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Abstract

In this paper, we derive two subgradient estimates of the CR
heat equation in a closed pseudohermitian 3-manifold which are
served as the CR version of the Li-Yau gradient estimate. With its
applications, we first get a subgradient estimate of the logarithm
of the positive solution of the CR heat equation. Secondly, we
have the Harnack inequality and upper bound estimate for the
heat kernel. Finally, we obtain Perelman-type entropy formulae
for the CR heat equation.

1. Introduction

In the seminal paper of [LY], P. Li and S.-T. Yau established the
parabolic Li-Yau gradient estimate and Harnack inequality for the posi-
tive solution of the heat equation in a complete Riemannian m-manifold
with nonnegative Ricci curvature. Recently, G. Perelman ([Pel]) de-
rived the remarkable entropy formula, which is important in the study
of Ricci flow. The derivation of the entropy formula resembles Li-Yau
gradient estimate for the heat equation. All these eventually lead to the
solution of Poincaré conjecture and Thurston geometrization conjecture
in a 3-manifold by the Ricci flow due to R. S. Hamilton ([H1], [H2],
[H3], [H4]) and G. Perelman ([Pel], [Pe2], [Pe3]).

In this paper, we derive corresponding estimates in a closed pseudo-
hermitian 3-manifold (M, J,0) (see next section for definition). More
precisely, there is a corresponding CR geometrization problem in a con-
tact 3-manifold via the torsion flow (1.7). Then it is important for
us to derive the CR Li-Yau type gradient estimate as well as the CR
Perelman-type entropy formula for the CR heat equation (1.1)

(1.1) <Ab - %) w(z,t) =0

on M x [0, co). Here Ay is the sub-Laplacian in a closed pseudohermi-
tian 3-manifold (MM, J, ).
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Along this line with the method of gradient estimate, it is the very
first paper of H.-D. Cao and S.-T. Yau ([CY]) to consider the heat
equation

0
(1.2) (L — E)u (x,t) =0

in a closed m-manifold with a positive measure and an operator with
respect to the sum of squares of vector fields

l
L=) X}, 1<m,
i=1

where Xy, Xo,...,X; are smooth vector fields that satisfy Hormander’s
condition: the vector fields together with their commutators up to fi-
nite order span the tangent space at every point of M. Suppose that
[Xi, [Xj, Xi]] can be expressed as linear combinations of X1, Xo,...,X|
and their brackets [X71, Xa],...,[X;—1,X;]. They showed that for the
positive solution u(x,t) of (1.2) on M x [0,00), there exist constants
c',c",c” and % <A< %, such that for any 6 > 1, f(z,t) = Inu (x,t)
satisfies the following gradient estimate:

2 o O & "2t
(1.3) Z X f|? = 6 +§<1 FIYaf P < —+C" 40"
with {¥,} = {[X,, X;1}.

We first compare Cao-Yau’s notations with ours. Let J be a CR
structure compatible with the contact bundle £ = ker# and T be the
Reeb vector field of the contact form 6 in a closed pseudohermitian
3-manifold (M, J,0). The CR structure J decomposes C ® £ into the
direct sum of 71 ¢ and Tp 1, which are eigenspaces of J with respect to ¢
and —i, respectively. By choosing a frame {T, Z;, Z;} of TM ® C with
respect to the Levi form and {X;, Xo} such that

J(Z)) =iZy and J(Zy) = —iZ;
and
7y = (X1~ iXa) and Zp = (X +iXo),
it follows from (2.3) and (2.4) that

1 1
[Xl,XQ] = 2T and Ab = §(X12 + X22) — §L

Let W be the Tanaka-Webster curvature and Aq; be the pseudoher-
mitian torsion of (M, J,6) with

W(Z,Z) =Waz's' and Tor(Z,Z) = 2Re (iAqjz'z')

for all Z = 217y € Ty (vefer to section 2 for details). We also denote
o = T for a smooth function .
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By using the arguments of [LY] and the CR Bochner formula ([Gr]),
we are able to derive the CR version of Li-Yau gradient estimate for the
positive solution of the CR heat equation (1.1) in a closed pseudoher-
mitian 3-manifold with nonnegative Tanaka-Webster curvature.

THEOREM 1.1. Let (M3, J,0) be a closed pseudohermitian 3-manifold.
Suppose that

(1.4) W +Tor)(Z, Z)>0

forallZ € Tho. Ifu(x,t) is the positive solution of (1.1) on M x[0, o)
with

(1.5) [Ap, T]u =0,
then f (x,t) = Inwu(x,t) satisfies the following subgradient estimate:

1 16
Vof P =4fi+ St(fo)*| <

REMARK 1.2. 1. (1.4) is the CR analogue of the Ricci curvature
tensors assumption in a closed Riemannian manifold.

2. Our subgradient estimates are more delicate due to the fact that
the sub-Laplacian Ay is only subelliptic. In fact, by comparing with the
Riemannian case, we obtain an extra gradient estimate in the so-called
missing direction T.

3. We observe that the main difference between the usual Riemannian
Laplacian and the sub-Laplacian is the Reeb vector field T. Then con-
dition (1.5) is very natural due to the subellipticity of the sub-Laplacian
in the method of Li-Yau gradient estimate. Furthermore, it follows from
Lemma 3.4 (see section 3) that

[Ap, T]u = 2ImQu.
Here @ is the purely holomorphic second-order operator ([GL]) defined
by
Q’LL = 2Z(AH’LL1)1

4. We want to emphasize that condition (1.5) is equivalent to
ImQu = 0.

If (M 3., 9) is a closed pseudohermitian 3-manifold with vanishing
torsion (i.e. A1; = 0), condition (1.5) holds. However, it is not true vice
versa.

5. In [CSW], its authors observe that condition (1.5) is related to the
existence of pseudo-Einstein contact forms in a closed pseudohermitian
(2n 4 1)-manifold with n > 2.
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COROLLARY 1.3. Let (M3, J, 9) be a closed pseudohermitian 3-
manifold with nonnegative Tanaka- Webster curvature and vanishing tor-
sion. If u(x,t) is the positive solution of (1.1) on M x [0, o0), then
f(z,t) =Inu(z,t) satisfies the following subgradient estimate:

(1.6) IVl — 4+ 510 | < .

REMARK 1.4. 1. Our estimate (1.6) is sharp in view of the Cao-Yau
gradient estimate (1.3) in a closed pseudohermitian 3-manifold with
nonnegative Tanaka-Webster curvature and vanishing torsion. As in
the proof of Theorem 1.1 (see section 4), the coefficient ¢ in front of
(fo)? in (1.6) is crucial for our estimate, which is different from the
result of Li-Yau gradient estimate ([LY]).

2. The method of gradient estimate turns out to be useful in esti-
mating the first eigenvalue of the Laplacian as in [Li] and [LY1]. In our
case, we are able to apply the method of CR gradient estimate to prove
the CR Obata Theorem completely. We refer to [CC1] and [CC2] for
partial results. The complete proof will appear elsewhere ([CK1)).

3. In [CCW], the first author and his coauthors show that the torsion
soliton of (1.7) has the contact form with vanishing torsion.

We should point out that the CR analogue of the Ricci curvature
tensor is the pseudohermitian torsion A;1, which is complex. The result
of Theorem 1.1 is new and considered to be of fundamental importance
in the study of torsion flow. More precisely, let #(t) be a family of smooth
contact forms and J(¢) be a family of CR structures on (M, Jy, 6y) with
J(0) = Jy and 0(0) = 0y. We define the following so-called torsion flow
([cCw])

(1.7) { %H(t) = —2W(1;])(;(t),

on M x [0, T) with J(t) = 0! Q11— i9T® ZT and AJﬂ(t) = —’L'Anel ®
Z7 + iAﬁ9T® Z,. Here {9,91,91} is the coframe dual to {T', Z1, Z7} .

In particular, if (M, Jy,0p) is a closed pseudohermitian 3-manifold
with vanishing torsion,

20(t) = —2W (1)0(t),
(1.8) { 89(0()): " ()6(t)

is the CR Yamabe flow. By using the same method of gradient estimate,
we are able to obtain the CR Li-Yau-Hamilton inequality for the flow
(1.8) in a closed spherical CR 3-manifold with positive Tanaka-Webster
curvature and vanishing torsion ([CK2]).

Furthermore, in view of Theorem 1.1, we still have the following gen-
eral subgradient estimate when we replace the lowerbound of curvature
condition (1.4) by a negative constant.
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THEOREM 1.5. Let (M3, .J,0) be a closed pseudohermitian 3-manifold
with
(1.9) QW +Tor) (Z, Z) > —2k|Z|?
for all Z € Ty, where k is a positive constant. If u(x,t) is the positive
solution of (1.1) on M x [0, oo) with

[Ab, T] u = 0,
then f (z,t) = Inwu(x,t) satisfies the following subgradient estimate:
(A+26)%(k+1)  (442k)*(k+1)
t (3 +2k)

Secondly, by using the arguments of [LY] and another CR Bochner
formula (3.3) which involves the third order CR pluriharmonic operator
P and CR Paneitz operator Py (see definition 2.1), we are able to derive
another CR version of Li-Yau gradient estimate for the positive solution

u(x,t) of (1.1) on M x [0,00). We define the Kohn Laplacian [0, on
functions by Oy = (—Ap +iT)ep.

(110)  [Vpf[> — (4+2Kk) f; <

THEOREM 1.6. Let (M, J,0) be a closed pseudohermitian 3-manifold

with
W +Tor)(Z,Z) > 0,
for all Z € Thp. Let u(x,t) be the positive smooth solution of (1.1) on
M x [0, 00) with
[Ab, T] u = 0.

If
(1.11) Dbﬁbu(az, 0) =0
att =0, then for f (z,t) =Inu(z,t),

9
VofP +3fe< 5
on M x (0, 00).

Now if (M 3., 9) is a closed pseudohermitian 3-manifold with van-
ishing torsion, it follows from Lemma 3.4 that condition (1.5) holds.
Also we observe that Py = 200,00;. Then condition (1.11) is equivalent
to Pou(x,0) = 0. Furthermore, from (i) in Remark 2.2, we have that

Pu=0 <= Pu=0

in a closed pseudohermitian 3-manifold with vanishing torsion. All these
with Theorem 1.6 imply

COROLLARY 1.7. Let (M, J,0) be a closed pseudohermitian 3-manifold
with nonnegative Tanaka-Webster curvature and vanishing torsion. If
u(x,t) is the positive solution of (1.1) on M x [0,00) such that u is the
CR-pluriharmonic function

Pu=20
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at t =0, then f (x,t) =Inu(x,t) satisfies the estimate
9

(1.12) Vuf[*+3fi < -

on M x (0,00).

By combining the results of Theorem 1.1 and Theorem 1.6, we get the
following subgradient estimate of the logarithm of the positive solution
to (1.1) in a closed pseudohermitian 3-manifold.

THEOREM 1.8. Let (M, J,0) be a closed pseudohermitian 3-manifold
with
W +Tor)(Z,Z) > 0,

for all Z € Thp. Let u(x,t) be the positive smooth solution of (1.1) on
M x [0,00) with

[Ap, T]u=0.
If

Dbﬁbu(az, 0) =0
at t = 0, then there exists a constant C1 such that u satisfies the sub-
gradient estimate

]Vbu]2 Cl
1.1 < ==
(1.13) w2 Tt
on M x (0, 00).
As a consequence of Theorem 1.6, we have

COROLLARY 1.9. Let (M, J,0) be a closed pseudohermitian 3-manifold
with nonnegative Tanaka-Webster curvature and vanishing torsion. If
u(x,t) is the positive solution of (1.1) on M x [0,00) such that

Pu=20

at t = 0, then there exists a constant Cy such that u satisfies the sub-
gradient estimate

Voul® _ Co
=

u2
on M x (0,00).

Finally, we have the Harnack inequality and upper bound estimate
for the heat kernel of (1.1). By Chow connectivity theorem [Cho], there
always exists a horizontal curve (see definition 2.3) joining p and ¢, so
the distance is finite. Now integrating (1.6) over (y(t),t) of a horizontal
path v : [t1,t2] — M joining points x1, x2 in M, we obtain the following
CR version of Li-Yau Harnack inequality.
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THEOREM 1.10. Let (M, J,0) be a closed pseudohermitian 3-manifold
with nonnegative Tanaka-Webster curvature and vanishing torsion. If
u(x,t) is the positive solution of (1.1) on M x [0,00), then for any x1,
xo in M and 0 < t; < to < 00, we have the inequality

u(za,t2) <t_2>_4exp(_dcc($1,l’2)2
u(a:l,tl) —\t (tg — tl)

Here d.. is the Carnot-Carathéodory distance.

).

As a consequence of Theorem 1.10 and [CY], we have the following
upper bound estimate for the heat kernel of (1.1).

THEOREM 1.11. Let (M, J,0) be a closed pseudohermitian 3-manifold
with nonnegative Tanaka- Webster curvature and vanishing torsion and
H(z,y,t) be the heat kernel of (1.1) on M x [0,00). Then for some
constant 6 > 1 and 0 < e < 1, H(z,y,t) satisfies the estimate

1 1 2 T
H(z,y,t) < C(e)'V™2 (B (VD)V ™2 (By (V) exp <‘H>
with C'(e) — 0o as € — 0.

Let u(x,t) be the positive solution of (1.1) on M x [0,00), and g(z,t)
be the function that satisfies

e_g(xvt)
(471'75) 16xa

with fM udp = 1. Here a > 0, to be determined later.
We first define the so-called Nash-type entropy ([Na]) (also [CW])

u(x,t) =

(1.14) N(u,t) = — /M(lnu)udu
and
(1.15) N(u,t) = N(u,t) — (16 x a)(In4xt + 1).

Next, following Perelman ([Pel]) (also [INi], [Li]), we define
d. ~
(1.16)  W(u,t) = / [t|Veg|® + g — (16 x 2a)]udy = %[tN(u,t)]
M
and

—~ 1
(1.17) W(u,t) = W(u,t) + §t2 /M geudy.

Then, by applying Corollary 1.3, we obtain the following entropy
formulae for N (u,t) and W(u,t).

THEOREM 1.12. Let (M, J,0) be a closed pseudohermitian 3-manifold
with nonnegative Tanaka-Webster curvature and vanishing torsion. Let
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u(z,t) be the positive solution of (1.1) on M x [0,00) with [y, udy = 1.
Then

d ~ 16 x 3
—N(u,t) = / (IVogl? + 4g: + - Dyudu < 0
M

dt
for allt € (0,00) and a > 1.

THEOREM 1.13. Let (M, J, ) be a closed pseudohermitian 3-manifold
with nonnegative Tanaka- Webster curvature and vanishing torsion. Let
u(x,t) be the positive solution of (1.1) on M x [0,00) with [, udy = 1.
Then

d —~
—W < —4t/ ulgr |Pdp — t/ u(Apg)*dy — 2t/ uW |Vyg|?dp < 0
dt M M M

for allt € (0,00) and a > 6.

Note that all arguments here work as well in a closed pseudohermitian
(2n + 1)-manifold. We will pursue this issue elsewhere. Also we refer to
[SC] and [JS] for other related topics.

We briefly describe the methods used in our proofs. In section 3,
we will recall two CR versions of Bochner formulae and derive some
key lemmas. In section 4, we derive two versions of Li-Yau gradient
estimates and Harnack inequality for the CR heat equation. In section
5, by using the subgradient estimate in the previous section, we derive
entropy formulae for the CR heat equation (1.1).
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and Prof. C.-S. Lin, director of Taida Institute for Mathematical Sci-
ences, NTU, for constant encouragement and support. The work is not
possible without their efforts.
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2. Preliminary

We introduce some basic materials in a pseudohermitian 3-manifold
(see [L1], [L2] for more details). Let M be a closed 3-manifold with
an oriented contact structure £&. There always exists a global contact
form 6 with £ = ker 6, obtained by patching together local ones with
a partition of unity. The Reeb vector field of 6 is the unique vector
field T such that (T) = 1 and L70 = 0 or dO(T,:) = 0. A CR
structure compatible with £ is a smooth endomorphism J : £&—& such
that J2 = —Id. A pseudohermitian structure compatible with ¢ is a
CR-structure J compatible with £ together with a global contact form
f. The CR structure J can extend to C ® £ and decomposes C ® £ into
the direct sum of 17 g and Tj 1, which are eigenspaces of J with respect
to ¢ and —1, respectively.
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The Levi form (, ) is the Hermitian form on T} ¢ defined by (Z, W) =
—1q <d9,Z/\W>. We can extend (, ) to Tp; by defining <7,W> =
(Z,W) for all Z,W € Typ. The Levi form induces naturally a Her-
mitian form on the dual bundle of Tj o, and hence on all the induced
tensor bundles. Integrating the Hermitian form (when acting on sec-
tions) over M with respect to the volume form du = 0 A df, we get an

inner product on the space of sections of each tensor bundle.
Let {T, Zy, Z7} be a frame of TM ® C, where Z; is any local frame of

T, Zi = Z1 € Tp1. Then {9, o, 91}, the coframe dual to {T, Z1, Z1 },
satisfies

d = ihi10" A 6
for some positive function h;7. Actually we can always choose Z; such
that hy7 = 1; hence, throughout this paper, we assume h;7 = 1.
The pseudohermitian connection of (J,6) is the connection V on

TM ® C (and extended to tensors) given in terms of a local frame
Zl S T17() by

VZi=0,'® 2, VZi=6;'®7Z;, VT=0,
where 6;! is the 1-form uniquely determined by the following equations:
dot = 0" Aoyt + O AT
(2.1) 7'=0 mod 6
0="61"+0;",

where 7! is the pseudohermitian torsion. Put 7! = Aliﬁi. The structure
equation for the pseudohermitian connection is

(2.2) o' = We A6 4 2ilm(AYy 16 A 6),

where W is the Tanaka-Webster curvature.

We will denote components of covariant derivatives with indices pre-
ceded by a comma; thus write Alljel A 6. The indices {0, 1,1} indicate
derivatives with respect to {1, Z1, Z1}. For derivatives of a scalar func-
tion, we will often omit the comma; for instance, ¢1 = Zip, ;7 =
Z1Z1p — 01(Z1)Z1p, po = T for a (smooth) function.

For a real-valued function ¢, the subgradient Vy is defined by Vyp € &
and (Z,Vyp) = dp(Z) for all vector fields Z tangent to the contact
plane. Locally, Vyp = 121 + 0177

We can use the connection to define the subhessian as the complex
linear map

(Vo Tio®To1 — Tio® Toa
and
(VI20(Z) = V2 V.
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The sub-Laplacian A, defined as the trace of the subhessian

(2:3) App =Tr ((V7)?0) = (p11 + ¢11)-
Finally, we also need the following commutation relations ([L1]):

Croo—Crio = Cr1An —kCr Ay g,
(2.4) Cro1—Cri0 = CraAg+kCrAm,,

Here C7 denotes a coefficient of a tensor with multi-index I consisting
of only 1 and 1, and % is the number of 1 minus the number of 1 in 1.
In the end, we recall some definitions.

DEFINITION 2.1. Let (M, J,0) be a closed pseudohermitian 3-manifold.
We define ([L1])

Pp = (p1'1 +iAng")0' = Po = (Pp)0’,
which is an operator that characterizes CR-pluriharmonic functions.

Here Pip = il +id11¢! and Py = (P;)6', the conjugate of P. The
CR Paneitz operator Fy is defined by

(2.5) Py =4 (8s(Pp) + 63(Pp)) ,

where d; is the divergence operator that takes (1,0)-forms to functions
by 8(0160') = 01!, and similarly, d(076') = o7 *.

We observe that

_ 1
(2.6) / (Po+ Po,dpp) s dp = ——/ Poyp - ¢ dp
M o 4 Jur

with du = 6 A df. One can check that Py is self-adjoint. That is,
(Pop, 1) = (v, Pytp) for all smooth functions ¢ and 1. For the details

about these operators, the reader can make reference to [GL], [Hi,
[L1], [GG], and [FH].

REMARK 2.2. ([Hi], [GL]) (i) Let (M, J,0) be a closed pseudoher-
mitian 3-manifold with vanishing torsion. Then a smooth real-valued
function ¢ satisfies Py = 0 on M if and only if P =0 on M.

(ii) Let Py = 0. If M is the boundary of a connected strictly pseudo-
convex domain  C C?, then ¢ is the boundary value of a pluriharmonic
function u in Q. That is, 0u = 0 in . Moreover, if § is simply con-
nected, there exists a holomorphic function w in Q2 such that Re(w) = u
and u|y = .

DEFINITION 2.3. Let (M, J,0) be a closed pseudohermitian 3-manifold
with £ = ker . A piecewise smooth curve v : [0,1] — M is said to be
horizontal if 4/(t) € & whenever +/(¢) exists. The length of ~ is then
defined by

1 1
1) = [ (<@ 0 )b
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The Carnot-Carathéodory distance d.. between two points p,q € M is
defined by

dcc(p7 Q) = 1Hf{l(’7)| v E Op,q},
where C), 4 is the set of all horizontal curves which join p and g.

3. The CR Bochner Formulae

In this section, we will recall two CR versions of Bochner formulae
and derive some key lemmas in a closed pseudohermitian 3-manifold
(M, J,6). We first recall the following CR version of Bochner formula in
a complete pseudohermitian 3-manifold.

LeEmMMA 3.1. ([Gr]) Let (M, J,0) be a complete pseudohermitian 3-
manifold. For a smooth real-valued function ¢ on (M, J,0),
(3.1)

2
Ay |Vyp” = 2 ‘(VH)zﬁﬁ‘ +2(Vyp, VApp)
+ (AW +2Tor) (Vep)e, (Vep)e) +4{IVpp, Vipo) .

Here (V) = w121 is the corresponding complex (1, 0)-vector of V.

Note that ([CC1])

(JVip, Vipo) = —i(p1p57 — 1%001)
and
(3.2) B
< Po+ Po,dpp >1:= (¢11107 + 1An0707) + (0171901 — 1411901001
Then
—i(p1910 — P1P10) = —2 < P+ Po,dyp >z
—2Tor((Vpp)c, (Vop)c)
+ < Vi, VA > -
These and (3.1) imply
LEMMA 3.2. ([CC1]) Let (M, J,0) be a complete pseudohermitian
3-manifold. For a smooth real-valued function ¢ on (M, J,0),
Aol Viypl? = 2[(VT)P0? +6 < Vi, Vi Ay >
(3.3) +[4W —6Tor]((Vep)c, (Vey)c)
—8 < Pp+ Py, dyp > .
Here dyp = 0101 + cpTHT.
Now by applying the commutation relations (2.4), one obtains

LEMMA 3.3. Let (M, J,0) be a complete pseudohermitian 3-manifold.
For a smooth real-valued function ¢ and any v > 0, we have

Ap|Vep? > 4lon)® + (Ap)® + @2+ 2(Vip, Vilpp) ,
+ (AW +2Tor — ) (Vsp)e s (Vow)e) — 20 Vil

v
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Proof. Note that

2 |2 1 1
‘(VH) 90‘ = 2’9011’2+§(Ab90)2+ 5@(2)

and for all v > 0
2
4(IVp, Vo) 2 4|Vl Vool 2 == Vgl — 20 [Vipo*.

Lemma 3.3 follows from Lemma 3.1 easily. q.e.d.

LEMMA 3.4. Let (M, J,0) be a complete pseudohermitian 3-manifold.
For a smooth real-valued function ¢ (x) defined on M, then

Appo = (App)g + 2 [(Anrpr)1 + (Ar1pr)4] -
That 1is,
2ImQy = [Ayp, T]p.
Proof. By direct computation and the commutation relation (2.4),
we have
Appo = @11 + Po11
= (p10+ Aupr)y + (010 + A1)y
= @101 + (Anp1)i + ¢101 + (Ai1e1);
= 110+ ¥110 + 2 [(Aner)s + (Airer)]
= (App)g +2[(Anpi)1 + (Arrer)y]-
This completes the proof. q.e.d.
Now we define
V.:C®(M)—C™ (M)
by
V() = (Aurp1) + (Airer); + Auprer + Airerer.
LEMMA 3.5. Let (M3, J, 0) be a pseudohermitian 3-manifold. If
u(z,t) is the positive solution of (1.1) on M x [0,00), then f(x,t) =
Inw(z,t) satisfies

Apfo— for = —=2(Vpfo, Vipf) +2V (f).
Proof. By Lemma 3.4, we have
Apfo = (Apf)o + 2[(/1A11), + (f1A11)1]-
But

(8= ) 7 @) = = I90f ).

All these imply

Apfo—for = (Auf)o— fio+2[(A1fr)1 + (Aiif1)q]
= (Apf — fi)o+2[(A11f1)1 + (A11f1)4]
= (—IVuff 12 [(A11 1)1 + (A11f1)4]

=2(Vyfo, Vof) +2[(A11f1)1 + (Ainfi)
+ Aufifi + Aunfihl qed.
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LEMMA 3.6. Let (M3, J, 0) be a pseudohermitian 3-manifold. Sup-
pose that

(3.4) [Ap, T]u=0.
Then f(x,t) =Inu(x,t) satisfies
V(f)=0.

Proof. Tt follows from Lemma 3.4 that

[Ap, T]u = 2ImQu

(3-5) = 2 [(Aﬁul)l + (Allui)ﬂ .

Then
(3.6)
V() = (fids) + (f1An); + Aufifi + Arinfif
= fudi + fitAn + [ + fAng HAnfifi H Anfih
= A (- A (-
+ AT+ Ay 7 4 Ap gt + A

= %ﬁ[(Aﬁul)l + (A11ug)1]
Ab, T] u

3 |

|
o

This completes the proof. q.e.d.

4. Li-Yau Subgradient Estimate and CR Harnack Inequality

In this section, we derive CR versions of Li-Yau gradient estimates
and classical Harnack inequality for the CR heat equation in a closed
pseudohermitian 3-manifold.

Let u be the positive solution of (1.1) and denote

f(z,t) =Inu(x,t).
Then f (z,t) satisfies the equation

(1.1 (8- 5) 7 @)= = %f (0P

Now we define a real-valued function F(x,t, a, ¢) : M x [0, T] X
R* x R* — R by

(4.2) F (z,t, a, ¢) :t<|be|2(x)—|—aft+ctf§ (m)) ,
where R*=R)\ {0} and Rt = (0, o0).

PROPOSITION 4.1. Let (M?’, J, 9) be a pseudohermitian 3-manifold.
Suppose that

(4.3) QW +Tor) (Z, Z) > —2k|Z|?
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for all Z € Ty, where k is a nonnegative constant. If u(xz,t) is the
positive solution of (1.1) on M x [0,00), then
(4.4)

(Ap—2)F > —1F—2(V,f, VbF>+t[4\f11!2+(Abf)2
(1= ) f = 2K+ 2) [Vof P +detfoV (f)] .

Proof. First we differentiate F' with respect to the t-variable.
(4.5)
F, = 1F+t[2(14a)(Vsf, Vofi) + cfd + 2ctfofor + alpfi] -

By the assumption (4.3) and Lemma 3.3, one can compute

ApF =t <Ab Vo + alpfi+ CtAbfg)
>t [4 [Fual® + (Aof)” + 5+ 2(V0f, Vo) =2 <k: + %) Vf P

=20 |V fol” + aly fi + 2ct folAp fo + 2ct |be0|2} :
Then, taking v = ct,
(46)  AF = t[4[ful + (Auf)’ + 5 +2(Vof. Volof)
-2 (k; + é) IVof|? + alpf; + 2ctf0Abf0].
It follows from (4.5) and (4.6) that

an (8- g ) P2 Pl + (87

+ (1 —o)f§ —2(k+ é) Vit P

+2(Vpf, VeApf) + 2ct fo(Apfo — for)
=2(1+a) (Vof, Vifi)l-
By Lemma 3.5 and definition of F, we have
4.8
o 2(Vif, VoApf) + 2ctfo (Apfo — for) —2(1+a) (Vi f, Vifi)
= 2 <be, Vi (ft - |be|2>> —2(1+a)(Vpf, Vuf)
+2ct fo (=2(Vufo, Vif) +2V (f))
= —20(Vof, Vofi) = 2(Vof. Vs |Vuf )
—4ctfo (Vofo, Vof) +4ctfoV (f)
= —2a <be, Vi (éF — L1, fP - %f&)> -2 <be, Vi ’be’2>

—dctfo (Vifo, Vof) +4ctfoV (f)
= —2(Vyf, VoF) +4etfoV (f).
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Substitute (4.8) into (4.7):
(A=) F > —(F=2(Vuf, VuF) +t [4\f11\2 +(Apf)?
(=) f =2 (k+ %) [VofP +detfoV (£)] .
This completes the proof. q.e.d.

PROPOSITION 4.2. Let (Mg, J, 9) be a pseudohermitian 3-manifold.
Suppose that
QW +Tor) (Z, Z) > —2k|Z|?
for all Z € Ty, where k is a nonnegative constant. If u(x,t) is the
positive solution of (1.1) on M x [0,00), then

(Ab_%>F— %F2—1F—2<be, VbF>+t[4|fll|2
(4.9) + <1—c >f0
+ < %F 2% — —> !be’2 + det foV (f)} .

Proof. By definition of F' and (4.1),
Apf = fi = VoS

1 a+1
= _F— _ =
p” Vot fo
Then
1 a+1
@t = (r = Wﬁ!——h)
a+1 2
_2—752F2 ( Vo f|* + fo)
2(a+1
—QFbe’ ——Ffo
1 2(a+1
S —L—JFWJ|——Fm
It follows from (4.4) that
0 1 1
Apy— = | F> —F2——F—2 F
( b 8t> > (Vif, VipF)

+t[4|f11|2+<1_0_2_§F>f§
+< w}? 2/<;——> Vo f)? +4ctfoV (f)] -

This completes the proof. q.e.d.
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PROPOSITION 4.3. Let (Mg, J, 9) be a pseudohermitian 3-manifold.
Suppose that
QW + Tor) (Z, Z) > —2k|Z|?
for all Z € Ty, where k is a nonnegative constant. Let a, c, T < oo
be fized. For each t € [0,T], let (p(t),s(t)) € M x [0,t] be the mazimal
point of F on M x [0,t]. Then at (p(t),s(t)), we have
0 > HF(F-a®)+t[alful +(1—c—%F) f}

a

(4.10) "
(-2 F — 2k — 2) |9, fP + detfoV (f)]-
Proof. Since F (p(t),s(t), a, ¢) = max  F(x,pu, a, ¢), the

(2,0)EM X0, 1]
point (p(t), s (t)) is a critical point of F (z,s(t), a, ¢). Then

VuF (p(t),s(t), a, ¢) =0.

On the other hand, since (p(t), s (t)) is a maximal point, we can apply
the maximum principle at (p(t), s (t)) on M x [0,¢]:

(4.11) AyF (p(t),s(t), a, ¢) <0
and

0
(4.12) EF(p(t),s (t), a, ¢) > 0.

Now it follows from (4.11), (4.12), and (4.9) that
0 > LF(F—ad?) +t [4\f11!2+ (L—c—%F) f3
+ (_2<gjtl>p — 2k — %) Vo f[* + det foV (f)} :

q.e.d.
Now we are ready to prove our main theorems.

Proof of Theorem 1.1. Let (M3, J, 9) be a closed pseudohermitian 3-
manifold. Suppose that

W +Tor)(Z, Z) >0
for all Z € T1 9, and
[Ab, T] u = 0.
Recall that
F(, t, a, ) =t (|Vof (2) + afi +ctf3 (x))
We claim that for each fixed T < o0,
F(p(T),S(T), _47 C) < %7
1

where we choose a = —4 and 0 < ¢ < 3 (see Remark 4.4). Here
(P(T),s(T)) € M x [0,T] is the maximal point of F' on M x [0,T].
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We prove by contradiction. Suppose not; that is,
F(p(T),S(T), _47 C) 2 %

Due to Proposition 4.3, (p(t), s (t)) € M x[0,t] is the maximal point of
F on M x0,t] for each ¢t € [0, T]. Since F' (p(t), s (t)) is continuous in the
variable ¢ when a, ¢ are fixed and F (p(0), s (0)) = 0, by Intermediate-
value theorem there exists a ¢ty € (0, 7] such that

(413) F(p(t())as (t())a 4 C) = 11),2
By assumption (1.5) and Lemma 3.6, we have V (f) = 0. Now we
substitute (4.13) into (4.10) at the point (p(to), s (to)). Hence

(—Mmmm),s(to), 40 2)=o

a’ty cto
and
0 > F(38-16) + (1 —c— 238) s (t) f2
4.14 16s 3c \3c 16 3c 0
(414 B A A N

Since 0 < ¢ < %, (4.14) leads to a contradiction.
Hence
F(P(T),s(T), —4, c) <12
This implies that
4V () — Afi +ctf? }< 18
e oo ot (VoI (@) = Afi + et fg (@) 5
When we fix on the set {T'} x M, we have

T |[VofP (@) = dfi + TR (@)] < 3.
Since T is arbitrary, we obtain

|Vyul? Uy ud 16
—4—= t— < —.
u2 U te u? = 3t

Finally, let ¢ — %; then we are done. This completes the proof. q.e.d.

REMARK 4.4. In the previous proof, in fact we have
F< a’
for all t with a < —4.

Proof of Theorem 1.5. Let (M3, J, 9) be a closed pseudohermitian 3-
manifold with
QW +Tor) (Z, Z) > =2k |Z|
for all Z € T, where k is a positive constant and
[Ap, T]u = 0.
Recall that

F(z, t, a, ¢ :t<|be|2(:n)+aft+ctf02(:n)).
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We separate the proof into two parts:
(i) Again we use the same method as in the proof of Theorem 1.1.
We first claim that for each fixed T > 3 + 2k,

F (p(T),s(T), —4—2k, %)< “*”ﬁ#

where we choose a = (—4 — 2k) and ¢ = + (here ¢ depends on 7).
We prove by contradiction. Suppose not; that is,
2
F(p(T),s(T), —4-2k, 4)> H2 00T
Since F'(p(t), s (t)) is continuous in the variable ¢ when a, ¢ are fixed
and F (p(0),s(0)) = 0, by Intermediate-value theorem there exists a
to € (0, T such that
44+2k)* (k+1)T
(4.15) F(p(to), s (o), —4—2k, k) = LEZLLT,
By assumption (1.5) and Lemma 3.6, we have V (f) = 0. Now sub-
stitute (4.15) into (4.10) at the point (p(to), s (to)) . Hence

1 (4+2k)2(k+1)T [ (442k)% (k+1)T 2
0 2 Tanmmw) s [ Sron - — (4+2k) }
442k)% (k+1)T
T (1 —7- (4+22k)2T( 3)+ék : ) s (to) f3
2(3+2k)  (4+2k)2(k+1)T 2T 2
T <(4+2k)23(t0) syok 2k — 5(t0)> s (to) Vo f[".
Then
(4.16)
E4+1)(4426)T [ (k+1)T 2(k+1
0 = ( (3+)§k)s(to)) [(3+2)k B 1} + (1 B % - ?(,+2k)> s (to) 3-
But for T' > 3 4+ 2k, we have
(4.17) DT —1>0
and
2(k+1
(4.18) 1-4+-3 = -4 > 0
This leads to a contradiction to (4.16).
Hence

2
F(p(T),s(T), —4—2k, k)< U2 GIDT
This implies that

2 t g2 (442k)2(k+1)T
(gc,t)éllz\?f[o, T}t [Wbﬂ (@) = (4+2k) fe + 75 (x)} < Tapw

When we fix on the set {T'} x M, we have
2
T |[VofP (@) = (4+26) fi + f (2)] < CHHLGHUT,
Hence for any ¢ > 3 + 2k, we obtain

Vyul?
’LL2

(4+2k)* (k+1)
3+ 2k

(4.19) — (4+ 2Kk) % <
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(ii) Secondly, we consider the case when
T <3+ 2k.
We claim that

2
F(p(T),S(T), _4_2]{77 C) < %’

where we also choose a = —4—2k and ¢ < ﬁ (here ¢ does not depend
onT).
We prove by contradiction. Suppose not; that is,

2
F(p(T),S(T), _4_2k77 C) > %

Since F'(p(t), s (t)) is continuous in the variable ¢ when a, ¢ are fixed
and F (p(0),s(0)) = 0, by Intermediate-value theorem there exists a
to € (0, T such that

2
(4200 F(plto),s(to), —4— 2k, ) = LEZRGED,

By assumption (1.5) and Lemma 3.6, we have V (f) = 0. Now sub-
stitute (4.20) into (4.10) at the point (p(to), s (to)) . Hence

1 (4+2k)2(k+1) [ (442k)2(k+1) 2
0 =2 (4+2k)?s(to)  (3+2k)c [ (B+2k)c (4 +2k) }
+ 1—c—%>s(to)fg
2(342k)  (4+42k)%(k+1) 2 2
™ (442k)%s(tg)  (3+2k)c 2k — cs(to)> s (to) Vo[-
Then
k+1)(4+2k)2 [ (k+1
(21 0 > (g [(§+2k%c - 1} T (ﬁ - C) s (to) f3-

1
But for ¢ < 5757, we have

1
Gram — ¢ >0

and
(k+1)
— L _1>k>0.
Br2ke 7
This leads a contradiction to (4.21).
Hence

2
F(p(T),s(T), —4—2k,c) < S (0

for ¢ < ﬁ and T < 3 + 2k.

By the same argument as above, we have
Vyul? w (44 2k)* (k+1)
— —(4+2k)— <

u? (4 +2%) u (34 2k) ct

forc<3+ﬁandt§3+2k.

(4.22)
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(iii) Combining (4.19) and (4.22), we obtain that for any fixed ¢ <
342k

|Vyul? oo (A+26)%(k+1)  (442k)*(k+1)
u? u (34 2k)ct (3 +2k)
for all ¢t > 0.

Finally, let ¢ — lek; we are done. This completes the proof. q.e.d.

Finally, we derive another CR version of parabolic Li-Yau gradient
estimate for the positive solution of the CR heat equation. We refer to
[CTW] also. We first need the following lemmas.

LEMMA 4.5. Let (M, J,0) be a closed pseudohermitian 3-manifold. If
u(x,t) is a solution of

(30 2)ute o

[Ab, T]u =0

on M x|0,00) with

and
Dbibu(:n, 0) =0
att =0, then
Opy0pu(z,t) = 0 and ugy(z,t) =0

for all t € (0,00).

Proof. Note that if [Ay, T]u =0,

Op0pu = [(Ap +iT) (A — iT)]u = (Ap)?u + T?u.

It follows from the assumption that A0, 0pu = 0,0, Apu. Applying

Oy, to the heat equation, we obtain

0 —
(Ab — a) DbDbu(x, t) =0

on M x [0,00) with Oy0pu(x,0) = 0. It follows from the maximum
principle that O,0yu(x,t) = 0. That is,

ugy17 + Uy = 0.

Next, by commutation relations (2.4) and Lemma 3.4,

Uit = Uit T 1'1[(AHU1)1 + (A ug)q]
= wpy — 3¢ [As, Tlu
= W
Hence
ul—u =0.

It follows that

|“T11|2 = up 71 = (U tyT)1 — U T = (U T
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Integrate both sides and by divergence theorem ([GL, p713]), we get
q.e.d.

LEMMA 4.6. ([CTW]) Let (M, J,0) be a closed pseudohermitian 3-
manifold. Let f =Inwu, for u> 0. Then

<Pu + Pu, dbu>L;

(4.23)  A(Pf+Pf.dpf);. =4 2

Apu
—2 < Vuf, V|V f]? > —QTb’beP-
Proof. Tt follows from the straightforward computation. q.e.d.

Proof of Theorem 1.6. Denote that
(4.24) G=t (\W\z + 3ft) :

First differentiating (4.24) w.r.t. the t-variable, we have
1 2
Gi = G+t(IVofP +3f)
1 2
(4.25) = LG+t (4|be| +3Abf>t

= %G +t[8(Vpf, Vi fi) + 30 fi] -

By using the CR version of Bochner formula (3.3) and Lemma 4.6, one
obtains

NG =t (Ab Vo fI” + 3Abft>

= t2[(VT)?fI> + 6 (Vi f, VoAyf)
+2(2W —3Tor)((Vpf)c, (Ve f)c)
—8(Pf + Pf,dpf)rs + 304 fi]

>t ful? + (D) + 6 (Vof, VoAyf)

(4.26) + 2(2W —3Tor)((Vef)c, (Vof)c)

—8(Pf + Pf,dpf)r; + 3]

= tA1fl’ + (Do f)? +6(Vsf, Vsl f)

+ 22W = 3Tor)(Vef)c, (Vof)c)
—8u~? <Pu + Pu, dbu>L; + 4f, |V f?

+4(V f, V|V fI?) + 30 fi].
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Here we have used the inequalities

(TP =20l + 5@+ 503 2 21l + 5(Aur)?

and
u Apu
fp= 0 = 20
u u
Applying the formula
2 1 4 2
(4.27) Apf = fi — Vo f]" = gG 3 Ve f]

and combining (4.25), (4.26), we conclude

(A 0 ) G2 = 2+ AP+ (8] 4 6{Vof VoA f)

b ot
+ 4V f, Vo Vs f ) = 8(Vof, Vi fy)
+2(2W — 3Tor)((Vyf)c, (Vo f)c)
+ 4|V f]? — 8u™? <Pu + Pu, dbu>L§]

1 2 4
= G+ 1= (Vof, ViG) — (Vo f, Vo Vi f[?)

+ 411 + (Apf)?
+Af|VofIP 4 22@W — 3Tor) (Vo f)e, (Vo f)c)
— 8u™? (Pu+ Pu,dyu) ;..

Now it is easy to see that

(Vof, V| Vof|?) = 4Re(f11frfr) + Af[Vuf[.
Thus
—5 (Yol DIV f) = = ZRe(fu1fifr) — 520195

16 4
> —A|ful = G Al = 32V

4 4
= —4lful = IV fI* = SAufIVif I
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Here we have used the basic inequality 2Re(zw) < €|z|? 4+ e~ w|? for all
€ > 0. All these imply

(1.28) (Ab - %) G2~ 16— 2VLV10) + (B

+ gAbf|be|2 + %|be|4
+2(2W = 3Tor)((Vuf)c, (Vo f)c)

—8u~? (Pu+ Pu, dbu>L;]

2 1

2 =5(Vof, ViG) + 5. G(G —9)

+ t2Q2W = 3Tor)((Vsf)c, (Vo f)c)

— 8u™? (Pu+ Pu,dyu) .].

0
Now from (3.2), we have
u? (Pu+ Pu, dbu>L; = u % [(ugy  ug + uygun) + (iAjugug — iAguiu )]
= u”(uppyug + wyppu) + ((An frfr — 1A fiLfr)-
Hence, from Lemma 4.5,
(4.29)
202W — 3Tor) (Vo f)c, (Vuf)c) — 8u™? (Pu + Pu, dbu>L;
= 2(2W + Tor)((Vof)c, (Vof)c) — 8u™?(ugy ug + uyppur)

=202W + Tor)((Vuf)e, (Vof)c)
> 0.

It follows from (4.28), (4.29) that

ot

The theorem claims that G is at most 9. If not, at the maximum
point (xg,t9) of G on M x [0,T] for some T > 0,

G(x(), to) > 9.

Clearly, tg > 0, because G(z,0) = 0. By the fact that (zg,tp) is a
maximum point of G on M x [0,7T], we have

AbG(l‘o,to) <0, VbG(:Eo,to) =0

(4.30) <Ab _ 3) G> —§<vb £V,G) + %G(G o).

and
Gt(iﬂo,to) 2 0.
Combining with (4.30), this implies
02 5~ G, 10)(Glzo, to) —9),
0
which is a contradiction. Hence G < 9 and Theorem 1.6 follows. q.e.d.
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Proof of Theorem 1.10. Let « be a horizontal curve with v(¢;) = 21 and
~(t2) = xo. We define 1 : [t1,to] — M X [t1,t2] by

n(t) = (v(t),1).
Clearly n(t1) = (z1,t1) and n(te) = (ze,t2). Let f = Inwu(x,t), integrate
% f along 7, and we get
t2
f(@2,t2) = flz1,t1) = Efdt

t1

= /;2 {(’% Vof) + ft} dt.

1

Applying Theorem 1.1 to f;, this yields

to
f(za,t2) — f(z1,t1) > /t {i\vbf\2—%+<7yvbf>}dt

ta .2 t2
>~ ["hld -4,
t ty

1
Now we choose
‘ ’ _ dcc(x17x2).
ty — 1
Then the inequality in Theorem 1.10 follows by taking exponentials of
the above inequality.
q.e.d.

5. Perelman-Type Entropy Formulae

In this section, we prove the monotonicity formulae for N(u,t) and

W(u,t) under the CR heat equation (1.1):

(A — 2)u(m,iﬁ) =0

ot
on M x [0,00).
Proof of Theorem 1.12. Let g be the function which satisfies
e_g(xvt)
u(m,t) - (47Tt)16><a

with fM udp = 1. Here a > 0, to be determined. Denote f = Inu. Then
f=—g— (16 x a)In(4~t).

Since
16 x a

Vo f? = |Vpg> and fr = —g; — "

and from Corollary 1.3,

16
Vuf? = dfi— — <0.
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It follows that

16 x (4a — 1
(5.1) Vogl® + 4g: + # <0.
Hence
d Uy
—N(u,t) = —— ulnudu—— utlnud,u— u—dy
dt M U
= —/ In uApudp = —/ ulAy Inudp
M M
Vyul? Viyul?
— _/ (Apu — M)duz/ (M)du
M U MU
:/ u|Vyg|dp
M
and
d ~ d 16 X a
16 x a
/ Vg udp —
But
16 X a
/ grudp = —/ Jrudp — / udp
M M t o Ju
1
_ _/ wpdpt — 6 xa
M t
~ 16xa
= —
Thus

16 X 3a

d ~
9 Fu,t) = / (IVogl? + 4g; +
M

o Yud.

Now if we choose
0<3a<4a—1,

that is,
a>1,

it follows from (5.1) that

q.e.d.
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Proof of Theorem 1.13. Compute
(5.2) W= / [t|Vogl> — Inu — (16 x a) In(4rt) — (16 x 2a)]udu
M
— [ A%l — (16 x @)yud
M
— [/ ulnudp +/ (16 x a)(In(4rt) + 1)udu)
M M

=l [ (Vg =y

- [/M ulnudp + /M(16 x a)(In(4rt) + 1)udy]

d ~ -
= t%N(u,t) + N(u,t)

d ~
= SN (1),
Hence
d d ~ d? ~
It follows that
(5.3)
d* = d 16 x a
@N(u,t) = E[_ /M ulp Inudp — " ]
0 16 x a
= — /M wg Ay Inudp — /M uE(Ab Inu)dy + —
1
= —/ AbuAblnudu—/ ug(Ablnu)du+ M_
M v Ot 2
Note that
(Q—A J(Aplnu) = A (Q—A )In
8t b pinu) = b at b u
o Ay [Vl
= Ay " ( " 2 )]

= Ay(|VpInul?).
Again, from the CR Bochner formula, we have
Ay(|VyInul?) > 2[(VE) Inul? +2(Vylnu, Vedylnu)
+2(W — %)]Vb Inul? — 2v|Vy(Inu)o|?

for all v > 0, where W is the Tanaka-Webster curvature. It follows from
(5.3) that
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2 ~
%N(u,t) / Ayuly Inudp — / 9 (AyInw)du + 16 < a
M

16><a

/ AbuAb In ud,u +
0
— / (— - Ab)Ab In ud,u - / ’LLAb(Ab In u)d,u
M

ot
16 X a HA\2 2
Abu (ApInu)dp + u|(VH)  Inul“du
M

—2/ u{Vylnu, VyAplnu)du

M

—2/ u(W — l)]Vg,lnu]2ci,u
M 14

—|—2/ 1/|Vb(lnu)0|2ud,u—/ ulp(Ap Inw)dp.
M M

Thus
d d2 d
1
< —t/ Apu(ApInu)dp + 6 xa —2t/ u| (V) Inul|?dp
M M
— 2t/ u < Vylnu, VeAplnu > du
M
1
—2t/ uw(W — =)|Vy Inul?du
M 14
—|-2t1// ]Vb(lnu)0\2udu—t/ ulp(ApInu)dp
M M
16 x 2
+2/ Vgl *udp — iy
M t
But
/ ApulApInudp = —/ < Vyu, VpApInu > du
M M
and

/ u(Vylnu, ViAplnu) du:/ (Vpu, VpAplnu)du.
M M
This implies

—t/ Abu(Ablnu)d,u—%/ u(Velnu, VyAplnu)du —t
M M

/ ulp(ApInu)dp = 0.
M
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Therefore

1
(5.4) %W < —2t/ u| (V)2 Inu|?dy — 6 xa
M

1
—2t/ u(W — —)\Vblnu\2du+2ty/ |V (In w)o|*udpu
M v M

+ 2/ Vg udp.
M

Now for some o > 0, to be determined later such that %VTQ <0, we
consider

Wa 1|V 16 % 20) + at?g?) g
a—/M( ’ bg’ +g_( X a)+a go>(471't)16><a 2
Thus
d —
EW‘X < —2t/ u](VH)2lnu\2du+2ty/ Vi (In w)o *udp
M M
1
- 275/ u(W — =) |V Inu|2du + 2/ Vg udp
M v M
+2at/ uggd,u+204t2/ ugogordpt
M M
1
+ at2/ gSAbudu _16x @
M t
Now since
1 1
(V)29 = 2lgn|* + §(Abg)2 + 59(2)
and
Inu=—g— (16 x a) In(4~rt),
hence
Ay <4 2dp — Apg)2dp — 2d
g Wa < —4t | ulgnldp —t | u(Apg) dp —t [ uggdp
t M M M
1
+ 2751// |ngo|2ud,u — 2t/ u(W — —)|ng|2d,u
M M v
+2/ yvbg\2udu+2at/ ugddy
M M
+ 20t / ugogordp + ot® / 96 Apudp
M M
_ 16 X a
P
Since u(z,t) = (Z;g%, we have

16 X a

Avg = g1+ Vogl* + —
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and due to A;1 =0,

(9t + Dog)o = (2849 — [Vygl* — 1822),
= 20490 — 2 < Vg, Vigo > .

Then

2at2/ ugog()tdu+at2/ gSAbudu

M M

:2at2/ ugog()td,u+2at2/ goAbgoudu+2at2/ \ngo\2udu
M M M

= 2at2/ u90(9t+Ab9)0dM+204t2/ Vg0l *udp
M M

= dat® / ugoApgodp — dat? / ugo (Vog, Vigo) dp + 20t
M M

/ [Vogo|*udp
M

= —4at2/ upApgodp — 4at2/ ugo (Vug, Vego)du + 2at?
M M

/ [Vog0|*udp
M

= dat? / (Vyuo, Vigo) dp — dat? / ugo (Vog, Vigo) dp + 2at?
M M
/ Vg0l udp
M
= —404'52/ U\ngo\zdﬂ—‘lOétQ/ 90 (Vpu, Vigo) dp
M M
— 4at2/ ugo < Vg, Vpgo > dp + 2at2/ |Vg0|?udp
M M
= —4at2/ u|Vygo|*dp + 4at2/ gou < Vg, Vigo > dp
M M
- 4at2/ ugo < Vg, Vpgo > dp + 2at2/ u|Vigo|2dp
M M

= —2at2/ u|Vigo|*dp.
M
Therefore

d —
< =tt [ulguPaut [ w(@ugPdut 20 -1t [ ugdds
dt M M M

+ (2tv — 2at2) / u|ngo|2d,u — 2t/ uW|ng|2d,u
M M

2t 16 X a
et / U Vg 2y — 22X
1% M t
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Choose o = % and v = %t; then

W = W%

and
(5.5)

i?\?g —4t/ u|gi1 [2dp —t/ u(Apg)?dp — 2t/ uW|Vyg|?du

dt M M M

16
+ 6/ u|Vyg|?dp — *a
" t

But from Corollary 1.3,
Jar ulVoglPdp = [y ulVofPdp

< %JM uitdp + 2 [y udp
= 1
Then
6/ | Vog 2dy = 206
M
Now if we choose
a > 0,

it follows from (5.5) that

d ~—
G <t [ algnPdu—t [ uBgPdu—2t [ uW|TigPdn.
dt M M M

If
W >0 with a2>6,
then i
“W(u,t) <
dtW(u’) 0
q.e.d.
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