberg monomial classes
(545) Ai =a_yo (1x)a n,, (@i1) - a n,, (2iw,)|0) € H*(XM),

where 1 <4 < 3, u; > 0, and |a; ;| > 0. When |o; ;| = 4, we let
«; j = = (the cohomology class of a point). Moreover, if |a; ;| = 2, then
«; ; can be represented by a Riemann surface intersecting transversally

with Dy U Dy. For simplicity, put A= = AF”H ® Aggn]] ® Aggnﬂ.
Our goal is to understand the pairing <[@[”’d]]], A[[S”]]> when d > 0.

Lemma 5.19. Fiz d > 0. Then, {[©d] Alsnl) = 0 if one of the
following holds:

(i) |ovij| =4 for some (i, j);
(i) |ov | =2 for two different pairs (i,7).
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Proof. (i) We begin with d > 0. Consider the 0-cycle [@F:éd]]] N Al=n]
in (XI=1)3. Choose the point representation = € X of «; j such that
x & Do U Dy. By Proposition 2.7, A; can be represented by a cycle
W; ¢ X[ such that = € Supp(&;) for every & € W;. Thus for ev-
ery & contained in the 0-cycle (qﬁf’n}’[n])*(ev* [D(S[n,dp)10¢] N (fI'h*A; @
(flrhy Ay @ (fI71)*A3)), the point 2 is a component of in(&) where
in is from (5.19). By the localized version of Remark 5.15 and induc-
tion, we conclude that z is a component of in(§) if ¢ is contained in

ek n s,
Now let d > 0. By the localized version of Lemma 5.11, we have

Ol © <(X =) ey LA(A[nLE)) U evx,
(B:m)<((n] )

Thus, since d > 0, if £ € @{[:édﬂ, then in(¢§) € Ay, and y € DoU Dy, for
some component y of in(§). Since € is sufficiently small, we see from the
previous paragraph that [@lﬂgc’d]]] N A= is empty. Hence as pairings,
([l al=rl) = (foffu™), Al<rl) = o.

(ii) Let |ag, j,| = |y jo| = 2 where (i1, 1) # (i2,j2). Represent a;, j,
and «;, j, by Riemann surfaces C;, ;, and Cj, ;, respectively such that
Ci, j1s Ciy o and DyU Dy, are in general position. As in the proof of (i),
we see that if £ € [@ch’d]]]ﬂAHS”ﬂ, then in(¢§) € A, . and the components
of in(§) contain three points z1 € C;, j,, 2 € Cj, j, and x3 € Dy U D
This is impossible since € is sufficiently small and Cj, j,, C;, j,, DoU Do

are in general position. So the 0-cycle [@{[:édﬂ] N Al="] s empty.  q.e.d.

Lemma 5.20. Let u; = 1, up = uz = 0, and |a1 1| = 2 in (5.45).
Then, (O], A=)y = p . (Kx ay1) where p is a constant depending
only on ny1 and the partitions @)

Proof. Represent a1 by a Riemann surface C' 1 intersecting transver-
sally with Dy U Dy,. Let

CiiNDy = {z1,... 7 Tsys Ts 41y - ,:ES++37},
and C1,1 N Dy be

{$s++s7+1, sy Tspds At Tsy+s_+tp+1s s Loy ts_+ly+i_ h
so that the points x1,...,2s, 15 44, 14 are distinct, the intersection
of C11 and Dy at x; for 1 < i < sy (respectively, for s; +1 <7 <
sy + s_) is equal to 1 (respectively, —1), and the intersection of C1
and Dy, at z; for sy +s_ +1 < i < s; +s_ + ty (respectively, for
Sy +s_+ty+1<i<sy+s_+ty+t_)isequal tol (respectively,
—1). Sosy—s_ = (Dg,1,1) and ty —t_ = (Dso,1,1). Let z; € X; be a
small analytic open neighborhood of z; such that Xq,..., Xq, 15 44, 44
are mutually disjoint. As in the proof of Lemma 5.19 (i), we see that
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the O-cycle [@F:éd]]] N Al="1 is a disjoint union of W7, ... W bs o+t
such that in(W;) C (X;)" for every i. Let e; be the contribution of each
W; to the pairing <[@Hn’d]]], Al=nD) | Then,

loc
(O], Al=rly = (o), AlSnl) = ey + . +es s rii

As in the proof of Lemma 4.3 in [LL|, we conclude that each e; can
be computed from X; so that e; = ... = €5, = —es, 41 = ... =
—€s 4s_ and €s, 15 41 = ... = €s 45 4ty = —Csifs iyl = ... =
—€s,+s_+t,+t_ depend only on ni; and the partitions A®_ Since
Dy = Kx + D,
(5.46)  (OI], AT = (5, — s )y + (b — t-)eus 1o i1

= e1-(Do,o11) +esy s 41 (Dooy11)

= p-(Ex,a11) +p - (Do, 1,1),
where p = e and p' = e + €s,+s_+1. Note that for m > 0, there

exists a meromorphic section 6, of Ox(Kyx) such that mD., is the
pole divisor of 0,,. By (5.46),

(o), Al = p (Kx,a11) + 9 (mDoo, 011),
for all m > 0. Tt follows that p’ = 0 and ([©[*d] Al=rly = 4.
<Kx,a171>. q.e.d.

Lemma 5.21. Let d > 0 and A; = a_,u (1x)|0) for i € {1,2,3}.
Then, ([©4], Al=rly = p. (Ky, Kx) where the coefficient p is a con-
stant depending only on the partitions A9,

Proof. By Lemma 5.11, Ol ¢ (xI=n)3 X (xny8 tn(Ap),e)- Using
(5.43) and the smooth isomorphism (5.42), we transport the 0-cycle
[elnd] 0 Al=nl in (xI=nl)3 X (xny8 tn(Appy)e) to the following 0-cycle in
VD € (o

(Qﬁ’gnﬂ)* [@[[N,d]]] N (Q%[)’STL])* (A[[S"ﬂ |(X[[§n]])3><(X”)3 Ln(A[n],e)) .
Note that these two 0-cycles have the same degree. So as pairings,
(5.47) (Ol Al=nT)

* n,d * <n
g <(Q%[}§nﬂ) [@[[ ]]]7 (Qﬁfﬁnﬂ) (A[[< ﬂ|(X|IS”]])3><(Xn)3 Ln(A[n]’e))> .

Let g from (5.44) be generic, and let F' — Gr be the total space
of the universal quotient rank-2 bundle over Gr = Gr(2,CV). Let
Tx — X and F — Gr be the projectifications of Tx — X and F — Gr
respectively. Then the differentiable isomorphism Tx = ¢*F induces
a differentiable isomorphism Ty = ¢g*F. Note that the top diagonal
A[Z’}O = A[I:L} NEG, o In FE, o is the O-section of F, o, — Gr. Put AR

[r]€
A[IZ e NFEG, o Applying the previous constructions to the families F' —
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Gr and Tx — X and adopting the proof of Lemma 6.1 in [LiJ], we
conclude that there exists a cycle G[J[;L’dﬂ C (Fglfgﬂ)?’ X(Fz, )3 Ln(A[I:L’}OE)

such that
n,d <n F.0
(5.48) (O8N e H((FED xrn, 0 tnA0)),
the intersection @E;L’dﬂ N (((FC[[;Z]])?’ X(F, o) L"(Aaﬁs)) X X) is trans-
versal, and

(5.49) (Qﬁgnﬂ)—l(@ﬂmdﬂ)
n,d <n F0
= Ol (((FEEN %y, o (A0 ¥ar X)),

via ((TX)E(S,(T)L]])?) X (Tx)% )3 L”(A[j;f]if) o~ ((ng%ﬂ)g X (F2,.0)? Ln(A[IZ’ﬁe)) X Gr

X. Thus,

B30 (o) 0" = (el O )

is a homology class supported on ((TX)E(S’SL]])?’ X (Tx)% )3 Ln(A?;j](70).

Let AX = ™ (1x)[0) € H*((Tx))) be defined in Definition 5.16,
and put
(ATX,O)[SHH _ (Afxﬂ)[[ﬁn]] ® (Ango)[Snﬂ ® (Agx,O)[SnL
where (A;TFX’O)[S"] € H*((TX)EESLH) is the pull-back of (A;TFX)[[S”]] €

H*((TX)E(S"H) via the inclusion (TX)ES]] C (TX)&SH]]. Let S denote
the intersection

((TOEEH? Xy e tn(ALF)
N (Gf<p) (XD X (nys 1 (Ap0))-
Then, S = (gﬁ’gnﬂ)_l((X[[S"]])?’ X (xnys tn(Ap)). We claim that

(551) (QLES”]])* (A[[SN]”(X[[SM])SX(XMS Ln(A[n],e))|S = (ATX7O)[[Sn]]|S7

Le., (Qﬁﬁn]])*(A[[Snﬂ|(X[[§”]])3><(Xn)3Ln(A[n])) = (ATX7O)[[Sn]]|S- It suffices
to prove that
* <n

Tx,0\[<n]
(Ai ) ‘g[[*gln]](x[ISnl]xan[n])-

Indeed, for every o < [n], we conclude from Lemma 5.13 and Lemma 5.17
that the same subvariety in 9{[_<1n}] (qﬁ[a},[n](X [o] % yn A[n])) represents the

* <
cohomology classes Q[[Sn]](Ag n]]|¢[a]’[n](x[[a]]><an[n])) and

ATx:0)[<n] |
( 2 ) |g|17§1n]] ((z)[a],[n](X[[a]]Xan[n]))
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Since X[=7] x xn Ap = HaS[n] Pla],n] (x[] X xn Ap), we obtain (5.52).
By (5.47), (5.51) and (5.50), as pairings, we have
(O], Ay = (gt ) (O], (AT )= )
= (g (O], (ATxO)I<H),

Let (gl=n1)3 . ((TX)ESL]])?’ — (F([[;z]])?’ XGr X be the isomorphism in-
duced by g. By Lemma 5.17, (ATX’O)[[S”]] can be taken to be

(=D (AP ey ).

So
<[@Hn7d]]]’ Aﬂénﬂ>

Combining with (5.49) and putting W, = (Fglfzﬂ)?’ X(Fz, 2 (A

we get

(ol A=) = ([(ghey) (@), (gl=rdy (AP Oy, ) )
= (=1 )l(of o)~ @M, (AT )

where (gL_[S"ﬂ)?’ : ((TX)ESL]])?’ X (Tx )% )3 Ln(A[j;ff ’60) — W, is the morphism

induced by g. By (5.48), [@E&?’dﬂ] is supported on W := (Fg[%gﬂ)?’ X(Fz, )3

Ln(Aﬁ;’}O). Therefore, by (5.49), we obtain

(ol alsrly — (el A 7+ (PD 1 [g(X)]), (AFO)I= )
(O A (AP =y, (PD [g(X)]))
= (m (107NN (A=), PD T g(X)])

where w : W — Gr is the tautological projection. Observe that W is
in fact a disjoint union of Hausdorff spaces. Thus all the properties of
Borel-Moore homology [Iv] such as properties of cap products [GH, Iv,
Sp] can be used.

The Poincaré dual of m([@&?’dﬂ] N (AP0 ="y is a polynomial P in
the Chern classes ¢;(F). Hence,

(5.53) (O] Alsnl) = p o (K, Kx) + q- deg(ex),

where p and ¢ are constants depending only on the partitions A,
Finally, it remains to prove that ¢ = 0 in (5.53). To see this, choose

the surface X such that |K x| contains a smooth divisor D. Let 6 be a

holomorphic section of Ox (K x) such that the vanishing divisor of 6 is

F,0
nl.e)

D = Dy. By (5.50), (gfgnﬂ)*[@“"’dﬂ] is a homology class supported on

loc
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<n]\3 Tx|p,0 .
((TX\D)%gH) X(Tx D) o)? Ln(A[n)}(‘D ). Repeating the above argument
and replacing g : X — Gr (respectively, Tx — X) by g|p : D — Gr
(respectively, Tx|p — D), we get

where p’ depends only on the partitions A Since there exist two sur-
faces X with smooth D € |K x| such that the pairs ((Kx, Kx),deg(ex))
are linearly independent, p = p’ and ¢ = 0. q.e.d.

5.12. Proofs of Theorem 1.2 and Theorem 1.3. In this subsection,
we introduce a new class 3,4 € H.((X™)3) in terms of cycles @l
studied intensively in previous subsections. Note that now 3, 4 is on
the Hilbert scheme (X[")3, not on the non-separated spaces (X[=71)3,

Let B={B1,...,3} be a basis of H*(X). Then, {l1x,z,81,...,8}
is a basis of H*(X), and H*(X") has a basis B[ consisting of

a_x(Ix)a_y(z)a_,a)(B1) -+ a_,m) (Bs)]0),

where |A|+|u|+>; [v¥| = n. Via the Kiinneth decomposition, a basis of
H*((X")3) consists of the elements A} ® Ay ® Az = [[o_, 7* , A;, where

i=1"n,i
Ay, Ay, As € BI" and Tn,; denotes the i-th projection (X3 o xn,
Definition 5.22. (i) Let d > 1, and let P[Z]d be the subset of
Pin),a consisting of all the weighted partitions (c, d) such that ¢; >
0 for every i.
(ii) For d > 1, define the class 3, 4 = 35@ € H,((X[M)3) by putting

3
(5.54) <3n,d, HW;Z.AZ->

=1
1 % n n n
= a0 X (@l Al e Al e afF),
" (0P,

for the basis elements Ay, Ay, A5 € B,

Next, we prove Theorem 1.2 and Theorem 1.3 which determine the
structure of the 3-pointed genus-0 extremal Gromov—Witten invariants
of X", Note from Theorem 1.3 that the class 3nd= 55 4 is independent
of the choice of the basis B of H?(X). So from now on, the basis B of
H?(X) will be implicit in our presentation.

Proof of Theorem 1.2. By (5.32), (A1, A2, A3)0 45, is equal to

1 e e n n n
(555) = Y <(¢37[n})*[@u A, Al<nl g gl<nl g < 1]>'

" (,0)<([n],d)

Define o® = {(a;);|9; = 0}, and let (a®,0) be the weighted partition
such that all the weights are equal to 0. Let (o/,d’) be the weighted
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partition obtained from (a,d) by deleting all the «; and ¢; with §; =
0. Let |o/| = m, Ayo = [[;(a®);, and Ay = [[;(¢/);. Then, o =
(@®,0) (e, &), [a| =n —m, and [n] = Ay [[ Aw- By (5.33),

<(('53 [n) [@[a,cﬂ]] A[Snﬂ ®A[Snﬂ ®A[Snﬂ>

— Z H< @[[az,(ﬂ] A[[<|0¢1|]] ® A[[<|O‘1H] ® A[[<|0‘1H1>

Al,lo °A1l Aq =1
A2y10~--oA2 1=A2
Az 10043 ;=43

~ aO <(n—m <(n—m <S(n—m
_ Z <( 2071\(10)*[@[ ,0}]]7A£<1( )] ®Ag,<1( )| ®A£[1,7<1( )]]>

A1,1°A1,2:A1
A2y1 0A2y2:A2
AS,I 0A3y2:A3

,<($3 N[Ol 9, A[[<m] ®A[[<m]] ®A[[<m}]>.

Put A = Ay. By (5.55), (A1, A2, A3)0.48, is equal to

(5.56) RIS 2.2

m<n A1,10412=A1 AC[n ( ’ 6/)€p+
Ag 10Ag 9=Ay |Al=
A3’10A3’2:A3

~, a0 <(n—m <(n—m <(n—m
Z <(¢30,[n]—A)*[@H oy, AE( Te Agl( Te Ag,l( )]]>
aO€Pp—a

.<(gg,’A)*[@ﬂaca']]]7 Alsm @ Al g A[[<m}]>_
In particular, setting d = 0 in (5.56), we see that (A;, Ag, A3) equals

1 ~. a n n n
- Z <(¢i,[n})*[@[ ’Oﬂ]aAF H®Ag§ H®Ag§ ]]>'

|
- a€Pp)
Therefore, by (5.56), (A1, A2, A3)0 .48, is equal to

PES Y T eominns

m<n A1,1041 2=A1 AC[n] (a/ 5’)6'P+
Ag10Aga=Ay |Al=
A3 1°A3 2=43

(G o087, AT @ AT @ AT

VELE T (e e

m<n Ai1041,2=41 (o §)ePt
Ag 10Ag o=Ay (@.9) [m].d
A3z,1043,2=A43

{82 <[00, A @ AL @ AIST.

Using the definition of 3,, 4, we complete the proof. q.e.d.
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Proof of Theorem 1.3. Let
Ai = a_)\(i) (1X)a_u(i) (‘T)Cl_niyl (aLl) e a—ni,ui (a%uz)‘o>7

with |a; j| = 2. By linearity, we may assume «; ; € B for every i and j.
By (5.54) and (5.33),

3
(5.57) <5n7d, HW;Z.A,->

i=1

!
1 .
_ 4 [[al,cﬂ] 3 [<la]
= >, >, I < J @145 :
(a 5)G'P+ Al 10+ °A1l A1 =1
[n]:d Ay jo-0Ag 1 =Ag
A3 10 OAS 1=As3
So our theorem, except the degree of p in (ii), follows from Lemma 5.19,
Lemma 5.20 and Lemma 5.21. To see the degree of p in (ii), consider a

nonzero term in (5.57):

l
(5.58) H<[@uai,5iu], Allell g glsedl ®Ag§\ai|ﬂ>‘
i=1

By Lemma 5.19 (ii), for each i in (5.58), the classes Aj;, Ag;, A3 ; to-
gether contains at most one Heisenberg factor of the form a_n; (o k).
By Lemma 5.20 and Lemma 5.21, the degree of (5.58) as a monomial
of (Kx,Kx) is equal to |I| where I is the set consisting of the index
i € {1,...,1} such that the classes A;;, A2, Az; together do not con-
tain any Heisenberg factor of the form a_,,, (aj ). Now for each i € I,
|cv;] > 2 since 6; > 1. So we conclude that

1<y laid =4 (n- Y lail | <

iel il

Zn]k

Hence the degree of p as a polynomial of (Kx,Kx) is at most (n —
Zi,j nij)/2. q.e.d.

Corollary 5.23. Letd > 1, and let A1, Ay, A3 € H*(X["}) be Heisen-
berg monomial classes.
(i) IfAl = a_l(lx)”_la_l(a)]m, then <3n,d7 Hz 17'(' A> 0.
(ii) If Ay = a_1(1x)" " Pla_i(@)a_x(z)|0) for some )\, then
(A1, Az, A3)o,ap, = 0.
Proof. (i) First of all, if & = , then (3,4, [[o_, 7 Ai) = 0 by
Theorem 1.3 (i).

Next, let a = 1x. Use induction on n. Since d > 1, the conclusion
is trivially true when n = 1. Let n > 1. Recall that 1/n!- Ay is the

l\’)\}—t
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fundamental class 1y, of X ("], By Theorem 1.2 and the Fundamental
Class Axiom of Gromov—Witten theory,

n 3
S (A Agn Az <5m,da Hﬂjn7iAi,2> = 0.

m=2 Aj1,1041 2=4, =1
A2y1 0A2y2:A2
AS,I 0A3y2:A3

Since A1 = a_1(1x)"0), we have A;2 = a_1(1x)™|0). By induc-
tion, (3m,d; Hle 77;‘,172-14@-72) =0if2 < m<n-—1. TIt follows that
(3nas TTjmy i 4) = 0.

Now let |a| = 2. By the Divisor Axiom of Gromov-Witten the-
ory and (Ay,3,) = 0, we have (A, A, A3)o 43, = 0. Using an argu-
ment similar to the one in the previous paragraph, we conclude that

<3n,d7 Hz 17T A> 0.

(ii) We compute (A1, Ag, A3)o.4p, by using (1.3). Note that the class
Aj2in (1.3) is equal to a_1 (1x)™]0), or is equal to a_1 (1x)™ ta_1()|0),
or contains a factor a_;(z) for some i > 0. By (i) and Theorem 1.3 (i),
we get <A1, As, A3>0,dﬁn =0. q.e.d.

6. Proofs of (1.2) and Theorem 1.1

Let X be a simply connected smooth projective surface. Our goal in
this section is to prove (1.2) and Theorem 1.1 for A" = H; (X 1), The
proof of (1.2) is divided into three cases depending on the cohomology
degree of the class « in (1.2) and leading to Proposition 6.3, Proposi-
tion 6.9 and Proposition 6.12. Assuming these three propositions, we
now prove Theorem 1.1.

Proof of Theorem 1.1. The shift number of p_,, (1) - p_p, (as)|0) is
equal to ny 4+ ...+ ng — s. Define a linear isomorphism

(6.1) v Fx — Hy,

by sending v/— 1" " p_ (1) -+ . (@s)]0) tO
A, (o) -+ ap,(as)|0).
This induces a linear isomorphism ¥,, : Hg (X ™) — H*(X) for each
n. Moreover, ¥y is simply the identity map on the cohomology group
of the surface X.
By (4.6), Proposition 6.3, Proposition 6.9 and Proposition 6.12, the

two formulas (1.1) and (1.2) hold for A" = Hy (X)), By the proof of
Theorem 2.4 (i.e., Theorem 4.7 in [LQW3]),

(6.2) &)
= — Z %G)\(T*Oé)—i- Z S(g\ii)\_!zﬂx(h(exa))-

L(AN)=k+2,|A\|=0 L(N)=Ek,|A\|=0
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Combining this with Theorem 3.1 (ii), we check directly that
k n1+...+ns—s
W, (V=1"0p(a,m) o V1T T () b (0)[0)

= 0 (VT T O @b (00) - o, (00)]0))
(a
(o

= (’5k Ja_n, (@1) -+ a_p (@s)]0)
= G n) - a_p, (a1) - a_p, (a)|0),
where n + ...+ ngs = n. In particular, letting s =n, ny =...=n,=1

and a1 = ... = az = 1x, we get \Pn(\/jlkOk(a,n)) = ék(a,n). So
U, (\/jlkOk(a, n)e \/j1n1+...+ns—sp_m (1) p_n, (045)’0>>
= 0, (VT Opla,m) ) w0 (VAT T (a1) - (04)[0) ).

Since the classes Og(a,n) with & > 0,a € H*(X) generate the ring
HEg (X)), Uy, 0 Heg (X)) — H*(X ™M) is a ring isomorphism. q.e.d.

REMARK 6.1. Using Heisenberg monomial classes, one checks that
U, preserves the pairings on Hgp (X (™) and H*(X[).

In the next three subsections, we will verify (1.2) by proving Proposi-
tions 6.3, 6.9 and 6.12 used in the proof of Theorem 1.1. For simplicity,
put (w1, ws, w3)q = (w1, w2, w3)04s,- In addition, wy,ws and ws will
stand for Heisenberg monomial classes.

6.1. The case a = x. We begin with a setup for the proof of (1.2) for
arbitrary a, f € H*(X). To prove (1.2), it is equivalent to verify that

63)  (Brla), a1 (8)wrwa) = (0 (@B)wr,wa),

for wy € H (X"=1) = A*(XI"=1) and w, € Hj; (X)) = H*(X[).
Put

(6.4) D (w1, w2;q)
= (Be(0s0), a s (Blwr,wa) — 1 (a5 (@B, wa),
where k is omitted in Dg(wl, wa; q) as it Wlll be clear from the context.

Lemma 6.2. The difference Dg(wl,wg; q) is equal to
—1)A-t

> ()\'|/\|12 <<1—(n—j—1)ﬂ—x(7*@)|0>,ﬂ—l(ﬁ)w17w2>d

0< <k, \-(j+1) d>1
L(N)=k—j+1

— (1o (nj—2 a2 (7)[0), wr, a_1(ﬁ)Tw2>d) ¢’
2 S Fg)- {aa(r(caB))wr, ws)

ce{lx Ky} (OV=hiil/2
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Y W (e a(ea))[0) ay (Bwn, ws)

ce{Kx K%}

0<j<k,AF(j+1)
(N =k—j+1—|e[/2

—(1_(n—j—2)0-x(7x(e)) 0}, w1, a—l(ﬂ)Tw2>)7
where a_1(8)! = —ay(8) is the adjoint operator of a_1(B), and the func-
tions fi(\) and §iq(\) depend only on k,|e| and A.
Proof. By (4.5), ([®x(c;q),a_1(8)lw, wy) is equal to
(6.5) (Br(as9) (a—1(B)wn), wa) — (a-1(8)Bk(; ) (wr), wa)
= (Gk(a:q)(a-1(B)wr), wa) — (Gx(0sq)(wr), a1 (5) )
= Z ( ék(a,n),a_l(ﬂ)wl,w2>d

d>0

—<ék(0z,n —1),wq, a_l(ﬁ)Tw2>d) qd.
If d > 1, then we see from (4.4) and Corollary 5.23 (ii) that
(6.6) (Grla,n),a_q(B)wr,wa),

1A=t
-y ¥ (- )|/\|'< (1) A= (120)|0), a_1 (B)wy, w2,

0<j<k AF(i+1)
((N)=k—j+1

Similarly, if d > 1, then <ék(a,n —1),wy, a_1(ﬁ)Tw2>d is equal to

( 1A=t
(6.7) Z |)\|| < —(n—j—2)8- A7) |0), w0 l(ﬁ)Tw2>d‘
&5
e\ =k—j+1

Next, we study the two terms with d = 0 in (6.5). By (4.4) and
Theorem 2.5, Gi(a,n) is equal to

Gk(avn) - Z Z .§~7|e\(>‘) ’ 1—(n—j—1)a—)\(7—*(€a))|0>7

ce{Ky,K2} A-(3+1)
OSjSkX L(N)=k—j+1—|e|/2

where | (\) depends only on , e[ and A. By Theorem 2.1 (iii), Theo-
rem 2.3 and Lemma 4.5,

(Gr(e,n), a1 (B)wr, wa) — (Grla,n — 1), wy, a_1(B) ws)
is equal to

(Gr(e,n) - a1 (B)wi, wa) — (Grloy,n — 1) - wi, a_1(B8) ws)
= (Bp(a)a_1(B)wr, wa) — (a_ 1(/8)Q5k( Jwi, wa)
1

([Br (@), a1 (B)]wr, wa) = i (@®) (aB)wr, ws)
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= s epue) s Y Fg) (i (camunus)
ee{Kx. K%}
Z(A)T;c‘:l:lwe\/z
Thus, (Gr(a,n), a1 (B)wr,wa) — (Grla,n — 1), wy, a-1(8) wz) equals
(6.8) % <a{_k1}(a5)w1,w2> + Z flﬁ\(/\) . <a>\(7'*(6045))w1,w2>
ec{Kx. K%}

(N =k+1—]e|/2
A=—1

= > 34 (Al (ea) o), asi (8w, wn)

ee{Kx. K%}
0<j<k,A\F(j+1)
LX) =k—j+1—|e|/2

(1 njozyaa((ea))[0), wr, a1 (8)ws) ).
Finally, our lemma follows from (6.5), (6.6), (6.7) and (6.8). q.e.d.
Now we deal with the simplest case when av = = and [ is arbitrary.

Proposition 6.3. If a = x is the cohomology class of a point, then
(1.2) is true.

Proof. By Corollary 5.23 (ii), every term in Lemma 6.2 is equal to
zero. So Dg(wl,wg; q) = 0. Setting ¢ = —1, we conclude immediately
that (1.2) is true. q.e.d.

6.2. The case |a| = 2. We begin with two lemmas about the structures
of the intersections in H*(X").

Lemma 6.4. Let A be a partition with |\| <n. Fori=1 and 2, let
(6.9) w; =a_ i (@)a_,m(Ix)a—n, (1) a_p,, (¢i)0),

where |a; j| = 2 for all i and j. Then, (a_1(1x)" Ma_(2)[0), w1, ws)
s equal to

u1
(6.10) Syt > TIewi 0006 - p(o),

oc€Perm{1,...,u; } i=1
where p(o) depends only on o,n, A and all the )\(i),,u(i),nm-.

Proof. By Lemma 2.8 (i), a_;(1x)" Ma_,(z)|0) is a polynomial of
the classes Gi(x,n),k > 0 whose coefficients are independent of X. In
addition, the integers k involved depend only on A. Note that

<Gk‘1 (IIJ‘, n) e le(flf, n)7 wi, w2> = <®k‘1 (x) e 6]&‘[ (:E)wla 'UJ2>
is equal to
(a_yo (@)ap,, (@r1) - apy, (1u,)
By (2) - By (x)a_ 0 (1x)[0), ws).
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So by Theorem 2.4 and Theorem 2.1 (i), (G, (z,n) - - - G, (%, 1), w1, w)
equals

ul
(611) 5u1,u2 : Z H(al,i7 a2,cr(i)> ’ ﬁ(a)v

oc€Perm{1,...,u; } i=1
where p(o) depends only on o,n,ky,...,k and all the )\(i),u(i),ni,j.
q.e.d.

Lemma 6.5. Let ng > 1, |a| = 2, and X be a partition. Let wy and
wy be given by (6.9). Then, (1_(,—|x|—ng)a=(2)a_n,()|0), w1, ws) is
equal to

u1
(612) <KX7 Of> : 6u1,u2 : Z H(al,i7 a2,o’1(i)> : pl(al)

o1€Perm{1,...,u1 } i=1

u1
+ Z(aaal,j> Oy —1uy ZH(al,iaa2,ag(i)> - pa2(02)
=1

o> itj
u ul

+ Y (o 025)  duas1 - Y [ [{0ni 02.050) - p3(03),
j=1 o3 i=1

where o9 Tuns over all bijections {1,...,u1} — {j} — {1,...,u2}, o3
runs over all bijections {1,...,u1} — {1,...,us} — {j}, and pi(o1)
(respectively, pa(o2), ps(os)) depend only on oy (respectively, os, o3),
n,ng, A and all the )\(i),u(i),nm.

Proof. By Lemma 2.8 (ii), 1_(;,—|x|—ng)3-A(Z)a_p, (@)|0) is equal to
(Kx, o) Fi(n) + > Gr,(o,n) - Fai(n),

where Fi(n) and F5;(n) are polynomials of Gi(z,n),k > 0 whose co-
efficients are independent of n and a. Moreover, the integers k and k;
depend only on A and ngy. Thus,

(6.13) (1 (n—|A|—no) 3-A(2)a_n, (@)]0), w1, ws)
= <Kx,a> . <F1(n),w1,w2> + Z <le(a,n) . Fg,i(n),wl,w2>.

As in the proof of Lemma 6.4, <F1 (n),wn, w2> is of the form
uy
(6.14)  duyu, Z H(Oél,z‘, 2.0, (i)) " P1,1(01),

o1€Perm{1,...,u1 } =1

where p11(01) depends only on o1,n,n0,A and all the )\(i),u(i),nm.
Also, (G, (a,n)Gy, (z,n) -+ Gy, (z,n), w1, w2) is equal to

(B (2) -+ & () B, (a)w1, w2).
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By Theorem 2.4 and Lemma 2.6, (Gy,(a,n)Gs, (z,n) - - Gy, (z,n), w1,
w2> equals

ul
(6.15) (Kx, ) - 0y up Z H(al,ia 2.6,(:)) - P1,2(01)

o1€Perm{1,...,u1 } 1=1

ul
+ ) o) Ot Y [ [0 02.000) - Pa(02)
j=1 02 2#]
u2
+ Z<a 042,j ul,uz 1- ZH a4, ,o3(1 ﬁ3(03)7
j=1 o3 1=1
where o9 runs over all the bijections {1,...,u1}—{j} — {1,...,us2}, and
os runs over all the bijections {1,...,u1} — {1,...,u2} — {j}. Hence
> (Gr,(a,n) - Foi(n), w1, wa) is of the form (6.15) as well. Combining
with (6.13) and (6.14), we obtain (6.12). q.e.d.

Next, we introduce the notion of universal polynomials P(Kx, S1,S2)
n (Kx,Kx) of degree at most m and of type (u1,us2), and prove a
vanishing lemma.

Definition 6.6. Fix three integers m,ui,us > 0. Then a universal
polynomial P(Kx,S1,52) in (Kx, Kx) of degree at most m and of type
(u1,u2) is of the form

(6.16) Z H <Kx,0417i> . H <Kx,0427i>

1<j1 <. <js<uy i Z{l1,...,0
1< <. <l6<u Zg{j17 7.78} ZQ{ Lyeeesy S}

Z H<a1,ji7a2,a(li)> . p(j17 o 7j8; l17 cee 718; U)u

ocePerm{ly,...,ls } i=1

where S; = {@i1,..., iy} C H*(X), and p(ji1,...,js;l1,-.-,ls;0) is a
polynomial in (Kx, Kx) whose degree is at most m and whose coeffi-
cients are independent of X and the classes o ;.

Lemma 6.7. Fiz m,uy,uy > 0. Let P(Kx,S1,S2) be a universal
polynomial in (Kx,Kx) of degree at most m and of type (uy,uz). As-
sume P(Kx,S1,S2) = 0 for every smooth projective toric surface X.
Then P(Kx,S1,S2) =0 for every smooth projective surface X .

Proof. Let © > m + u1 + uo, and let X, be a smooth toric surface
obtained from P? as an r-fold blown-up. Let Lg be a line in P2, and let
e1,...,er be the exceptional divisors. Then, Kx, = —3Lg+ei1+...+e;.
For fixed ji,...,Js,01,-..,ls and o, let

{()417Z'|’L'€{1,...,U1}—{j1,...,js}} = {—61,...,—€ul_s},
{012,2'|Z'E{l,...,’LLg}—{ll,...,ls}} = {_eul—s—i-la“'7_€u1—s+u2—s},
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and a1 j, = Q9. 5(1;) = €uy—stug—s+2i — Cuy—stus—s+2i—1 f0r 1 =1,... 5.
Then,

(617) 0= P(KXT751752) = (_2)8 'p(jb cee 7js§lla s 7ls;0-)7

by (6.16). It follows that p(j1,...,Js;l1,...,ls;0) = 0 for all the surfaces
X, with r > m+wuj +wus. Since p(j1,...,7s;l1,...,1ls;0) is a polynomial
in (Kx,, Kx,) whose degree is at most m, we conclude that as polyno-
mials, p(j1,...,Js;l1,...,1ls;0) = 0. Therefore, P(Kx,S1,S52) = 0 for
every smooth projective surface X. q.e.d.

Our next lemma is about the structure of certain 3-pointed extremal
Gromov—Witten invariants, and provides the motivation for Defini-
tion 6.6.

Lemma 6.8. Let d,ng > 1 and |a| = 2. Let wy and wsy be given by
(6.9). Then,

<1—(n—|A\—no)a—A(x)a—no (oz)|0>,w1,w2>d = (Kx,a) - P(Kx,51,52),

where 51 = {a171, ‘o 70417111}7 52 = {04271, e 7042,u2}7 and P(Kx, 51, 52)
is a universal polynomial in (Kx,Kx) of degree at most (n —ng)/2 and
of type (u1, uz).

Proof. For simplicity, let wo = 1_(,_|x|—ng)8-x(T)a_pn, ()]0). Also,
fori=1and 2, let w; = a_,i)(1x)a—n,, (1) a—p,, (@iy)|0). We
compute <w0, wi, w2>d by using (1.3). Consider the following from (1.3):

« wo * w1 * w2
18) By, B, Bs) - o | B B,
(6.18XBo, B, Bs) <3m,d7 Tm,1 (B()) T2 <31> 'm,3 <32>> ’

where m < n, By,By,By € H*(X[M ™)), By c wy, By C wi, and
By C ws. By Theorem 1.3 (i) and Corollary 5.23 (i), such a term
is nonzero only if By = a_1(1x) a_x(2)|0) with j < (n — [A] — ng),
By =a_,u (:E)El with El C wy, and By = a_,@ (:E)Eg with EQ C wo.
In this situation, (6.18) can be rewritten as

(6.19)  {a_1(1x) a_x(x)[0),a_ya) () B, a_ye (x)B2)

‘<3 o <1—(n—)\|—n0)a—n0(a)|0>>'7_‘_* (%)w* (1172>>
m,ds tm,1 a—l(lX)j’0> m,2 El m,3 §2 .

Note that By = a_,m(1x)an, ; (1) a—n, ;, (a1,)|0) for some 1 <

71 < ... < js < up and some sub-partition v of ,u(l) (i.e., every part
of vV is a part of x(1)). Similarly,

By = a_p2) (1X)a—N2,11 (a2,11) T Oeng g, (042,lt)‘0>7
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for some 1 <[y < ... <Il; < ug and some sub-partition v of ,u(2). By
Lemma 6.4, the first factor in (6.19) equals

(6.20) Os,t * Z H<O¢ij a9.0(;))

oc€Perm{ly,...,ls} 1=1

'pl(jl, cee 7js; llv s 713; 0)7
where p; is a number independent of the surface X and the classes «; ;.
By Theorem 1.3, we see that the second factor in (6.19) is equal to

(KX,O[> : H <KX7a1,i>
ig{jly"'yjs}

IT (Kx,a0:) palin,.. s dsila, .ol o),
iQ{ll,...,ls}
where py is a polynomial in (Kx, Kx) whose degree is at most (m —
ng)/2 < (n—ngp)/2, and whose coefficients are independent of the surface
X and the classes o; ;. Combining this with (6.18), (6.19) and (6.20),
we complete the proof of our lemma. q.e.d.

Proposition 6.9. If |a| =2, then (1.2) is true.

Proof. Recall that (1.2) is equivalent to (6.3), and the difference
Dg‘(wl,wg;q) from (6.4) is computed by Lemma 6.2. Let w; and wy
be given by (6.9). Let u) = 9,5 +u1 and Sy = {ag1,...,Q2.4,}. Let
Sl = {041,17 e 7a1,u1} lf |6| 75 2, and Sl = {ﬁ,al,l, e ,OéLul} lf |5| = 2.

By Lemma 4.6 and Lemma 6.7, it suffices to prove that
(6.21) Dg(wl,wg;—l) = <Kx,a> -P(Kx,sl,SQ),

where P(Kx,S1,52) is a universal polynomial in (Ky, Kx) of degree
at most (n—1)/2 and of type (u}, uz). This follows if we can prove that

(6.22)  D§(wi,wa;q) = (Kx, o) - > P(Kx,51,5;d)q",
>0

where every P(Kx,S1,S52;d) is a universal polynomial in (Ky, Kx) of
degree at most (n—1)/2 and of type (u}, uz). We remark that d has been
inserted into the notation P(Kx,S1,S2;d) to emphasis its dependence
on d.

In the following, we will show that the contribution of every term in
Lemma 6.2 is of the form P(Kx,S1,S92;d) for a suitable d > 0. Note
that in H*(X?),

T(@) =a®@2z® - Qr+1rRa®RrQ - Qr+...+2Q - QxR .
Thus, by Lemma 6.8, <1_(n_j_1)a_)\(7'*oz)|0>, a_1(B)ws, w2>d is equal to
(Kx,a) - Pi(Kx, S1,S2;d),
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where Py (Kx, S1,S2;d) is a universal polynomial in (K x, Kx) of degree
at most (n — 1)/2 and of type (u},us). Similarly, since a_1(3)fwy =
—a1(B)ws, we see from Theorem 2.1 (i) and Lemma 6.8 that

(1_ (e joyan(re)|0), wi, a_1 (B)Twa) , = (Kx, ) - Po(Kx,S1, S2;d).

Next, we move to the term (a)(7.(ea8))wy, w2 ) in Lemma 6.2, where
¢ € {Kx,K%}. Such a term is zero unless ¢ = Kx and |3| = 0. In this
case, we may assume that 8 =1x. Solet e = Kx and § = 1x. Then,

(an(rleaB))wi,we) = (Kx,a)- (ax(@)wy, w)
= (Kx,a) - P3(Kx, S1,52;0),
by Theorem 2.1 (i), where P3(Kx,S1,S2;0) is a universal polynomial
in (Kx, Kx) of degree 0 (i.e., (Kx, Kx) does not appear) and of type
(u,hu?)'

Finally, 7. (eq) is zero unless e = Kx. Let ¢ = Kx. By Lemma 6.4,
<1 (n—j—1)a )\(T*(Ea))|0>7a—l(ﬂ)w17w2>
(Kx,a) - (1_(—j—1ya—x(2)]0), a_1 (B)w1, wa)
= (Kx,a)  Py(Kx,S1,52;0),
where Py(Kx,S1,52;0) is a universal polynomial in (Kx, Kx) of degree
0 and of type (u},us). Similarly, since a_1(8) 1wy = —a1(B)ws,

(1_(n—j—2)8-2(7(€))|0), w1, a1 (8) w2)
is equal to (Kx,«a) - P5s(Kx,S1,52;0). q.e.d.

6.3. The case aa = 1x.
Lemma 6.10. Let d,ng > 1. Let wy and wo be given by (6.9). Then,
(6.23) <1_(n_‘)\|_n0)a_)\(l')a_n0(1x)|0>, wl,w2>d = P(Kx, Sl, Sg),

where 51 = {a171, . 70417111}7 52 = {04271, . 7042,u2}7 and P(Kx, 51, 52)
is a universal polynomial in (Kx, Kx) of degree at most n/2 and of type
(u1,u9).

Proof. This follows from the proof of Lemma 6.8 by replacing a by

1x (and then by noticing that the factor (Kx, «) there will not appear
here). q.e.d.

Lemma 6.11. Let d > 1 and |A| < n. Let wy and we be given by
(6.9). Then,

(6.24) <1 —|AD Cl by T*lx)’0> wl,w2> = P(Kx,sl,SQ),

where 51 = {011,1, e ,OéLul}, SQ = {04271, e ,0427u2}, and P(KX, 51, SQ)
is a universal polynomial in (Kx, Kx) of degree at most n/2 and of type
(ug,us).
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Proof. For i =1 and 2, let
wi = a_,) (Ix)a—p,, (@i1) - aon,, (i0,)]0).
Note that if the Kiinneth decomposition of 79,1y € H*(X?) is given by
Taslx =2 ®@1x +1x @+ Z'Vj,l ® 75,2,
j

where |v; 1] = |7j2| = 2, then up to permutations of factors, a typical
term in the Kiinneth decomposition of 7;,1x € H*(X?) with i > 3 is
either r®---®r@1x or r®---@r®7,1®7;2. In view of Lemma 6.10,
it suffices to verify that

(6.25) > (1aa_5(@)an, (3,180, (75,2)[0), wn, wa ),
i

= Pl(KX7517S2)7
where n = n— |/~\| —ny—ne, and P (Kx,S1,52) is a universal polynomial
in (Kx, Kx) of degree at most n/2 and of type (uy,us). Let
wo = 1_a_5(x)a—n, (75,1)8-n,(75,2)0)-
We see from (1.3) that to prove (6.25), it suffices to show that

(6.26) > (Bo, Bi, Ba)

J

30 e (W) e (wn) L (w
m,d> 7Tm71 BO 7Tm,2 B1 7Tm,3 B2

is equal to Py(Kx,S1,S2), where m < n, By, By, By € H*(XI=m]),
By C wg, By C wy, and By C we. By Theorem 1.3 (i) and Corol-
lary 5.23 (i), such a term is nonzero only if By = a_,q)(z)B; with
By C wy, By = a_y@)(x) By with By C wg, and By = a_1(1x)%a_5(x)[0)
or a_1(lx)%a_s(x)a—pn,(75,1)[0) or a_i(1x)%a_s(x)a_n,(7y;2)|0) where
s < n. In the following, we assume that (6.26) is nonzero. By symme-
try, we need only to consider two cases for By:

By =a_1(1x)%a_5(x)[0), or Bo=a_1(1x)%a_5(z)a_n,(751)[0).

We begin with the case By = a_1(1x)%a_5(2)[0). Then (6.26) is

Z {a_1(1x)%a_5(2)|0), a_ya) (2)B1, a_ye () Ba)

| ) Lﬁa_m<7j,1>a_n2m2>|0>>,* <@_> <@_>>
<3m7d, 7Tm’1< a—l(lX)S|0> Tm,2 él Tm,3 §2 .

Applying the same arguments as in the computation of (6.19), we con-
clude that the term (6.26) is equal to

Z<KX77J',1> : <KX77j,2> : P3(KX7517S2)7

J
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where P3(Kx,S1,S2) is a universal polynomial in (K x, Kx) of degree at
most (m—n1—ns2)/2 and of type (u1,us). Note that for £y, B2 € H?(X),
we have

(6.27) > (Br,v51) - (Basvi2) = (Bu, Ba)-

J
Therefore, (6.26) is equal to (Kx, Kx) - P3(Kx,S1,S2) which is a uni-
versal polynomial in (Kx, Kx) of degree at most m/2 < n/2 and of

type (u1,us2).
Next, let By = a_1(1x)%a_5(x)a_n, (7;1)]0). This time, (6.26) is

> (a1 (1x) a 5 (@)an, (5,0]0), a_ya) () Br, a_ye () Ba)
j

* 1—ﬁa—n2(’}’j72)‘0> * @ e @
'<5m’d’ ”’“( a_1(1x)*[0) >”m (é) ms3 <§>>

Using Lemma 6.5, Theorem 1.3 and (6.27), we conclude that (6.26) is
equal to Py(Kx, S1,S2) which is a universal polynomial in (Kx, Kx) of
degree at most

(m—mn92)/24+1<((n—nq) —n9)/2+1<n/2,
and of type (u1,ug). This completes the proof of (6.24). q.e.d.

Proposition 6.12. If a = 1x, then (1.2) is true.

Proof. We adopt the same notations and approaches as in the proof
of Proposition 6.9. By Lemma 4.6 and Lemma 6.7, it suffices to prove

(6.28) DéX(’wl,wg;—l) :P(Kx,sl,SQ),

where P(Kx,S1,S52) is a universal polynomial in (Kx, Kx) of degree
at most (n+1)/2 and of type (u}, uz). This follows if we can prove that

(6.29) DX (wy,wa3q) = P(Kx, S1,5;d)q",

d>0
where P(Kx,S1,S2;d) is a universal polynomial in (Kx, Kx) of de-
gree at most (n + 1)/2 and of type (u},u2). In the following, we will
show that the contribution of every term in Lemma 6.2 is of the form

P(Kx, Sy, S9;d) for a suitable d > 0.
First of all, when d > 1, we conclude from Lemma 6.11 that

(1-(nj-1)8-(m:1x)]0), a1 (B)w1, w2),,

— (1_ (o2 a-x(T1x)[0), wi, a_1(8)Tw2),
is equal to P, (Kx, Sy, S2; d) which is a universal polynomial in (K, Kx)
of degree at most n/2 and of type (u},us2).
Next, consider

(ax (7« (eaf))wr, wa) = (ax(7.(€f))wr, wa),
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from Lemma 6.2, where ¢ € {Kx, K%}. It is zero unless ¢ = K% and
B = 1x (when |[B] =0, we let 8 = 1x), or e = Kx and |3| = 2, or
e=Kx and 8 =1x. Ife:Kg( and 8 = 1x, then

(ax(re(ef))wr,we) = (Kx,Kx)- {ax(@)wi, ws)
= (Kx,Kx)  P(Kx, 51, 52;0),

by Theorem 2.1 (i), where P»(Kx,S1,S2;0) is a universal polynomial
in (Kx,Kx) of degree 0 and of type (u},us). If e = Kx and |5] = 2,
then

<a>\(7'*(eﬁ))w1,w2> = <KX75>‘<0A(!E)ZU1,1U2>
= (Kx,pB)- P3(Kx,S1,59;0),

which is a universal polynomial in (Kx, Kx) of degree 0 and of type
(u},u2). If e = Kx and 8 = 1y, then we obtain (ax(7(ef))wr, w2) =
<a>\(7'*K X)wl,w2> which again is a universal polynomial in (Kx, Kx)
of degree 0 and of type (u},us).

Finally, let € € {Kx, K%}. We have 7.(ea) = 7ee. Let I, be

(1 (nj1)@-A(16)[0), a1 (B)wr, wo)
- <1—(n—j—2)ﬂ—,\(7*€)|0>,w1,ﬂ—1(ﬁ)Tw2>,

from Lemma 6.2. When € = K)z(, we see from Lemma 6.4 that

I. = (Kx,KX>'<1_(n_j_1)a_)\(l‘)|0>,Cl_1(ﬁ)wl,ZU2>

—(Kx,Kx)  (1_(n_j_2)0_x(2)|0), w1, a_1(8)ws)
= <KX7KX>'P4(KX751752;0)7

where Py(Kx, S1,S52;0) is a universal polynomial in (K x, Kx) of degree
0 and of type (u},u2). When ¢ = Kx, we see from Lemma 6.5 that
I. = Ik, is a universal polynomial in (Kx, Kx) of degree at most 1
and of type (uf,u2). q.e.d.
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