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ESTIMATES OF THE MEAN FIELD EQUATIONS
WITH INTEGER SINGULAR SOURCES:
NON-SIMPLE BLOWUP

TING-JUNG KUuOo & CHANG-SHOU LIN

Abstract

Let M be a compact Riemann surface, o; > —1, and h (z) a
positive C? function of M. In this paper, we consider the following
mean field equation:

Bulz)te (fﬁ(”euiim) |M|> “ZO‘J(% |M|) m AL

We prove that for a; € N and any p > po, the equation has
one solution at least if the Euler characteristic x (M) < 0, where
po = max (2K — Alnh + N*), K is the Gaussian curvature, and

N* = Arx Z;l:l ;. This result was proved in [10] when «; = 0.
Our proof relies on the bubbling analysis if one of the blowup
points is at the vortex ¢;. In the case where a; ¢ N, the sharp
estimate of solutions near g; has been obtained in [11]. However,
if a; € N, then the phenomena of non-simple blowup might occur.
One of our contributions in part 1 is to obtain the sharp estimate
for the non-simple blowup phenomena.

1. Introduction
In this paper, we consider the following mean field equation of Liou-
ville type:

T u(ac)
(11) {A’LL( )—I—p%_llﬂ'zj 1% q; in

u(z) =0, z € 00,

where  is a bounded smooth domain in R?, aj > —1, &, is the Dirac

measure at ¢;, and p € RT, or
(1.2)

h(z) @) B )
Al <fM e |M|> 4”Z%<% arf) = M
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378 T.-J. KUO & C.-S. LIN

where (M, g) is a compact Riemann surface and |M| is the area. Here,
A stands for the Beltrami-Laplacian operator on (M, g). Throughout
the paper, we always assume h (z) to be a positive C? function either on
Q or on M and ulpq = 0 for (1.1) or [,, udx = 0 for (1.2), respectively.

Equations (1.1) and (1.2) have arisen in many different areas in math-
ematics and physics. For example, we consider the following singular
Liouville equation:

(1.3) Au+e“ = pdy on T,

where T is a flat torus. By integration, equation (1.3) becomes a mean
field type equation

e 1 1
Au+p<—> :p<(50—> onT.
fT ev [T T

In geometry, equation (1.3) comes form a prescribed curvature prob-
lem. In general, for a compact Riemann surface (M, g) with constant
Gaussian curvature, we may consider the following equation:

d
(1.4) Aw (x) + h(z) e®™ — 2k = 4r Z g,
j=1
where k is the constant Gaussian curvature of the given metric g and
h(x) is a positive function on M. For any solution w (z) to (1.4), equa-
tion (1.4) is equivalent to saying that the new metric g := e”g (where
v = w — In2) has Gaussian curvature k (z) = h (z) outside those q;s.
By integrating the equation, the function w (z) satisfies the equation
(1.2) with p = 2k + 47 Z;'l:l a;. Thus, equation (1.2) can be viewed
as a generalization of (1.4). Since equation (1.4) has singular source at
gj, the conformal metric €'g is degenerate at g; and is called a metric
on M with conic singularity at those q;s. In particular, when M = S?
and «o; = 0 Vj, equation (1.4) is related to the well-known Nirenberg
problem.
For equation (1.3), there is another application to the complex Monge—
Ampere equation

8210 d d

(1.5) det < — > =e “on (T\{0})",
8ZZ'8Zj ij=1

the dth Cartesian product of T\ {0}. For any solution u to equation
(1.3), the function w (z1,...,24) = — 2?21 u (z;) + dlog 4 satisfies (1.5)
with a logarithmic singularity along the normal crossing divisor D =
T\ (T\ {0})%. In particular, bubbling solutions to (1.3) will give some
examples of bubbling solutions to the complex Monge—-Ampere equation
(1.5). Those examples might be useful in the study of geometry related
to the degenerate complex Monge-Ampere equations.
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In physics, equation (1.2) can be derived from the mean field limit of
point vortices of the Euler flow, as studied by Caglioti et al. [13, 14|, and
Chanillo and Kiessling [8]. Recently, it has drawn a lot of attention due
to its application to many physics models, including the Chern—Simons—
Higgs theory, see Jackiw and Weinberg [18], and the electroweak theory,
(see Ambjorn and Olesen [1]). In the electroweak theory of Glashow,
Salam, and Weinberg, Ambjorn and Olesen found that periodic vortices
could be realized as solutions of a self-dual Bogomol'nyi type equation,
which can be further reduced to

{ Au + 4ge® + 9261; =4n Yy )t ngdp, in T,
Aw — 2g%e" — aTg (v —¢d) =0,
where g, 0, g are constants. By integration, we have
i [ TN =R
i .

sin2 6

(1.6)

and

)

9 w g @3 |T| — 4 cos? N
g e 2
T sin“ 6
where N = 3", ny. The necessary condition for solvability of (1.6) is
that N must satisfy

AT N 9290%
1.7 < < .
(L1.7) 970 |T| cos2 0

The conjecture proposed in [29] is to ask whether (1.7) is also sufficient
for the solvability of (1.6) or not. This conjecture has been partially
proved in [12] by applying the degree theory for the mean field equation.

Theorem A. Assume
AN — g 900

T

sin? 6

Then (1.7) is a necessary and sufficient condition for the existence of a
self-dual vortex solution of (1.6).

2 2
However, the conjecture is still open when W € 87N (the

critical case) and the study of the equation (1.2) at a;; € N and p € 87N
might be useful to the conjecture in this critical case.
Since the RHS of equation (1.1) or (1.2) contains some singular terms,

in order to eliminate the singularity, we introduce the Green function
G (z,y) on M:

(1.8) {AG(my)— —0y (x) +1 on M

S G (x,y)dz =0 ’
where we assume | M| = 1. Also, we set v (z,y) = G (z,y)+ 5 In |z — y|,

the regular part of G (x,y). Let vy (x) = 7 (x,x). Then v (x) is well
defined in M and v () =constant if ¢ is the standard metric of constant
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curvature. In terms of the Green function, a solution u (z) of (1.2) can
be written as

u(x) =w(z)+1In /M he'dx + ug (z),

where
d
ug (x) = —4772 ;G (x,q))
j=1

and we still use u (x) to denote w (x). Then u (z) satisfies

(1.9) Au(z) +p (h* (z) et@ — 1) =0 in M,
where
(1.10) h* (x) = h(z) e,

Throughout this paper, we shall consider equations (1.2) and (1.9)
equivalent, where h* and h are connected by (1.10).

For the last several decades, equations (1.1) and (1.2) have been ex-
tensively studied, we refer [21, 22, 23, 26, 27, 28, 29| and references
therein for the recent development of this subject. Let a; > —1, and
define the critical set A by

A={8nk+Y 8r(1+a;)|keNtU{0}, AC{L, - d}
JEA

It has been proved that when p ¢ A, solutions of either (1.1) or (1.2)
are uniformly bounded outside of those vortex points {qi,...,qq}. See
[2] for the case of all a; = 0, and [3, 4] for the general case. Thus,
the topological Leray-Schauder degree d,, for the equation (1.1) or (1.2)
can be well defined. In a series of papers, the counting formula for d,
has been proved by Chen and Lin. See [9, 10]. A consequence of the
degree-counting formulas is that equation (1.1) or (1.2) has a solution if
aj € Nand p ¢ A and Q or M are not simply connected. Among others,
Chen and Lin proved the following.

Theorem B ([12]). Let o;j € NVj, x (M) <0 and, h(x) a positive
C' function. If p & A, then the topological degree d, > 0 and equation
(1.2) has a solution. Here, x (M) = 2 — 2g is the Euler characteristic
number of M.

So, (1.1) or (1.2) have been understood well if p & A. In this series
of papers, we want to extend Theorem A and Theorem B to cover the
case with the parameter p in 87N. Among others, we prove the following
theorem.
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Theorem 1. Let aj € N Vj, x (M) < 0, and h(x) a positive C?
function. Then there exists pg > 0 such that for any p > py equation
(1.2) has a solution.

Theorem 1 has been proved in [10] for o; = 0 Vi. Our method to
prove Theorem 1 is to show the following results.

Theorem 2. Let oj > —1, and let py be defined by
(1.11) pozm]‘?x(QK—Alnh—l—N*),

where K is the Gaussian curvature of (M, g) and N* = 47 Z?:l aj. If
ug is a sequence of solutions to (1.2) with

lim py, = poo € A, poc > po,
k—o0

and
Pk > Poo for large k,
then uy, is uniformly bounded in CZ,(M\{q1,...,q4})-

This apriori bound was established in [3, 4] when all a; are not pos-
itive integers. When one of «; is a positive integer, some additional
difficulties arise. One of them is that the phenomenon of non-simple
blowup might happen. In the literature, there are no sharp estimates for
bubbling solutions near a non-simple blowup point. The main contribu-
tion of this article is to prove such sharp estimates near a non-simple
blowup point.

We prove the apriori bound by contradiction. Suppose there is a se-
quence of bubbling solutions wuy of (1.2) with pj and limy_, o pr = poo €
A and blowup at {pi,...,pm}. The sharp estimate of wu; near their
blowup points has been done for p; & {q1,...,q4}, or pj € {q1,...,qa}
with a; ¢ N in [9] and [11], respectively. However, the analysis is more
complicated when p; € {q1,...,q4} and «; is a positive integer.

For each p;, we choose ry > 0 such that in Bay, (pj) \ {p;}, us has no
blowup points. Let

0 if pj ¢ {q,...,qa}
1.12 )= i L '
( ) a(p]) {O(] if ij{QL---aqd}

We put
(1.13)
Php; = Pk h*e"tdr and peop, = lim py . = 87 (1 +a(p))),
Br'o(pj) k—roo
(1.14) ug (pr,j) = max ug () = App;,

T \Pj )
where py ; is the local maximum point of u; near p;. There are two
fundamental questions that will be addressed in the present paper and
the second paper of this series:
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(i) Are the heights of the bubbles at different blowup points comparable
to each other?

(i1) What is the asymptotic formula of pyq — poc,q in terms of the
height of the bubble at q?

Here, ¢ is one of the vortex points with o (q) € N and py, 4, poc,q are
defined by (1.13). We shall answer the first question completely in this
paper. Hereafter, the notation Ay = O (Bj) for any two sequences of
numbers means that there exists C' > 0, independent of k such that
|Ax| < C'|Byg|. Similarly, Ay = o(By) means that g—i — 0 as k — +oo.

Our first main result is the following theorem.

Theorem 3. Let aj > —1, and let h(z) be a C' positive function on
M. Suppose uy, is a sequence of blowup solutions to (1.9) and p1,...,pm
are the blowup points. Then

(1)

(1.15) N = Mgl = O (1) Wi £
(i)
(1.16) U (LE) = _)\k,i + 0 (1) Vo € 837»0 (p,) s

where O (1) is independent of k.

The crucial step of Theorem 3 is to prove (1.16); then (1.15) follows
immediately. When « (p;) = 0 or a (p;) = «; ¢ N, (1.16) is a conse-
quence of simple blowup property. Simple blowup property means that
up can be locally well controlled by an entire solution of its limiting
problem. More precisely, let vy (y) be

Ak,j
1 T o(1tals))
g (y) = ug (ak@jy +pj)—)\k7j for |y| < = where ¢, ; = e 2(1+a(r;))
sPj

Then after scaling, a subsequence of v, would converge to U in Clzoc (}Rz),
where U is an entire solution to

{ AU + |yl** eV = 0 in R?

(1.17) maxU =0

In [24], Parajapat and Tarantello have completely classified all solutions
of (1.17), that is,

(1.18) U(y;a) = —2In (1 + |y1+°‘ — a‘2)

for some a € C, where 7% is the (1 + a)-th power of complex number
y = y1 + iys. Clearly,

Phi — Di 1+a
(1.19) a= lim <M> .
k—4o00 €k,p;
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In particular, for « = 0 or o ¢ N, we have
DPk,j —Pj

— 0.

That is,
a=0.
We say that uy, satisfies the simple blowup property at p; if

ok = U (9)] < C for [y| < -

k,p;
for some positive C independent of k and y. When « (p;) is not a positive
integer, the simple blowup property for p; has been proved by Y.Y. Li
in [19] for a(pj) = 0 and by Bartolucci, Chen, Lin, and Tarantello in [3]
for 0 # a; ¢ N. Obviously, this simple blowup property implies (1.16).

When a blowup point p; is one of the vortex points, that is, p; = g;.
The simple blowup property may not be true if a (¢;) = a; € N. Two
cases may occur if a; € N.

)‘k,j

Case 1: [pi; — 4j] = O (k) engy = € (7).

For o € N, in general, a # 0, and then U (2;a) is no longer radially
symmetric. The non-symmetry of U (z;a) would cause a lot of troubles
in the bubbling analysis of u. Even so, we still could prove that wuy is
simply bubbling at g; for Case 1, that is,

r
(1.20) [0k (y) = U (g3 @) < C for Jy] < 2.

»q5
Inequality (1.20) implies (1.16) for Case 1. For a proof of (1.20), see
Appendix A.

|pr.;—a;]

= 400
€k,q;

Case 2: limy_,

In this case, we see that w; is not simply blowing up at ¢;. The
method for this case would be different from Case 1. This is a new
phenomenon that might occur only at the case when a; € N. However,
this phenomenon also appears in the study of the SU (3) Toda system.
Studying this non-simple blowup phenomenon for the scalar equation
should be very useful for the system case. In Case 2, we could also prove
the estimate (1.16). We briefly discuss it here. Let

(1.21) Pk,j — 4j| = O ;-
After scaling by
g (y) = ug (o539 + ¢;) +2 (1 + aj) In by 5,

. 27l
Uy, (y) would blow up at {el, €9,... ,61+aj} with ey = ¢j + e 1+ Tet

(1.22) ,ak,j = )\k,j —|—2(1—|—04j)ln5k7j
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and
Ak, j
(1.23) Okj=€ 2.
Then we can prove that
1+aj
(1.24) i (y) = —fn; — »_ Alnly —ef + O (1)
=1

uniformly for all y € B 1 (0 )\UHQJ By, (e¢). This implies that (1.16)
holds in Case 2. See Theorem 8 and (2.16).

Next, we turn to the question (ii), that is pi j — poc,j- Let py ; be the
local mass defined by (1.13) at p;. By Theorem 3, we have

(125)  pr—poe =D [k — 87 (L+a(p))] +0 (),
i=1
where
)\k = max )\k,j
J
and

poo =87 > (1 +a(p))
i=1
and « (p;) is defined in (1.12). Hence, our second question is how to find
asymptotic formulas of py; — 87 (1 + a (p;)).
When a (p) =0 (i.e,, p € {q1,-..,q4}), there is a function Q (x) (see
definition in Section 2) such that V@Q (p) = 0. With this property, Chen
and Lin proved:

Theorem C ([9]). Let (ug,pr) be a sequence of solutions of (1.9)
that blows up at {p1,...,pm}. Suppose o (p) =0. Then we have
167

Pk,p — 8T = ko (p) (Alnh(p) = N* + poo — 2K (p)) €}, IInegp| + O (e7,) »

where K () denotes the Gaussian curvature and N* = 47 Z;-lzl a;j.

When one of the vortex points is a blowup point—say, p = ¢ and
a(q) ¢ N—VQ (p) may not be 0. With the help of a = 0 in (1.18),
Chen and Lin also proved:

Theorem D ([11]). Let (ug,pr) be a sequence of solutions of (1.9)
that blows up at {p1,...,pm}. Suppose a(p) = a(q) ¢ NU{0} . Then
we have

Prq — 87 (1+alq)) = d(q,a(q)) (Alnh(g) — N
+ poo — 2K(q))er 4 + o(1)h

where d(q,a(q)) is a positive constant depending on q and «(q).
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For the case p = ¢ and a/(q) € N, again, we also have two cases that
need to be considered, simple blowup and non-simple blowup.

Case 1 (Simple blowup):

In this case, a and V@ (¢) both may not be 0. The situation here
is more complicated than before, and we need to solve an associated
linearized problem. Even so, we could also have following sharp estimate.

Theorem 4. Let (ug, px) be a sequence of solutions of (1.9) that blows
up at {p1,...,pm}. Suppose p; = q; and (1.19) holds. Then we have

pri — 8T (1+ ;) = Fi (a;05) (Alnh (¢;) — N* + poo — 2K (q;)) Eiﬂ- +o0 (1)6%)1»,
where Fy (a; ;) is a positive constant depending on a and «;.

Because the proof is technical and also related to existence of some
linearized problem, we will give the proof of Theorem 4 in the second
paper of this series.

Case 2 (Non-simple blowup):

The sharp estimate for non-simple blowup is the main concern in the
present paper, and to obtain the sharp estimate of py ; — 87 (1 4+ « (p;)),
different estimates in different regions are needed. More precisely, we
use the simple blowup property in each bubbling region, By, (e¢), { =
1,-- - (1+a(q)), and the estimate (1.24) outside the bubbling regions,

B (0)\ Uéila(‘n By, (e¢). Then we have the following.

1
Ok,i
Theorem 5. Let Case 2 hold for p; = q;. Then
3204 ag)

i—8n(l+aqj)=—————~—(Alnh(¢g) — N*
P, ( ) pochii (q;) ( (@)

+ poo — 2K (¢:) )8 s (o | + O (7 07 ;)
where 0y, ; and oy ; are defined by (1.21) and (1.23).
By Lemma 9 in Section 4, we have
5,%72- = Cfu, e " (14 0(1)), for some C > 0,

and thus
(1.26) 2In0p; = —fix; + O (Infig ;) -
Recall (1.22) that

i = e +2 (14 ;) In g 5.
Then by (1.26), we have

Ak,i
1.27 A ; = —————
( ) o, (2‘1‘042')

From (1.23) and (1.27), we have the following corollary.

(I+0(1)).
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Corollary 1.
R 2
()(5£¢0£¢!hlak¢0 =:C)<ﬂiﬁe_2”kﬂ> ::C)(AzJ6 2+aiA“l).

This estimate is new and is obtained through delicate application of
the Pohozaev identity. Compared with the case of simple blowup (see
Theorem 4), the order of non-simple blowup is relatively much smaller
than that of simple blowup.

Actually, Theorem 2 is an application of Theorem 4 and Theorem 5.
We explain it as follows. Let pg be the number defined in (1.11). Suppose
(uk, pr) is a sequence of bubbling solutions with px — p € 87N. Let p be
any blowup point of ux. When p # ¢ (i.e., a(p) = 0), from Theorem B,
we have py, ,—8m > 0 provided p > py. When p = ¢; (i.e. a(p) = oy € N),
from Theorem 4 and Theorem 5, we also have py 4, — 87 (1 4+ ;) > 0
provided p > pg. Thus, from (1.25), we have

pr—p >0

for any p > pg and p € 87N. For any p € 87N and p > pg, we choose
pr < p and pp — p as k — oco. By Theorem B, there is a sequence of
solutions uy of (1.2) with py for each k. Then by the above results, uy
is uniformly bounded in Clzoc (M\{q1,--.,q4})- Therefore, after passing
limit, ug converges to a solution us of (1.2) with p € 8N and Theorem
1 and Theorem 2 follows.

For (1.1) with the Dirichlet problem, we also have the following the-
orem.

Theorem 6. Let o; € N Vj, Q be a non-simply connected domain in
R?, and let h(x) be a positive C? function on . Suppose that

Alnh(z) > N*.
Then equation (1.1) always possesses a solution for all p > 0.

The organization of this paper is as follows: In Section 2, we introduce
those notations and definitions stated in our main theorems and discuss
the property (1.16) for both cases. In Section 3, we prove Theorem 8,
which implies (1.16) for the non-simple blowup case. In Section 4, we
will prove Theorem 5. In Appendix A, we give a proof of Theorem 7,
which implies (1.16) for the simple blowup case.

2. Preliminary

2.1. Definitions and Notations. In this section, we shall introduce
some notation that is stated in our main theorems. Recall that, in terms
of the Green function, equation (1.2) is equivalent to the following equa-
tion:

(2.1) Au(x) +p (h* (z) e*®) — 1) =0in M,
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where
(2.2) h* (z) = h(z) e®®),
Note that near ¢;, h* (z) has the form in a local coordinate
B (x) = hi (z) |z — q;|* in |z — ¢ < ro for some small r¢ > 0,
where
(2.3) h; (z) = h(z) e 4o (@a) e~ T dmaiGlea) 5 i |z — qi| < ro.

For the simplicity of notation, we write h; () = h* (x) in a neighborhood
of pif pé¢ {q1,...,qq4}. Then we have

Vinh(p;) — Z?:l dra; VG (pi,q;) if pi ¢ {q1,....qa}

Vinh;(p;) =
nhi (p) { Vinh(g)— Z‘j#i Ara; VG (g, q) — 4o Vy (ps) i pi = ¢

and

d
Alnh; (z) = Alnh(z) — 247704]-.
j=1

Let (ug, pr) be a sequence of bubbling solutions of (2.1) that blows
up at {p1,...,pm}. Then it is known that

m

peh (z) e @) — ZBW (L4 a(pj)) op,,
i=1

where « (p;) is defined in (1.12). This fact follows from work by Brezis
and Merle [2], Li and Shafrir [20], and Bartolucci and Tarantello [4].
Furthermore, p; can be determined a priori. Let @; () defined by

Qi (z) =Inh; (z) + 87 (1 + a(p:)) v (z,pi) + Z Poo,iG (7,pj) -
JFi

Then we have

(2.4) VQ;(p;) =0 provided that o (p;) =0, i.e., p; & {q1,...,q4}-

See [9] for the proof. Note that at p; = ¢;, VQ;(¢;) may not be 0.
When «; € N, we will see later that this would cause a lot of additional
difficulties in the bubbling analysis.

The estimate pj ; — poo,; is our major concern in this paper. Theorem
4 and Theorem 5 say that py; — poo,; can be expressed by some local
terms. Since it is local in principle, for simplicity we assume that M has
a flat metric near a neighborhood of each blowup point. For the general
case, our method presented here can be modified easily as in [9, 10].
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2.2. Simple blowup. In order to compare heights of any two bubbles
of uy, the first step is to prove (1.16) near each blowup point p. As
discussed before, if p ¢ {q1,...,q4} or p = ¢; with a(g;) ¢ N, then
(1.16) was proved in [9, 19|, and [3]. In this section, we may assume
p=¢q=0and o« = «(0) € N. Without loss of generality, we can always
assume that uy (x) satisfies

Auy, (x) + prho () |z)** ) = 0 in By (0)
‘uk(aj)—uk (:E)‘ < ¢ for |3:| = ‘:E/‘ =1

P = [p, 0y Prho (2 ) |2 ** e @) — 87 (1 + )
0 is the only blowup point for ug (z) in By (0)

(2.5)

)

where ¢ is a constant and hy is defined in (2.3).

Set
Y X0
Ako = ug (Pro) = max uy (z), and g = e 20Fe),
z€B1(0)
For Case 1, we assume
1+«
(2.6) lim (7@) =a € R
k—o0 €k

Under (2.6), we can show that uy has a simple blowup at 0; that is,
the following estimate holds.

Theorem 7. Let uy be a solution of (2.5). Suppose that (2.6) holds
true. Then there exists rog > 0 and C > 0 such that

(2.7) lug (x) — U (x)| < C for all x € By, (0),

where

ﬁkho (0) A 14+a 14+ 2>
U () = Ao —2In |14+ ———=¢™0 | .
k( ) k,0 < 8(1 )2 ~Pro

The proof will be given in Appendix A. Obviously, on the boundary
|z| = 7o, (2.7) implies (1.16).

2.3. Non-simple blowup. Next, we consider the case when (2.6) fails,
that is,

(2.8) lim 1Ph0l _
k—oo Ef
In this case, 0 is no longer a simple blowup point. In fact, we shall prove
ug has a + 1 local maximum points. Let uy () satisfy (2.5) and set
Ok = |pk,ol-
Define

1
(2.9) U (y) = ug (0ky) + 2 (1 + ) Indy, for |y| < 5
k
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Then
Ay (y) + pre [y1** ho (Oky) €@ = 0'in B, (0)

‘ﬂk (y) — G <y')‘ < Cfory,y € 83% (037

and by (2.8) we have

(2.10)

I

(2.11) U, ( Pr.0 > = fip = Mo +2(1 + ) Indy — oo.
F2
Hence e; = limy_,o ‘?‘%0’ is a blowup point of . By the Brezis—Merle
k,0
theorem, 4y blows up at a finite set S = {eq,...,e14,}. Moreover, from

Green’s representation formula, we have
(2.12) ‘zlk (y) — Ug (y/)‘ <Cfory,y €dBy(ef),1<l<1+n.

See Lemma 1 in Section 3 for the proof. By (2.12), we conclude that
is simply bubbling at each ey. In Section 3, we will prove that u does
not blow up at 0. Thus, by (2.4), {e1,...,e14,} satisfies

es 14n e — e
(2.13) 2da—ts =Y St

5 = g foré=1,...,(1+n),
’ef’ jAb ’6,'—6@’

and we have the following important estimate for non-simple blowup.

Theorem 8. Let . be defined in (2.9). Then n = «, and
14+«

N . 1
C14) ) = =Y 4lnly— el + 0 (1) for [yl < 5
(=1

By using potential analysis, we could prove the estimate
N . Pk,0
i (y) = —fur = 5= Infy[+ O (1)

for In i <yl < i. See Lemma 4. However, the crucial step to obtain
estimate (2.14) is to prove

lpro—8m(1+a)|=0 <<ln%>_l> ,

which is an application of the Pohozaev identity. See Lemma 6. The
proof of Theorem 8 will be given in the Section 3.
By Theorem 8, on 0B E (0) we have
k

1
(2.15) U (y) = = +4(1+a)Indy + O (1) for |y| = 5
k

and by transferring back to ug (), we conclude that for |z| =1
(2.16) ug () = g (y) — 2(1 + ) In dg,
=-Xo+O(1).



390 T.-J. KUO & C.-S. LIN
This proves (1.16) for p = ¢ where uy, is non-simple blowup.

3. Proof of Theorem 8

In this section, we are going to prove Theorem 8. Recall that uy ()
satisfies (2.5) and

(1) pro= / pi |2 ho (2) €4 dx — oo = 87 (1+ ).
B1(0)
Let ay, (y) = ug (0ry) + 2 (1 + a) log 0y, for |y| < 6%, where 0y is given by
(1.21). Then
Ay, (y) + p |y[** ho (Ory) €@ = 0in B (0)
k

‘ﬁk (y) — Gy (y/>‘ < (1 for y, yl € 8Bi (0)

In order to prove Theorem 8, we need several lemmas borrow the ideas
from [3].

Notice that e; = khm B ‘ is a blowup point of 4. Applying re-
—00 |Pk,0
sults of Brezis and Merle [2] or Bartolucci and Tarantello [4], since

I3 L (0) Pk ly|?“ ho (6y) W) < C, there exists a finite blowup set S =
5

{e1,e9,...,e14n} and 4 — —oo uniformly on any compact subset of

R?\S and
14+n

ok [Y1** ho (Ory) W) — Z Myl ,

/=1

where

my = hm My = hm Pk |y|20‘ ho (01y) e (y)
h=roo Bi(er)

In order to determine my, we have to prove the bounded oscillation of
U near each eyp.

Lemma 1.
(3.2) ‘uk (2) — (z)( <C
for z, 2 € 0By, (er), and ey € S.

Proof. Let rg > 0 such that e, is the only blowup point of 4 (2) in
Byy, (e¢). By Green’s formula, for any z € B% (0), we have

k

Gy (z):/B N o [Y1** ho (Ory) €W Gy, (y, 2) dy+dr. (2)+2 (1 + ) In 6y, +di,

where G, (y, ) is the Dirichlet Green function in B L (0) and ¢ (y) is

the harmonic function with ¢,z | = ug (Ory) — dg, dk o faB1 updo.
3
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More precisely,
(3.3)
1 1 1y
=——1 — —1 — =

6 T —

‘ for z,y € B1 (0).
Ok

For z, 2 € OB,, (e;), we have

e ()= ()| < sup Jok () — ok () < C

y1,y2€0B 1 (0)
Ok
and
ﬁ,k (Z) — '&k (2/) = /
B3
e

+6n(2) — n (<)

o ly[** ho (8ry) e (Gk (y,2) — Gy (y 2)) dy

1 2a 7 |y_Z|
=—— or [yI** ho (1y) €™ @) In ~dy +0(1).
= [ el ) e =y 0 1)
Sk
For y € {|ly —es| <2} U{|y — es| > 21}, we have |In |‘5__j| < ¢1, and

this implies that

« . -z
/ , pr [y** ho (Sry) €™ ) In ly ,‘ dy=0(1).
{ly=eel<g Ju{ly—erl>2ro} ly — 2|
On the other hand, for y € {% < |y — e/| < 2r¢}, we have @ (y) — —oc0
uniformly as k& — oco. Thus, we can conclude that

Uy (2) — (z/)‘ <Cforzz e 0By, (er) -
q.e.d.

From the property of (3.2), Li [19] and Bartolucci and Tarantello
[4] proved that my = 8 if ¢y # 0 and my = 87 (1+ ) if ¢, = 0,
respectively. Therefore, we have the following Corollary 3.2.

Corollary 2. 0 ¢ S.

Proof. Suppose the contrary holds. Then we have

(3.4) lim / i [y** ho (5py) e Wdy = 8 (1 + «) .
k— oo BT'O (0)
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Since e; is also a blowup point of 4y (y), by (3.4), we have

81 (1+a)= kh_)rgo o) i |2 ** o () e @) da
1
= lim Pk \yl%‘ ho (0ry) eﬁk(y)dy

k—o00 B 1 (0)
[

k—o00

+/ i[> ho (Ory) ea’“(y)dy)
Bf'o (e1)

=8r (14 a) + 8.

> lim ( / pr [y* ho (Sry) €™ W) dy
Bry (0)

This leads a contradiction to (3.1). Thus, 0 cannot be a blowup point
of Uy. q.e.d.

Now, we prove that the locations of e; are the partitions of the unit
circle.

Lemma 2.

and

27
€r+1 exp <21+Oé >7 ) y

Proof. From Lemma 1, 4y, is simply bubbling at each e;. By (2.4), ey

satisfies
14+n

2 ——4 fort=1,...,(1
o Zeg—e] or oo (T4m),

and hence
1+n

oz—2z€€_e]

J#e

Then
1+n 1+n 1+n

1 +n)n
(I1+n)a= Z a=2 Z Z 5
J=1 J#
Hence n = «, that is, 4y blows up at S = {el, -+, €14a}. To solve e;, we
let I ={ei,...,e14a}, It = I\ {ec} and I, j = I\ {e4, e;}. We introduce
the following notation:

1
(k‘) = Z ej, ---¢j,, where ey, € T for k=1,..., 1+«
J1<.<jp
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and
I
p) = Z ej, - - - €j,, where ey € Iy for k=1,..., a.
J1<<jp
Since
1+o e
=2
“ Z €0 — €
J#l
we have
1+«
(3.5) all (eg—ej) =2e I (er—em).
Jjely J ;melej m

Then expanding (3.5), we have

o <e? + :é (—1)* <*Z> ok 4 (1) (Z))

1
(3.6) =2aef + Y (-1)"2(a— k) (zf) .
k=1
Multiplying e, on both sides of (3.6), we obtain
(3.7)
© I
aed ™ + Z (=DF (a — 2k) (lj) ?‘H_k +a(=1)"eres. .. 140 = 0.

In particular, (3.7) can be rewritten as

I
oze?ﬂ‘i'z k) (1—k) <k‘> 0 e (1) erey . e140 = 0.

Thus, for each ey, we have

1-k) (1 @
O‘+1+Z +<k‘>e?ﬂ_k+(—1)l+ erez...e1q = 0.

This 1mphes that ey, £ =1,...,1+ « are the solutions of

-1
—-k)(1—-k) (1
D DICe @ )a( ) <k>zl+a_k+(—1)1+a €1€z. .. €11a = 0.

Thus,

a—1
(z—e1)--(z—e1pa) = 2T + 2_: (—1)* (a—k)(A-k) <£> Sl+a—k

(01

(38) + (—1)1+a €1€2...€14q-
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On the other hand, by direct expansion, we have
(3.9)

(Z - 61) (Z - el+oz = 1+a+z ( ) 1+o¢—k+ (—1)1+a €1€2...€14+q-

Comparing (3.8) and (3.9), we have
1
(k:) =0fork=1,...,a—1,

(z—e1)...(2—e14a) = 21T+ (—1)1+O‘ €162 ...€141q-

and hence

Since e; = 1, we have
(_1)1+a €1€2...€614q — —1.
Thus, {e1,...,e1+q} are solutions of
Zl—i—oz —1=0,

and this implies that

2
= ) ), 0=0,...,a.
€rr1 = €Xp <Z1+a ) o

q.e.d.

To prove Theorem 8, we need to prove following decay estimate of
U

Lemma 3. For every small 6 > 0 there exists Rg > 1 and kg € N
such that ¥ |z| > 2Ry and k > kg; then we have

g (2) < —fus — (’;’“7;0 )ln|z| +0(1).

Proof. By the simple blowup property of iy, we have
Ay, (y) = —fur + O (1) for y € Bz (0)\ U;ZY By, (er) -

In particular,

i (0) = =i + O (1).
By Green’s formula, for any z € B E ( 0)\ Ut By, (e0), we have

iy (2) = /B o i [y°® ho (0ky) €W Gy, (y, 2) dy+éy (2)+2 (1 + ) In 8 +dy..
i

Thus,

0 (0) = /B o PRIV o (00) G 3,0) 401 (0142 (1 +-0) I

e
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Since

00 (2) =0 ) £ supfor(z) = ()] < Cu,
2,2 eaBi(O)

we have

ay (z) = / pr [y* ho (Oky) €™ W) (G (y, 2) = G (9,0)) dy + @ (0) + O (1)
B (0)

k

= i+ / pic |y ho (6ry) €W (G (y, 2) — G (y,0)) dy + O (1).
B (0)
Ok

Notice that

1 1 1y
=y -2+ = In|oklylz— =L
Gu(0:2) = —5-Tuly =<1+ 5t = 52
1 11 1 y
= Inly—z+ I+ - In|6|ylz — =
pr Tuly = <1+ 5t 4o -
and
1 1 1
=——1 —1In —.
SinceyGB(% (0), we have
k
1
%lndi\ylz——‘
and hence
G109 - Gu 0 = 5 P o).
Thus,

/B o, P 0 (i) 0 (G (5:2) = G (300 dy

81_
k
1 2« 7 ’y’
= — i [y** ho (8ry) e In ——dy + O (1).
s g P10 o) Ly o)
Ok
Hence, we have
. 1 o U
() =it ge [ () ol () €y 0 ().
2r Jp, o\ ly—=|

5k
For a small # > 0, we can choose Ry > 1 and kg large such that for
k > kyp we have

1

21 Jiyl<Rr,

0
ho (6.1) €W gy > ( L2k0 .
pic [yI** ho (84y) y > <27T P
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Taking |z| > 2Ry and k > kg, then we decompose

1 @ [
El <1n £l )pk 5% ho (k) €0 dy
27 /B | (0) ly — 2

Ok

1 o U
= — <1D vl )Pk y** ho (Sky) €™ W) dy
2w Jyi<re \ Yy — 2|

1 .
4+ — <ln vl ) Dk ]y\zo‘ ho (0xy) e“k(y)dy

27 JRo<yi<'s \ |y = 2]

1
L (m £l )p y[2* o (Sy) € dy
21 Jp .\ ly— 2]

2

|
2m Jp \ |y — 2|

) o [0 o (Sy) €@y,

where B, = B, (0)\(3B (0)U B, (z)). Since In ¥ < ¢ in
k 2

o5 ‘y Z|
2
{Re < |y| < L;‘} U B];, we haVe

1 a
— <ln il )p [y o (Sky) €Wy = O (1)
21 JRy<pyi<ly \ 1y = 2]
and
1 (6% u
[ (m ) el ho B ity = 0.1).
T JB, ly — 2|
Next, set Dy = B { —z| < |z|” (1+O‘)}

/ ( ! )Pk [y[** ho (ry) €™ @y
B‘ ly — 2|
= <1n vl >pk!y! ho (0ry) €™ W dy
‘y’ 2a U (y)
In ok |yI™ ho (Ory) "W dy
Bl (:0\Da \ Y — 2]
2

< / <ln;> e [y ho (Oy) €W dy
Dq ’?J - Z’

Fat2) / oi [y12° ho (Sxy) ™y n |2] + O (1)
B

(2)

_|_

IEd]
2
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Since 4y, (y) is a simple blowup in each By, (e/), we have 4y (y) < 0 in
B% (0)\ U;2% By (e¢). Thus, iy, (y) < 0 in D, and we have
k

1 fe% [N
/f (h1——————> o [y o (5uy) €™ @)y
o ly — 2|

<C |z|20‘/ (ln ;> dy=0(1).
{ly—z1<lz~0+} \ [y — 2]

By the choice of 6 and |z| > 2Ry, we have

(0 +2) / o1 1912 o (Sy) €Wy In 2] < O]z .
B\, (2)

Hence, for |z| > 2Ry, we have

. N 1 o @
U (2) < —fu + — (ln ] ) ok [y1** ho (Gry) €™ @ dy
[y|<Rg

o v~
+60ln|z|+ O (1)
1. 2R . i
< —f+ —1 o Pk |y|2 ho (8ky) e“"(y)dy +0Inlz|+ 0O (1)

n——

< i — (%—29)ln|z|+0(1).

This completes the proof. q.e.d.

From Lemma 3 and py o — 87 (1 + ), we have

(3.10) / Iyl [y o (dxy) € Wdy < C
B (0)
ok
and
(3.11) / 1yl [512* ho (5uy) €*Wdy < C.
B%(O)
k

With the help of (3.10), we can refine the decay estimate.

Lemma 4. Vy € B% (0) \Bln(% (0), and so we have
k k

A PEO

(3.12) ar (y) = —fox — 5 " fy| + O (1).

Proof. Let 79 > 0 be a fixed small positive number. Define

Pro (2) = / pic [y** ho (Spy) €W dy.
ly| <7olz|



398 T.-J. KUO & C.-S. LIN

Then by Lemma 3, for In i <z < i, we have

(3.13)
1Pk,0 (2) = prol = / pi: [y1* ho (3y) €™ W dy
Folzl<lyl< -
<C e o= ("5 -20) Inly+0() 4
N 7o In i<|y\<i
1\ ~2
and
(3.14)

—1
/ <1ﬂ il ) pi [y** ho (Ory) €W dy = O (111 i) -
Rolel<lyl< A\ 1Y = 2] Ok

Hence, by (3.10), (3.13), and (3.14), we have

N _ o~ 1 ’y‘ 2a Uk (y)
uma-;%+2ﬂfh“»0n@_zopmm o (k) €Wy + 0 (1)
[
N 1 1 20 i ()
= —fix + — In——— ) p [yI™ ho (Oy) e"*¥dy + O (1)
21 Jyyi<rolsl \ |y — 2]

X 1 1 |2
:ﬂ%—%%M@mM+%/;Md@wk%>%
1> ho (k) €W dy + O (1)
. PEk.,0

= =20 0 (1),
2T

q.e.d.

To use the Pohozaev identity, we need to estimate the gradient of
in B, (0)\B,, 1 (0).
k k

Lemma 5. Vy € B% (0) \Bln(% (0), and so we have
k k

. Pko Y 1
(3.15) Vig (y) = ————5+0 <—> .
2m |yf? ly[®
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Proof. By Green’s formula, we have

. z 1 z z— o @
Vi (2) + %—2 = o =5 = = P ho (dky) €™ Wy
T |z i<t L7 2=yl

/ { - Lyg}ﬁﬂh ho (Sky) €™ Wdy
{wi<Yofw-=253 Lzl 2=yl

z z—y

Ton {ly—=1< 121} { 12 |z -yl

First, by mean the value theorem, for any |z| > 1, we have

§4|i|2, vy € {Iy—zl lel}_
2] 2

} ly** ho (dry) €™ Wdy

z z—y

|22 |z -

On the other hand,

z z — 2 z
o2 Yol < ) Vye{ly—z|§||}.
|27 [z — 1z =yl 2
Hence,
(3.16)
. z o I
Vi () + 50 < [yl 1ol o (Siy) ™V dy
GE }m{|y 2> 151}
1 )
+1 / 5P ho (s1y) €™ Wy,
Q0 {|y z|< ‘T} | |

By (3.11), we have

<

(3.17) | [y** ho (Ory) e Wdy < P

m s
2" Hwi< it po{ly—=12 15}

To estimate the second integral, by Lemma 3, we may fix Ry >> 1 and
kg € N sufficiently large such that

(318)  [y[** ho (6xy) €™ W) < |y|72 | for |y| > Ry and k > kg,

Since y € {]y -z < I%‘}, this implies that % < |yl < % Thus,

(3.19) / Ly o (0ky) €0y
{\y—z|<%} ‘Z - y’

1 _z
I T
{\y—z|§i} ‘Z_y’
o

yzyz [{y 2<3} |Z—y| 12\2
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Combining (3.16), (3.17), and (3.19), we obtain

()

R PLo <2
Vig (2) + 7 —5
\ B+ 52

q.e.d.

From (3.12) and (3.15), for ¢ In i < |z| <1, we have

(3.20) g (z) = —\g +(p2’“7r° 4(1+a))1n5k—’02L7f1n\xy+0(1)

and

— x 1)
(3.21) Vg () = 2RO f? +0 (’g) .

RUNNEs ]

(3.20) and (3.21) will be used in the boundary terms of the following
Pohozaev identity.

o —87(1+a) =0 <<ln51k>_1> .

Proof. Apply Pohozaev identity in the region Bj = Bs, 1 l (0), to
k

Lemma 6.

obtain

(3.22)

/B <2Pk |2[** ho (2) + ppz - V (\x\zo‘ ho (m))) ek (@) g
k

. a'LLk; 2 1 2

Then, inserting (3.20) and (3.21) into both sides of (3.22), we have

do + / o |2|** ho (z) €™ do.
OBy,

(3.23)

. (2p;C |2>* ho () + pra - V (|x| ho (z ))) e (@) gy

2(1+) pe ol ho ) o+ [ (o Tho (@) 2 o

By

2<1+a>pko+o<>/

|22 e dx+/ pr (@ - Vho (2)) |2]** e @) dg.
B1\By By,
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For the last integral, by the scaling x = .y, we have

/ pi (@ Viho (2)) o> ) da
By,

- / PO ([2]) |2 €2+ @

By,
- / pkakouy\)\yr?a () gy
|y\<1n 1

14+«

—Z/ peokO ([yl) [y[** e dy

BTO eg)

+ / PO () [y2* €Wy
Bry (0)\U,; 7 Brg (e

4 / P80 () [y Wy,
Ro<y|<In 5

efk

(relrly—ed®) | — O (1) for |y — e < 7o, we have

Since ‘ﬂk (y) —In
(3.24)

/ p8:0 (ly) [y 2% €Wy = 5,0 (1) / Wy = 0 (5).
Bro €y Bro(ef)

Again, since iy, (y) = —ju, + O (1) in Bg, (0)\ U;2% B, (e¢), we have

(3.25) prdk0 () ly** €Wy = 5.0 (7).

/BRG (0\U X7 Bry (e0)

Next, by Lemma 3, we have

(3.26) / P30 (1)) [y 2 Wy
R9<\y|<lni

—fie— (252 29 In|y|+O(1
< et [ O (y]) yfe &= (52=20) mlstomg
Rp<|y|<In

— 5,0 <e—ﬂk) .
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Then by (3.24), (3.25), (3.26), and (3.20), we have

/ (206121 ho () + pr - ¥ (Ja** o (2) ) ) e+

By,

—2(1+a)pro + O (1) / 2 @z + 0 (6)
Bl\Bk

=92 (1 + a) Pro + O (1) / ‘x’2a uk-l-( 2(1+a)) In &,
B1\Byg

”’“01 2| + O (1) dz + O (5)

1\ ~B24214a)
=2(1+a)pro+ <ln 5—> e M+ 0 (6) as k — oo.
k

For the boundary term, by (3.20) and (3.21), we have
8’U,k 2 1 2

3.27 / r <> — — |Vug

s [ (Gr) -y

pko 1\ 7!
In — .
A +O<<n5k> )ask‘—)oo

From (3.23) and (3.27), we have

do + / o |22 ho () e* do
OB,

q.e.d.

Proof of Theorem 8:
First, we claim that

~

1
g (y) = —fu =41+ @) Infy| + O (1) for R <[y| < =,

where R is chosen such that (3.18) holds true. By (3.12) and Lemma 6,
we have

1
(328) i (y) =~ — 41+ a) Iyl +O(1) for Jy| =1~
k

Thus, we need to prove (3.28) for R < |y| < In % 5. By considering

_1
F (y) = i () + e+ 4 (1 @) Infy| F (4e1 — e Jy] )
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on Bln% (0)\Br (0), we have
k

. 1 _5
Afy(y) = Ay (y) + e ly —ee| 2

. 1 _5
= — i [y** ho (Sry) @) 4 1 ly — eq| 2

7 1 Ita 5
> — |yl 2+101;|y—€é| 2.

Thus, by choosing a suitable constant ¢;, we have

Afi(y) >0

and

f+(y) <0ond <Bln51k (0)\Br (0)> .
Hence, by the maximum principle, we have

g (y) < —jie —4(1+ @) Infy[+ O (1),
and, similarly, we also have

g (y) 2 —px —4(1+a)Infy[+O(1).
Thus, we obtain

(3:29) i (y) = ~x — 4 (1+ ) nfy| + 0 (1) in By, 5 (0)\Br (0).

By (3.29) and (3.28), for |y| > R, we have

(3.30)  (y) = —fu, —4(1+ ) Infy| + O (1)
14+a
= —,&k—z4ln\y—eg]+0(1).
=1

Again, by considering

1+a 1+« L
Fi () =t (y) + i+ Y 4|y —ef F <4é1 —a Y ly— €z|_2>
=1 =1
on Bg (0)\ U;=% By, (e), we have
R 1 1+« 5
Afi(y) = Adg (y) £ Zél ; ly —ef| "2
1 1+« .
= —pi |y[** ho (Opy) e™W) + 151 ; ly — e "2

1+«

_ 1. _5
= —pi [y]** ho (Opy) e e +HORM) 4 e ; ly — e "2,

403
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where we have used the property that u; = —fi; + O (1) inside Bg (0) \
Uéilem (eg). Thus, by choosing a suitable constant ¢;, we have

Afi(y)>0
and
f (y) <0000 (B (0)\ UZY By, (er)) -
Hence, by the maximum principle, we have

1+«

iy, (y) < —fx — > Aln|y — e + O (1) for y € Br (0)\ UZy By, (er)
=1

and, similarly, we also have

1+a

a (y) > —pp — Z Alnly —es| + O (1) for y € Br(0)\ Ut By (er) .
l=1

This implies that

(3.31)
1+a

i (y) = —fir — »_Aln]y — g + O (1) for y € Br(0)\ UL By, (er) -
(=1

Combining (3.30) and (3.31), we obtain
1+a

ik (y) =~ — Y _Alnly — e +O (1) for y € B1 (0)\ UpZY By, (e).
=1 .

This completes the proof. q.e.d.

4. Sharp Estimates: Non-simple blowup

In this section, we are going to prove Theorem 5. Recall that uy is a
sequence of bubbling solutions of

(4.1) Aug + pr (" (z)e™ —1) =0in M

that blows up at {p1,...,pm}. Let Ay = max; \;;, @ = max; a(p;).
Then by Theorem 3(i), we have

(4.2) Mej =M +01) Vi=1,...,m.

Define

Ak.j

AL — 7\
ep=e€ 20+ and g =e 2(1+a(ps)) |
Then
€k = MaX ey, ;.
J

Set wy (z) to be the error term outside the blowup points defined by

(4.3)  wi(z) =up () — g — ZkaG (z,pj) on M\ UJ, B%o (pj),
j=1
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where w4y, is the average of ug, that is,

N 1
(4.4) ap = ] /M ug (x) dz

and py, ; is the local mass defined in (1.13).
First, we have following error estimate of wy.

Lemma 7. |wg (2)| + |[Vwg ()] = O (g) on M\ UL, B (pj)-
Proof. By Green’s formula and (4.2), we have
(4.5) ug () — uy,
= / Pk (h* (z) et (?) — 1) G(x,2)dz

Z (z,p; —I-Z/ prh* (2 “k(z)(G(:E,z)

41(1’72
— G(z,p;))dz+ O (e_ > )
where G (z,y) is defined in (1.8). Thus, we need to estimate
/ peh* (2) e (G (x,2) — G (z,p;)) dz.
Bro (pi)

First, for those p; with « (p;) = 0, this estimate has been done in [9].
So we have
(4.6)

/ peh* (2) e* ) (G (x,2) — G (x,p;)) dz = O <)\k7ie_Akvi) =o(ek) -
ro (pi)

For p; = ¢; with « (p;) = «;, we have two cases we need to disscuss: (i)
For Case 1 (simple blowup), by Theorem 7, we have

(4.7)

/ prh* (2) ) (G (2, 2) — G (2, q5)) d=
Brg (ps)

ki
=/’ w—m“%%ﬂmNV—%mu=0<e%Ww>=0@w,
Brg (ps)

)

where

)1+ai - ( )1+ai

hi (g
Ui (2) = Mpi—21In <1 + L(q)e’\k 1z —aq Pk, — i
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(ii) For Case 2 (non-simple blowup), by scaling z = 0y ;y + ¢;, we have
[ b (e (G ) - G oa)ds
B

= /B ) ok [y1°% hi (y) €W (G (, k49 + ¢;) — G (x,4:)) dy.

Since x € M\ UTL, B%o (pj), we have

G (2, 01,y + qi) — G (v,q:) = O (6, |y]) -

Thus,

/B 0 )Pk ly[2* e W) (G (x, Oray + i) — G (v, q:)) dy

_Tro
26y, 4

= / o )pk |y|2ai (WO (5k,z ly]) dy

BrQ

+
= Z/ pi [y WO (51 |yl) dy
Brl(eZ)

pic [y WO (85 |y]) dy

+
\

1 .
B_rg (0\U, By (er)
P

Since 1y, (y) is a simple blowup inside each By, (e/), we have
i (9) = U ()| S C for y € By (e), 1 £ < 1+,

where

~ R h* (q; + Ok -

Thus, we have

(48) / oi 1912 W0 (81,4 1y1) dy
Brl(el)

P —Aki
:/ pk\y[2a’eU’“»f(y)O(ék’i\y])dy:O<5k7ie 2 )
Brl(ef)
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By Theorem 8, we have

(4.9)
/ e pi |y1** € WO (61 [y]) dy
B 2;0 (0)\U[:1 ¢ B7“1 (52)
k,i

ity _
el e a0 (5 ) dy
Brfg(O)\UlzllBrl(ee)

20p 4

Hence, by (4.8) and (4.9), we have
/ pr |y>* e W (G (x, 04,y +pi) — G (2,p;)) dy = O (5k,i€%’%) :
B rg (0
26k,i
Since
[ = )\k,i + 2 (1 + Oéi) In 5k,i7

we have

N (677
i ki
Oi€ 2 =€k,¢<5 > =o(¢ek)-
ki

Therefore, we obatin
@) [ g ()€ (G (02) - G wp) dz = o ).
B 0 (pi)

Hence, from (4.5), (4.6), (4.7), and (4.10), we conclude that
jwk ()] = O (ex) ,
and similar for |Vwy, (x)]. q.e.d.

Next, we want to compute the difference of py; — 87 (1 + ;) under
the assumption
lim Lk mll =
k—+oo  Ekgq

+o00

Since this is a local estimate, we may assume p = ¢ = 0 for simplicity
and adapt the flat metric near the blowup point 0. We also use py, g,
Ok,. .. etc. to denote py; and 0y, ... etc. To compute the difference of
pi,0 — 87 (1 4+ «), we will apply the method in [9]. Now, we localize the
problem as follows:

Define

(4.11) Gi (z) = prov (2,00 + Y pijG (z,p))
pj7#0
where G (z,y) is defined by (1.8). Let

i (2) = w (2) — (G} () — G(0)) in By (0).
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In order to eliminate the boundary oscillation, we introduce a harmonic
function ¢y, satisfying

{ A¢k =0in Bl (0)
bklop, (o) = Uk — My’

where

1
mp = —/ ﬁk.
21 Japy(0)

By mean value property, we have ¢y, (0) = 0. Let
Zk:ﬂk—(ﬁk in By (0).
Then
A+ pi | o (2) €™ = (p = X7y piy) = O () in By (0)
Uk = 5 Jop (o) @ o0 0B1 (0),
where
(4.12) ho (z) = ho (z) e?*@HEEE=GL0) and hy (0) = ko (0).

Notice that

1

o () = wg () — — wi (x) do for |z| =1,

2 oB1
where wy, () is given by (4.3). By Lemma 7 and the maximum principle,
we have that

0% ()] = [V (2)]| = O (er) for |z| < 1.
Let
iy (y) = uk (Oky) +2(1+ @) Indg in B (0).
k

Then uy, (y) satisfies

Ay (y) + pi [y** ho (Ory) €™®) = O (™) i B1 (0)
k
U (y) = mp +2(1 4 o) Indy on 8B% (0)
k

As we have discuessed in Section 2, g (y) blows up simply at

€1,€2,...,€e14a} With e)r; = exp (i27£), 0 < ¢ < a. Let 79 > 0.
+ 1+«

Define

i = max Uy, (y) = U (ex;)

ro\€i

and

)

Pho= / i [y** ho (6py) e*Wdy — 87,1 <i <1+ a.
Br()(ek:i)
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Now, we define the error term @y (y) outside the bubbling region by

1+«
(4.13) QO (y) = g (y) — (g +2(1 + @) Indy,) — ZpkOGk (eri,y

for y € B% (0)\ UE® By, (exi), where Gy, (z,y) is defined by (3.3).
k
Let

R . ha (8r.e1:
(414)  Opi () = fir — 2 (1+ cpe™ [y — el ), ox = ”’“(](S’fe’“),
and
. 1+« )
Hyi (y) = prove (Y, exi) + Z ProGE (Y ex)
J#i

where 7 (z,y) is the regular part of Gy (x,y). We also define the error
term 7, (y) inside the bubbling region by

ki (y) = e (y) — Uki () — (ﬁm (y) — Hyi (61%')) in By, (eg;) -
Then 7y; satisfies
(4.15) Ay (y) + prho (Skers) €7@ Dy (y, i () = 0 in By, (exs)
where A A
f)k (y, 7 (1)) = ki (V) +Qki(Y)—Qriler:) _ 1,
(4.16) Qui (y) = 2an|y| + In ho (6xy) + Hyi (y) -
By (4.16), (4.12), and (4.11), we have

(4.17) AQki (61“) =Aln ilo ((5keki) = 5]% Aln hg (5keki) + Z Pk.j
j=1
= 8¢ [AInho (0) + pi] + 0 (67) -
Moreover, since 1y is simply bubbling at each ey, we have
i — fuj] = O (1)
Let
Ak = | max fu.
Then we have the following estimate. See the proof in [9].

Lemma 8 ([9)).

(4.18) (v@,ﬂ- (eni)

:O<e_ﬂk>,f0r1§i§1+a,

(4.19) Gn, (y)| = O (e—ﬂk) Wy € By (0)\ UL By, (exs).
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(4.20)

. prho (Speri) = N
—mp+2(1+ a)Indy = fix+21n f—z 41n|ey; — eg;|+O0 (uke ) ,

JF#i
i 167 A P —fu
(4.21) Pro — 8T = mAQki (exs) e " + O <€ ) ;
kN0 (Ok€k;
. 8 A — i i 2

(4.22) 1 (y) = ——————AQy; (exi) e [ln (e 2 |y — exi| + 2)]

pkho((skeki)

+0 (ln (e%k ly — eri| + 2>) e ™ in By (ep) -

Next, we want to compare the order of §; and e~#*. In fact, we could
have the following estimate.

Lemma 9.
52 = Cjge™™ + O (e—ﬂk)
for some constant C' > 0.

Proof. Without loss of generality, we may assume e; = 1. Let u} (y) =
Uy, (y +1). Then

Auj (y) + px |y + 17 ho (0 (y + 1)) €@ = 0 in By, (0).

Let & be a constant unit vector and apply the Pohozaev identity; we
then obtain

(4.23) | v e v - 5 09 Vuifdo
9By (0) 2

[ el 1 o (6 (g + 1) o
9By, (0)

— [ oty 1) [¢- V Iy 1] ety
By (0)

t [ ey 1P [e Vo (G (v 1) et
ro (0

By (

For simplicity, we use {l.o.t.} to denote those terms whose order is
(@) (5kﬂke_“k) after integrating over By, (0). By Taylor expansion, we
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have
ho (6 (y +1)) ¢ V Iy + 1]
= ho (O (y+ D) Iy + 1 [¢- Vny + 11
= 2a&1ho (86 (y + 1)) [y + 11** 4+ aho (6, (y + 1)) |y + 1]**
[g v (1n ly+ 12 — 2y1>}
= 2a&1ho (8 (y + 1)) [y + 11** 4+ aho (6 (y + 1)) |y + 1]**

y1+1
[2£1<!y+1\2 >+£2\ 11]

= 2aé1ho (O (y + 1)) [y + 1 — 2a&1ho (8 (y + 1)) |y + 127V |y[?
+ {lLo.t.}.

Therefore, we have

[ oo Gty D) [¢- VI -+ 1] ety
By (0)

~ 206, / Py + 112 ho (8, (y + 1)) e¥idy
o (0

By (

“2a6 [ o Gy + )y + 120D of? iy + O (e )
B

o (0

= 20001 — 206 / prho (5 (y + ) [y + 12 [y eidy

By (0
+0 (5kﬂke—ﬂk) .
Similarly, since
[y + 112 ¢ Vho (6 (y + 1))]
ho (8 (y + 1) ly + 1P [¢ - Vinho (8 (y + 1))
ho (3 (y + 1) |y + 1% €101 In o (9 (y + 1)) + &0 I o (34 (y + 1))
710( (y+1))!y+1!2‘”§1
[ 0) 8% + A1 In hig (0) 82 (y1 + 1) + D12hg (0) 5,3;;2}
+ ho

(O (y+ D) |y +1**¢
0o In h() 5k + 0o In ho (O) 5]%?;2 + J121n ilo (0) (5,% (y1 + 1)} + {I.O.t.}

rﬁ

= o (O (y + D) |y + 11 [¢- Vo (0)] &

+ ho (6 (y + 1)) |y + 1@ [glau In hig (0) + €20412 In hg (o)] 82+ {lot.},
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we have

orly + 11 [5 - Vho (3% (y + 1))} et dy

S

7 (0)

B / prho (O (y + 1)) |y + 1> erdy [51311 Inhg (0) + €212 In g (0)} 5
o (0)

_|_

/ prho (8 (y + 1)) ly + 1P ey [ - T o (0)] & + O (dpiine ™)
By (0)

/ prho (8 (y + 1)) [y + 1]* evidy [glall In o (0) + 2012 In hg (o)] 52
By (0)

+ phof - Vinhg (0) 6 + O (Srjue ).

Then we obtain
(4.24)

/ piho (0k (y+ 1)) {5 -Viy+ 1|2"} ek dy
By (0)
+ / |y + 1% [5 : Vyilo 0k (y + 1))} et dy
By, (0)
= _20451/ ( piho (0 (y+ 1)) |y + 1|2(a_1) |y|2 e dy
By (0

+/ prho (8 (y + 1) [y + 1 e dy [€1011 n ho (0) + E2012 In o (0)]
By (0)

+20p} o&1 + pho& - VInhg (0) 65 + O (Spfune %) .

Finally, we consider the boundary term in (4.23). By Theorem 8, we
have

(4.25) / (v €) pily + 1 o (3 (y + 1)) ek do = O (7).
8By, (0)

On the other hand, by (4.16), (4.18), and (4.19), we have
1

@e) [ Ve € Vi) - 5 0 Vuifdo
0By, (0) 2

= kb - VHy (e1) + O (|op])
= 2ap} 061 + phof - Vo (0) 8 + O (7).
Combining (4.24), (4.25), and (4.26), we have

B 2“/ prho (0) [y + 1127V y[? ek dye,
e (O

of

* / pic [y + 112 etk dy [811% (0) &1 + D1aho (0) 52] 5
By (0

ro (0)

=0 <e_[““> + O <5kﬂk€_ﬂk) .
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This implies that
5,% = C’,&ke_[““ + 0 (e‘ﬂk) + 0 <5k,ake_ﬂk> ,
and hence
52 = Cje™™ + O (e—ﬂk) .
q.e.d.

To compute the difference pp — 87 (1 + «) accurately, we need to
improve the estimate (2.14). Let Qj = B% (0) and Q; C Q such that
k

14+«
Q. = .E_FJIQM, Qi N Qj = 0 and By (exi) C Q. Then we have the

following estimate.

Corollary 3. Fory € Q;\By, (exi), we have

ho (Orer;) Lo
U (y) = —fuk — 2111%0% +4 Inler; — ex
i
14+« )
(4.27) —4 Z Inly —egi| + O <ﬂke_ﬂk) )
i=1
Proof. By (4.13) and (4.19), we have
14+a ' )
g (y) =mg +2(1+ a)lndg + Z PZ,on (exi,y) + O (e—uk) )
i=1

From (3.3), we have

1 1 1 1 Y
G (erisy) = ———Inly —epg| + ~—In — + —In |67 ;—

5
1

5 +0(87)-

L I+
= —_—— —_ . — N
27rny Chi 2

By (4.20), (4.21), and Lemma 9, we have
2 14+a
ho (Oreki
r (y) = —fo — 21“% +43 e — exy
i#]
14a R
— 4Zln ly — exi| + O (ﬂke_“k) .

i=1

Now, we are at the stage to prove Theorem 5.
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Proof of Theorem 5: Let Q) = B(Sl (0)\ UE® By, (ex;) and recall

Al
o =¢ 2. Then
(4.28)

pkoz/ e [y1** ho (Ory) €@ dy
Qe

1+«
= Z/ Ok |y|2a ho (5ky> eﬁk(y)dy + /l Ok |y|2a ho (5ky) eﬁk(y)dy7
(eri) Q)

and
14+« R A
(4.29) Z / pi Y% o (Sry) €™ W) dy
BT'O ekl
14+«
= Z/ pkho 6kekl) eUkl(y)dy
B'ro ekz
14+«
+Z/ prho (Okeni) €W Dy (y, s (v)) dy
BT'O ekl
14+« R R
(1+a) / prho (Oper:) eV dy
Z R2 \BTO €ki)
1+« R
+ Z/ ( prho (Orer:) eUki¥) P, (Y, ki (y)) dy-
TO ekz
First, by (4.14), we have
(4.30) — / pkil() (5kekz) eUki(y) dy
R \Bro(ekz)
64
s I L R EIC
prho (exi) JR2\Brg (ers) 1Y — kil
. ho(8reri X .
Let ¢ (y) = —1+ WW’ ck = w. Then ¢; (y) satisfies
(4.31) A¢ri (y) + prho (Grers) V%W oy (y) = 0.

By (4.15), we have

prho (Skers) e/% W) Dy (y, iwi (y) dy
Br'o (ekz)

_ / i () A () — ks (1) A () dy
By (ei)

.. 0. .0
- / (1+ &ri) 8_77kid0 + / ﬂkia—tpkida
BBTO (ekl) v aBTO (ekz) v
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From (4.22), for the boundary term we have

L0
—/ (14 i) 8777’“{10 +/
6BT'O(eki) v

0
nkiawkida = O (|lnoy|o}) -
OBrq (ki)

Note that

Dic (9 7i (1)) = s (9) = D (9,0) + s () D (4:0) + O (Iins W)I?)

By (4.31) and (4.22), we get

/ Bui () A () — s () A (1) dy
Br() (ekz)

—/B ( )Pkilo (Okers) €%y () <ﬁk (Y, i () — Tki (?J)) dy
ro\Cki

—/ ( )pkﬁo (Oreni) eV @i (y) D (y,0) dy + O (o) -
BT'O €k

From the definition of ¢y; (y), we have
(4.32)

/ —prho (Orers) eV i (y) Dy (y,0) dy
By (eki)

A 5 ho (8kexs) P Dy (y,0
= / prho (Ores) V% Dy, (y,0) dy — 2/ prho ( kekA) € b (Z’ )
By (eri) Bro(ers) 1+ crels |y — el

dy.
By Taylor expansion, we obtain

(4.33)

Dk (y7 0)

_ eri(y)_Qki(eki) -1

= VQui (eri) (y — ers) + %V2Qki (eri) (v — exi)® + éV3Qki (eri) (v — exi)®
2

+ % [VQm (eri) (y — ers) + %V2Qki (eri) (y — eki)2:|

+ é [VQJM (exi) (y — ekz’)r + 0 <|y - 6ki|4) -

By (4.18), (4.33), and the symmetry, we have

ho (Speri) eV D
/ piho Okeri) 4 Di (8.9) 4 _ ) (1n gy o)
Brq (eki) L+ cpefr |y — ey
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For any 6 > 0, we have

/ prho (Oreri) €V Dy, (y,0) dy

B'ro (ekz)

= / prho (Skers) €4 Dy, (y,0) dy
Bo(eki)

+ / prho (Skers) €4 Dy, (y,0) dy
Bro(eki)\BQ(eki)

327 A 327 N

= AQi(er) op |Inoy| + ———AQp (ex;) (Inh) o3

prho (Oxer:) prho (Oxer:)

+ / pho (Skeri) €7¥ Dy, (y,0) dy + 0g (1) o + O ([Inog| o)
Bro(eki)\BQ(eki)

where 0g (1) — 0 as § — 0. Moreover, from (4.33) and the symmetry,
we get

/ prho (Oreri) €Y% Dy, (y,0) dy
Brg (eri)\ B (er:)

64 Qui(y)—Quiler) _ 1
:A/ € 1 dyop + O ([Inoy| op) .
prho (Okeri) JBroeri\Bolers) Y — ekl

From (4.16), we have

64 eQui(Y)—Qrileri) _ 1 9
Prho (ki) J Brg(eri)\Bo(ers) ly — ekl
641_[2-1;_;1 ler; — ekj\4 ‘y’%l el ho(dky) —In ho(Srexi) )
= > / 1+Oc 4 dyak
piho (dxeri) By (exi)\Bo(ek:) I, =y ly — enl

64 / , y
- ———dyoj + O (!ln ok ak) ,
prho (Skeri) JBry (era\Bolers) [y — exil*
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and thus
(4.34) / piho (Skers) €7 Dy (y,0) dy
B’r‘o(ekl)
327 A
= AQ (ers) O']% IIn 0|
piho (Oker:) B
64 1
- 74dy0,%
Prho (eki) J Brg(eri)\Bo(ewi) [Y — ekl
64 /
kilo (Oneki) Brg (exi)\Ba(exi)
1 eni — eng|* [y[>* elmhoCrw)=inhoGrers)
T+a 1 dyoy,
57 [y — el
327 2 4 4
T AQu (ers) (In6) i + O (|lnog|oy) +0g (1) 0%
piho (Oker:)
By (4.27), we have
(4.35)
/, pi [y* o (Sry) €™ @ dy
k
lta AT LS [eps — epj]* |y|2* elnho(8ky)—Inho(Skew:)
= / 7~ il | o dya,% + O (Ué) )
i\ Brg (ex1) prh (Skers) 77 |y — erel”
Combining (4.28), (4.29), (4.30), (4.34), and (4.35), we obtain
Pro —8m(1+ a)
1+a pkho(ékem fR *\Bo (eki) Iy ki ‘4dy
H1+ len: _ekjl |y|2a Inho(8py)— 1nh0(6kem)d 9
o — tho 5kek ) ka \Bo(exi) H1+a|y erel* y Tk

327
+WAQ;W (exi) (In6)
327
i=1 pkiLO (Oreri)

1+«

AQM (ex:) Ji [lnog| + O (|1n ok O',%) + o0 (1) aé.

Notice that
(4.36)

eln ho (0ky)—In ho (Oreri)

N 1 N
=1+ VInhg (pei) 0 (y — exs) + §v2 In ho (Operi) 02 (y — exi)?

1 A 2
+ 5 V In ho ((5kekl) 5k (y — 6]42)} + O (52 ]y — eki\g) .
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Then by using (4.36) and (4.17) and letting  — 0, we have

64 —1
pkil()(6k€k ) fR2\Be(8ki) |U—€ki\4dy

14+ N N
lim n f Hz;ﬂeki*ek]l |y|2a Inhq(8y)—Inho(Sper;) ) 02
0-}0. 1 pkho 5kekw QIM\B@(BIM) Hl+ |y ekél k
1= 327
+—=2 A e In6
prho(dker:) le ( kl) ( )
64
=lim ————
60 prho (Skens)
14+« Hl-i—oz

0 Jers — ex | [yl )
E : 7dy + I+a | oj;
R2\ By (eri) Y — ekz| R2\U} By (ens) I, |y exel

+ O (5k0k)

w(£—1)
Recall that e, = € e , and by direct computation we have
1+a H1+a e; — e; 4, 12c
i3 oo ECR N
60 B2\ By(er) |y — eil* 61\ RAUL? B(es) T2 [y — e
Therefore, we obtain
32(1+« A
pro—8m (14 a) = gAQM (exi) of |In oy |+O (|Inoy| of + 6207) -
prho (0)
Then by Lemma 9 and (4.17), we get
32 (1
pro—87 (1 + ) = % (Alnhg (0) + pos) Spop [ ok |+O (670%) -
kIO
This completes the proof. q.e.d.

Appendix A. Simple blowup

Here, we are going to prove Theorem 7. Let us recall that ug (z)
satisfies

Auy, (z) + prho () |z]** €@ = 0 in By (0)
‘uk(x)—uk (:L') <cfor |z|=|z'| =1
fBl(O) prho () |2]** e @ dr — pe o = 87 (1 + @)
0 is the only blowup point for uy () in B; (0)
Let vy (2) = ug (ex2) — Ag. Then
Avy, (2) + prho (e12) |2]** €+ = 0in B4 (0)
(A.2) "Uk (2) — vk (z )‘ < cfor |z| = '
v (2) <0

(A1)

)
kol

Define
pk,OZ/ prho (@) [2]** e+ dz.
B1(0)
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Proof of Theorem 7: Set Vj, (2) = —21n ( - pc"zlo%(o |zt — ak|2).
Then V (z) satisfies
AVy (2 ) + poo,0ho (0) |27 €¥(2) = 0 in R?
(A.3) Vi (o) =0
Jz2 Pso,0ho (0) |2)2* V() dz = 87 (1 4 a)
Notice that
Juk () = Uk (2)] < € in By (0) if and only if Jvy (2) = Vi ()| < C'in B (0).

Now we divide the proof into several steps as follows:
Step 1: v (2) — V (2) in CF. (R?), where V (2) = limy, V; (2) =

—91n <1_|_Poooho |z1+o¢_a‘2 ‘

8(1+a)
Since vg (z) < 0 and vy a,i*“ = wug (pr) — A\ = 0, by applying
results of Brezis and Merle [2] or Bartolucci and Tarantello [4], we
conclude that vy (z) is convergent in C7_ (R?) to ves (2) and ve (2)

satisfies

Ao (2) + poo.oho (0) [2** =) = 0 in R?
Jr2 Poooh (0) [2]"% e dz =8r(1+«)
By the classification of entire solution of (A.4), we have

I

Poo,0h0 (Ot | 1440 2)2
(1+78(1+ |21+a _p|

Voo (2) = In

for some p > 0 and b € C. Next, we have to determine p and b. Notice
1
that a,"* is the maximum point of v; and ar — a with |a| < oo.
1
Since v — Vo In 01200 ( ) alTa is the maximum point of v, and thus
1
b = a. Furthermore, since vy, a”“ = 0, we have vy (alTa) = 0. This

implies that g = 1. That is, v (2) = V (2). This completes the proof
of Step 1.
By Step 1, we have

(A.5) v (0)=0(1).
Then by Green’s formula and (A.5), we have
(A.6)
1 lyl 2 (
_ ] ap v (y) g 1).
)= g [ () el by + 0 )

Step 2: |v, (2) +4 (1 + o) In|z|| < C for lné <zl < €i
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Note that when |z| is sufficient large, V} (z) is controlled by —4 (1 4+ «) In |z|.
Thus,
|vg (2) = Vi (2)] < Cif and only if |vg (2) +4(1+a)ln|z|| < C
as |z| is large enough. Notice that
(A.7)

o (2) + 41+ @) Iz = [og () + 5°

PEk,0

n|z| + <4(1 +a) — §> ln|z|‘
Pk 0 Pk,0

< _ &0 .

_‘vk(z)—l— o In | z|‘ ‘(4(1—1—04) 27T>ln|z|‘
Thus, we have to estlmate log (2) + 522 In 2| and | (4 (1 + @) — 522) In |2||
for In Elk <|z| <

From (A.6) and the same argument as Lemma 3, we have the follow-

ing.

Estimate 1: For any 6 > 0, there exist Ry > 1 and ky € N such that
for |z| > 2Ry and k > kg, we have

PEk.0
< (B2

(A.8) o (2) < ( - 29) In|z| + O (1).
From (A.8) and py o = 87 (1 + «) + o(1), it follows that
(A.9) / Iy | 1y o (exy) Wy < €1

\yl_sk
and
(A.10) / R i) iy < €

Yy <Ll

<z
By a similar argument as in Lemma 4 and Lemma5, we have the
following.

Estimate 2: For lné <z < é, we have

(A.11) o (2) = _%mm +0(1)
77
Estimate 3: For In 2 < |2| < 1, we have
k €k
PrO 2 C
A12 Vo (2) + —/——=| < —.
(A12) )+ 5 <

By (A.11) and (A.12), we have, for ¢ lmL <|z| <1,

(A13)  wy(z) = — pkol E \+(p’“° 2(1+a)>ln€k+0(1)
2w
and

(A.14) Vg (z) = -0 %1 0 (E—’f> .

2m |z|* |
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~1
Estimate 4: |p, o — 87 (1+ )| = O <<ln é) > .

Applying the Pohozaev identity in the region By = {]az\ <éekln é},
we obtain

(A.15) / <2Pk |2** ho () + prz - V <|x|2a ho (:E))) k() gy
By,

2
- /(’)Bkr [(c‘%““) - % [Vur|* + p [2[** ho () ewc(x)] do,

where r = |x|. Substituting (A.13) and (A.14) into both sides of (A.15),
we find that

/ .

OB,
2 —1

:pk’o—l—0<<lnl> )ask:—>oo
47 Ek

/ <2pk |z|** ho (z) + ppz - V (\a:\zo‘ ho (m))) e (@)

By,

—2(14 )+ O(1) [ fa el
B1(0)\Byg

ov

o \* 1 2 2 up (@)
g —§|Vuk| + pi |2 ho () ") | do

and

+/pMmV%@»mmwmwr
By,

1\~ +2(1+a) 1
:2(1+a)pk,0+0(1)<ln6—> —|—O<€klng—> as k — oo.
k k

Therefore,

-1
(A.16) pro=8m(1+a)+0 ((ln €1k> > .

Then Step 2 follows from (A.7), (A.11), and (A.16).

Step 3: vk (2) +4(1 +a)In|z|| < C for R<|z| <In é, where R is
a fixed but large number.
We choose R > 1 such that |z|** hg (ep2) e”*) < L for |z| > R.

Then we construct two functions wy (z) as follows:

we (2) =—4(1+a)ln|z| £ (01 - ]2\_%)
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with a suitable choice of ¢;. Then

1 _5
Awy (2) = — e ]z]

1 5
Aw_ (z) = 1 || "2

for |z| > R. By considering (w4 (z) — vy (2)), we have
L T2 @ v (z
A (wy () — v (2)) :—161|z| > ‘|‘Pk|z|2 ho (ex2) e k() <0

for |z| > R. Now, choose ¢; > 0 such that wy (z) > v () on |z| = R and
|z| = In é Thus, by the maximum principle, we have vy (2) < wy (2)
for R <|z| <In i Similarly, we also have vy (2) > w_ (2) for R < |z| <
In i

From Step 1 to Step 3, we complete the proof of Theorem 7. q.e.d.
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