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Abstract

We give a complete classification of locally strongly convex
affine hypersurfaces of R"*! with parallel cubic form with respect
to the Levi-Civita connection of the affine Berwald-Blaschke met-
ric. It turns out that all such affine hypersurfaces are quadrics
or can be obtained by applying repeatedly the Calabi product
construction of hyperbolic affine hyperspheres, using as build-
ing blocks either the hyperboloid, or the standard immersion of
one of the symmetric spaces SL(m,R)/SO(m), SL(m,C)/SU(m),
SU” (Zm)/Sp(m), or E6(—26)/F4-

1. Introduction

In this paper, we study affine hypersurfaces of R"*!. The study of
affine differential geometry originates with the work of Blaschke and
his coworkers at the beginning of the twentieth century [Bl]. A more
modern structural approach to this field was given by Nomizu at the
1984 conference Differential Geometry Meeting in Miinster [IN].

In the case that the hypersurface is nondegenerate, it is well known
how to induce an affine connection V and a symmetric bilinear form h,
called the affine metric, on M. This is done by constructing a canonical
transversal vector field to the immersion, called the affine normal. The
classical Pick-Berwald theorem states that the induced affine connection
coincides with the Levi-Civita connection of the affine metric if and only
if the hypersurface is a quadric. For that reason, the difference tensor

K(X,Y)=VxY —VxY,

where V is the Levi-Civita connection of the affine metric, plays a fun-
damental role in affine differential geometry.

Here in this paper, we will always assume that the hypersurface is
locally strongly convex, i.e., the affine metric is definite. In this case,
if necessary by changing the sign of the affine normal, we may always
assume that the affine metric is positive definite. In particular, we will
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be interested in the question when the difference tensor K is parallel
with respect to the Levi-Civita connection of the affine metric. As

(1.1) WK (X,Y),Z) = —5(Vh)(X,Y, Z) = —-3C(X,Y, Z),

this is equivalent with demanding that the cubic form C' is parallel with
respect to the Levi-Civita connection V. The above question was ini-
tiated by the work of Bokan, Nomizu, and Simon [BNS], who showed
that such hypersurfaces are necessarily affine hyperspheres. Actually,
using [DVY] and [HLSV] we can see that such hypersurfaces, provided
the difference tensor does not vanish identically, are necessarily hyper-
bolic homogeneous affine hyperspheres. Following the work of [BNS],
further results in low dimensions were obtained in [MN], [V1], [DV1],
[DVY], and [HLSV]. For all dimensions, a similar problem was stud-
ied in [LW] for centroaffine hypersurfaces of R"*! under the additional
condition that the Blaschke metric is flat.

Note that from a global point of view, locally strongly convex hyper-
bolic affine hyperspheres have been widely studied; see amongst others
the works of [C], [CY], and the recent survey paper [Lo] (see references
there). Even assuming such global conditions, the class of hyperbolic
affine hyperspheres is surprisingly large. Even more, locally, in arbi-
trary dimensions one is still far away from a complete understanding of
such hypersurfaces. Worthwhile to mention from a local point of view
are the classification of the affine hyperspheres with constant sectional
curvature (see [VLS] for the locally strongly convex case, or [V2] for
the general case with non-vanishing Pick invariant) and the Calabi con-
struction ([C], [DV2]) of hyperbolic affine hyperspheres which allows
to associate with two hyperbolic affine hyperspheres 1; : M; — R™+!
and 1) : My — R™*! two new immersions ¢ and @: for p € M;,t € R,

_t
o(p,1) = (e VTl g, (p), cpe~VITIt) ¢ RMF2,
and, for p € My,q € Ms,t € R,

no+1 _ n1+1t
P(p,a.t) = (creV M H gy (p), cae V P2H Ty (g)) € RMHm2+2,

which are both again hyperbolic affine hyperspheres. Here, ¢ and ¢
are respectively called the Calabi product of an affine hypersphere and
a point, and the Calabi product of two hyperbolic affine hyperspheres.
Note that a straightforward calculation (see [HLV]) shows that the
Calabi product of hyperbolic affine hyperspheres with parallel difference
tensor again has parallel difference tensor.

A decomposition theorem, which can be seen as a converse of the
previous statement, was obtained in [HLV]. In this paper we further
develop the techniques started in [HLSV] in order to obtain the follow-
ing complete classification.
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Classification Theorem. Let M™ be an n-dimensional (n > 2) locally
strongly convez affine hypersurface in R with VC' = 0. Then M is
a quadric (i.e., C = 0) or a hyperbolic affine hypersphere with C # 0;
in the latter case either
(i) M™ is obtained as the Calabi product of a lower dimensional hy-
perbolic affine hypersphere with parallel cubic form and a point, or

(ii) M™ is obtained as the Calabi product of two lower dimensional
hyperbolic affine hyperspheres with parallel cubic form, or

(iii) n = Fm(m +1) =1, m > 3, and (M",h) is isometric with
SL(m,R)/SO(m), and the immersion is affinely equivalent to the
standard embedding of SL(m,R)/SO(m) — R"*  or

(iv) n=m? —1, m >3, and (M™, h) is isometric with
SL(m,C)/SU(m), and the immersion is affinely equivalent to the
standard embedding of SL(m, C)/SU(m) < R™, or

(v) n=2m?—m—1, m >3, and (M™, h) is isometric with
SU* (2m) /Sp(m), and the immersion is affinely equivalent to the
standard embedding of SU* (2m) /Sp(m) < R or

(vi) n = 26 and (M?%,h) is isometric with Eg(—26)/Fa, and the im-
mersion is affinely equivalent to the standard embedding of
EG(—QG) /F4 — R27.

Note that the above theorem implies that all hyperbolic affine hyper-
spheres with parallel cubic form can be obtained by applying repeatedly
the Calabi product construction of hyperbolic affine hyperspheres, using
either the hyperboloid, or the standard immersion of one of the sym-
metric spaces SL(m,R)/SO(m), SL(m,C)/SU(m), SU*(2m)/Sp(m),
or Eg(_g6)/F4 as building blocks.

The paper is organized as follows. In section 2, we review relevant
materials and some lemmas, which include the decomposition of the
tangent space into 3 orthogonal distributions D; (which is 1 dimen-
sional), Dy, and D3, and the definition and properties of a bilinear map
L from Dy x D5y to D3. In section 3, we introduce, for any unit vector
v € Dy, a linear map P(v) : Dy — Do and study its properties. In
section 4, we use the previous results to obtain a direct sum decompo-
sition for Dy. We prove that there exist an integer kg and unit vectors
U1,..., 05 € Dy such that Dy = {v1} & V,,(0) & -+ & {vg, } & Vi, (0).
Here V;,,(0) is the eigenspace of P(v;) with eigenvalue 0. We also find
that dim V;, (0) = --- = dim V;, (0), which we denote by p, can only be
equal to 0,1,3, or 7. In the final four sections, we consider each of the
four cases separately and in each case we obtain a complete classification
of the affine hypersurfaces with parallel cubic form.
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2. Preliminaries and Lemmas

For a locally strongly convex hypersurface F : M™ < R™! denote
by h the affine metric and let S be the affine shape operator. M™ is
called an affine hypersphere if S = \id, where A\ = H := %trS is the
affine mean curvature. Assuming that the affine normal is chosen such
that h is positive definite, F' is called a proper affine hypersphere if
H # 0; if H > 0, the proper affine hypersphere is called elliptic, for
H < 0 hyperbolic. If H = 0, the affine hypersphere is called improper
or parabolic.

The curvature tensor R of V is related to S and K by an equation of

Gauf} type

R(X,Y)Z =5 {h(Y, Z)SX — h(X,Z)SY + h(SY, Z)X — h(SX, Z)Y}
— [Kx, Ky]Z.

In particular, for affine hyperspheres we have S = H id and thus

(2.1) R(X,Y)Z = H- (h(Y,Z)X — h(X,2)Y) — [Kx,Ky]Z.

We also recall the definition of the curvature tensor acting as derivation:
(R(X,Y)K)(Z,W) =R(X,Y)K(Z,W)

(2.2) ) A
—~ K(R(X,Y)Z,W) — K(Z,R(X,Y)W).

Moreover, K satisfies the apolarity condition, namely tr Kx = 0 for all
X, and has the property that h(K(X,Y),Z) is totally symmetric in
X,Y and Z.

Now we assume that M"™ is an n-dimensional, locally strongly convex
affine hypersurface in R"*! which has parallel cubic form, i.e., VC = 0,
or equivalently VK = 0. Thus, according to [BNS], M™ is an affine
hypersphere.

Since VC =0 implies that h(C,C) is constant, there are two cases.
If h(C,C) = 0, then C = 0 and M™ is an open part of a quadric.
Otherwise, C never vanishes, and we assume this from now on. Then,
according to [DVY], M™ is a locally homogeneous hyperbolic affine
hypersphere.
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Note that the vanishing of VK implies by the Ricci identity that

(R(X,Y)K)(Z,W) =0,
Using this property, following an idea first introduced by Ejiri [E], and
since then widely applied and very useful for solving various problems
(see e.g. [DVY] and [VLS]), a special orthonormal basis with respect
to the affine metric can be constructed.

Lemma 2.1 (see [DVY], [HLSV]). Let M™ be a hyperbolic affine
hypersphere such that S = H -id with H < 0, and with parallel cubic
form. Then, for every xqg € M", there exists an orthonormal basis
{ejhi<j<n, satisfying K. e; = \je;, and there exists a number v, 1 <
r < n, such that

Mo=dg ==\ =1\,
(2.3) 2T 2
Arpl == Ay = ~3(n—1) Al =i
and
T 2 I8 n—r
(2.4) — H = )} 2 )len),

Therefore, for a locally strongly convex affine hypersurface with parallel
cubic form, considering that it is affine homogeneous, we will restrict
our discussions to a fixed point g € M™, and deal with (n — 1) cases
{€ }i<r<n—1 as follows:

Case €] : Mg =Ag ==\, = — 2L

n—1"
Case €. : Ay ==\, = %)\1 and App1 == Ay = —2(%_171))\1 for
2<r<n-—1.
To discuss these cases, we first recall the following observations:

Lemma 2.2 (see [HLSV]). Ifr > 1(2n — 1), then the Case €, does
not occur.

From Lemma 2.2 we see that only the cases {€,}i<,<5 are left to
be studied, where n denotes the largest integer less than or equal to
(2n —1)/3.

Lemma 2.3 (see [HLSV]). If 2n = 1 mod 3, then for the Case €5,
we have:

h(Ke e, e) =0, forall j,k,1>n+1.

For case €, with r < 7, we define Dy := span{es,...,e.} and D3 :=
span{e,41,...,e,}. Then we have

Lemma 2.4 (see [HLSV]). (1) For the Case €., if v € Dy and w € Ds,
then Kyw € Dy. (2) If dimDy > 1, then for any vy,ve,v3 € Dy,
h(Kvl’Ug,’Ug) =0.



244 Z. HU, H. LI & L. VRANCKEN

For the general case €, with dim Dy > 1, we recall from [HLSV] the
definition of the bilinear map L on Dy x Dy with image in D3 by

(2.5) L(Ul,UQ) = K(Ul,’Ug) — %/\1}1(211,212)61, v1,v2 € Ds.

Then we have

Lemma 2.5 (see [HLSV]). Assume that dim Dy > 1. Then we have
(1) L is isotropic in the sense that (see [O], [V3])

(2.6) h(L(v,v), L(v,v)) = #2-\2 (h(v,v))?, v € Dy.

Moreover, linearizing the above expression, it follows for orthonmormal
vectors X, Y, Z, and W in Dy that

(2.7) WL(X,X),L(X,Y)) =0,

(2.8) h(L(X,X),L(Y,Y)) + 2h(L(X,Y),L(X,Y)) = 4&+_1T)A%,

(2.9) h(L(X,X), L(Y, Z)) + 2h(L(X,Y), L(X, Z)) = 0,

h(L(X,Y),L(Z,W)) + ML(X, Z), L(W,Y))

(2.10) + W(L(X,W),L(Y, Z)) = 0.

(2) For Case €, with Im (L) # D3, we have

(2.11) K(L(vi,v2),w) = —% h(vy,v2) A2 w,

where vi,v9 € Dy and w € D3 such that w L Im (L).

We remark that the operator L and its properties will play a crucial
role in our investigations. Besides the many properties it possesses which
we will derive in the next two sections, we will see from the fifth and
later sections that Tr L = 0 if and only if the dimension n is completely
determined, and moreover in that case it is surprisingly related to the
normed division algebras; the latter appears only in dimension 1,2, 4,
and 8: the real numbers, complex numbers, quaternions, and octonions.

The first property of L allows us to calculate the difference tensor on
the image of L. It states;
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Lemma 2.6. For Case &€, with r > 2, let {vy, ..., v.—1} be an or-
thonormal basis of Do; then we have

K (L(vp,v5), L(vk,ve))
— — (7‘+1 )Alh(L(’Up, 'U]) L(,Uk‘a ,Ué))el

%M%M)L(%M)

(2.12)
+ Z h(L(vp, vm), L(vg, ve)) L(vj, vp)

+Zh V7, 0m)s L (v, 0)) L(vp, Um)-

Proof. From the computation

}?(61, Ul)’Ug = Hh(’Ul, ’Ug)el — KelKv1U2 + K01K61U2
= Hh(’Ul,’Ug)el — K61 [%h(vl,vg) e1 + L(Ul,UQ)] + %Kvlvg

—~

v1,v2) e1 — K¢, L(v1,v2)

h
+ 3 [)‘—21/1(@1,@2)61 + L(v1,v2)}
A

we have for v,0 € Dy that

A ~ n )\
R(e1,v)v = (4(:1)7«) h(v,?)er + 2(( )))\1[/(?] ).

As our hypersurface has parallel cubic form, we have that

(2.14) Rer,vp) K (v, L(vg, vr))
= K(R(e1,vp)vj, L(vg, ve)) + K (vj, R(er, vp) L(vg, ve)).
As K(vj, L(vg,ve)) € Do (Lemma 2.4 (1)), we can write:

r—1

K (v, L(vg,ve) = Y h(K (v, L(vg; v8)), v )vm

= Z h(L(vj, vm), L(vk, v¢))Um

m=1
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Using the above formulas, we find that

R(er, vp) K (v5, L(vg, vr))
= Z h(L(vj, Um )y L(vg, Uz))R(ela Up)Um

2)\2

= Z h(L(vj,vm), L(vk, ve)) <—(Z(i;1)r) 5+ h(vp, vm el

+2((7:1+12)A1L(vp,vm)>

Z’(“’) h(L <vj,vp> L(vg, ve))ex

)\1 Z h(L(vj, vm), L(vg, ve))L(vp, U)-

On the other hand, we have

R(er,v,)L(vg,ve) = —K(e1, K (v, L(vg, ve))) + K (vp, K (e1, L(vg, ve)))
= —IN K (up, L(vg, v0)) = 3525 N K (v, L(vg, vr))
2(8:12))\1[((111,, L(vg,vp))

r—1
2((7;:12))‘1 Z h(L(vp, vm), L(vk, v¢))m

m=1

It follows that

K <vj,R(el,vp)L(vk,ve)>

(n—l—l

r—1
A1 Z h Upyvm (Ukvvf))K(vjv'Um)

("H )\ Zh (Vp, Um), L(vk, ve) ) h(vj, vm )€1

(n+1

A1 Z h Upyvm (Ukvvf))L(vjv'Um)
m=1

(nH ATh(L(vp, vj), L(vk, ve))er
r—1
_ 2(&4;12))\1 Z h(L(Up,Um),L(’Uk,’Ug))L(’Uj,’Um).

m=1
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Finally, we obtain that
K (R(ex,vp)vj, L(vg, vr))
(n+1)2)2 b
4(n —r)?

n+1)“(r+1 n
_ % 7(vp, V) LV, ve) + 3res M K (L (vp,v;), L(vg, vr))-

= K (- (vp, vj)er + (( )))‘IL(UINUJ) L(vk, ve))

Therefore, combining all the three terms, we find that

2((7?—12) MK (L(vp, v;), L(vg, ve))

n IS 3 n
_%h(%, vj)L(vk, ve) + 4((;_12) )\%h(L(fup, vj), L(vk, ve))er

r—1
A1 Z h(L(vp, vm), L(vg, ve)) L(vj, Up)
- n+1 h(L(UmUp) L(vg,ve))eq
1
n+1
+2&J_2>A1 B(L (07, vm), L(vg, 0)) L (v, v

m=1

- (n4JEr1L)(:;r1))‘2h(L(”jv”p)7L(Uk7Uz))el

n+1)2(r+1)X13
- %h(vp,vnuvk,w)

< 'Upyvm L('Ukavé))L(’Uja’Um)

+ h(L(vj, vm), L(vg, ve)) L(vp, Um))

Simplifying the above expression, we get (2.12). q.e.d.
We note that equation (2.12) has very important consequences which
will be used in sequel sections. For example, we have

Lemma 2.7. For Case €, withr > 3, let {v1,...,v.—1} be an orthonor-
mal basis of Do; then for p # j, we have

n+1)(2n—r+1)A\?
0= (% - 4h(L(Uj,Up), L('Uj,'Up))) L(fup,fuj)

(2.15) +Z[ (vp, vm), L(vj, 1))
mz#p
— 2R(L(vj, vm), L(vp, ’Uj))] L(vj, vm).-

In particular, if L(vi,va) # 0 and L(vi,vy) is orthogonal to L(vy,vs)
for all m # 2, then

n+1)(2n—r 1)\2
(2.16) h(L(v1,v2), L(v1,v2)) = %
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Proof. These are direct consequences of (2.12). We interchange the
couples of indices {p,j} and {k, ¢} to find the following condition:

n T 2
0= _% (h(vp,vj)L(vk,w) — h(vk,vg)L(vp,vj))
r—1
+ > W(L(vp, vm), L(vk, v6)) L(vj, 0n)

m=1

r—1
(2.17) + 3 (L0, vm), L0k, 00)) L0, vm)

m=1
r—1

- Z h(L(Ukv Um)v L(UIN ,Uj))L(’Uév Um)
— > A(L(vg, vm), L(vp, 0)) L(vk, Um).-

Now we take j = k = £ # p; then equation (2.17) reduces to

r—1
n+1)(r+1
0= N L (0, 05) + 3 WL (0, vm). L(vj, 07)) L (07, v1m)
m=1

+Zh (vj, vm), L(j, v5)) L(p, vm)

n+1)(r+1
{7( Z(ZL( j)) L+ h(L(vp, vp), L(vj,v5)) + h(L(vj, v;), L(vj, v;))

— 2L, 1p), Lt v5))] (0, v5)

+§7;( (09, 0m), L(05,05)) = 2h(L (05, v), L(0y, 07)) ) (05, 0.

Using the isotropy condition, this immediately gives (2.15). Then (2.16)
follows by taking j = 1 and p = 2 in the equation (2.15), and by using
(2.9). q.e.d.

If dimDy < 2 or dim(Im (L)) = 1, then by theorems 4.1, 5.1, 6.1,
6.2 of [HLSV], we have the conclusions in the Classification Theo-
rem. Recall also from lemma 7.1 of [HLSV] that if dimDy > 3 and
dim(Im (L)) > 2, then dim(Im (L)) > 3. Hence from now on, even if

sometimes not necessary, we can assume that dimDy = r — 1 > 3 and
dim(Im (L)) > 3.



AFFINE HYPERSURFACES WITH PARALLEL CUBIC FORM 249

Now for a pair v1, v9 € Dy of orthonormal vectors, we define a function
g by

(2.18) g(v1,v2) = h(L(v1,v2), L(v1,v2)).

Note that the set of such vectors can be identified with the (r — 1)-
dimensional unit hypersphere, and as such we can choose (vy,v3) such
that the absolute maximum for g is attained. We extend v1,vo to get an
orthonormal basis {vi,ve,...,v,—1} of Dy. Observe that, for all k > 3,
we have

%!tzog(vl, costvg +sintvy) = 0, %!tzog(costvl + sint vy, vy) = 0.
This implies (see (7.2) of [HLSV]):
(2.19)  h(L(v1,v2), L(vi,v;)) = 0 = h(L(vy,v2), L(va,vx)), V k > 3.

Then by (2.7), Lemma 2.7, and noting that L(vi,ve) # 0, we find
that (2.16) holds. We have proved

Lemma 2.8. For Case €, with r > 4 and dim(Im (L)) > 2, if vi,v2 €
Dy are orthogonal unit vectors, then the function g attains mazximum in

(v1,v2) if and only if

(2.20) h(L(v1,v2), L(v1,v2)) = %V

Moreover, if we further take v3 orthogonal to the couple vy, v9 such
that h(L(vi,v3), L(vi,v3)) is the maximum of g over the complement of
span{vi,ve} in Dy, then from

%‘t:gg(vl7COStv3 + Sintvk) = O7

we further have
h(L(?}l N ’Ug), L(’Ul, ’Uk)) =0
for all k > 4. Therefore, taking j = 1 and p = 3 in (2.15), we see that

(221)  (R(E(v1,v3), L(vn, v9)) — SEEE ) Ly, 0) = 0,

3. A map P(v) : Dy — D; for unit vector v € D,

In this section, we define for any given unit vector v € Dy a linear
map P(v) : Dy — Dy by

(3.1) h(v*, P(v)0*) = h(L(v,v*), L(v,0%)), v*, 0" € Da.

It is easily seen that P(v) is well defined and it is a symmetric operator
with respect to h. In fact, we can write

v)0* —Zh v,e), L(v,0%))e.

Moreover, we have
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Lemma 3.1. For any unit vector v € Da, the operator P(v) : Dy —
Dy has o = 4(’?_1?) A2 as an eigenvalue with multiplicity one, and the
corresponding eigenspace is spanned by v. The remaining eigenvalues of

P(v) are 0 and %A%

Proof. According to (2.7), if v* L v, then
h(v*, P(v)v) = h(L(v,v*), L(v,v)) = 0.
This implies that P(v)v = ov. By definition and (2.6) we have

o = h(v, P(v)v) = h(L(v,v), L(v,v)) = 4(’2—4;171)/\%.

Next, we set v = v; and 0 = 07. We take an orthonormal basis {v,,} of
Dy consisting of eigenvectors of P(v) such that P(v)v,, = omvm, 1 <
m < r — 1. We take the product of formula (2.15) for j = 1 and any
p > 2 with L(vy,v,). We have

AL (o1, up), L(vr, vp)) (S0

(3.2)
— AR(L(v1,0p), L{vn,vy)) ) = 0.
Here we have used the fact that, for all m # p,
h(L(v1,vp), L(v1,0m)) = h(vp, P(v)vp) = h(vp, omvpm) = 0.
By (3.2), we get either h(L(vi,vp), L(vi,vp)) =0, or

h(L(v1,vp), L(v1,v,)) = CENErEL 32

16(n—r)2
On the other hand, we have o), = h(v,, P(v)vp) = h(L(v1,vp), L(v1, vp)).
This completes the proof. q.e.d.
In the following we denote by V, (%A%) and V,(0) the

(n+1)(2n—r+1) )\% and

eigenspaces of P(v) with respect to the eigenvalues T6(n—r)?

0, respectively.
Lemma 3.2. Let u,v € Dy be two unit orthogonal vectors. Suppose
that u € V,(0). Then we have (i) L(u,v) = 0, (ii) L(u,u) = L(v,v),
(iii) v € V,,(0), (iv) P(u) = P(v) on {u,v}+.
Proof. As u € V,(0), we have h(L(u,v), L(u,v)) = h(u, P(v)u) =0, i.e.,
L(u,v) = 0. By (2.6) and (2.8) we have

h(L(u,u), L(u,u)) = h(L(v,v), L(v,v)) = h(L(u,u), L(v,v)) = 0.

Applying the Cauchy-Schwarz inequality, we obtain L(u,u) = L(v,v).
On the other hand, for any w L v, the fact that L(u,v) = 0 implies that

h(w, P(u)v) = h(L(u,v), L(u,w)) = 0.

It follows that P(u)v = v and 8 = h(v, P(u)v) = h(L(u,v), L(u,v)) =
0. Hence v € V,(0).
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To prove the final assertion, we take any unit vector u; € {u,v}+ and
use (2.8) to see that

h(uy, P(v)u1) = h(L(u1,v), L(uy,v))
= ﬁ)@ - lh(L(ul,ul) L(v,v))
)

— 8(Z+i) )\2 h(L(ul,ul) L(u,u)

= h(L(uy,u), L(uy,u)) = h(uy, P(u)uy).
Similarly, for orthonormal vectors uy,us € {u,v}*, by (2.9) we have
h(uy, P(v)ug) = h(L(u1,v), L(ug,v))
= —%h(L(ul,ug),L(v,fu))
= —%h(L(ul,ug),L(u,u))
= h(L(uy,u), L(uz,u)) = h(uy, P(u)us).

Note also that

h(u,P(v)u ) ( ( u, )7L(u17 ))
=0= (L(uvu) L(us, )) = h(u, P(v)ur),
h(v, P(v)ur) = h(L(v,v), L(u1,v))
=0= ( (u,v), L(u1,u)) = h(v, P(u)uy).
In summary, we have proved P(u) = P(v) on {u,v}. q.e.d.

Lemma 3.3. Let v,0 € Dy be two unit orthogonal vectors. Then the
equality

(3.3) h(L(v, ), L(v, 9)) = et 32

holds if and only if v € V,, (%Aﬁ Moreover, if we assume

u € V,(0) and (3.3) holds, then u € V; (%v)

Proof. If v €V, <%A2> then

h(L(v,8), L(v, ) = h(8, P(v)p) = LEIEE AL,

), L(v,9)) = %)\ then the function

0]
g attains maximum at (v, ). It follows that, for any w L o,
h(w, P(v)0) = h(L(v,0), L(v,w)) = 0.

Therefore, we have P(v)v = 70 and 7 = h(v, P(v)0) = %ﬁ—l)v
This proves the first claim.
Now we assume (3.3). If u € V,,(0), then by the facts

veVy(o), 1€V, (%)\2)

Conversely, if h(L(v,
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we see that u,v,?v are orthonormal vectors and therefore, by Lemma
3.2, P(u)v = P(v)v. It follows that

P(L(u, ), L(, ) = (5, P(u)8) = (5, P()7) = S22

and thus u € Vj (%((2")?—1))\2) q.e.d.

n—r

Lemma 3.4. Let uq,u9,us € Dy be orthonormal vectors satisfying the
condition

h(L(ul,U3),L(U1,U3)) = h(L(UQ,U3),L(UQ,U3)) = %)\2

Then for any vector v € Do, we have h(L(u1,uz), L(uz,v)) = 0.

Proof. By Lemma 3.3, we see that uj,us € V,, (%Az) Us-
ing the linearity of the assertion, we may assume that v is an eigenvector
of P(us).

We choose an orthonormal basis {v,, } of Dy consisting of eigenvectors
of P(ug) such that vy = uy,vy = ug,v3 = ug. We now use (2.17) for
p=1,7=2k=4/{=3 to obtain

r—1
0= LD N L(v1,v0) + Y (L (v1,vm), L(vs, v3)) L (v, vn)

m=1

(3.4) + Z h(L(ve, vy ), L(vs,v3)) L(v1, V)

-2 Z h(L(v3, vm), L(v1,v2))L(v3, Uny).

Asm =3 and k = 1,2, it follows that
h(L(vg,vm), L(vs,v3)) = 0,
and if £k = 1,2 and m # k, 3, we have that
h(L(vg,vm), L(vs,v3)) = —2h(vg, P(v3)vm,) = 0;

we see that (3.4) reduces to

0= ("JEI)(T;FI))\Q v1,v9) — 2 Z h(L(v3,vm), L(v1,v2))L(v3, V)

+ h(L(v1,v1), L(vs, Ug))L(UQ, v1) + h(L(v2,v2), L(vs,v3))L(v1, v2).
Furthermore, from (2.8) and the assumption, we find that

(b DD X2 4 h(L (v, 01), L(vs, v3)) + B(L(v2, v2), L(vs, v3))

= (n4JEr1L)(:;rl))‘l + gy AT = 2h(L(ur, uz), L(ua, uz))
— 2h(L(u2,us), L(uz, u3)) = 0.
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Therefore, from (3.4) we get 327" h(L(v3, vm), L(v1,v2)) L(v3, v) = 0,
or equivalently, by Lemma 3.2,

(3.5) > h(L(vs,vm), L(v1,v2)) L(vs, vm) = 0.
vm€Vu3(0)
Now note that for vy, vy € Vi, (0), we have
h(L(v3,vp), L(v3,vq)) = h(vp, P(vg)vy) =0, if p#q.

Then (3.5) implies that if v,, € V4,5(0), then A(L(uy, u2), L(us, vm)) = 0.
On the other hand, if v, € V,,(0), then h(L(us,vm), L(us,vm)) =
(v, P(ug)vy,) = 0 and hence L(us,v,,) = 0. Therefore we also have
h(L(u1,us2), L(us, vy)) = 0.
We have now completed the proof of Lemma 3.4. q.e.d.

4. A decomposition of D,

In this section, we introduce a direct sum decomposition for Dy, which
turns out crucial for our purpose.

Pick any unit vector v; € Dy and write 7 = %A%; then by

Lemma 3.1, we have a direct sum decomposition for Dy
Dy = {Ul} D Vvl (0) D Vvl (7_)’

where here and later on, we denote also by {-} the vector space spanned
by its elements. If V,,(7) # 0, we take an arbitrary unit vector vy €
Vu, (7). Then by Lemma 3.3 we have:

vy € Vv2 (T), Vv1 (O) C sz (T)7 sz (0) - Vv1 (T)
From this we deduce that
Dy = {01} & V2 (0) @ {2} @ Vi (0) & (Vo (1) N Van (7).

If Vi, () NV, (7) # 0, we further pick a unit vector vg € V,, (7) NV, (7).
Then

Dy = {7}3} ©® Vv3 (O) ©® Vva (T)
and by Lemma 3.3 we have
v1,v2 € Vv3 (T)v Vvl (0)7 sz (0) - Vv3 (T)
It follows that
Dy ={v1} & Vi, (0) & {v2} & V2, (0) & {3} & Vi, (0)
& (Vor (7) 0 Vi (7) 0 Vig (7).
Considering that dim Dy = r — 1 is finite, by induction, we get

Proposition 4.1. There exist an integer ko and unit vectors vy, . .., Vg,
of Dy such that

(4.1) Dy ={v1} &V, (0) @ -+ @ {vg, } © Vi (0).
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In what follows, we will study the decomposition (4.1) in more detail.

Lemma 4.1. (i) With the assumption dim(Im (L)) > 2, we have ko > 2.
(i) For any unit vector uy € Vi, (0), we have {vi} ®V,, (0) = {u1} &
Vur (0).
(iii) For any unit vectors uy, 1 € {v1}®V,y, (0) and uy L 1, we have
L(ul, ?11) =0.

Proof. (i) If kg = 1 and Dy = {v1 } &V}, (0), then for any unit vector v €
Vi, (0) we have L(vy,v) = 0 and thus L(v,v) = L(v1,v1). This implies
that dim(Im (L)) = 1, contradicting the assumption dim(Im (L)) > 2.
(ii) If we have w € V;,(0) such that w L wg, then by Lemma 3.2,
( 1)w = P(vi)w = 0 and therefore w € V,,(0). Similarly, if w €
Vi, (0) such that w L vy, then w € V,, (0). This proves the assertion.
(111) Let {u$ = vi,uf, ..., uy} be an orthonormal basis of {v1}&V,, (0).
By (ii) we see that

{01} 8 Vi (0) = {ul} & Va(0), 1</ <p.

This shows that ujl € VL (0) for j # £. Then we have L(u;-, u}) = 0 and
L(ujl,u;) L(u},u}) for all j # £. In particular, we have L(uy, ;) =0
and L(ui,u1) = L(vy,v1). q.e.d.
Lemma 4.2. In the decomposition (4.1), if we pick a unit vector us €
Vi, (0), then there exists a unique unit vector uy € V,,(0) such that
L(Ul, UQ) = L(’Ug, ’LL1).

Proof. Let {uf,...,u} } be an orthonormal basis of V,,(0), 1 < ¢ < ko
such that u% = uy. Then

{vl,...,vko;u%,...,ull,l;.. u]fo,..., pk} —{um}1<m<r 1

forms an orthonormal basis of Dy. Now we use (2.12) with p = k =
2,0 = 1 and v; = u?, together with the facts that L(va,us) = 0 and
h(L(vy,v2), L(v1,v2)) = T being a maximum, and we obtain

0= K(L(UQ, UQ), L(Uly U2))

== 2((7:——12) Alh(L(U% U2)7 L(’Uly U2))€1

r—1
+ 3 A(L(v2, i), L(vr, v2)) L(uz, )

+ Z h ’LLQ,'LLm (Ul,’Ug))L(UQ,&m)

= h(L(Ug, ’Ul) L(’Ul, Ug))L(UQ, Ul)

+ Z h(L(u2, Ur,), L(v1,v2))L(va, Up,).
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To deal with the last summation, we first use Lemma 3.4 and that
h(L(v1,v2), L(v1,v2)) = 7T is a maximum to see that

h(L(ug,ve), L(vi,v2)) =0, 1< <ky.
For £ > 3 and 1 < g < py, we have
h(L(Ul,uf;),L(ful, q)) = h(u P(v )u )=T
= R(ul, P(vo)ul) = h(L(va, ul), L(ve, ub)).
Then by Lemma 3.4 we obtain
h(L(UQ,Ug),L(Ul,'UQ)) =0, 3</(l<ky 1<q<npy.
By Lemma 4.1 (iii), we see that if 2 < j < po, then L(ug,u?) =0. If
j =1, then by u? = uy and (2.9) we have
h(L(ug,u?), L(vi,v2)) = —2h(L(ug,v1), L(ug,v2)) = 0.
Putting the above results into (4.2), we get

(4.3) L(v1,uz) Zh (ug, uyy), L(v1, v2)) L(va, uy,).

Let us choose u; = i P h(L(u2,ul,), L(vi,v2))ul,; then clearly
we have u; € V,, (0) and L(vl,u2) L(vg,uy).
Suppose 1 = Y P anul, € V,, (0) such that L(vi,us) = L(va,1);
then by (4.3) we get
p1

(4.4) Z (am + Lh(L(ug, up,), L(v1,v2))) L(ve, us,) = 0.

m=1
Note that as ul, € Vi, (0) C V,,(7), it implies that
h(L(vg,ujl-),L(vg,ug)) = h(u P(vo)uj) = 160,
ie., {%L(vg,u}n)}lgmgm consists of orthonormal vectors. Then (4.4)
shows that
am = —2h(L(uz,uy,), L(v1,v2)), 1 <m <py.

This clearly proves the uniqueness of u;.

To show that vector u; € V,, (0) satisfying L(vy,us) = L(v2, u1) must
be of unit length, we write u; = at;, where 41 € V,,(0) C Vi, (7) is
unit. Then, at one side as ug € V,,,(0) C V,, (1),

h(L(va,u1), L(va,u1)) = h(L(vy,uz2), L(v1,u2)) = h(ug, P(vi)ug) =7
On the other side, we have
h(L(vy,u1), L(va,u1)) = &®h(L(ve, @1), L(va, 1))
= &?h(dy, P(v2)iy) = o7

Hence o? = 1 and w; is a unit vector. q.e.d.
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To generalize Lemma 4.1 (ii), we can show the following

Lemma 4.3. Ifu; € {v1} @ V,,(0) is a unit vector, then
{1} © Ve (0) = {ua} @ Vi, (0).

Proof. According to Lemma 4.1 (ii), we need only to consider the case
that u; & V,,(0) and uy # v;.

If dimV,, (0) = 0, there is nothing to prove. We now assume p; =
dim V,, (0) > 1 and let {ug,...,u; } be an orthonormal basis of V,, (0)
such that u; = cos 6vy + sin Hu%.

If p; > 2, then by Lemma 4.1 (ii) we have {v1} ® V,,(0) = {ul} @
V1 (0). It follows that uy € {ud} @ V,3(0). However, we have u; L
ud; this implies that u; € Vu%(O). By Lemma 4.1 (ii) again we get
{ud} ® Vi (0) = {ur} @ V4, (0). Hence {u1} & V4, (0) = {v1} & V4, (0) as
claimed.

Finally, if p; = 1. denote @ = — sinfv; 4 cos Hui. Then {v1} @
Vi, (0) = {uy} @ {@1}. Therefore, to show that {vi} & V,,(0) = {us} &
Vi, (0), it suffices to show that {u;} = V,,,(0).

For that purpose, we take at this point an orthonormal basis {vy, vy =
ui,vs,...,v,—1} of Dy. Then by (2.6), (2.8), and the fact L(vy,ul) =0
we have the following calculation:

h(vy, P(uy)iiy) = h(L(v1,w), L(i, u1))
= sin 0 cos” 0 (h(L(vr,01), Lut,ub)) = A(L(vr,v1), L(vr,01)) ) = 0.
Similarly,
h(vy, P(uy)iiy) = h(L(u},u), L(iiy, uy))
— sin? ecose(h(L(u%,u%),L(u%,ui)) — R(L(ul, ub), L(vl,vl))) —0.

For each v = v3,...,v,_1 € V,,(7), as Lemma 3.3 gives that u} € V,(7),
we easily obtain

h(v, P(u1)i1) = h(L(v,u1), L(t1, u1))
= h< cos OL(v,v1) +sin 0L (v, ul),sin 6 cos O(L(uj, ui) — L(vy, vl)))
= sin 6 cos? @ h(L(v,v1), L(ul,ul)) — sin? @ cos 8 h(L(v,ul), L(vy,v1))
— —2sinf cos? @ h(vy, P(ul)v) + 2sin? @ cos 6 h(ul, P(v)v) = 0.
From the above calculations, we have proved P(ui)u; = 0, i.e., U1 €
Vi, (0). We only need to prove dim V,,, (0) = 1. Assume dim V,,, (0) > 2;
pick 41 € V,,, (0), such that (41, 4;) = 0. By Lemma 4.1 (iii), L(d,01) =
0. By Lemma 3.2 (i), L(ui,u1) = 0, L(u1,u1) = 0. Noting v; =

cos fuy —sin 1y, ul = sin Gug +cos Oy, we have L(vq, 1) = L(cos Ou; —
sin 01y, @1) = 0, thus @1 € V4, (0), but ul € V, (0). Noting (i1, ul) =0,



AFFINE HYPERSURFACES WITH PARALLEL CUBIC FORM 257

we have dim V,,, (0) > 2, a contradiction with p; = 1. We have completed
the proof of the lemma. q.e.d.

Lemma 4.4. In the decomposition (4.1), if for 1 < ¢ < ky we write
= {v} ® V,,(0), then we have:
(1) For any unit vector a € Vj,

(4.5) K(L(a,a), L(a,a)) = —@t0iD 30 (b DCn—3r1) 327 (4, q).

8(n—r)2 4(n—r)?

(2) For any unit vectors a € Vj, be Vy, j#U,

(4.6) K(L(a,a), L(a, b)) = "HE=0 2 (a,b),
K(L(a7 CL), L(bv b)) _w)‘lel

(4 7) 16(n—r)3

° 2

— N (L(a, a) + L(b.b)),

(4.8) K(L(a,b), L(a,b)) = —2(T+1 jAITEL + 7(L(a,a) + L(b,b)).

(3) For unit vectors a € Vj, b € Vy, c € V, and j, £, q being distinct,
(4.9) K(L(a,b), L{a,c)) = TL(b,c),
(4.10) K(L(a,a), L(b,¢) = =N L(b, o).

(4) For orthogonal unit vectors ai, ax € V; and unit vectors b €
Vi, c € Vi with 3, £, q being distinct, we have that

(4.11) K(L(ay,b), L(ag,c)) = 7L(b,c),

where ¢ €V, is the unique unit vector satisfying L(ag,c) = L(a, ).

Proof. We take an orthonormal basis of Dy in such a way that it consists
of all the orthonormal basis of Vj, 1 < j < kg. Then (1)-(4) are
direct consequences of Lemma 2.6. Take (4.9), for example: we combine
Lemma 2.6 with the fact h(L(a,b), L(a,c)) = h(b, P(a)c)) = Th(b,c) =
0 and the isotropic properties of L. Then we get (4.9). From (4.9),
Lemmas 4.2 and 4.3, we can get (4.11). q.e.d.

Proposition 4.2. In the decomposition (4.1), if kg > 2, then
dim V;, (0) = - = dim V,_(0).

Moreover, the dimension which we denoted by p can only be equal to
0,1,3, or 7.

Proof. As a direct consequence of Lemma 4.2, for any j # ¢, we can
define a one-to-one linear map from V,,(0) to V,,(0), which preserves
length of vectors. Hence V,,(0) and V,,(0) are isomorphic and have the
same dimension which we denote by p. To make the following discussion
meaningful, we now assume p > 1.

Set V; = {w} @& V,,(0), 1 < ¢ < ko. Let {vg,u‘i,...,uf;} be an
orthonormal basis of V. For each j = 1,...,p, Lemmas 4.2 and 4.3
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show that we can define a linear map ¥; : V1 — V; such that for any
unit vector v € V1, T;(v) is the unique element of V,,(0) C V; satisfying

(4.12) L(v,u?) L(v2,%;(v)).

We remark that we can uniquely define T;(v) € {v} ® V,(0) = W
by (4.11), without having to assume that T;(v) € V,(0). In fact, if we
have a unit vector x € V,(0) such that L(vg,ax + bv) = L(v, ]), then
from the definition of T;(v) we have L(vy, ax —T;(v)) = —bL(v2,v). As
the function g defined by (2.18) attains a maximum at (va,v), it follows
that L(vg,w) L L(vg,v) for all w L v. Hence we see that b = 0 and
ar = T;(v).

The linear map ¥; : V4 — V; has the fundamental properties:

(P1) M(%;(v),%;(v)) = h(v,v), i.e., T, preserves the length of vectors.

(P2) For all v € Vi, we have T;(v ) v.

(P3) T2 = —id.

(P4) For all j # ¢ and v € Vi, we get that h(T;(v), ZTe(v)) = 0.

Since the properties (P1) and (P2) can be easily seen from Lemma 4.2
and the definition of ¥;, we only need to verify explicitly (P3) and (P4).

For any unit vector v € Vi, we have

(4.13) L(v, T3 (v)) = L(T;(v), ).
Using the fact {Sj(’l))} ® sz(v) (O) =Vj and ujz S sz (0) C VTj(U) (7')7 we

have
h(L(Tj(v),u?),L(fj(v), ])) —h( (vg,fj(v)),L(m,fj(v)))

(4.14) = h(L(v,v3), L(v,v3)) = T.

Since v, T;(v), vg,u] are orthonormal vectors, by L(va,u ]) 0, (2.10),
and (4.12) we see that

0= h(L(v,v2), L(T;(v),u?))

—i—h(L(v,‘Zj(v)) L(ve,u ])) +h(L( v, ?),L(UQ,T]'(’U)))

= h(L(v,v2), L(T;(v),u3)) + h(L(v2,T;(v)), L(va, T;(v))).

Applying (4.14) and the Cauchy-Schwarz inequality, we deduce
(4.15) L(Ej(v),ui) = —L(v,v9).

Combining (4.13) and (4.15), we get L(T3(v)+v,v2) = 0. As T3 (v) +
v € Vi C V,,(7), it follows that

0= h(L(T?(v) + v, v9), L(E?(v) + v,vg))
= h(T3(v) + v, P(v2)(T5(v) +v)) = Th(TF(v) + v, T3 (v) + v).

Hence ‘Z? (v) = —wv for a unit vector v and then by linearity for all v € V7,
as claimed by (P3).
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To verify (P4), we note that, if j # ¢, by definition
Sj(v)vzﬂ(v) € Vv(0)7 L(U%Sj(v)) = L(’U7u?) 1 L(U,’LL%) = L(’Ug,f@(v)).
If we assume Ty(v) = a¥;(v) + x, where L T;(v) and x € V,(0), then
0 = h(L(va, T;(v)), L(v2, Te(v)))
= h(L(v2,%;(v)), aL(va, T;(v)) + L(vg,x))
= ah(L(v2,%;(v)), L(va2, T;(v))) = ar.
Thus a = 0 and therefore T;(v) L Fy(v), as claimed.

We now look at the unit hypersphere SP(1) C Vj; then the above
properties (P1)—(P4) show that at v € SP(1)

T,5P(1) = {T,(v), ..., T,(v)}.

Hence, by the properties (P1)-(P4), SP(1) is parallelizable. Then, ac-
cording to R. Bott and J. Milnor [BM] and M. Kervaire [Ke]|, the
dimension p can only be equal to 1,3, or 7. g.e.d.

From theorems 4.1, 5.1, 6.1, and 6.2 in [HLSV], and combining with
the above Proposition 4.2, we see that, in order to complete the proof
of the Classification Theorem, it is sufficient to deal with the four cases
that p =0, 1, 3, 7. These will be carried out in the remaining sections
and the results are stated as Theorem 5.1, Theorem 6.1, Theorem 7.1,
and Theorem 8.1, respectively.

5. Hypersurfaces in R"*! with p =0

In this section, we will prove the following theorem.

Theorem 5.1. Let M™ be a locally strongly convex affine hypersurface
of R which has parallel and non-vanishing cubic form. If dim Dy =
r—12> 2 and p defined in the previous section satisfies p = 0, then
n > ir(r+1) — 1. Moreover, either we have

(i) n = %7’(7‘ + 1), and M™ can be decomposed as the Calabi product
of a hyperbolic affine hypersphere with parallel cubic form and a point,
or

(i) n > %7’(7‘ +1), and M™ can be decomposed as the Calabi product
of two hyperbolic affine hyperspheres both with parallel cubic form, or

(ili) n = 3r(r + 1) — 1, and up to a suitable homothetic transforma-
tion, M™ is affine equivalent to an open part of the standard embedding
SL(r,R)/SO(r) «— R™! which is explicitly described at the end of this
section.

Proof. In the present situation, the decomposition (4.1) reduces to

Dy ={v1}® - @ {vg -
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Then dimDy = ko = r — 1 and {v1,..., vk, } forms an orthonormal
basis of Dy. According to Lemma 3.4 and the fact that for j # /£,
vj € Vy,(7), we have

(5.1) h(L(vj,ve), L(vj,ve)) = 7, j #¢,
(52) h(L(’Ujvvél)’L(’Uj’UZz)) =0, J,{,¥ distinct,
(5.3) h(L(vjy,v55), L(vj5,v54)) = 0, j1, ja, j3, ja distinct.

1
It follows that {FL(UJ"W)}lgjdgko
thonormal vectors. For {L(v;,v;)}1<j<k,, We note that

consists of $(r — 1)(r — 2) or-

(5.4) h(L(vj,vj), L(vj,vj)) = 4(7;—4;17"))\%’ 1 <j < ko,
(5.5)
h(L(vj,v;), L(ve,vp)) = 48f_1r) N9 = ——("sﬁ)_(:;lw’ 1 <j#< ko,
5.6 vi,v;), L(vij,v)) =0, 1< < ko,
h(L(vj,v;), L(v; A0<k

(5.7)  h(L(vj,vj), L(ve,ve,)) =0, 1< 5,4,¢; distinet and < k.

Then {Lj = L(?}l, ?)1) +-- —I-L(’Uj, ?)j) —jL(Uj_H, Uj+1)}1§j§r—2 arer—2
mutually orthogonal vectors which are all orthogonal to L(vj, vg), j # Y.
Moreover, we easily have h(L;, L;) = 2j(j + 1)7 # 0. Hence

wjp = \%L('Uj,’l)g), 1<j<e<r—1,;
(5:8) wj=———1L;, 1<j<r—2
V25 (G+1)T
are (r —1)(r — 2) 4 (r — 2) orthonormal vectors in Im (L) C Ds.
Finally, it is easily known that Tr L = L(vy,v1) + -+ + L(vg,, Uk, ) 18
1

orthogonal to the above 5(r — 1)(r — 2) + (r — 2) vectors and satisfies

(5.9) h(Tr L, Tr L) = St enorori2) 52

The above results imply that
n=1+dimD; +dimDs > 1+ (r—1)+ 3(r —1)(r —2) + (r — 2)
=ir(r+1)—1.

2
So, there are three cases to be considered: (i) n = 3r(r + 1); (i)
n > %r(r +1); (iii) n = %r(r +1)-1.
For Case (i) and Case (ii), we define a unit vector

_ 4(n—r)
t= V2(n41)(r—1)(2n—r2—r42) A Tr L.

In Case (i), the previous results and particularly (5.9) show that
{t; wjg|1 <j<€<r—1; wj|l <j<r—2}is an orthonormal basis
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of Im (L) = Ds3. By direct calculations with application of Lemma 2.4,
Lemma 4.4, and (5.1)—(5.8), we have
Lemma 5.1. From the above assumptions, we obtain that

K(t,el) 2(n r))\lt

n n—r’—r
K(tat) 2(71 'r) )\161 + (n— :)(227: T;+3+2)\/( +1)(22(T71) +2) Alta

(5.10) K“v“j):zml—r)\/ (o=t Ny, 1< <71,

K(t,wy) = nir\/%j%)\lwﬁ 1<ji<r-2,

n—r 2(r—1)

Put T = aey + Bt, T* = —PBe; + at, where

K(t,wje) = —= \/thm 1<j<t<r-—1.

2n—r2—r+2 2(n4-1)(r—1) 1)
1) Bt 5o T

Then {T, T*; vj |i<j<r—1; Wm [1<m<r—2; Wke |1<k<¢<r—1} is an orthonor-
mal basis of T,,,M. By Lemma 5.1 we easily obtain the following

Lemma 5.2. Under the above assumptions, it holds
K(T,T) =mT, K(T,vj)=muv;, 1<j<r-1,
(512)  { K(I,T%) =mT*, K(T,w;)=mw;, 1<j<r—-2,
K(T,wje) =mwjy, 1<j<l<r—1,
where N1 and ny are defined by

_ n—r?—pr41 (2n—r41)r
n= (n—r)r 2n—r2—r+2>\1’

(5.13)

_ 2n—r2—r42 (2n—r+1)r
N2 = 2(n—r)r 2n—7’2—7’+2)\1’

which satisfy the relation

(5.14) mny — 3 = — I AT =

Based on the conclusions of Lemma 5.2, we can apply theorem 4
of [HLV] to conclude that in Case (i), M"™ can be decomposed as the
Calabi product of a hyperbolic affine hypersphere with parallel cubic
form and a point.

For Case (ii), we see that
{ti w1 <j<l<r—1; wj|l1<j<r—2}

is still an orthonormal basis of Im (L). But now we no longer have
that Im (L) coincides with D3. Denote 7i = n — r(r + 1) and choose
w1, ..., W; in the orthogonal complement of Im (L) in D3 such that

{t; wjeli<jcr<r—1; Wjli<j<r—2; Wm |1<m<a}
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is an orthonormal basis of D3. Then, besides (5.10), we further use (2)
of Lemma 2.5 to get, for 1 <m < n,

~ r2— n n—r2—r ~
(515) K(t’wm) = _(n—r)(2n—7}2—r+2) \/( +1)(22(r—1) = AWy

Now we define 7" and 7™ as in Case (i). Similar to Lemma 5.2, we
can easily show the following

Lemma 5.3. For Case (ii), it holds

K(T,T)=mT, K(T,v;)=mv;, 1<j<r—1,
K(T,T") =nT", K(T,w;) =mnuwj, 1<j<r-2

(5.16) K(T,wjo) = nwjp, 1<j<l<r-—1,
K(T,Wy,) = n3,, 1<m<n,

where 01, N2, and n3 are defined by (5.13) and

(517) n3 = — 2(7:__17«) 2(72111;2711_701_):2)‘17

which satisfy the relation mo # n3, 22 # m # 213, and

(5.18) m=mn2+tmn3 M0z = —%)\% = A

Based on the conclusions of Lemma 5.3, we can apply theorem 3 of
[HLV] to conclude that in Case (ii), M™ can be decomposed as the
Calabi product of two hyperbolic affine hyperspheres both with parallel
cubic form.

Finally, for Case (iii), we have that
D3 = {wjehi<jco<r—1 ® {wjti<j<r—2.
It follows that
(5.19) {ers v hgjor—1s wieh<jce<r—1: wj higjr—2}

is an orthonormal basis of T, M. Now, applying Lemma 2.4, Lemma
4.4, and the previous (5.1)—(5.7), we can calculate all the components
of the difference tensor with respect to the basis (5.19). Particularly,
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according to the definition of {w;}, we easily derive the following for-

mulas:

L{vi,v1) Z Vi J G-1

L(vz, v2) Z\/ G- 1 wj—1 — /T wi,
(5.20)

2X21
3 w2,

L(vs, v3) = Z \ T Wit —
j=4
L(UT—27UT—2) - \/ (r—l%% Wr—2 — \/ 2(::3)7 Wr—3

2(r—2)r
L(Ur—lavr—l) = - (7«_1) Wyr—2.

To calculate K(vj, wy) and K (vj, wj, j,), we use Lemma 2.4 to obtain
r—1
K(vj,wy) Z h(K (v, we), U )V = Z h(L(vj, vm), W)U,

m=1

1
= Z h <L(Uj7vm)7 Z L(Um,’[)m) - EL(’UZ-l-l’UZ-H)) v
V2L(+1)T = —

l
= \/ﬁh (L(vj,vj), Z L(vin, vi) — €L(w+1,vg+1)> vj,

=1
and

K(Ujawjle) = % K(Uj7L(Uj17Uj2))

Z h ’U],?)m (Ujlvvjz))UM'

Then, by (5.1)—(5.5), we easﬂy obtain the following

Lemma 5.4.

(W) 25 < & then K(vj,we) = \/25(1z+1 (n+;2£2nr)r+1) Afvj.

(il) K (vetr, we) = =4/ 2(g+1) (n—i—El;zéZnT)r-l-l) Mgt
(iii) If j > £+ 1, then K(vj,we) = 0.

(IV) If] 75 jlvj?) then K(Ujijle) = 0.
(V) If] < é} then K(Uj7wj€) = \/7_—,0(} K(,Ubwjf) = \/ij
Similarly, we use Lemma 4.4 to carry out tedious calculations for getting
K(wj,we), K(wj,wke), and K (wjk, wpq) in terms of the basis (5.19). For
simplicity, this will be omitted.
Now let us consider the standard embedding of SL(r,R)/SO(r) —
R"("+1)/2 with affine structure as stated in section 6 of [HLSV], which
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is a hyperbolic affine hypersphere with parallel cubic form. Denote Ej
the r x r matrix which has (j,k) entry 1 and all others 0. Then with
respect to the metric h(X,Y) = 2 tr (XY) of SL(r,R)/SO(r) at I, we
can choose an orthonormal basis as follows:

€ = 4(1r—1) ((7‘ —DE, — By —- — T—lvT—l)’
b= \JE (B + Byp), 1<j<r—1;

J
@5 =) 5 ( D Bmm = iEjr1441), 1<j<r—2

m=1

(5.21)

| @0 = \[E(By+ Epe), 1<j<t<r—1
By using the formula K(X,Y) = KxY = XY +YX — 2tr (XY)I

and E;, B,y = Ejqdkp, it can be seen easily that, if we define

Ly = L(#1,91) — L9, 02) = K (th,91) — K (2, 02),

Ly = L(¥y, 1) + L(a, 52) — 2L(03, 3)

= K(01,01) + K(02,09) — 2K (03, 03),

Ly—g =K (01,01) + - + K (#r_0,9r—2) — (r — 2)K (8y—1, Ty—1),

then the following relations hold:

ujj:i, 1<j<r—2

(5.22) 1251
- K(,00) _ L(9,0) ; _
Wit = TR G501 — TEGE; 501 lsj<tsr—1

Moreover, we have the calculation for the difference tensor at I:

Kg ey = 2=4e1, Koty = 552505, 1 <j<r—1;
(5.23) Keywj = —\/%@ja 1<j<r—2
Kz wjp = —\/%wjéa 1<j<ei<r—1.

Since SL(r, R)/SO (1) — R"("+1)/2 has parallel cubic form, if we iden-
tify {€1;0; [1<j<r—15 W) [i<j<r—2; Wje[1<j<e<r—1} in (5.21) with the ba-
sis (5.19) of M"("+1)/2=1 then due to the facts (5.22) and (5.23), we see
that the difference tensor of SL(r,R)/SO(r) — R""t1)/2 i exactly the
same as that of M(+1)/2=1 _y Rr(r+1)/2 ¢orresponding to Ay = &%—21,
or equivalently A = —1.

Now for the locally strongly convex €, affine hypersphere M"™ — R"+1
withp =0and n = %7’(7‘—# 1) —1, we see from the above discussion that,
by applying a homothetic transformation to make A = —1, if necessary,
MT+D/2=1 and the standard embedding SL(r,R)/SO(r) — R7("+1)/2
have affine metric h and cubic form C' with identically the same affine
invariant properties. Applying Cartan’s lemma (cf. lemma 1.35 of [CE])
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together with the fundamental uniqueness theorem of affine differential
geometry, we obtain that M"("+1)/2=1 and SL(r,R)/SO(r) are locally
affine equivalent.

This completes the proof of Theorem 5.1. q.e.d.

6. Hypersurfaces in R"*! with p =1

In this section, we will prove the following theorem.

Theorem 6.1. Let M"™ be a locally strongly convex affine hypersurface
of R which has parallel and non-vanishing cubic form. If dim Dy =
r—1=2ky > 2 and p as determined in section 4 satisfies p = 1, then
n>i(r+1)%-1.

Moreover, if kg = 1, then M™ can be decomposed as the Calabi product
of two hyperbolic affine hyperspheres both with parallel cubic form. If
ko > 2, then either we have

(i) n = 2(r +1)%, and M™ can be written as the Calabi product of a
hyperbolic affine hypersphere with parallel cubic form and a point, or

(i) n > (r 4+ 1)%, and M™ can be written as the Calabi product of
two hyperbolic affine hyperspheres both with parallel cubic form, or

(iii) n = $(r + 1) — 1, and up to a homothetic transformation, M"
1s affine equivalent to an open part of the standard embedding
SL(ZH,C)/SU(ZEL) — R+

To prove the theorem, we first prove the following

Lemma 6.1. Suppose dimDy = r —1 > 3 and p = 1. Then from
the decomposition (4.1) there erists unit vector u; € V,.(0), 1 < j <
ko = %(r — 1), such that the orthonormal basis {vi,u1;...;Vk,, Uk, } Of
Dy satisfies the relations

(6.1)  L(vj,ue) = —L(uj,ve), L(vj,ve) = L(uj,ug), 1< 4,0 < ko.

Proof. We have the decomposition (4.1) with dimV,,(0) =1, 1 <j <
ko. Let V4, (0) = {ua}; here ug is a unit vector.

According to Lemma 4.2, for each j # 2, we have a unique unit vector
u; € V,,;(0) satisfying the relation

(6.2) L(vj, —ug) = L(uj,v2), 1<j <k, j#2.

Claim 6.1. Based on the above definition, the relations
(6.3) L(uj,ug) = L(vj,v2), 1 <j < ko

hold.
In fact, if j = 2, then ug € V,,,(0) implies that L(ug,v2) = 0 and thus
L(UQ, UQ) == L(’Ug, ’Ug).
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Next, for each j # 2, we use the fact L(u;,v;) =0, (6.2), and (2.10)

to see that
h(L(uj, ug), L(vj, v2)) = h(L(vj, —u2), L(uj, v2))
= h(L(vj, —ug), L(vj, —uz)) = h(ug, P(v;)uz)

On the other hand, h(L(u;, u2), L(u;,u2)) = h(L (v], v2), ( ,U2)) =
7. Then by the Cauchy—Schwarz inequality we get L(uj,ug) = (U], V).
This finishes the proof of the claim.
Claim 6.2. L(uj,us) = L(vj,ve), 1 <j, € <ko, j,#2.

For j = ¢, the fact that u; € V,,(0) implies L(v;,u;) = 0. It follows
that L(uj,u;) = L(vj,v;).

Next, for dim Dy > 6, we fix j, £ # 2 such that j # /. By Lemma 4.2,
there exists a unique unit vector in V,(0), denoted u;(¢), such that

(6.4) L(vj,ue) = —L(u;(€), ve).

Since both unit vectors uj, u;(¢) € V,,(0) and dimV, (0) = 1, we
have two possibilities: u;(¢) = u; or u;(¢) = —u;.

(1) If uj(f) = uj, then we have L(vj,us) = —L(uj,v¢). By using

(2.10) and L(uj,v;) = 0 we have
h(L(uj, ur), L(vj, ve)) = h(L(vj, —ue), L(uj, ve))
= h(L(vj, —up), L(vj, —ug)) = h(ug, P(vj)ue) = 7.
On the other hand, h(L(uj,ur), L(uj,ue)) = h(L(vj,ve), L(v;

7. Then by the Cauchy-Schwarz inequality the claim L(u;, u)
follows.

(2) If u;(¢) = —u;, then we have L(vj, us) = L(uj,ve). We will show
that this is impossible.
In fact, by (2.10) and L(uj,v;) = 0 we have

h(L(Ujv Uf)v L(“j? uﬁ)) = _h(L(Ujv uf)v L(ujv W))
= —h(L(vj,u), L(vj,up)) = —.

Since h(L(uj,ue), L(uj,ue)) = h(L(vj,v¢), L(vj,ve)) = T, by the Cauchy-
Schwarz inequality we obtain L(u;,u¢) = —L(vj;,ve). Hence we have
(6.5) K (L(uj,u¢) + L(vj,vp), L(va,uj)) = 0.

On the other hand, by using (6.2) and Lemma 4.4, we find that

K (L(uj,ug), L(v2,u;)) = TL(ug, v2) = —7L(vg, uz),
K (L(vj,ve), L(va,uj)) = K(L(vj,ve), —L(vj,u2)) = —7L(vg, u2).
Combining the above with (6.5), we get L(vg,u2) = 0, which is a

contradiction. So we complete the proof of Claim 6.2.
We have now completed the proof of Lemma 6.1. q.e.d.

) =

, Uy
(UJ7 UZ)

Remark 6.1. For p = 1 we have dimDy = 2ky. Denote V; = {v;} @
Vi, (0) = {vj} @ {u;}, 1 < j < ko. For each 1 < j < ko, we define
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a linear map J : V; — V; by setting Jv; = u;, Ju; = —v;. Then
J : Dy — Dy is an almost complex structure and Lemma 6.1 shows that
it satisfies the relations

(6.6) L(Ju,v) = —L(u, Jv), L(Ju,Jv) = L(u,v)
for all u,v € Ds.
Proof of Theorem 6.1. Let r—1 = 2ky. If kg = 1, then the dimension
of the image of L would be 1, which is a case we have treated in theorem
5.1 of [HLSV], and in that case it follows that M"™ can be decomposed
as the Calabi product of two hyperbolic affine hyperspheres both with
parallel cubic form.

We now assume that kg > 2 and let {v1,ui;..., vk, uk,} be the

orthonormal basis of Dy as constructed in Lemma 6.1. According to
Lemma 3.4 and that for j # ¢, uj,v; € V,, (1) = V4, (), we have

(6'7) h(L(Uj’UZ)’L(Ujvuf)) = h(L(Ujvvé)’L(vj’W)) =7, J 7& l,
h(L(u]VWl)vL(ujvvb)) = h(L(Uj=u51)7L(Uj7ufz))

(6'8) = h(L(Uj7U51)7L(Uj7Wz))
=0, 7,41, distinct,

(6.9) h(L(vj,,vj,), L(vjs,v5,)) =0, J1,J2,j3, ja distinct,

(6'10) h(L(UJ'?UZ)?L(UjNufl)) =0, J 7é ¢ and Ji 7’é ly.

Thus {%L(vj, vg)}léjdgkou{%L(vj, Ug)}1§j<£§ko consists of ko (ko —
1) = 1(r — 1)(r — 3) orthonormal vectors. For

{L('Uj, ’Uj) = L(Uj, uj)}lﬁjﬁkm

we note that

(6.11) h(L(vj,v;), L(vj,vj)) = 4(TZ—+—17~))‘2= 1<) < ko,
(6.12) h(L(vj,v)), L(ve, v0)) = g{s=5 M) — 27
= —ENOEDNE 1< £ L <k,
(6.13) h(L(vj,v5), L(vj,ve)) = h(L(Uj,?j), L(vj,up))
=0, 1<j#L< ko,
(6.14) h(L(vj,v;), L(ve,, ve,)) = h(L(vj,v;), L(ve, ,ug,))

= 0, 1< j, 61,62 distinct < k‘o.
Similar to the previous section, we see that

{Lj = L(vi,v1) + -+ + L(vj,vj) — jL(vj4+1,vj41) hi<j<ho—1
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are ko—1 = 5 L (7—3) mutually orthogonal vectors which are orthogonal to
all L(vj,ve) and L(vj,ug),j # £. Moreover, we easily have h(L;, L;) =
2j(j + 1)7 # 0. Hence

Wi = \%L(’l}j,?}g), 1< j 4 < k();

(6.15) Wiy = \%L(’Uj?uz)’ 1< j <t < ko;
1 7. < G5 < ke —

w; \/WLJ7 1< <k —1

are +(r +1)(r — 3) orthonormal vectors in Im (L) C Ds.
Finally, it is easily verified that $Tr L = L(vi,v1) + -+ 4+ L(vgy, vk, )
is orthogonal to the above (r + 1)(r — 3)/4 vectors and satisfies

%h(Tr L,TrL) = ("+1)kzéz f;)2(ko+2))/\2

(6.16) e
= P - dr+ )2 +1).

The above results imply that
n=1+dimDy+dimD; > 1+ (r—1)+(r+1)(r—3) = 1(r+1)>-1.

Moreover, from (6.16) we see that Tr L = 0 if and only if n = L(r +
1)2 — 1. Then, there are three cases to be considered: (i) n = (r+1)%;
(i) n>3i(r+1)% (dii) n=1(r+1)? - 1.

For Case (i) and Case (ii), we define a unit vector

= Aln—r) Tr L.
V2(n+1)(r—1)[dn—(r—1)(r+3)] \1
In Case (i), the previous results show that {¢; wjy, w;-g [1<j<t<
$(r—1); w;|1 <j < 3(r—3)} is an orthonormal basis of Im (L) = Ds.
By direct calculations and applying Lemma 2.4, Lemma 4.4, and (6.7)—
(6.14), we have

Lemma 6.2. From the above assumptions, it follows that

(6.17)

K(t,er) = —Q(Tn;,lr))\lt,

K(tt) = _#}T))\lel + ol T+2)\/(r Dan ntl) oy M
K(tv;) = 52t \/(n+1)[4n( r )1)(r+3 ] Muj, 1<j<Lr—1),
Kltoug) = oy /EEC DOy 1< < (- 1),
K(tow;) = nir\/ ﬂ+l)[4n( (r )1)(r+3)] Mwj, 1<j<(r—3),
K(t,wje) = n—ir\/(nﬂ)%(r(_rl) N jwye, 1< << 3(r=1),
K(twy) = /el C Dl 1<j<e<ie-1).

Put T'= aey + pBt, T* = —PBe; + at, where

An—(r—1)(r+3 r—1)
(6'18) = \/4n+(7’( 1 (27(7, r )1) g = \/4n+ (2n r—1)°
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Then

*. . . /
{T, T% Vg, Uj |1§j§(r—1)/2a Wm |1§m§(r—3)/27 Wk, Wiy |1§k<f§(r—1)/2}

forms an orthonormal basis of T,,M. By Lemma 6.2 we easily obtain
the following

Lemma 6.3. From the above assumptions, we deduce that

K(T,T) = &T, K(T,T*) = &1,
6oy 4 KO =y K(Thw) =G, 1<j<itr—1),

K(T,w;) = &uw;j, 1 <j < 3(r—3),

K(T,wje) = &uje, K(T,why) =&uwly, 1< << 5(r—1),

where & and & are defined by

_ (n=r)[4n—(r—1)(r4+3)]=(n+1)(r*—1) An—(r—1)(r+3)
(6.20) &1 = (n—r)[dn—(r—1)(r+3)] \/4n+(7‘ ) (2n—r—1) AL,

— 2n r41 An—(r—1)(r+3)
52 (n— J;) An+(r—1)(2n—r—1) At

which satisfy the relation

(6.21) €16 — 52 r+1)(£L2nT)r+1))\2 — 0\

Based on the conclusions of Lemma 6.3, we can again apply theorem
4 of [HLV] to conclude that in Case (i), M™ is decomposed as the Calabi
product of a hyperbolic affine hypersphere with parallel cubic form and
a point.

For Case (ii), we see that {t; wj, w}, |1 <j </l < F(r—1); w;|1 <
j < 4(r—3)} is still an orthonormal basis of Im (L). But now Im (L) &
Ds. Denote 2 =n — %(r+1)? > 1 and choose w}, ..., w} in the orthog-
onal complement of Im (L) in Ds, such that
{ts wye, Wi [1<j <0< 50r—1); wj 1 <j < 5(r—3); wjll <j<n}

is an orthonormal basis of D3. Then, (6.17) together with (2) of Lemma
2.5 gives that

(622 K(tu) =~y moriram g, 1<i<h

Now we define 7" and 7™ as in Case (i). Similar to Lemma 6.3, we
can establish the following

Lemma 6.4. For Case (ii), we have that
K(I\T)=&T, K(I,T")=§&T7,
K(T, UJ) §avj, K(T, UJ) Sauj, 1§j§%(r_1)a
(6.23) K(T,wj) = &w;, 1<j<i(r-3),
K(T,wjr) = &wj, K(T, w}é) = §2w‘;¢, 1<j<t< %(r - 1),
K(T, ) §3wj, 1<j<n,
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where &1, &2, and & are defined by (6.20) and

r In+(r—1)2n—r—1
(624) 63 = _2(n+—17‘) \/ 4n(—(7"—)(1)(7“+3) ) Al’

which satisfy the relations & # &3, 289 # &1 # 2€3, and
(6.25) §1=86+&, L&i= —%)\% = A

Based on the conclusions of Lemma 6.4, we can as in the previous section
apply theorem 3 of [HLV] to conclude that in Case (ii), M" is decom-
posed as the Calabi product of two hyperbolic affine hyperspheres both
with parallel cubic form.

Finally, for Case (iii), we have Tr L = 0 and thus

D3 = {wjet1<jcr<r—1)/2 P {w;é}1§j<£§(r—1)/2 ©{w; hi<j<(r—3)/2-
It follows that

(6.26) {e1; vj,uj h<j<(r—1)/23 Wies Wigli<j<e<r—1)/23 W) li<j<r—3)/2}
is an orthonormal basis of T, M. Now, applying Lemma 2.4, Lemma
4.4, (6.1), and the previous formulas from (6.7) up to (6.14), we can

calculate all components of the difference tensor with respect to the
basis (6.26).

Now, we look at the homogeneous space SL(m,C)/SU(m) and recall
its standard embedding into R™,

Let s(m) be the set of Hermitian (m,m)-matrices, SL(m,C) be the
set of complex (m,m)-matrices of determinant 1, and SU(m) = {4 €
SL(m,C)|tAA = I,,} be the set of unitary (m,m)-matrices with deter-
minant 1. Let X be the action of SL(m,C) on s(m) defined as follows:

X: SL(m,C) x 5(m) — s(m) st. (4,X)— Xs(X)=AX'A.

Let F' : s(m) — C be given by F\(X) := det(X). Consider the hypersur-
face of s(m) satisfying the equation det(X) = 1; we take the connected
component M that lies in the open set of §(m) consisting of all Hermit-
ian positive definite matrices. Then the mapping f : SL(m,C) — s(m),
defined by f(A) := A'A, is a submersion onto M, and it satisfies
f(AB) = Xa(f(B)); hence f is equivariant. M is the orbit of I under
the action X. The isotropy group is SU(m). Hence M is diffeomorphic
to SL(m,C)/SU(m). This is an irreducible, homogeneous, symmetric
space of non-compact type, and the involution at the identity matrix I
is given by A+ 'A~!. We denote this symmetric space by M’.

Clearly f(A) = f(B) if and only if B~*A € SU(m) and therefore the
map f : SL(m,C) — s(m) induces an embedding f : SL(m,C)/SU(m)
— s(m). Let m : SL(m,C) — M’ be the natural projection; then there
is an immersion f’: M’ — s(m) such that f = f’ o w. Now we consider

(6.27) f: SL(m,C)/SU(m) —» R"™ =s(m), n+1=m?
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with a transversal vector field €4 = f(A) for any A € SL(m,C)/SU(m).
Then £ is equiaffine and equivariant.

Consider the Cartan decomposition of the Lie algebra sl(m, C) = so®
su(m), where su(m) denotes the set of skew-Hermitian (m, m)-matrices
and 5o := {X € s(m) | tr(X) =0}. If X € sy then f.(X) = X. Now
50 can be considered as the tangent space of M at w(I).

Since f is equivariant, it is sufficient to compute the invariant objects
of the immersed hypersurface M’ in terms of s.

The embedding f : SL(m,C)/SU(m) — R"" = 5(m) with ¢ = f
has a Blaschke structure that can be expressed algebraically in terms of
the Lie algebra as follows (cf. [BD] for the case m = 3):

6.8 K(X,)Y)=XY +YX — 2 tr (XY)I,,
(6.28) MX,)Y)=2a(XY), S=—I,.

Here h is the natural Riemannian metric on the symmetric space M’;
this implies that the Levi-Civita connection of h is given by VxY =
$[X,Y]. From this it follows easily that the difference tensor K satisfies
(@XK) (X,X)=0. As M = f'(M’') is an affine hypersphere, we get
that VK is totally symmetric [BNS]; then from (@XK) (X,X) =0
and polarization of the multilinear symmetric expression over Ty, (M)
at xg € M it follows that VK =0.

Now we choose m = %(r + 1). Denote Ejj, (resp. EY) the m x m
matrix which has (j, k) entry 1 (resp. v/—1) and all other entries 0. Then
with respect to the metric A(X,Y) = 2 tr (XY) of SL(m,C)/SU(m)
at I, we can choose an orthonormal basis as follows:

(6.29)

~ 1

€1 = \/m((m - 1)E1m771 - Ell - mfl,mfl)v

U =\ % (Bmj + Ejm), @5 =/ % (Ep; — Ejp), 1< <m—1;
W; = /oy (Bu+ -+ By = jEjpj41), 1<j<m—2;

e = /2 (Bej + Eye), @ = /2(Bj— Bfy), 1<j<0<m—1,

By using the formula K(X,Y) = XY +YX — 2 tr (XY)I,, and

Ejkqu = quékpv E;‘kqu = EjkEzlzq = E;'qékpv E§kE;q = _qu5kp=

we can show that L(X,Y) = K(X,Y) — $\h(X,Y)é;, where \; =
m—2

NS T satisfies

L(ﬁj’af) = _L(aj’@ﬁ)v L(’[}jvﬁé) = L(ﬂj,ﬂg), 1<, 0<m—1
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Furthermore, if we define
Ly = L(01,91) — L(0a, 02) = K (1, 1) — K (0o, 02),
Ly = L(#1,01) + L(0y, ¥2) — 2L(03, 3)
= K(01,01) + K (2, 02) — 2K (03, 73),
Lm—o=K(01,01) 4+ + K(Om—2,0m—2) — (M —2)K (Orm_1,Om_1),
then the relations hold:

YT ==
K (4,0p) L(v;,9¢) . .
(6.30) Wit = TRGG,501 = TGaol L SI<f<m—1;
~/ K(v;,1) L(0;,1) . .
Wit = TR@ a0l — TEGrag 1 =J<fsm-—L

Moreover, we have the following calculation for the difference tensor
at I:

Kz e = \/";1_—251,
(6.31) Kglf)jzz\/ivj, Keluj:%/iﬂj, 1<j<m-1;
' Kélﬁ)j:_—/ri_lea léjém_27

Kz wje = —ﬁﬁ)jé’ K, )y = —\/% Gy 1< <€<m-—1
Since SL(m, C)/SU(m) — R™” has parallel cubic form, if we identify
{1595, % h<jam—15Wje, Wiy l1<jcozm—13 W) l1<j<m—2 | in (6.29) with the
basis (6.26) of M™, then due to the facts (6.30) and (6.31), we see that
the difference tensor of SL(m,C)/SU(m) — R™ is exactly the same

as that of M™ — R™*! corresponding to \; = “2=2 or equivalently

Vm=1’

A=-—1

Now for the locally strongly convex €, affine hypersphere M" — R"+!
with p = 1 and n = 1(r + 1)2 — 1, we see from the above discussion
that, by applying a homothetic transformation to make A = —1, if neces-
sary, M ("T1)?/4=1 and the standard embedding SL(“H,C)/SU(%L) —
R(+1)%/4 have affine metric h and cubic form C with identically the same
affine invariant properties. According to Cartan’s lemma and the fun-
damental uniqueness theorem of affine differential geometry, we obtain
that M(+D?*/4=1 apnq SL(ZH,C)/SU(ZEL) are locally affine equivalent.

We have completed the proof of Theorem 6.1. q.e.d.

7. Hypersurfaces in R"T! with p =3

In this section, we will prove the following theorem.

Theorem 7.1. Let M™ be a locally strongly convex affine hypersurface
of R"1 which has parallel and non-vanishing cubic form. If dim Dy =
r—1=4ky > 4 and p = 3, then n > (r — 1)(r + 5)/8. Moreover,
if kg = 1, then M™ can be decomposed as the Calabi product of two
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hyperbolic affine hyperspheres both with parallel cubic form. If kg > 2,
then either

(i) if n = (r —1)(r +5) 4+ 1, then M™ is the Calabi product of a
hyperbolic aﬂine hypersphere wzth parallel cubic form and a point, or

(ii) if n > £(r — 1)(r +5) + 2, then M™ is the Calabi product of two
hyperbolic affine hyperspheres both with parallel cubic form, or

(iii) if n = g(r — 1)(r + 5), then up to a homothetic transforma-
tion, M™ is affine equivalent to an open part of the standard embedding
SU*(552)/Sp(£52) < R71,

In order to prove the theorem, we first show the following

Lemma 7.1. Suppose dimDs = r — 1 > 4 and p = 3. Then from
the decomposition (4.1) there exist unit orthogonal vectors x;,y;,z; €
Vi, (0), 1. < j < ko = (r — 1)/4, such that the orthonormal basis

{vi, 1, Y1, 215 - - ;Vkg» Ty s Ykos 2k } Of D2 satisfies the relations
L(zj,x¢) = L(yj,ye) = L(2j, 2¢) = L(vj,vg),
(7.1) L(vj, ) = —L(xj,v¢) = —L(y;, 20) = L(ye, 25),
L(Ujvyf) = _L(ijw) = _L(Zjv ) (mjvzé)a
L(vj, 2¢) = = L(zj,v¢) = —L(wj,y¢) = L(x¢, y;)

for all 1 < 4,4 < ky.
Proof. If kg = 1, then by using Lemma 4.1 it is easily seen that we
have the conclusion. Hence we will suppose kg > 2 and we have the
decomposition (4.1) with dim V,,(0) =3, 1 < j < ko.

Denote Vj = {v;}®V,,(0). Let us fix an orthonormal basis {z1,y1, 21}
of V,,, (0). Then according to Lemma 4.2, for each j # 1, we have unique
unit vectors x;,y;, 2; € Vy, (0) satisfying the relations

(7 2) L(Uj,—ﬂfl):L($j,U1), L(Uj7_y1):L(yj7U1)7
' L(vj, —z1) = L(2j,v1), 2 < j < ko.

Claim 7.1. Based on their definitions in (7.2), {x;,y;,2;} is an or-
thonormal basis of V,,(0).

In fact, for j # 1, taking the inner products between the expressions
n (7.2), together with the fact that x;,y;,2; € Vi, (7) and x1,y1,21 €
Vi, (), gives the desired result. For example, the equations

Th(zj,y;) = h(L(v1,2;), L(v1,y;))
= h(—L(vj,z1), —L(vj,y1)) = 7h(z1,y1) = 0

give that y; L x;.
Claim 7.2. Based on their definitions in (7.2), {x;,y;, z;} satisfies the
relations

(7.3) L(:Ej,l‘l) = L(yj,yl) = L(zj,zl) = L(vj,vl),
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L(xjayl) = _L(xlayj)7 L(.’I’j,Zl) = _L(‘Thzj)?
L(y1, 2;) = —L(yj;, 1)

forall1l < j <k
In fact, as seen previously, we only need to consider the case j # 1.
First, we use the fact L(xj,v;) = 0 (see Lemma 4.1), (7.2), and (2.10)
to see that

h(L(xjv$1)’L(vjvvl)) = h(L(Uj’ _$1)’L($j’vl))
= h(L(vj, —x1), L(vj, —x1)) = h(x1, P(vj)x1) = 7.

On the other hand, from Lemma 4.3 we see that z; € V,,, (1) = V5, (1)
and hence

h(L(xj, x1), L(xj,21)) = 7 = h(L(vj, v1), L(vj, v1))-
Then the Cauchy-Schwarz inequality implies that L(z;,z1) = L(v;, v1).
Similar discussions will finish the proof for the other cases in (7.3).
To verify (7.4), we use the fact L(z;,y;) = L(z;, 2j) = L(y;, %) =0,

(7.3), and (2.10) to see that

h(L(x]7 y1)7 L(xlv y])) = _h(L($J7 xl)v L(y17 y]))

= _h(L(Ujv'Ul) (Ulvvj)) _h(vjvp(vl) ]) =T
WL (xj, 21), L(21, 7)) = =h(L(2j, 21), L(21, 7)) =
WL(zj,91), L(z1,5)) = =h(L(z}, 21), L(y1,5)) =

On the other hand, from Lemma 4.3 we see that

55 Yjr 2 € Vi (1) = Vi () = Vi () = Vau (7)

(7.4)

and hence
h(L(xj,y1), L(zj,y1)) = 7 = h(L(z1,y5), L(x1, y5)),
h(L(xj,21), L(xz;,21)) = T = h(L(x1, 2), L(x1, 25)),
h(L(zj,31), L(zj,51)) = 7 = h(L(21,9;), L(21,5;))-

Now the Cauchy-Schwarz inequality implies that all equations in (7.4)
hold.

Claim 7.3. The orthonormal basis {x;,y;,2j}1<j<k, can be chosen to
satisfy
L(xjvyl) = L(Zjvvl)7 L(ijzl) = L(ajjvvl)v
L(zj,a:l) = L(yj,vl), 1 § j § ko.
Again, we need only to consider the cases for j # 1. Note that by
Lemma 4.3 we have

Vi = {01} ® V2, (0) = {y1} ©V,, (0), Vi = {v;} @ V2, (0) = {2} ©Va, (0).

Then by Lemma 4.2, we have a unique unit vector a; € V,.(0) =
span {vj, z;, zj} such that L(z;,y1) = L(v1, ;). It is easily seen from
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Claim 7.2 that L(zj,1y1) = —L(x1,y;) is orthogonal to L(vi,z;) and
L(vi,v;). Hence we have

(7.5) L(:Ej,yl) = €jL(’U1,Zj), 5]' = :|:1, j Z 2.
Similar arguments show that
(7.6) L(yj,z1) = ¢jL(zj,v1), L(zj,21) = GL(y;,v1),

where ¢; = £1, (; = £1, and j >
On the other hand, from (7.5), ( .6), and making use of (2.10) and
(7.4), we have the following results

e;7 = h(L(yj, z1), L(zj,v1)) = (L(yhzj)vL(ﬂfijl))
:h(L(ylaxJ) (Zjvvl)) (L(Ulvzj)7L(Zj7U1)) = &5T,
GT = h(L(2j, 1), L(yj,v1)) = M(L(21,2;5), L(y1,v5))
= —h(L(21,v5), L(zj,y1)) = —€;h(L(21,v5), L(z5,v1)) = &
It follows that
(77) Cj =€ =& = +1.

Now, for any j # ¢ and j,£ > 2, we first use L(xj,y1) = ¢;L(v1, 25)
and Lemma 4.4 to see that

eetL(xj,x0) = K(L(xj,y1),e0L(y1,x0)) = K(L(z5,y1), L(v1, 2¢))
= K(g;L(v1,25), L(v1, 20)) = €;7L(2j, 2¢).
It follows that
(7.8) L(zj,z¢) = €5e0L(25, 20)-

Similarly, we use L(y;,21) = ¢jL(xj,v1), L(zj,21) = €;L(y;,v1) and
Lemma 4.4 to get

eetL(y;,ye) = K(L(yj, 21),e0L(ye, 21)) = K(L(yj, 21), L(v1, 7))
= K(g;L(v1,xj), L(vi,x)) = €;7L(xj, xp),
e L(zj,2¢) = K(L(2j,21),e0L(20,21)) = K(L (2, 1), L(v1,y¢))
K(EJ (Ulay]) (Ulvyf)) = EJTL(ypyZ)
and so we obtain
(79) L(‘Tjawg) = EjEZL(yj7yé)7
(7.10) L(zj,20) = €jeeL(yj,ye)-
From (7.8), (7.9), and (7.10) we have proved that ey = -+ = gy, .

Therefore, if necessary by changing the sign of z; and hence the sign of
all other z’s, we may assume €5 = 1, and thus we have completed the
proof of Claim 7.3.

Claim 7.4. L(xj,7¢) = L(yj,ye) = L(zj, z0) = L(vj,v¢), 2 < 4, £ < ko.



276 Z. HU, H. LI & L. VRANCKEN

In fact, for j = ¢, the fact that x;,y;,2z; € V,,;(0) implies that
L(vj,xzj) = L(vj,y;) = L(vj,2;) = 0. It now follows that L(z;,z;) =
L(yj,y;) = L(zj, ;) = L(vj, v;).

Next, for dim Dy > 12, we fix j,¢ > 2 such that j # £. Then from the
proof of Claim 7.3 and (7.8)—(7.10), we have
(711) L(ﬂj‘],ﬂj‘g) :L(ijyf) :L(Z],Zg)

By Lemma 4.2, there exists a unique unit vector o € V,,(0) =
span {xs, y¢, z¢} such that L(v;,x¢) = L(xj,a). It can easily be seen
from (2.10) and (7.11) that L(vj;, x,) is orthogonal to both L(z;,y,) and
L(xj,z;). Hence considering that they have the same length, we may
assume
(7.12) L(vj,z¢) = ajel(zj,ve), aje==+1.

From (7.12) and Lemma 4.4 we have the calculation

TL(x1,20) = K(L(vj, 0), L(vj, 1)) = aje K (L(z5,ve), L(vj, 1))
= aj K (L(xj,v0), —L(v1,25)) = —7L(v1,ve)ajy,
which together with Claim 7.2 shows that it must be the case a;, = —1.
This, together with very similar arguments, then shows that

L(vj,z¢) = —L(xj,ve), L(vj,ye) = —L(y;,ve),
L(vj, ze) = —L(zj, ve).
Applying the conclusion L(v;,x¢) = —L(x;,ve) and (2.10), we have
h(L(zj, z¢), L(vj, ve)) = —h(L(x;, ve), L(vj, z¢))
= h(L(zj,ve), L(xj,ve)) = T

(7.13)

Note also that
h(L(xj7$€)7L($j7x€)) = h(L(Uj7U€)7L(Uj7U€)) =T,

so that by the Cauchy-Schwarz inequality we get L(z;,x¢) = L(vj, ve),
which together with (7.11) gives Claim 7.4.

Claim 7.5. With respect to the above chosen {x;,y;, %j }1<j<k,, we have
L(zj,ye) = L(z5,v0), L(yj,20) = L(;, ve),
L(zj, we) = L(yj, ve), 1 <4, £ <ko.
In fact, according to Claims 7.2, 7.3 and (7.2), it is sufficient to con-
sider the cases that 2 < j < £ < kg.

By using Claims 7.2, 7.3 and Lemma 4.4, we have the following com-
putations:

TL(xj,y0) = K(L(y1,25), L(y1,9e)) = K(L(v1, %)), L(y1, ye))
= K(L(v1, 2j), L(v1, ve)) = TL(25, ve),

TL(yj, z¢) = K(L(21,95), L(z1, 20)) = K(L(v1, x5), L(21, 2¢))
= K(L(v1,x;), L(vi,v¢)) = 7L(x;, ve),
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TL(2j,2¢) = K(L(z1, 25), L(z1, %)) = K(L(v1,y;), L(x1, 2¢))

= K (L(v1,y;), L(v1,v0)) = 7L(y;, ve)-
From these results, Claim 7.5 immediately follows.
Combining the above Claims, we complete the proof of Lemma 7.1.
q.e.d.

Remark 7.1. Having fixed the orthonormal basis of Dy satisfying (7.1),
we can now define three almost complex structures Jp, Jo, J3 : Dy — Do
such that for all 1 < j < ko,

Jwv; =z, Jixz; = —v; Jovi = y5,
(7.14) j J J j J j
ngj = —Vj; ngj = Zj, ngj = —vy,
and furthermore Ji, Jo, and J3 satisfy
(7.15) JioJi=Jyody=JsoJs=—id, JiJo=—JoJ1 = Js.
Then we define a quaternionic structure {Jp, J2, J3} on Ds. It is impor-
tant to remark that (7.1) is equivalent to the following relations:
(7.16) L(Ju,v) = —L(u, Jv), L(Ju,Jv) = L(u,v)
for all J = Jy,Js,J3 and u,v € Ds.
Proof of Theorem 7.1. Let r — 1 = 4ky. If kg = 1, then similar
reasoning as in the proof of Theorem 6.1 shows that M™ can be decom-
posed as the Calabi product of two hyperbolic affine hyperspheres both
with parallel cubic form. Hence in the remaining part of the proof we
assume that ky > 2 and let

{01, 21,91, 215 - -+ 5 Uko»> Tho > Yko > Zho

be the orthonormal basis of Dy as constructed in Lemma 7.1. Applying
Lemma 3.4 and the fact that for j # £, vj,xj,y;, 25 € Vi, (1) = Vo, (1) =
Vy, (1) = V2, (1), we easily show that

h(L(Ujvxf)vL(vjvxf)) = h(L(Ujvyf)7L(Uj7y5))

= h(L(vj, z0), L(vj, z¢)) = h(L(vj,ve), L(vj,v0)) = 7, j # 4,
h(L(xj, ve, ), L(xj, ve,)) = h(L(vj, ze, ), L(vj, Te,))

h(L(yj, vey )s L(yj,ve,)) = R(L(vj, ye, ) L(v5, Ye, )

h(L(zj,ve, ), L(2j,ve,)) = h(L(vj, 2¢,), (v, 20,))

h(L(vj,ve, ), L(vj,ve,)) =0,  j, €1, distinct,

(7.17)

(7.18)

h(L(vjlvvjz)a L(Ujav Uj4)) = h(L(Ujlvsz)a L(Ujav xj4))
(7'19) = h(L(vjl ) yjz)v L(Ujav yj4)) = h(L(Ujl ) Zj2)7 L(vj37 Zj4))
= 07 j17j27j37j4 diStinCtv

h(L(vj7 Ug), L(vjuxfl)) = h(L(vjv ’Ug), L(vjuyfl))

7.20 . .
( ) :h(L(vj7v5)7L(vj17251)) =0, J #gandjl 7&61
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For {L(vj,vj) = L(zj,z;) = L(y;,y5) = L(zj,2j) }1<j<ko, We note
that

(7.21) h(L(vj, ), L(vj,v7)) = s AT, 1< J < ko,
(7.22) h(L(vj,v5), L(ve, v0)) = 355501 — 27
.22
= U, 1<) A< ko,
(7 23) h(L(Uj7 Uj)v L(ij UZ)) = h(L(’Uj, ’Uj), L(Uj7 ’LLg))
' =0, 1<j#0< ko,
(7.20) h(L(vj,vj), L(ve,,ve,)) = h(L(vj,v5), L(ve, , ue,)) = 0,

1 < 4,01, ¢ distinct and < kg.
Similar to the previous section, we deduce that
{L;j :== L(vy,v1) + -+ + L(vj, vj) = 5 L(vj31,v541) hi<j<ho—1

are kg —1 = %(r —5) mutually orthogonal vectors which are orthogonal

to all of the vectors
L(vj,ve), L(vj,we), L(vj,ye), L(vj,20), J#L.

Also, we have h(L; = 2j(j + 1)7 # 0. Hence, the following vectors

s|~ :

L;)
w]g =L(vj,ve), w ]Z = \%L(Ujvfﬂé)a
(7.25) Z=L(vj, ), wip = Z=L(vj,2), 1< 5 << ko
wjzéLj, 1<j<k—1

2j(j+1)7
consist of 2kg(ko — 1) + ko — 1 = %(r + 1)(r — 5) orthonormal vectors in
Im (L) C Ds.
Finally, from Lemma 7.1, (7.21), and (7.22) it is easily known that
the vector

Tr L = 4(L(’U1,U1) + -+ L(’Uko,’uko))
is orthogonal to the above (r + 1)(r — 5)/8 vectors and it satisfies

(7.26) B(Tr L, Tr L) = BEDUSUAR 80 — (= 1)(r +5)).

The above results imply that
n=1+dmDy+dimDs > 1+ (r—1)+(r+1)(r—5) = L(r—1)(r+5).
Moreover, from (7.26) we see that Tr L = 0 if and only if it holds
n=z(r—1)(r+5).
Now, as in the previous sections, we separate the discussion into the
following three caseS' (D) n=s0r—-1(r+5)+1; () n>ir—-1(r+
5)+1; (iii) n = g (r — 1)(r +5).
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For Case (i) and Case (ii), we define a unit vector

_ 4(n—r)
V/2(n+1)(r—1)[8n—(r—1)(r+5)] A1

In Case (i), the previous results show that

. / " " .
{t; wje, Wip, wie, wif h<jco<r—1y/as Wjli<j<e—s)/4}

is an orthonormal basis of Im (L) = Ds. By direct calculations with
application of Lemma 4.4, (7.1) and (7.17)—(7.24), we easily verify the
following

Lemma 7.2. Under the above notations, we have

K(t, 61) = —2(2;7174))\115,

_ r+1 dn—(r— ) r+3) n+1)
K(t,t) = —ﬁ)\lel + \/(7‘ DEn—(r=D 5] M

(7.27)
K(t,u) = 4(711770)\/2(“1)[8 ;(;71)(“5) N,
K(t,w) = 2(n1_r)\/2(n+1)[8n;_(71~71)(7«+5)] M.
where
w=wj,xj,y5, 25, 1<j<50r=1);
(7'28) W = Wm, Wje, w;[? w;{b w;%’

1<m<1(r—5), 1<j<e<1(r—1).
Put T'= aey + pBt, T* = —fFe; + at, where

8n—(r—1)(r+5 r—1)
(7.29) a = \/8n+(r( T (2¢(L T )3) B = \/8n+ (2n r—3)"
Then

*. .
{T,T%; v, 5,95, 25 l1<j<r—1)/45 Wi |1<m<(r—5)/4 JU
/ " n
U {whe, Wi, Whe, Wiy ’1§k<£§(r—1)/4}

forms an orthonormal basis of T, M. Moreover, by Lemma 7.2 we easily
obtain the following

Lemma 7.3. Under the above notations, it holds
(7.30) K(T\T)=uwnT, K(T,u)=r1su,
where v1 and vo are defined by

_ (n=n)[8n—(r—=1)(r+5)]—(n+1)(r2-1) 8n—(r—1)(r+5)
= (n—r)Bn—(r—1)(r+5)] \/8n+(r—1)(2n—r—3) A1,

n—r 8n—(r—1)(r+5
V2= 22(n——:"_)1 \/8n+(r(—1)(2)£L—r—)3) A1,

(7.31)

and uw = T*,vj,2;,Yj, Zj, Wm, Wk, Wy, Wiy, Why with indices satisfying

1<m<ir-5);1<i<ir—1);1<k<t<i(r—1).
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From (7.31), we can verify the relation

(7.32) vivg — Vs = —%’f—l)/\% =\

Then, based on the conclusions of Lemma 7.3, we can apply theorem 4
of [HLV] to conclude that in Case (i), M" is decomposed as the Calabi
product of a hyperbolic affine hypersphere with parallel cubic form and
a point.

For Case (ii), we see that
{t; wje, Wie, wie, wi h<jco<er—1y/as Wjli<j<e-s)4}
is still an orthonormal basis of Im (L). But now Im (L) does not coincide
with D3. Denote i =n — £(r —1)(r +5) —1 > 1 and choose w}, ..., w}
in the orthogonal complement of Im (L) in D3 such that
{t: wie, wig, Wiy, Wit h<jer<-1y/05 Wi h<j<—s)/a5 Wjlh<j<al

is an orthonormal basis of D3. Then, besides (7.27), we further use (4)
of Lemma 2.5 to get

(7.33) K(t,wj) = _2(7:—1@ 82(—11(J:)1()T(;41r)5))‘1w;= l<j<n

Now we define T" and T the same as in Case (i). Similar to Lemma
7.3, we have the following

Lemma 7.4. For Case (ii), we have that

(7.34) K(T,T)=wT, K(T,u)=vu, K(T,w}) = vsw}

L1<j<n,

where vy, v, and vs are defined by (7.31) and

r 8n+(r—1)2n—r—3
(7.35) v3 = —2(n+_1¢) \/ Sn(—(r—)(l)(r+5) : Al

and u = T*,vj,%;,Yj, Zj, Wm, Wke, Why, Why, Wiy with indices varying as

follows:
1<m<ir—5);1<j<i(r—1; 1<k<i<i(r—1).
It can be easily seen that vy # v3, 29 # v1 # 213, and

(7.36) V) =V + V3, U= —%)\% = A

Thus, based on the conclusions of Lemma 7.4, we can apply theorem 3
of [HLV] to conclude that in Case (ii), M™ is decomposed as the Calabi
product of two hyperbolic affine hyperspheres both with parallel cubic
form.

Finally, for Case (iii), we have Tr L = 0 and thus

/ i "
Dy = {wje, wj£7wkfvwk£}1§j<£§(r—1)/4 @ {wm}lgmg(r—5)/4~
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It follows that

{e1s vy 25,95, 2 |1§j§(r—1)/4}U
(7'37) . / "o .

U {wje, Wi, wie, Wiy hi<jce<(r—1)/a3 Wi i<m<(r—5)/a }

is an orthonormal basis of T, M. Now, applying Lemma 2.4, Lemma
4.4, (7.1), and the previous formulas from (7.17) up to (7.24), we can
calculate all the components of the difference tensor with respect to the
basis (7.37).

Now, for m > 3, we look at the homogeneous space SU* (2m) /Sp(m)

and recall its standard embedding into R2m*—m
Let H be the quaternion field over R. Then the quaternionic general
linear group GL(m,H) has a well-known complex representation

U*(2m) = {4 € GL(2m,C)| AJ = JA}, where J = < _(} IgL >

and I, is the m x m identity matrix. The Lie algebra u*(2m) of U*(2m)

is given by
. o p
v ={( 5 5)

The quaternionic analogue of the set of Hermitian (m,m)-matrices
and that of the complex special linear group SL(m, C) are given by

S*(m) = {A € U*(2m)| A = 'A}

a, B € g[(m,(C)}.

and
SU*(2m) = {A € SL(2m,C) | AJ = JA} = SL(2m,C) N U*(2m).
The compact Lie subgroup Sp(m), which is also called the quaternion
unitary group, is defined by
Sp(m) = {A € SU(2m) | AJ = JA} = SU*(2m) N SU(2m).
The Lie algebra u*(2m) has a direct sum decomposition
u*(2m) = sp(m) @ s*(m),

where
sp(m) ={Y eu*(2m)|Y*+Y =0}

{( 5 &)|erramos-n=o},

5*(m) = {X € w*(2m)| X* — X = 0}

:{( _ozﬁ_ g) o —a=0, tﬁ—l—B:O}

are the Lie algebras of Sp(m) and S*(m), respectively.
Let 1) be the action of SU*(2m) on S*(m) as follows:

Y SU*(2m) x S*(m) — S*(m) s.t. (A4, X) — va(X) = AX 'A.
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Let F: S*(m) — C be given by F(X) := det(X).

Consider the hypersurface of S*(m) satisfying the equation det(X) =
1; we take the connected component M that lies in the open set of S*(m)
consisting of all Hermitian positive definite matrices. Then the mapping
f : SU*(2m) — S*(m), defined by f(A) := A!A, is a submersion onto
M, and it satisfies f(AB) = 1a(f(B)); hence f is equivariant. M is
the orbit of I under the action ¢. The isotropy group is Sp(m). Hence
M is diffeomorphic to SU*(2m)/Sp(m). This is an irreducible, homo-
geneous, symmetric space of non-compact type, and the involution at
the identity matrix I is given by A — ‘A~!. We denote this symmetric
space by M’.

Clearly f(A) = f(B) if and only if B~*A € Sp(m); then the map
f:SU*(2m) — S*(m) induces an embedding f : SU*(2m)/Sp(m) —
S*(m). Let w: SU*(2m) — M’ be the natural projection; then there is
an immersion f’: M’ — S*(m) such that f = f’ o m. Now we consider

(7.38) f: SU*(2m)/Sp(m) —» R"™ =8*(m), n+1=2m>—-m

with a transversal vector field £4 = f(A) for any A € SU*(2m)/Sp(m).
Then £ is equiaffine and equivariant.

Consider the Cartan decomposition of the Lie algebra su*(2m) =
s5(m) @ spg(m), where si(m) = {X € *(m) |tr (X) = 0} and spi(m) =
{X €sp(m)|tr(X)=0}. If X € s{(m), then f.(X) = X. Now s;(m
can be considered as the tangent space of M’ at 7([I).

Since f is equivariant, it is sufficient to compute the invariant objects
of the immersed hypersurface M’ in terms of sf(m).

The embedding f : SU*(2m)/Sp(m) — R*"*! = S*(m) with ¢ = f
has a Blaschke structure that can be expressed algebraically in terms of
the Lie algebra as follows (cf. [BD] for the case m = 3):

{ KX,)Y)=XY +YX — L tr (XY) o,
(7.39) "

MX,Y) = Ztr(XY), S = —In.

Here h is the natural Riemannian metric on the symmetric space M’;
this implies that the Levi-Civita connection of h is given by VxY =
%[X ,Y']. From this it follows easily that the difference tensor K satisfies
(VxK)(X,X) =0. As M = f'(M') is an affine hypersphere, we get
that VK is totally symmetric [BNS]; then from (@XK) (X,X) =0
and polarization of the multilinear symmetric expression over 7,,(M) at
p € M, we obtain VK =0.

Now we choose m = %(r + 3). Denote Ejj, (resp. EY) the 2m x 2m
matrix which has (j, k) entry 1 (resp. v/—1) and all other entries 0. Then
with respect to the metric h(X,Y) = 2 tr (XY) of SU*(2m)/Sp(m) at
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I5,,, we can choose an orthonormal basis as follows:
(7.40)

=

™
S
|

|:m(E2m,2m + Epm) — Z Ej]} :

N

~
3\
-

)

Emj + Ejm + E2m,m+j + Em+j,2m)7 1<7<m—-1,

—~

S
S
Il

i E;m - Eém.,erj + E7/71+j,2m)5 1 S] <m-— 15

—Ejom+ Emtjm — Bamj), 1<j<m-—1,

$z
Il
t
3
3
&

Q&.I
Il
mm@m
=

/5/\

/ /
-E EerJ m

7,2m +E;n,m+j)7 1§j§m_17

1S3
<.
Il

E J

m—2

we can show that, for \; = Tt
L(X,Y)=K(X,Y) - i\Mh(X,Y)é

satisfies
L(Z;5,%¢) = L(75, 9e) = L(%;, %) = L(v;, 0),
L(Njafé) = —L(Z;,7) = _L(ijgf) = L(7e, Zi)s
(7‘41) L(va?jf) = _L(gjvf)@) = _L(gjv‘%@) = L(jjv ~€)7
%) ) ) = L(

for all 1 < j5,£ < m — 1. If we define
Ly = L(1,01) — L(0a, 53) = K (01, 01) — K (g, 72),
Ly = L(91,91) + L(a, U9) — 2L(03, 03)
= K(v1,01) + K(02,09) — 2K (03, 03),

—J (141 + Em+j+1.m+j+1)]7 1<j<m-2
By using the formula K(X,Y) = XY +YX — L tr(XY)I5, and
ik Epg = qu‘skp’ E/'kqu = EjkEz/nz = E;‘q‘skpv E}kE;/)q = _quékpv

283

'@jl:\/%(EE‘FEZJ+Em+lm+j+Em+Jm+l)7 1§j<€§m_1;
’LD;'Z: \/%(E;E E23+Em+lm+g m+]m+£)7 1§j<£§m_1a
’LZ);IZ =14/ %(Ej,erl — Ezﬁerj - Eerj,l +Em+fj)7 1 S .] <t S m— 15
d’%:\/% Eimit =By j+Enjo—Eniy), 1<j<€<m—1;
m-+j
W =/ 15 [ZEM+ Z Ey
{=m-+1

L2 = K(01,01) + -+ + K(Om—2, Im—2) — (m = 2)K (¥—1, Tm—1)

then by the definition in (7.40) we have
(7.42) Wy = Li/|L;ll, 1<j<m-—2.
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Further direct calculations also show that

~ (U],vg) _ L(f’jvf’l)
wie = 1K (D5,90) — [I1L(95,00)[]
?I)/ (U],:E() — L(i:}j’%l)
(7 43) 15 (5;,20)]l 1L(5;.20)1 1<j<fl<m-1
’ 27)// _ K@.g0) _ L0590 ’
[15€(%5,Ge) ] [GENDIK
~/// _ K(95,2) _  L(9,z)
K@zl T L0,z

Moreover, we have the following calculation for the difference tensor
at Iom,:

(7.44)
Ke &1 = 222615 Koy = ——m=0j, 1< j<m—2;
Kz u= 2\%;—31% for u=10;, &;, y;, Z;, 1 <j<m—1;
— 1 ~11 ~ I .
Ksw = — T for w = wjg, w ﬂ, Whp, Wiy, 1 <j<l<m—1

Since SU*(2m)/Sp(m) — S*(m) = R2™*~™ s of parallel cubic form,
if we identify

JO Ty Sy ) o
{€1;05, 85,75, Zj i<j<m—1; Wje, Wip, Wy, Wiy 1<jctcm—1; W5 [1<j<m—2}

in (7.40) with the basis (7.37) of M™, then due to the facts (7.42), (7.43),
and (7.44), we see that the difference tensor of SU*(2m)/Sp(m) —
R2m?—m g exactly the same as that of M™ — R"*! corresponding to
A= \/—2, or equivalently A = —1.

Now for the locally strongly convex €, affine hypersphere M"™ — R"+1
with p =3 and n = (r — 1)(r +5)/8 = (r+ 1)(r +3)/8 — 1, we
see from the above discussion that, by applying a homothetic transfor-
mation to make A = —1, if necessary, M TD+3)/8=1 4nq the stan-
dard embedding SU*(“52)/Sp(£2) — RO+D+3)/8 has affine metric
h and cubic form C with identically the same affine invariant proper-
ties. According to Cartan’s lemma and the fundamental uniqueness
theorem of affine differential geometry, we obtain that M ("1 (r+3)/8-1
and SU*(Z52) /Sp(“£2) are locally affine equivalent.

We have completed the proof of Theorem 7.1. q.e.d.

8. Hypersurfaces in R"*! with p =7

In this section, we will prove the following theorem.

Theorem 8.1. Let M™ be a locally strongly convex affine hypersurface
of R"1 which has parallel and non-vanishing cubic form. If dim Dy =
r—1=8kg > 8 and p that is determined by the previous section satisfies
p=7, thenkg=(r—1)/8 <2.
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Moreover, if kg = 1, then M™ can be decomposed as the Calabi product
of two hyperbolic affine hyperspheres both with parallel cubic form. If
ko = 2, then n > 26 and either

(i) n = 27, M™ is the Calabi product of a hyperbolic affine hypersphere
with parallel cubic form and a point, or

(il) n > 28, M™ is the Calabi product of two hyperbolic affine hyper-
spheres both with parallel cubic form, or

(iii) m = 26, up to a homothetic transformation, M™ is affine equiv-
alent to an open part of the standard embedding EG(_QG)/F4 — R?7.

Similar to the previous sections, we first prove the following

Lemma 8.1. Suppose dimDy = r — 1 = 8kg and p = 7. Then from
the decomposition (4.1), if kg > 2, we can choose orthonormal basis
{z;}i<j<r for Vi, (0) and orthonormal basis {y;}1<j<7 for Vi, (0) so that
by identifying e;(v1) = x; and ej(v2) = y;, we have the following rela-
tions:

L(ej(v1), ee(v2)) = —L(v1, ejee(v2))

8.1
®.1) = —L(esej(v1),v2), 1<5,0<7,

where eje; denotes a product defined by the following multiplication ta-
ble.

€1 €2 €3 €4 €5 €6 €7
e1 —id ez —eg es —eq4 —er €6
€2 —es3 —id €1 €6 e7 —€4 —€j
es €9 —e1  —id er —eg es —ey
eq —e; —eg —ey —id e1 €9 e3
es eq —er €6 —e1 —id —e3 e9
€6 ey e4 —e5 —ey €3 —id  —eq
ey —eg  es ey —e3  —e9 epr —id

More precisely, (8.1) can be equivalently written out in the following
form:

L(vi,v2) = L(z1,41) = L(x2,y2) = L(x3,y3) = L(x4,ya)

)=

1

(8.1%) = L(zs,y5) = L(x¢,y6) = L(x7,y7),

(8.12) Llw1,v9) = =L(vi,y1) = L(za,y3) = —L(23,42) = L(w4,ys5)
: = —L(w5,y4) = —L(x6,y7) = L(27,y6),

(8.1%) L(zg,v9) = —L(v1,y2) = —L(x1,y3) = L(z3,41) = L(24, )
' = L(xs,y7) = —L(w6,y4) = —L(z7,y5),

a1y ) = —Lnws) = Llane) = —Lwa ) = L(es,vr)

= _L(‘T57y6) = L($67y5) = _L(‘T77y4)7
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L(z4,v2) = —L(v1,y4) = —L(z1,y5) = —L(22,96)

(8.1%) = —L(x3,y7) = L(z5,y1) = L(w6,y2) = L(27,y3),

(8.16) L(xs,v2) = —=L(v1,ys5) = L(21,4a) = —L(xg,y7) = L(23,y6)
’ = —L(a;4,y1) = —L(xGaQS) = L(x77y2)7

) o) = ~E) = Eonm) = Elon, ) = ~ L)
) = —L(:L"4,y2) = L($5,y3) = _L($7’y1)’

(8.1%) L(z7,v2) = —=L(v1,y7) = —L(x1,y6) = L(x2,y5) = L(x3,y4)

= _L($47y3) = _L($57y2) = L($67y1)‘
Proof. Let kg > 2 and that we have the decomposition (4.1) with
dim V,,,(0) =7, 1 < j < ko.

Denote V; = {v;} ® V,,;(0). First we choose arbitrary orthonormal
vectors x1,z2 € V,,(0). Next we can use Lemma 4.2 and Lemma 4.3
to consecutively find unit vectors yi,y2 € V4,(0), z3 € V,,(0), and
y3 € V,,(0) satisfying the following:

(8.2) L(y1,v1) = —L(z1,v2), L(y2,v1) = —L(w2,v2),

(8.3) L(y1,z2) = —L(v2,23), L(ys,v1) = —L(x3,v2).

Now we pick an arbitrary unit vector x4 € V4, (0) so that it is orthog-
onal to all x1,z5, and 3. Then we can take unit vectors x5, xg, 27 €
Vi, (0) and unit vectors yu,ys, Y6, y7 € Vi, (0) inductively such that the
following hold:

(8.4) L(z4,31) = —L(ya,71) = —L(v2,75) = L(v1,Ys5),

®5) L(z4,y2) = —L(v2,26) = L(v1,s),
' L(z4,y3) = —L(v2,27) = L(v1,y7).
As before we first have

Claim 8.1. Based on the above definition, rs L x1,23 L x2; y1,Y2,Y3
are mutually orthonormal.
In fact, by (8.2) and (8.3) we have the computation
Th(zs,z1) = h(L(v2,23), L(ve, 71)) = h(—L(y1,22), L(v1, 1))
= —h(z2, P(y1)v1) = —=7h(z2,v1) = 0,
hence we get x3 | x1. Similarly, we have z3 | 2o and o L y1 L y3 L ys.

Next from (8.2) and (8.3), using Claim 8.1 and an argument similar
to Claim 7.2, we get the relation

(8.6) L(z1,31) = L(z2,y2) = L(x3,y3) = L(v1,v2).
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Now we exploit the condition that L(y;,x2) = —L(vg,x3). The equa-
tion (8.6), the Cauchy Schwartz inequality, and the isotropy conditions
imply the following relations:

(8.7) L(y1,73) = —L(z1,y3) = L(w2,v2),
(8.8) L(x1,y2) = —L(y1, x2) = L(v2, x3),
(8.9) L(x2,y3) = —L(y2,23) = —L(y1, v1).

Firstly, from (8.4) and the computation
Th(ya, y1) = M(L(ys, z1), L(y1,71)) = h(—L(z4,y1), L(y1,71))
= —h(z4, P(y1)z1) = —Th(z4,21) = 0,
we have the following

Claim 8.2. Ya 1 Y.
Moreover, we have

Claim 8.3. The vectors {xy4, 5,26, 27} are mutually orthogonal. A
similar conclusion holds for the vectors {ya,ys, Ys, y7}-
In fact, from (8.4) we get

Th($5,x4) - h(L(x57yl)7 L(x47y1)) - h(L(x57y1)7 _L(U27‘T5))
= —h(y1, P(w5)v2) = —Th(y1,v2) = 0,
which shows that x5 L z4. Similarly, we can prove x¢ L {z4,25} and

z7 L {4, 25, 6}
From the above conclusions, we can use (8.4) again to see that

Th(ys, y1) = h(L(ys,v1), L(ya,v1)) = h(—L(z5,v2), —L(z4,v2))
= h(zs, P(v2)xa) = Th(zs, 24) = 0.
This proves y5 L y4. Similarly, we can prove yg L {y4,y5} and y7 L
{ya, Y5, y6}-

As direct consequences of Claim 8.2 and Claim 8.3, we can use the
Cauchy-Schwarz inequality, L(z4,y1) = —L(y4, 1), and the isotropy
condition to obtain

L($4,y4) = L(1E17y1) = L(U17U2)7
which implies
(8.10) L(’Ul, y4) = —L(Ug, a;4).

Furthermore, the equations in (8.4)—(8.6), the Cauchy-Schwarz in-
equality, and the isotropy condition yield the following relations:

(8.11)  L(z4,y4) = L(z5,y5) = L(ws,y6) = L(x7,y7) = L(v1,v2),

L(v1,y5) = —L(va,5), L(vi,ys) = —L(v2, xs),

(8.12) L(vy,y7) = —L(v, z7),
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L(x4,ys5) = —L(ya,x5), L(xa,y6) = —L(ya,x6),

(8.13) L(z4,y7) = —L(ya, a7),

L(‘T57y6) = _L(y57x6)7 L(x57y7) = _L(y5,$7),
L(ze, y7) = —L(ys, x7).

Moreover, using the equations in (8.2)—(8.6) and (8.7)—(8.10), similar
arguments to those above will give the following orthonormality of the
vectors:

(8.14)

{@1, 22, 23} L {w4, 25,26, 27}, {y1,v2,u3} L {y4, 95,96, Y7}

In conclusion, we have shown that {z;}i<;<7 is an orthonormal basis
of V,,(0) and {y;}i<j<7 is an orthonormal basis of V,,(0). Then us-
ing (8.6) and (8.11), the Cauchy-Schwarz inequality, and the isotropy
conditions, as before we further get the relations

(8.15) L(ys,v2) = —L(z4,92), L(ys,73) = —L(24,93),
L(ys,r1) = —L(z5,91), L(ys,72) = —L(z5,92),
(8.16) L(ys,r3) = —L(z5,Y3),
L(ys, x1) = —L(z6,y1), L(ys,r2) = —L(w6,Y2),
(8.17) L(ys, 3) = —L(x6,y3),
(8.18) L(yz,21) = —L(z7,91), L(y7,72) = —L(w7,92),

L(y7,z3) = —L(x7,y3).

Finally, based on the above relations from (8.2) to (8.18), using the
Cauchy-Schwarz inequality and the isotropy conditions, we can establish
the following relations:

L(xy,y5) = —L(vi,11), L(x4,y6) = —L(v1,92),

G L anyr) = —Liow)

(8.20) EZZ:Z;; z :iﬁzizzz;: L(zs,y2) = L(v1,y7),
et
(8.22) igzzi; - ;(I;(l’”lyl?;ﬂx) L(wg,y3) = L(v1,y5),
(8.23) Lz ) = Lo, ys), Llarye) = =L(v1,ys),

L(z7,y3) = —L(v1,y4).
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For example, from the computation

8.2
h(L(z4,y5), L(vr,11)) 2 —h(L (x4, y5), L(va, 21))
2.10 8.16
A h(L(wa, v2), Llys, 21)) "2 (L (24, v2), L5, 1))
(2.10)

0 h(L(za,p1), L(ws, v2)) 2L h(L(za,91), —L(wa,y1)) = —7

and the Cauchy-Schwarz inequality, we obtain L(x4,ys) = —L(v1,y1).
In order to provide another example, from the computation

—~
[ed]

h(L(x6, 1), L(v1, y7)) =2 h(L(azﬁ,yl) L(z4,y3))

&17) —h(L(z1,ys), (x4=?43)) ( (#1,93), L4, y6))
(8:) —h( (ZEQ,’U2) ($47y6)) :3 ( ($2,U2),L(y4,336))
(210 —h(L(x2,y4), L(va, z6))

—h(—L(z4,v2), —L(x4,92)) = —T

and the Cauchy-Schwarz inequality, we obtain L(xg,y1) = —L(v1, y7).
Finally, from the computation

8.3
B(L(5, y6), L(o1,3)) E2 —h(L (w5, y6), L(v3, 73)
2.10 8.4
S B(L (s, 02), Lo, 73)) S ~h(L (1, 31), Ly, 73)
(2.10) (8.7)

= h(L(z4,y6), L(y1,23)) == h(L(x4,y6), L(22,v2))
C2 W(L(es o), Llye o) =2 h(L(xa,y2), L(vr,ye)) 2 7

and the Cauchy-Schwarz inequality, we immediately get L(xs,ys) =
L(v1,y3).

Following the above procedure, we can prove all of the relations in
(8.19)—(8.23), and thus we complete the proof of Lemma 8.1. q.e.d.

Lemma 8.2. Suppose dimDy = r —1 > 8 and p = 7. Then for the
decomposition (4.1), if ko > 2, it must be the case that kg = 2.

Proof. Suppose on the contrary that kg > 3. To choose a basis for
Vs (0), we follow the same ideas as in Lemma 8.1 for V,, (0) and V,,, (0).
Let x1, 29, 3 be given as in Lemma 8.1; then we have unique unit vectors
21,22 € Viy (0) and Z3 € V,, (0) with the relations

L(z1,v1) = —L(21,v3), L(22,v1) = —L(x2,v3),

(8.24) L(Z1,332) — —L(U3,11~73).

Now we pick an arbitrary unit vector x4 € V,, (0) so that it is orthog-
onal to z1, 9, x3 and 3. Then we can choose unit vectors Zs, Tg, T7 €
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Vo, (0) and z3, 24, 25, 26, 27 € V4 (0) inductively by the following condi-
tions:
L(Zg, Ul) = _L(j37 U3)7

(8.25) L(z4,21) = —L(24,71) = —L(v3,&5) = L(v1, 25),

L(x4,22) = —L(’Ug,i'(j) = L(’Ul, 26),
L(x4,23) = —L(’Ug,i’7) = L(’Ul, 27).
Then, similar to the proof of Lemma 8.1, it can be shown that
{z1, 22, 23, 24, 25, 26, 27} forms an orthonormal basis of V,,(0).
On the other hand, while
{y1, 92,93, V4, Y5, v6, yr} and {21, 22, 23, 24, 25, %6, 27}

are orthonormal bases of V,,(0) and V,,(0), respectively, we have two
orthonormal bases for V,, (0), namely,

(8.26)

{x1, 29,23, 24, 25,26, x7} and {x1, 22, T3, 24,5, T6, Tr}.

Obviously, the bases 3, x5, xg, x7 and T3, T5, Tg, 7 are related by a ma-
trix belonging to SO(4). Let us write

x3 bi1 b2 biz bis T3 z3
x5 | | bar bao bag boy s | ._ gl ¥
— N — v 7
T b31 b3z b3z bz Tg Zg
x7 byr bao baz bas T7 T7

where B € SO(4).
Now, having all the relations from (8.2) to (8.26), a similar method to
that in the proof of Lemma 8.1 will give the following further relations:

L(xy,v3) = —L(v1,21) = L(x2,23) = —L(&3,22) = L(x4, 25)

(8.27) (e — L) — Lo o).
s O
(8.30) L(z4,v3) z :EEZZ)) i ;fx(:lzss):z (—xlg(jzz) zze)L(:E?’ o
(8.31) L(%5,v3) i :igzz)) ZL—f(lx:ig;:_i((ZZ)) 7: L(#3, 2)
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L(Li'7,?)3) = —L(’Ul,Z7) = —L(a;l,z(;) = L(x2,25) = L(f3,24)

(8.33) = —L(24,23) = —L(T5,20) = L(Zg, 21).

To see relations between the above given bases of V,,,(0) and V,,(0),
we first have

Claim 8.4. L(ve,v3) = L(y1,21) = L(y2, 22) = L(ys3,23) = L(ys,24) =
L(ys, z5) = L(ye, 2z6) = L(y7, 27).

In fact, by Lemma 4.4 and the already established relations, we have
TL(y1,21) = K(L(y1, 32), L(z1, 22))
COEDCH K (L(o1,y3), L(v1, 23)) = TL(ys, 23),
TL(y2, 22) = K (L(v1,92), L(v1, 22))
COEDC® K (L(er,ys), L1, 23)) = TL(ys, 23),
TL(ve,v3) = K(L(ve, 1), L(vs, 21))
CRLDET K (L(w2,40), L(w2, 25)) = TL(ys, 23),

TL(ys, 22) = K(L(v1,y4), L(v1, 24))
(8.17),(8.22),(8.30)

K(L(z2,y6), L(72, 26)) = 7L(y6, 26 )
7 L(ys, 26) = K (L(v1,y6), L(v1, 26))
COCI) 1 (L4, yo), Llwa, 22)) = TL(y2, 22),
TL(ys, 25) = K(L(v1,95), L(v1, 25))
CLEB) K (Les, y1), Lws, 21)) = 7Ly, 21),
TL(y7,27) = K(L(v1,y7), L(v1, 27))
COC) 1 (L(es, ys), Llwa, 23)) = TL(y3, 23).

Then Claim 8.4 immediately follows.
As direct consequences of Claim 8.4, we have

Claim 8.5. bkg = 5kg, z'.e., Li'g = I3, f5 =I5, Li'(; = Tg, f7 = X7.
In fact, by using Lemma 4.4 we get the following orthogonal decom-
position:

7L(ya, 24) = K(L(v1,y4), L(v1, 24)) ) K(—L(z7,y3), L(v1, 21))

8.30 B 5 . N
€50 —by1 K(L(Z3,y3), L(Z3, 27)) + baa K (L(T5,y3), L(T5,21))

+ baz K (L(Z6,y3), L(T6, 22)) + baa K (L(F7,y3), L(T7, 23))
= —bn7L(ys3, 27) + baoTL(y3, 21) + bazTL(y3, 22) + baaTL(ys3, 23);
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7L(ya, 24) = K(L(v1,y4), L(v1, 24)) 2 K(—L(z6,y2), L(v1, 21))

8.30 B 5 . N
€50 —b31 K(L(Z3,y2), L(T3, 27)) + b32a K (L(T5, y2), L(T5, 21))

+ b33 K (L(Z6,y2), L(T6, 22)) + baa K (L(%7,y2), L(T7, 23))
= —bs17L(y2, 27) + b327L(y2, 21) + b33TL(y2, 22) + baaTL(y2, 23);

7L(ya, z2) = K (L(v1,y4), L(v1, 24)) = K(—L(xs5,y1), L(v1, 24))

8.30 - - ~ -
G50 o K(L(F3,31), L(F3, 1)) + ban K (L(F5, 1), L(#s5, 21))

+ bas K (L(Z6,91), L(T6, 22)) + b2a K (L(Z7,91), L(¥7, 23))
= —bo17L(y1, 27) + boaTL(y1, 21) + basTL(y1, 22) + baaTL(y1, 23);

(8.18),(8.23)

7L(ya, 24) = K(L(v1,y4), L(v1, 24)) K(L(x3,y7), L(v1, 21))
(8.30)

== bu K (L(Z3,y7), L(¥3, 27)) — bi2 K (L(Z5, y7), L(ZT5, 21))
— bis K (L(Z6, y7), L(Z6, 22)) — b1aK (L(Z4, ya), L(Z7, 23))
= bi17L(ya, 24) — b1a7L(y7, 21) — b137L(y7, 22) — b1aTL(yr, 23).
Applying Claim 8.4, we then get the claim immediately.

Claim 8.6. For the above bases of V,,(0) and V,,(0), there hold the
following relations:

(8.34) L(z1,42) = —L(v3,43),  L(ya, z1) = L(vz, 25),
(8.35) L(y4,29) = L(va,26), L(y4,23) = L(va, 27),
(8.36) L(ya4,26) = —L(ve, 22), L(ya,27) = —L(ve, 23),
(8.37) L(yg, 22) = —L(va, 24) = L(yz, 23).

In fact, using Lemma 4.4 we see that (8.34) and (8.35) follow from
the following calculations:

7L(21,92) = K(L(v1, 21), L(v1,2))

CDEE2 j(L(vg,21), L(z1,y3) = —L(vs, 3),

TL(ys, 21) = K(L(v1,y4), L(v1, 21))

CIDC2D f(— Livg, 24), — L4, 25)) = 7L(va, 25),
TL(ya, 22) = K(L(v1,y4), L(v1, 22))

CIDC2) ke (—L(vg, 24), — L4, 26)) = 7L(v2, 26),
TL(ya, z3) = K(L(v1,y4), L(v1, 23))

(8.10),(8.29) (—L(ve,x4), —L(xy4, 27)) = TL(va, 27)
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Moreover, from Claim 8.4 we can get L(vs,ys) = —L(ve,2¢) and
L(z4,y2) = —L(ya, 22). Then from the calculations

h(L(ya; z6), L(va, 22)) = h(—L(z4,y6), —L(v3, y2))

2.10
( :)) _h(L(Z4, y2)7 L(U37 yﬁ)) = _h(_L(y4’ Zg), _L(U2’ 26))
8.35
D _h(Llys, 20), Llys, 22)) = -,
(2.10)
h(L(ys, 27), L(v2,23)) == —h(L(ys, ), L(vs, 27))
(8.35)

— —h(L(ve, 27), L(ve,27)) = —7

and the Cauchy-Schwarz inequality, we immediately get (8.36).
Similarly, by using Claim 8.4 we have the following equations:

2.10
h(L(ys, z2), L(va, 24)) 210 —h(L(ye, 24), L(v2, 22))
8.36
= h(L(ys, 2), L(vs, 22)) 22 —r,
(2.10)
h(L(y7,23), L(va, z2)) "= —h(L(z4,y7), L(v2,23))
(8.36)

— h(L(24,y7), L(ys, 27)) = —T.
Then the Cauchy-Schwarz inequality implies the relations in (8.37).

To complete the proof of Lemma 8.2, we notice that from (8.23) and
(8.18), we have

(8.38) K(L(v1,y6) + L(z1,y7), L(72,v3)) = 0.

On the other hand, by using Lemma 4.4, we have the following results:

K(L(v1,y6), L(72,v3)) @K(L(Ula?%)’ —L(v1,22)) = —7L(ys, 22),

K (L(x1,y7), L(wa, v3)) 2L K (L(21,y7), — L(w1, 2)) = —7L(y7, 28)-

These together with (8.38) give that
L(ye, z2) + L(y7,23) = 0.

Combining the above equation with (8.37), we obtain L(yg,22) =
L(yz7, z3) = 0, which contradicts the fact that h(L(ys, 22), L(ys, 22)) = T.
This completes the proof of Lemma 8.2. q.e.d.

Proof of Theorem 8.1. If ky = 1, then as in the previous theorems,
we know that M™ can be decomposed as the Calabi product of two
hyperbolic affine hyperspheres both with parallel cubic form. Hence
we are left to consider the case that kg = 2, r = 8kg + 1 = 17, and
dim Dy = 16.
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Let {v1,v2;25,y;|1<j<7} be the orthonormal basis of D, as determined
in Lemma 8.1, which satisfies the relations (8.11)—(8.1%). Then we easily
see that the image of L is spanned by

{L(v1,v1), L(v1,v2), L(va,v2); L(v1,y;) h<j<7}-

Noting that Tr L = 8[L(v1,v1) + L(v2,v2)], which is orthogonal to

the above ten vectors, and by using (2.6) and (2.8), obviously satisfies

h(Tr L, Tr L) = 128 [h(L(v1,v1), L(v1,v1))

(8.39) + h(L(v1,v1), L(v2, v2))]
_ 32(n+1)(n—26) \2
= otz A
Define Ly = L(v1,v1) — L(ve, v2); then direct calculation shows that
(8.40) h(L1, L1) = 47 # 0.

We now easily see that the following nine vectors
(841)  wo=5l=L1, wi = J=L(vr,v2); wis1 = J=L(v1,y5)l<j<r
consist of orthonormal vectors in Im (L) C D3. Then we have the con-
clusion

n=1+dimDy +dimDs > 1+ 16 + 9 = 26,

and from (8.39) we see that n = 26 if and only if Tr L = 0.

Now, we separate the discussions into the following three cases:

(i) n=27; (i) n>28; (iii) n = 26.

For Case (i) and Case (ii), we will define a unit vector

— n—17
~\/32(n+1)(n—26) AlTrL.

First for Case (i), the previous results show that {t; w;, 0< 5 < 8}
is an orthonormal basis of Im (L) = Ds. By direct calculations with
application of Lemma 2.4, Lemma 4.4, and (8.11)-(8.18), we easily verify
the following

Lemma 8.3. For Case (i) and under the above notations, we deduce
that

(( K(t,e1) = —n_LN)\lt,
( K(t,t) = — 917/\161 + 2&__4147) r(zn-gflj) At
8.42)
K( ) /2 n—;l :E;L 26) A,
Kt \/2(n+1)(n—26)
(t,w) = g7 —

where u € Dy and w = wj, 0 < j < 8.
Denote T' = aey + Bt, T* = —Be; + at, where

(8.43) 2B, B=1/305.
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Then for Case (i), we see that

*
{T7T P U1, 0235, Y5 | 1< i< T we’oszgs}

forms an orthornormal basis of T, ,M. Moreover, by Lemma 8.3 we
easily obtain the following

Lemma 8.4. For Case (i) and under the above notations, we find that
(8.44) K(T,T)=unT, K(T,u)=wu,
where v1 and vo are defined by
_ (n=8)(n—=53) n—26
(8.45) V1 = t=171)(n=26) \/ 3(n—3) A1,

_ n—8 n—26
Vo = 17 3(n— ))\17

and u € {T*; v1,v2;25,yj | 1<j<7; welo<e<s})
From (8.45) and noting that » = 17,n = 27, we can verify the relation

(8.46) vivg — Vs = %)\2 A

Then, based on the conclusions of Lemma 8.4, we can apply theorem 4
of [HLV] to conclude that in Case (i), M?7 is decomposed as the Calabi
product of a hyperbolic affine hypersphere with parallel cubic form and
a point.

For Case (ii), we see that {t; w;, 0< 5 < 8} is still an orthonormal
basis of Im (L). But now Im (L) ¢ D3. Denote n = n — 27 > 1 and
choose w),...,w} in the orthogonal complement of Im (L) in D3 such
that

{t; wj |o<j<s; wili<j<a}
is an orthonormal basis of D3. Then, besides (8.42), we further use (2)
of Lemma 2.5 to get

(8.47) K(t,w)) = =200/ 2D\l 1< < a

Now we define 7" and 7™ to be the same as in Case (i). Similar to
Lemma 8.4, we have the following
Lemma 8.5. For Case (ii), we have that
(8.48) K(T,T) =wT, K(T,u)=rvou, K(T,w;) =wwj, 1<j<n

where v1, vo, and v3 are defined by (8.45) and

3(n—8
(849) vz = _n—917 ﬁ)‘lv

and
uw € {T™; v1, vo; 5,5 l1<j<7; wjlo<j<s}
It is easily seen that vo # vs,2v9 # v1 # 2v3, and

_ (r4+1)(2n—r+1) )\2 A

(8.50) vy =vytuy, ov3 = 4(n—r)?



296 Z. HU, H. LI & L. VRANCKEN

Thus, based on the conclusions of Lemma 8.5, we can apply theorem 3
of [HLV] to conclude that in Case (ii), M™ is decomposed as the Calabi
product of two hyperbolic affine hyperspheres both with parallel cubic
form.

Finally, for Case (iii), we have Tr L = 0 and thus
Ds = {wo, wi, wa, w3, W4, W5, We, W7, W8}

It follows that

(8.51) {e1; vi,v2; 2j,y; | 1<j<7; welo<e<s}

is an orthonormal basis of T,,,M. Now, applying Lemma 2.4, Lemma
4.4, (8.11)—(8.18), we can calculate all components of the difference ten-
sor with respect to the basis (8.51).

To complete the proof of Theorem 8.1 for this case, we will first review
the definitions of the exceptional non-compact Lie groups Eg_s6) and
the compact Lie group F4. For references, among many others, we refer
to Baez [Ba] and Yokota [Y]. Then we will recall an explicit embedding
of Eg(_96)/F4 into R?7, which was recently discovered by Birembaux and
Djoric [BD], and we will call it the standard embedding hereafter.

Let O be the octonions, i.e., the division Cayley algebra over the field
R of real numbers, which is an 8-dimensional R-vector space with ba-
sis {eg = 1, e1, €9, e3,€4, €5, €6, e7}, and define a multiplication between
them, with eg = 1 being the unit, as in the following table.

€1 €2 €3 €4 €5 €6 €7
el -1 es3 —eéo es —eq4 —e7 eg
€9 —e3 —1 el eg er —eq4 —e5
€3 €2 —e] -1 (4rd —€g €5 —e€4q
€4 —€5 —€g —e7 -1 €1 €9 €3
es eq —e7r  eg —e1 -1 —e3 eo
e er eq —e;  —e9 es -1 —e
e7 —€g €5 €4 —es3 —€9 €1 -1

We note that here we choose the same basis as in Wood [W] (see also
[DV3]). It is interesting to point out that the above table is closely
related to the one that appears in Lemma 8.1. We also note that to get
the basis in Baez ([Ba], p. 150) or in Yokota [Y] (the latter is implicitly
used in [BD]), we should have the permutation as

ejezezesesecer — egeleserea(—es)es|Baezs

ejezezesesecer — e1eaeseses(—eg)er|vokota-
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In O, the conjugate Z, the real part R(z), an inner product (z,y),
and the length |x| are defined respectively by

7 7
E aje; = apeo — E aj€j, R( E ajej> = aop,
j=0 j=1 =0

7

(i:aje],Zbe]> Zajb — R(zy), |z = /(@2) = Vaz,

J=0 J=0

N

where z = 2]7-:0 ajej, y = ijo bje;, and aj, b; € R. It is easily seen
that Ty = yx for x,y € O.

Let M3(0) be the vector space of all 3 x 3 matrices with entries in
O and n3(0) be the subset of all Hermitian matrices with entries in O:

3(0) = {X € M3(0) | X* = X},

where X* = X denotes the conjugate transpose of X. Any element
X € 13(0) is of the form

§&1 M3 M2
= X(é',’l’]) = 77,3 62 m ) 62 € Rv i S 0.
n2 M &3

By ldentlfylng X = X(Su T,) € 03(@) with (617 527 537 i, 12, 773) € R277 we

see that n3(0) ~ R?" is a 27-dimensional R-vector space. In y3(0), the

multiplication X oY, called the Jordan multiplication, is defined by
XoY =1(XY +YX).

93(0) equipped with the product o is a real Jordan algebra. In y3(Q),
we also define the trace tr(X) and a symmetric inner product (X,Y")
respectively by

tr(X) =& + & + &3 (X,Y)=tr(XoY).

Moreover, in y3(0) there is a symmetric cross product X x Y, called
the Freudenthal multiplication, defined by

Xxy=1 [2X oV — tr(X)Y — tr(Y)X + (tr(X)tr(Y) — tr(X o Y))I}
(where I is the 3 x 3 unit matrix) and a totally symmetric trilinear form
(X,Y, Z) by

(X,Y,2) = (X x ¥, Z) = (X,Y x 2).
Despite noncommutativity and nonassociativity, the determinant of
a matrix in y3(Q) can be well defined by:
det X = (X, X, X).
For X = X(¢,1) € v3(0), noting that X o X = X%, X 0 X 0 X = X3,
and

R(m(n2ns)) = R(n2(nsm)) = R(ns(mnz)) (= R(mnans)),



298 Z. HU, H. LI & L. VRANCKEN

we have the calculation
det X = %tr(X?’) — %tr(X)tr(XQ) + %(tr(X))3

(8.52) B B B
= 168 — &imm — Samamz — §3m373 + 2R(1m1m213)-

This shows that the determinant is invariant under all automorphisms
of n3(0). However, as stated in Baez ([Ba], p. 182) and Yokota ([Y],
section 3.15), the determinant is invariant under an even bigger group
of linear transformations, which is a 78-dimensional non-compact real
form of the exceptional Lie group Eg. More precisely, the group of
determinant-preserving linear transformations of y3(Q) turns out to be
a non-compact real form of Eg. This real form is sometimes called
Eg(_26), because its Killing form has signature —26. Hence we have

Eg(—26) = {a € Isor(93(0)) | det(aX) = det(X)},

where Isogr (93(Q)) denotes all R-linear isomorphisms of y3(Q).
Recall that F4 denotes the full automorphism group of the Jordan
algebra 13(0):

Fy={a €Isor(n3(0))|a(X oY) =aX oaY}.
Using lemma 2.2.4 of Yokota [Y], we conclude
F, = {a € Isor(n3(0)) | det(aX) = det(X),al =1}
= {a € Isor(93(0)) | det(aX) = det(X), (aX,aY) = (X,Y)}
= {a € Eg_gg) |l =1},

Hence, we get the inclusion Fy — Eg_o6) and that, within Eg_og), F4
is the stabilizer of I in y3(Q). Moreover, as a closed subgroup of the
orthogonal group

0(27) = O(n3(0)) = {a € Isor(93(0)) | (aX, aY) = (X, Y)},

F, is a compact Lie group. This shows that F, is a compact subgroup
of Eg(_g). From Baez ([Ba], p. 196), it is in fact maximal. It follows
that the Killing form of the Lie algebra eg_g6) is negative definite on
its 52-dimensional maximal compact Lie algebra §4 and positive definite
on the complementary 26-dimensional subspace, giving a signature of
26 — 52 = —26.

Hence, using Yokota ([Y], theorem 3.15.1), we have a non-compact
homogeneous space M26 = E6(_26)/F4 ~ R2. To obtain Ty M2, we
now consider the decomposition of the Lie algebra eg_g6) of Eg(_og)-
From Baez ([Ba], p. 191, theorem 5), we have

f4 =ver(0) & {X € M3(0) | X* = -X,tr(X) = 0},

where der(0) is the derivations of the octonions and is the Lie algebra
go of the 14-dimensional automorphism group Go of the octonions. It
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follows that

(853) TIM? ~ {X € M3(0)| X* = X, tr(X) =0}
' ={X € 93(0) | tr(X) = 0}.

Then M?26 is locally isomorphic to (will be identified hereafter) the con-
nected component A of I in

(X € M5(0)| X* = X, det(X) =1},

which can be naturally immersed into y3(Q) ~ R?7,
To choose local coordinates of M?6 = EG(_QG)/F4 ~ A around the

unit matrix, we look at X = X (&,1) € y3(0) and choose 26 real numbers
Ui, ..., U such that

&= 1+ Lur + LBuy, & =1+ LRuy — LPus, & =1-V2uy,
7

(8.54) 7 i
n = \/TE E U3+j€5, T2 = @ E U11+5€5, T3 = @ U19+5€5-
j=0 j=0 Jj=0

For u = (uq,...,ugs) around the origin (0,0,0,...,0), det X # 0 and

1
det”3(X)X € A. Write g(u) = det X (&, 7n); then using (8.52) and the
octonion multiplication table, we have the computation
(8.55)
g(u) = (14 Luy + YBuy) (1 + Luy — W) (1 - V2uy)
26 10
— %(1 — \/ﬁul) Z uf - %(1 + @ul + \/TEUQ)ZUE

j=19 =3
18
3 V2 V6 2
— 31+ P~ Puz) Y 4
j=11

+ % [U19(U3U11 — UgU12 — UsUL3 — UU14 — UTULs — UULE — UgU17 — UI0ULR)
— ugo(uzui2 + U1 + Usuis — U1z + UrUie — USULS — U1y + UloU1LT)
— u21(U3UI3 — U4UI4 + UsULT + UsU12 + UTUI7 + USUIZ — UYUI5 — UI0U16
— U22(U3U14 + U4UIZ — UsUI2 + UsULL + UTUIE — USULT + U9U16 — UL0U15
— U23(U3ULS — U4UI6 — UsUL7 — UsU1g + UrUIL + UUI2 + UgU13 + UIoUL4
— U4

— u25(U3U17 + UgUI8 + UsUL5 — UgULE — UTUL3 + USULL + UgUI1 — ULQUL2

I~ o~ o~ o~ o~ o~

)
)
)
U3UL6 + UsUL5 — UsUig + UsU17 — UrU12 + UgUL1 — UgU14 + Ul0U13)
)
)

— U26(U3U18 — U4U1T + UsU16 + UsU1s — UrU14 — URUI3 + UgU12 + UL0U11 } .

Adopting the above notations and the local coordinates (here we
change slightly the coordinates introduced by Birembaux and Djoric
in order to obtain an orthonormal basis at v = 0), Birembaux and
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Djoric [BD] defined the hypersurface ' : R?*® — R?" by

yr— F(u) = 9_1/3(U)<1 + Luy + YPus, 1+ Ly — Yy,
1- \/§U1, @u;),, ey @'LLQG).

To calculate the affine invariants of the above hypersurface, which
obviously gives a local embedding of A into R?”, we set the notation:
g—i = Fj, aa—i = gj, and f; € R?7 is a point where only the j-th
coordinate is 1 and the others are 0. Then we have det(F, F1, ..., Fys) =

327/2 _g
— 51z g (u) # 0.

Let us take F'(u) as a local transversal vector field of the hypersurface.
Then we decompose Fj = Dp, Fj, as

(8.57) Ej(u) = h(EFj, F) (u)F(u) + Vg, Fi(u),

where V is the induced connection and h is the second fundamental
form (the affine metric).
From (8.56) we have the results:

(8.56)

Fr = —5g7 (W1 (w)F(u) + 29~ ) (f1 + f2 — 2f),
(8.58) ¢ Fy=—497 (wgs(w)F(u) + g~ (u)(f1 - fo),
Fy = 39~ (W)g;(w)F(u) + g~ P (w) fje1, j=3,...,26,
and
g 0 = (B0 @) — 4o wlgsn(w) Fw
— 1971w [gj (W) Fio(w) + gi(w)Fj ()], j.k=1,2,...,26.

Comparing with (8.57), we conclude that, for j,k =1,...,26,

(8.60) h(Fj, Fi)(u) = 297 (u)g;(w)gr (u) — 397" (u)g;n(u),

(8.61) Vi Fi(w) = =597 (u) [9(w) Fi.(u) + gi(w) Fj (w)].
It then follows that

(Vh)(Fj, Fy, Fy)(u)
= G (W(Fie, Fy)(w) — h(V F, Fi, Fr)(w) — h(Fy, Vi, Fe) (u)
(8.62) 1
= 3972 (u)[9j(w)gre(w) + gi(w)gje(u) + go(u)gjr(u)]
— 509 (w) g5 (w) g (uw)ge(u) — 597" (w)gjre(w).

Using (1.1), namely
(Vh)(F}, Fy, Fy)(u) = —2h(K (Fy, Fy), Fj) (u),
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we have the computation
26
(8:63)  K(Fn,Fy)(u)=—3 > (VR)(F}, Fi, Fy) (W)™ () Frn (),
7,m=1

where we set hjj(u) = h(F};, Fi)(u) and denote by (h/*(u)) the inverse
of the matrix (hji(u)).

From (8.60), noting that g;(0) = 0, g;x(0) = —3d; for all j,k, we
easily get

that is, {F;(0)}1<j<o6 is an orthonormal basis of Ty M with respect to
the affine metric h.
Using (8.62), (8.63), and (8.64), we have the computation, at u = 0,

26
K (Fy, F)(0) = —3 > _(Vh)(Ej, Fy, 1) (0) F; (0)

(8.65) =

Using (8.55), we have the following calculations:
9111(0) = —g221(0) = —=3v2, g112(0) = g222(0) = 0;
912;(0) = g;;1(0) = 0, if 3 < j, k < 26,

_3v2 ; ;
g;51(0) = % %f 3sys 18,
3v/2, if 19 <j <26,

5

9520 = 36 if 11 <j <18,
0, if 19 < j < 26.

Then by (8.65) we obtain
K(F, F1)(0) = —2F(0), K(F, %)(0) = 2 F,(0),

8.66
(5.6 K(F1, F)(0) = L2 Fy(0),

— 2 (0) - Y8Ry (0), if 3 < <10,
(8.67)  K(F;, F;)(0) = —¥2F(0)+ ¥EFR(0), if 11<j <18,
Y21 (0), if 19 < j < 26.

Now, besides (8.66) and (8.67), we using (8.65) and (8.55) to write
down the other components of the difference tensor:

—¥2F5(0), if 3<j <18,

(8.68)  K(F1,F;)(0) = 59155 (0)F;(0) :{ VEP0), i 19 < j < 26:
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—BR(0), if3<j <10,
(8.69) K (F»,F})(0) = 59255 (0)F;(0) = ¢ Lp(0), if 11 < <18,
0, if 19 < j < 26;

(870) K(Fs, F})(0) = —¥8F;,4(0), 12< j <18

(8.71) K(Fy, Fi)(0) = —¥8 Fy0(0), K(Fy, Fi2)(0) = — Y8 Fy(0),
(8.72) K(Fy, F13)(0) = =8 Fyy(0), K(Fy, F14)(0) = Y8 Fy, (0),
(8.73) K (Fy, F15)(0) = =8 [2,(0), K(Fu, Fi6)(0) = Y0 Fy3(0),
(8.74) K (Fy, F17)(0) = Y8 Fy(0), K(Fy, Fig)(0) = — %8 Fo5(0);
(8.75) K(Fs, Fi1)(0) = —¥8F5,(0), K(Fs, F12)(0) = Y& Fy(0),
(8.76) K(Fs, Fi3)(0) = —Y8 F19(0), K(Fs, Fi4)(0) = — Y8 Fy(0),
(8.77) K(Fs, Fi5)(0) = —Y8 F55(0), K(Fs, Fi6)(0) = — Y8 Fys(0),
(8.78) K (Fs, F17)(0) = Y8 Fp3(0), K(Fs, Fis)(0) = Y8 [, (0);
(879)  K(F5Fin)(0) = = F(0), K(Fs, F12)(0) = = F (0),
(8.80) K (Fo, F13)(0) = Y8 Fy(0), K (Fo, F14)(0) = — Y8 Fy4(0),
(8.81) K(Fs, F15)(0) = =8 Fy(0), K(Fs, Fi6)(0) = Y8 Fy5(0),
(8.82) K (Fo, F17)(0) = =8 [2,(0), K(Fs, Fi5)(0) = %0 Fo3(0);
(8.83) K (Fr, F11)(0) = =8 [2y3(0), K(Fr, Fi2)(0) = Y8 Fy4(0),
(8.84) K(Fr, F13)(0) = ¥ F35(0), K(Fr, F12)(0) = %2 Fys(0)
(8.85) K(Fy, Fi5)(0) = —Y8 F19(0), K(Fy, Fig)(0) = — Y8 Fy(0),
(8.86) K(Fr, Fiz)(0) = —=Y8 F5,(0), K(Fy, Fig)(0) = — Y8 Fyy(0);
(8.87) K (Fs, F11)(0) = =8 F5,(0), K(Fs, F12)(0) = —¥8 F3(0),
(8.88) K(Fy, F13)(0) = Y8 Fyg(0), K (Fs, F14)(0) = — Y8 Fy5(0),
(8.89) K(Fy, F15)(0) = Y8 Fy(0), K (Fs, Fig)(0) = — Y8 Fyo(0),
(8.90) K(Fy, Fi7)(0) = Y850 (0), K (Fy, Fig)(0) = — Y8 Fy (0);

(8.91) K (Fy, F11)(0) = = Y8 Fy5(0), K (Fy, F12)(0) = — %0 Fa6(0),
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(8.92) K (Fy, Fi3)(0) = —%EF53(0), K(Fy, F14)(0) = %2 F54(0),
(8.93) K(Fy, Fi5)(0) = X2 F51(0), K(Fy, Fig)(0) = — %L Fbs(0),
(8.94) K (Fy, Fir)(0) = =% Fi(0), K(Fy, F1s)(0) = % Fy0(0);
(8.95) K(Fio, Fi1)(0) = Y8 Fy(0), K (Fio, F12)(0) = Y8 Fys(0),
(8.96)  K(Fio, Fi3)(0) = —2F24(0), K(Fio, F14)(0) = ¥ Fas(0),
(8.97) K(Fio, Fis)(0) = X8 Fyy(0), K (Fio, Fig)(0) = Y8 Fy, (0),

(8.98) K (Fio, Fi7)(0) = —=¥8 F50(0), K(Fio, F1g)(0) = — %8 F4(0).

Finally, if we denote A = {3,...,10},B = {11,...,18},C = {19,...,26},
then we have
{K(Fijk)(O) =0,

(8.99) if j # k and cither j,k € A or j,k € B or j,k € C.

Moreover, we note that in all the above equations from (8.70) up to
(8.98), the three subindexes can be arbitrarily permutated; for example,
from the first equation of (8.70), we also have

K(Fs, F19)(0) = ¥8F1,(0), K(Fi1, Fio)(0) = Y0 F3(0).

It then follows that all components of the difference tensor are de-
scribed.

From (8.66) and (8.67), we can see immediately that Trace, K = 0 at
u = 0. Consequently, F'(0) is the affine normal at 0 and by homogeneity
of the hypersurface we conclude that M is a locally strongly convex
affine hypersphere. Moreover, as has been straightforwardly calculated
by Birembaux and Djoric [BD], the hypersurfaces are in fact isotropic;
namely, in the present case we have

(8.100) h(K (v,v), K (v,v)) = 2h(v,v)h(v,v)

forallv =3 ;viF;. According to proposition 4 of Birembaux and Djoric

[BD], M is an affine hypersphere with affine mean curvature A = —1
and its cubic form is parallel with respect to Levi-Civita connection of
the affine metric h.

To simplify the above complicated formulas of calculating the differ-
ence tensor at u = 0, we have the crucial observation that similar results
still hold as for the standard embeddings SL(m, R)/SO(m) — R™m+1/2,
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SL(m,C)/SU(m) — R™, and SU*(2m)/Sp(m) < R>* ™. To present
the details, we use (8.58) and the identification n3(Q) ~ R?" given by

§&1 M3 M2
03(0) 3 | 13 & m | = (&,8,8,us, ... us) € RY,
n2 m &3

7 7
where &1,82,83 € Ry m = Y5 gusije;, m2 = Do j_guiitjej, M3 =
2]7-:0 U19+5€5 € 0.
Let Ejj, denote the 3 x 3 matrix which has (j, k) entry 1 and all other
entries 0. With the identification we notice the following relations, and
then we set

(8.101) F1(0) = (i + fo— 2f3) = Y2(B11 + Byy — 2E33) = &1,
(8.102) Fy(0) = ¥8(f1 — fo) = YB(E1y — Ezz) = —y,

(8.103) F5(0) = \/Tgle ~ \/TE(E% + E3z) = —11,

(8.104) Fj43(0) = \/Tgfj+4 ~ Y8 (Fa3 — Esg)e; =35, 1<j<7,
(8.105) Fi1(0) = LB f15 o~ Y8(Ey3 + Egy) = — o,

(8106) Fj+11(0) = @fjJrlQ ~ @(Egl — Elg)ej = _gjv 1 Sj S 7,
(8.107) Fig(0) = X8 f50 ~ Y6(Eyy + Eyy) = 10,

(8.108)  Fj10(0) = L8 fy00 = Y8 (Erp — By)ej = —tjp1, 1<j<T.

Then direct calculations show that, equivalently, the standard em-
bedding F' : E6(_26)/ F, — R?" with affine normal F has a Blaschke
structure, at I, that can be expressed algebraically in terms of the Lie
algebra as follows:

{ K(X,)Y)=4XY +YX)-1tr(XY)I,

(8.109) )
h(X,Y)=ttr(XY), S=-Id

Remark 8.1. Having the above expressions, the isotropic condition
(8.100) is then changed equivalently to the relation

(8.110) (tr(X%))? = 2tr(X? 0 X?)

for all X € y3(0) with tr(X) = 0. By using properties of the octonions
multiplications, this can be verified easily by direct computations.

Completion of the proof of Theorem 8.1 for Case (iii).
From the definition (8.101)—(8.108), using (8.109) we can verify that
all the relations from (8.11) to (8.1%), and (8.41), still hold for the above

~ notations with 7 = % or equivalently \; = ==, i.e., A = —1. Since the

\/77
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standard embedding Eg(_g6)/F4 — R?7 is of parallel cubic form, if we
identify the following orthonormal basis of 77 M?6:
{€1; 01,095 T, 95 1< <7 W5 lo<j<s}

defined in (8.101)—(8.108) with the basis (8.51) of T,,, M®, then applying
Lemma 2.4 and Lemma 4.4, we can verify that the difference tensor of
the standard embedding Eg_gg) JF4 < R?7 is exactly the same as that
of M?6 — R?7 corresponding to \; = %,

Now for the locally strongly convex €17 affine hypersphere M?6 —
R?7 with p = 7, we see from the above discussion that, by applying a
homothetic transformation to make A\ = —1, if necessary, M?% and the
standard embedding Eg_g6)/F4 — R?7 has affine metric h and cubic
form C' with identically the same affine invariant properties. According
to Cartan’s lemma and the fundamental uniqueness theorem of affine
differential geometry, we obtain that M?® and the standard embedding

Eg(—26)/Fa — R?7 are locally affine equivalent.
This completes the proof of Theorem 8.1. q.e.d.

or equivalently A = —1.
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