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INTERIOR ESTIMATES AND LONGTIME
SOLUTIONS FOR MEAN CURVATURE
FLOW OF NONCOMPACT SPACELIKE

HYPERSURFACES IN MINKOWSKI SPACE

KLAUS ECKER

Introduction

Spacelike hypersurfaces with prescribed mean curvature have played
a major role in the study of Lorentzian manifolds. Maximal (mean
curvature zero) hypersurfaces were used in the first proof of the positive
mass theorem ([17]). Constant mean curvature hypersurfaces provide
convenient time gauges for the Einstein equations ([7]). For a survey of
results we refer to [3].

In [5] and [6], it was shown that entire solutions of the maximal
surface equation

. Du _
H(u) = div (W) =

for spacelike hypersurfaces in Minkowski space are linear. The proof of
this remarkable result is based on an interior a priori estimate for the

gradient function
1

V1 —[Dul?

In fact, estimates for this quantity form the basis of existence proofs for
spacelike hypersurfaces with prescribed mean curvature functions in a
variety of contexts. These surfaces are described by nonlinear elliptic
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partial differential equations of the same type as the maximal surface
equation. The a priori gradient estimate implies that the equation is
uniformly elliptic so that topological fixed point arguments can be em-
ployed in order to prove the existence of a solution (see [4], [1]-[3], [14]).
These arguments are indirect in nature.

In [9] and [8], a direct approach to the existence problem was taken.
Solutions of mean curvature equations were constructed as stationary
limits of a geometric heat flow which evolves the spacelike hypersur-
faces in the direction of their future directed unit normal with speed
given by the difference of the actual and the desired mean curvature.
This so-called mean curvature flow has been extensively studied in Eu-
clidean space (see [12]). In [9], the case of cosmological spacetimes was
treated where one is dealing with the flow of compact hypersurfaces.
In [8], noncompact hypersurfaces in asymptotically flat spacetimes were
considered but with the strong restriction that the initial surface be
asymptotic to a time slice of the spacetime. This essentially amounts
to assuming a global bound for the gradient function.

In this paper, we study mean curvature flow of noncompact space-
like hypersurfaces in Minkowski space without any restrictions on their
behaviour at infinity. It turns out that some of the most interesting solu-
tions of this flow have exponentially growing mean curvature at infinity
and therefore cannot be dealt with in the framework of any standard
theory for parabolic differential equations. In Fuclidean space, mean
curvature flow of noncompact hypersurfaces was studied in [10],[11].

Minkowski space L"*! is R"*! endowed with the metric (-, -) defined
by (X,Y) =2y — zpr1yns1 for vectors X = (2, 2p41),Y = (¥, Yn+1)-
Spacelike hypersurfaces M C L""! have an everywhere timelike normal
field which we assume to be future directed and to satisfy the condition
(v,vy = —1. Such surfaces can be expressed as graphs of functions
u: R™ — R satisfying |Du(z)| < 1 for all z € R".

We consider a family of spacelike embeddings

X;=X(-,t): R" - L
with corresponding hypersurfaces M; = X;(R") satisfying the evolution
equation

0X
= _H
(1) T v

on some time interval. Here, H = divy, v denotes the mean curvature of
the hypersurface M;. Each M, is the graph of a function u(-, t) satisfying
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|Du(-,t)] < 1. Equation (1) is equivalent up to diffeomorphisms in R"
to the equation

ou Du
2 — = /1 —|Dul|?di _
( ) N ‘ U’ le( 1_’ u‘2>’

which is the parabolic analogue of the maximal surface equation.
Examples of solutions of (1) are the spacelike hyperboloids of con-
stant mean curvature /7 given by the functions

§(x,t) = +/|z|* + 2nt.

These are homothetic solutions with initial data given by the upper light
cone at 0 which remain asymptotic to the same light cone for all £ > 0,
i.e., do not move at spatial infinity.

More interestingly, there are also solutions of (1) (or equivalently
(2)) which move by vertical translation: Let ug : R — R be an initial
spacelike hypersurface with mean curvature satisfying the equation

1

71— ‘DU,OP

(3) H(up) =

or equivalently

D
V1 — [Duofdiv | —— e | =1
1= ‘DU,O‘Q

Then a solution u of (2) is given by
u(z,t) = ug(x) + .

In the case n=1, ug(z) = log cosh z is a particular solution of (3). Note
that the graph of this solution is geodesically incomplete. The mean
curvature grows exponentially at infinity. In particular, the maximum
principle does not apply in this case. The translating solution given by
u(z,t) = logcosh x + ¢ lies initially underneath the homothetic solution
given by vx2 + 2¢ but crosses it at infinity at time ¢ = log 2.

In Section 2, we establish the existence of solutions of (3) for gen-
eral n. The construction of translating solutions of mean curvature
flow in more general asymptotically flat spacetimes and their possible
applications in general relativity are the subjects of further investiga-
tion. Translating solutions can be regarded as a natural way of foliating
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spacetimes by almost null like hypersurfaces. Particular examples may
give insight into the structure of certain spacetimes at null infinity.
In Section 3, we prove an interior estimate inside

Kg(0) = {X e L"", (X, X) < R?}

for the gradient function and the mean curvature of M; which has the
form
sup (v+|H|) <
MNKRr(0)
for ¢ < ¢(n)R? where ¢; depends on n, R and SUP MoKy x(0) (v + [H]).
We furthermore derive similar bounds for the second fundamental form
of M; and its covariant derivatives.

In Section 4, we prove that the initial-boundary value problem cor-
responding to (2) on bounded domains of R™ has a smooth solution for
all time which converges for ¢ — oo to the unique maximal hypersur-
face with the given boundary values. This result applied on increasing
domains in combination with the interior estimates is then used to es-
tablish the following main result of this paper.

Theorem. For arbitrary spacelike initial data ug : R” — R, equa-
tion (2) admils a smooth spacelike solution u for all t > 0 which satisfies
u(+,0) = ug.

Note that in contrast to even the standard linear heat equation, no
assumption about the behaviour of the initial data at infinity has to be
imposed. A corresponding result for mean curvature flow in Euclidean
space was established in [11].

1. Maximum principles and local height bounds

We list without proof the particular versions of the standard maxi-
mum and comparison principles used in this paper.

1.1. Proposition. Let uy and us be solutions of (2) on a bounded
domain @ C R™. Suppose that ui(z,0) < us(x,0) for all x € Q and
ui(z,t) < ug(xz,t) for all x € OQ and t > 0. Then uq(x,t) < us(x,t) for
all z € Q and t > 0.

1.2. Proposition. Let M; = graphu(-,t) where u: Q2 x[0,T) - R
solves (2). Suppose the function [ :Q x [0,T) — R satisfies f >0 and

the inequality
d
— —A <0
(ﬁ )f—’
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where A denotes the Laplace-Beltrami operator on M. If sptf(-,t) is
compact for every t € [0,T), then

sup f (-, 1) < sup f(-,0).
Q Q
If Q) is bounded, then

sup f < max{sup f(-,0), sup f}.
Qx[0,T) Q 80x[0,T)

1.3. Proposition. Let Q be a bounded domain in R™ and ug :  —
R be spacelike. Let u be a solution of (2) in Q x (0,T) which satisfies
u(-,0) = ug in Q and u(-,t) = ug on I for t > 0. Then for all x € Q
and t € [0,T] the inequality
|u(z, 1) —up(z)] < V2nt
holds.

Proof. Since wug is spacelike the inequality

uo(y) — |z =yl <wuo(z) <wuoly) + [z -yl

holds for all 2,y € Q. For every y € Q) we use Proposition 1.1 to compare
the solution u with the homothetic solutions corresponding to the initial
data wuy(y) £ |z — y| given by

uo(y) = v/ |z — y* + 2nt.

This yields the inequality

uo(y) — vz —y2 + 2nt < u(z,t) <wuoly) + V]e —yl> + 2nt

for every z € Q. Setting = y implies the estimate.
1.4. Proposition. There exists a spacelike solution v : R™ = R of

the equation

1

V1 —[Dul?

(3) H(u) =

Proof. Note that for radially symmetric solutions (3) reduces to
the equation
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on the real line which can be solved using ODE methods.

We outline an alternative approach, which seems to be overkill in the
case of radially symmetric solutions but has the potential to generalize
to asymptotically flat spacetimes. It is based on the observation that
constant mean curvature spacelike hypersurfaces can be used as barriers
for solutions of (3) on bounded domains.

For k € N and fixed a > 0 we solve the Dirichlet problems

Hlu) = ——— i Bi(0),

V1 — |Dugl?

up=k—a on 0By (0)

on balls in R™. By symmetry, the solutions u; are of course radially
symmetric having constant boundary values. In general, solvability fol-
lows from [1] since the right-hand side of the equation satisfies the mean
curvature structure conditions required there. Interior estimates for

1

v(ug) = —m

and higher derivatives of uj independent of k hold on any fixed ball
Bgr(0) € R™ This uses again the symmetry of our solution which
guarantees constant height on Bg(0). In a more general construction,
this is the step which requires additional work. The crucial observation

is the inequality
up(x) < V)22 +n? —a,

which holds for all 2z € By(0). This follows by comparing u; with the
constant mean curvature hypersurfaces given by

§H() =]z +n? = VE2+n?2+k—a.

Their mean curvatures satisfy the inequality H(5;) = 1 < H(uy) in
By (0) while §; = ug on 9Bg(0). The comparison principle of [4] then
yields that ug < & in By(0).

This argument provides a height bound for u over fixed balls Bg(0)
independent of k. In view of the uniform derivative estimates we can
therefore let & — oo to obtain the result.

2. Evolution equations

Most of the evolution equations in this section were derived in [9].
They will form the basis for the a priori estimates of the next section.
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We first recall that in view of the geometric identity AX = Hv for the
position vector of the hypersurface My, equation (1) is equivalent to the
nonlinear heat equation

oX

(4) — = AX.

Here, A denotes the Laplace-Beltrami operator on M;.

2.1. Proposition. The Lorentz distance function z = (X, X)
satisfies the evolution equation

(% —A) (2 + 2nt) = 0.

Proof. Using (1), we calculate

d
prid 2H(X,v),
while (see [4])

Az =2(n+ H(X,v)).

The length of the tangential projections of vectors onto spacelike hy-

persurfaces M = graphu with normal v is controlled by the gradient

function
1

v=—(v,e = .
(s ent) 1 — |Dul?

We will frequently use the inequalities |Vz,11| < v and |Vr| < v (see
[4]), where V denotes the tangential gradient on M,;, and r = |z| is
Euclidean distance on R".

2.2. Proposition. The Fuclidean distance function r = |z| on R"
satisfies
d
— _ A2
(@-2):

Proof.  Since r? = z+ 22, for X = (2,%,41), from (4) and
Proposition 2.1 we obtain that

< ¢(n)v.

d
(% — A) ’f'Q = —2n — 2‘V$n+1’2.
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In view of the inequality |Vz,+1| < v this implies the result.

2.3. Proposition. The gradient function satisfies the evolution

equation
(% - A) v = —|A%v.

Here, |A|? denotes the square of the norm of the second fundamental
form A = (h;;) on M;, which is defined by

hij = (1i, Dy;v)
for a local orthonormal frame 7,...,7, of M;.

For general spacelike hypersurfaces we recall the following inequality
which is the key to the basic gradient type estimates (see [1], [2], [6],

[14]).

2.4. Lemma. On any spacelike hypersurface M in L™t we have
the inequality

1
|A[20? > (14 =) | Vo2 — H??.
n

In combination with Proposition 2.3 this implies
2.5. Corollary. The gradient function satisfies the inequality

d 1
— A< 41+ — 2 L o %2,
(dt )fu < —4(1+4 2n)]Vv] + v

2.6. Proposition. The second fundamental form and its deriva-
tives satisfy

d
' — —A|H=—H|A]?
(1) 7 [AJ7,
d
(12) Pt |A]? < =2|VA] — |A[' + ¢(n),
d
(47) - A VAP < =2|V™ AP + ¢, (1 + [V™A]?),

where ¢p = cm(m,n, v, Y52 [VITLA]).

For later use we note that by combining Proposition 2.6 (i) with the
inequality [4|?> > L H? one obtains the following.
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2.7. Corollary. The square of the mean curvature satisfies

(i - A) H? < 2 2|VH|%
dt n

3. Interior estimates

The proof of the existence theorem in the last section is based on the
following interior estimate which simultaneously controls the gradient
function and the mean curvature of M, inside the set

Kr(0) = {X e L™, 2 = (X, X) < R*}.

The estimates will also be applied to solutions of (1) with boundary.
However, we will always assume that the hypersurfaces M; have no
boundary inside the sets in which we are estimating.

For related estimates in the elliptic case we refer to [2], [3], [6] and
[16].

3.1. Theorem. Suppose that M; N Kr(0) is compact in LT for
t €10, g;;] Let A > supjon i, (0) H2. There are constants p,q > 0 which

only depend on n such that for all t € [0, g;;]
sup UQ;(RQ —z—2nt)P
My (A - Hg)l/q

1
c{n)gAt 2 2__\Pp
<e su£) (’U TS DI (R° — 2) ) .

We present the proof in two steps contained in the following lem-
mata.

3.2. Lemma. For sufficiently large ¢ = q(n), the quantity g =

U2m satisfies the inequality
d Vgl?
——AJg<—(1+6§)—
(dt )9_ (1+4) ]

where § = 6(n) > 0 and ¢ = ¢(n,q, A).
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Proof. Let g = v>h(H?), where we will substitute h(y) = (A—y) 1/
later. Denoting derivatives of h by ' and using Corollaries 2.5 and 2.7
as well as h > 0 and A’ > 0, we calculate

©) (%—A)g <-4+ )\Vu\ *h+2H?v*h — H“h"v2
- h,”\w#\%? — 2K (Vo? ,VH2>.

By Young’s inequality ab < ea® + i b2 with e = , we estimate

!
20 (Vv?, VH?)| = [8h/'vH(Vv, VH)| < = w h—i—lﬁn(h ) v H?|VH|?
h
which yields
4 _A —4(1 + i)\wﬁh b 2H2h — 2 AR
dt 4n n

(7) (h/)Q
+4 (4”7 - h”) v H?|VH|?.

;From the inequality |a + b2 < (1 + 6)[a|? + (1 4 1/8)|b|? for § > 0 we
derive
|Vg|? = |2hoVv + 20 HV H|?
1
4(1 + §)v%|Vu|*h? + 4 (1 + 5) v (W) H?|VH|?.

This implies

’ 9‘2 2 2 1 Q(hI)2 2 2

Choosing 0 = §(n) > 0 such that (1 +6)%2 =1+ ﬁ and substituting (8)
into (7) we arrive at

4 A)g<—q+al¥ 9 | opeen - H4h’v2
di g

(h/)2 " 2172 2
+4 c(n)T—h v H*|VH|>.

Again using Young’s inequality, we estimate

h2
2 2 4 2 2
2H*v"h < H h'v +§—h,v
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which implies

d Wg‘g nh (h’)2 " 2172 2
— — A < — +—=——qg+4 —_— H*|\VH|".
(dt ) g (1+9) p 5 h,g c(n) 5 h v ] ]

The function given by h(y) = (A — y)~'/4 satisfies

/ 2 1
EUE 1) = = (et~ g+ 1) (A=)

for sufficiently large ¢ depending on n. Moreover, since 0 < 77 < gA we
conclude

c(n)

IA
o

d Vg2  n
Z_Alg< -1 IV 4 (ZgA)g.
(dt )g_ (14 9) p +(2q )g

3.3. Lemma. Let = (R?> — z — 2nt)P. Then for sufficiently large
p depending only on & = d(n) the inequality

d
= _Algn<
(dt )gn_cgn

holds where ¢ depends on n and A.

Proof. Abbreviating 5 = n(r), denoting derivatives of 1 by ’ and
using the previous lemma we calculate that

d [Vg/? [ d
— —A <—(1 — ——A 2nt
(dt )gn_ (1+9) , g tan | o (2 + 2nt)
—gn"|V2|* = 2(Vg, V).
Here ¢ depends on n,q and A. We estimate
Vg]” 1|y
2Vg, V)| < (1+6 +
2(Vg, V)| < ( )gn1+5n

and use the identities |[Vn|? = (7')?|Vz|? and (% —A)(z+2nt) =0
(see Proposition 2.1) to obtain

d 1 (77/)2 " 2
— A < + [ — — Vz|~.
(dt )gn_cgn <1+(5 n n )1V
For n(r) = (R? — r)? we have

1 (77/)2 _77// _ ( pg

14+46 7 149

—p(p— 1)) (R? —z—2nt)P2 <0

491
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for sufficiently large p depending on 4.

Proof of Theorem 3.1. Since by assumption the hypersurfaces
M, are compact inside the support of 1, we can apply the maximum
principle of Proposition 1.2 to f = e~“*gn to conclude

sup gn < e sup gn
My My

and therefore the desired estimate.

In the next section, the main estimate of Theorem 3.1 will be applied
in balls in R”. Let Cg denote the cylinder Bg x R where B = {z €
R™, |z| < R}. Since Cr C Kg, the theorem applied with 2R instead of
R immediately yields

3.4. Corollary. For t € [0,c(n)R?], the estimale

sup (v+ |H|) < ¢
M:NCgr

holds where ¢ depends on n, R and supynk,, (v + [H]).

3.5. Remark. Having obtained estimates for v we are now in
a position to use the Euclidean distance function r = |z| for further
localization arguments. In view of Proposition 2.2 and the inequality
|Vr| < v, Corollary 3.4 implies that for ¢ < ¢(n)R?

d
Z _ A2
(7-2)r
and |Vr| <e¢p in Cp.
3.6. Proposition. Suppose thal supy,nc, v < ¢ fort € [0, 7.

Then the curvatures of My for t € [0,T] can be estimated by

sup |A]?(R? —r?)? < ¢y,
My

S C(’I’L, cl)

where ¢y = ca(n, R, c1,5up ey [A17).

Proof.  Abbreviating n(r?) = (R? — r?)2, we calculate, in view of
Proposition 2.6 (ii),

d
(— - A) (Al?n < — 2V APy — |Al'n + ()

dt
d
~Z _ Al
(@)

— [APY" V722 + 20 (V[ AP, Vr?).

+ APl
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Estimating

2
20 (VIAP2, V)] < 21V AP + 8 42 wr2p

/

n
d
Z _A)s?
(@)

2
+ (8 (7777) _77//) ‘AP‘VTQ‘Q.

we obtain

d
(% - A) |APn < —Al'n + c(n)n + | A ||

We now substitute 7 into the last term, estimate |r'| < R? and use
Remark 3.5 to arrive at

(55 =) 4P < —JAFn -+ el + cln.en) 24P
At a point where | A|?n first reaches a maximum larger than sup,,, |A|*n,
in view of the inequality < R* we therefore obtain that
|A*n < e¢(n)R* + ¢(n, c1) R*| A)°.
Multiplying by 7 yields
(1An)? < e(n)R® + c(n, c1) R?| A,
and hence we conclude from Young’s inequality that

‘A’2n SC(n,R,Cl, sSup ‘A’2)
MoNCgr

at the maximum point. This implies for ¢ € [0, T]

sup ’A‘Qn < C(’I’L, R,c1, sup ’A‘Q)
My MoNCgr

co for t € [0,T]. Then for every m > 1 and ¢t € [0,T] we have the
estimale

8.7. Proposition. Suppose supys,nc, v < ¢1 and supy,qc, |A]? <

sup \VmA]2 < ¢,
MtﬂC'ﬁ
2

_ i 412
where ¢, = (N, m, R, c1, 2, Max1<j<m SUPpncy, | V7 AP

493
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Proof. We proceed exactly as in the corresponding case of mean
curvature flow in Euclidean space (see [11, Ch.3], [8]). Utilizing the
bounds on v and |A[> we show that for sufficiently large K > 0 the
function f = |VA]?2(K + | A]?) satisfies an inequality of the type

d
——A)f<-3f +C
where § > 0. By Remark 3.5, the quantities |Vr| and | (4 — A) r?|
are controlled in Cr. We can therefore estimate f(R? —r?)? as in [11].
Bounds for the higher derivatives are established inductively.

4. Longtime existence theorems

In this section, we will first consider the initial-boundary value prob-
lem associated with equation (2) for bounded domains Q C R". We will
then construct a global solution of (2) for arbitrary spacelike initial data
ug : R® — R. This is achieved by solving initial -boundary value prob-
lems on increasing domains, and then using the interior estimates of the
previous section to extract a subsequence of solutions which converges
smoothly on compact subsets.

4.1. Theorem. Let Q C R"™ be a bounded domain with smooth
boundary. Let ug : Q — R be smooth and strictly spacelike in the sense
that supg |Dug| < 1. Then the equation

ou Du
9 — — /1 = |Dul?di -~
(2) 7 \ u! d1v< - ’ uP)

has a smooth solution in Q for all t > 0, which satisfies u(-,0) = ug in 2
and u(-,t) = ug on Q. Moreover, as t — 0o, u(-,t) converges smoothly
to the solution of the mazimal surface equation with boundary data ug.

Proof. Proposition 1.2 implies that any solution of (2) on a time
interval [0, 7T satisfies

sup |u| = sup |uol.
Qx[0,T] Q

In view of Proposition 2.3 and Proposition 1.2 we also have

sup v = max{supwv(0), sup v}.
Qx[0,7] Q o0 x[0,T]
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Estimates on supsgyo,rqv are derived as in [4]. Note that again in
view of the maximum principle the radially symmetric barriers used
in [4, Proposition 3.1] will work in the parabolic setting as well. Being
maximal hypersurfaces these barriers are stationary solutions of (2), and
therefore by Proposition 1.1 the solution « will remain between them if
it does so initially. We therefore obtain for arbitrary T > 0

sup (|u| +v) < o,
Qx[0,7]

where ¢y depends only on the initial data. This implies that equation
(2) is uniformly parabolic. Estimates for higher derivatives then follow
from standard theory for uniformly parabolic equations. The estimates
ensure the existence of a unique smooth solution for all ¢ > 0 (see [15]).
To prove the convergence to the unique (see [4]) solution of the maximal
surface equation we proceed similarly as in [13]. From (2) we calculate

for v=! = /1 — | Du|? that
9 -1
at\/l—]Du\Q:—vD uD;(v™ " H)

and therefore

V1—|Dul?> =— / vD;uD;(v" ' H)
Q

/DvDu /H2_1

where we have integrated by parts in the second last step using that
v H = % vanishes on 9f2 for ¢ > 0. Therefore,

oo
/ /H%—lg/ JT= Dl < (9.
0o Jo Q
Since v < ¢y on Q x [0,00) we obtain

/f/ﬂm < cle, ).

Moreover, by the global estimates for higher devivatives and Proposition
2.6 (i) one verifies that

sup ‘—/H2‘<C
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This gives
lim | H?=0.

t—00 0

An interpolation argument using the global estimates then implies that
supq |H| — 0 uniformly as ¢t — oo.

4.2, Theorem. Let uy: R" — R be spacelike and smooth. Then
the equation

ou Du
2 — = /1 —|Dul?2div | ——
N

has a smooth solution for all t > 0 with initial data up.

Proof.  Suppose without loss of generality that ug(0) = 0. For
k € N, we let ug be the smooth solution of the initial-boundary value
problem

ouj, 5 1 Duy, .
5 = v 1 — |Duygl? div (\/W) in By (0) x (0, 00),

ug(-,0) = ug in By(0),
ug (-, 1) = ug on 0B (0) x (0, 00).

Fix R > 0. Since uy is spacelike and uo(0) = 0, an easy argument using
the mean value theorem (see [6] or [16]) shows that

|z|? — ud(z) = oo

as || — oo. Hence for sufficiently large k depending on R we have that
|z|? — w2(x) > 16R? for |z| = k. For M} = graphuy(-,t), this implies
that OM} N K4(0) = 0 for all ¢ > 0. Also, Mf N K4z(0) is compact for
t > 0 as these sets are contained in the cylinders B;(0) x R. We can
therefore apply the interior estimates of Theorem 3.1 or Corollary 3.4
to the solution (M) inside K4z(0) to obtain for ¢ < c(n)R?

sup (v + |H|) <.
MENCy(0)

Propositions 3.6 and 3.7 with 7' = ¢(n)R? imply that

sip [V <
Mtk’ﬁCR(O)
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[11]
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for t € [0,¢(n)R?] and for all m > 0. These estimates translate into
uniform bounds (independent of k) on Bg(0) x [0, ¢(n) R?] for v(uy,) and
derivatives of all orders of ux . The height estimate of Proposition 1.3
furthermore yields that

sup lug| < c(n, R, sup |ugl).
Br(0)x[0,¢(n)R2] Br(0)

Since R > 0 is arbitrary, we can select a subsequence of (uj) which
converges smoothly on compact subsets of R™ x [0,00) to a solution of
(2) with initial data wy.
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