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LIMITS OF SOLUTIONS TO THE KAHLER-RICCI
FLOW

HUAI-DONG CAO

1. Introduction

We consider the K&hler-Ricei flow

d

on a complex manifold X. Following [5], we have

Definiton 1.1. A complete solution g;; to Eq.(1.1) is called a Type
IT limit solution if it is defined for —oo < t < oo with uniformly bounded
curvature, nonnegative holomorphic bisectional curvature and positive
Ricci curvature where the scalar curvature R assumes its maximum in
space-time.

Definition 1.2. A complete solution g;; to Eq.(1.1) is called a
Type III limit solution if it is defined for 0 < ¢t < oo with uniformly
bounded curvature, nonnegative holomorphic bisectional curvature and
positive Ricci curvature where ¢t R assumes its maximum in space-time.

To understand the behavior of Type Il or Type III limit solutions is
very important because they arise as limits of blow ups of singularities
in the Ricci flow, as pointed out by Richard Hamilton in [5].

In the Riemannian case, Hamilton [4] proved that any Type II limit
with positive curvature operator is necessarily a gradient Ricci soliton.
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This is an essential step in classifying singularities for the Ricci flow.
Later in [5] he conjectured that a similar result should hold in the K&hler
case and that any type III limit should be a homothetically expanding
gradient Ricci soliton. Our main results in this paper give an affirmative
anwser to his conjectures.

Let us first recall the definitions of Ricci solitons. A solution g;; to
Eq.(1.1) is called a (translating) K&hler-Ricei soliton if it moves along
Eq.(1.1) under a one-parameter family of automorphisms of X generated
by some holomorphic vector field. More precisely, this means that the
Ricci tensor of g;; can be expressed as

R;=Vi; + V5,

for some holomorphic vector field V' = (V?). When the holomorphic
vector field V' comes from the gradient of a function on X, we say we
have a gradient Ricci soliton. In this case, we have

Ri= [ and fii=0

for some (real-valued) function f on X. Note that the condition f;; =0
is equivalent to saying that the vector field V = 7 f is holomorphic.
Similarly, a solution g;; to Eq.(1.1) is called a homothetically expand-
ing (shrinking) gradient K&hler-Ricci soliton if there exist a real-valued
function f on X and a constant p > 0 (p < 0) such that

Ry +pg;=1Ff; and  fi=0.

Now we can state our main results:

Theorem 1.3. Let X be a simply connected non-compact complex
manifold of dimension n. Then any Type Il limit solution to Fq.(1.1)
s necessarily a gradient Kdhler-Ricei soliton.

Theorem 1.4. Let X be a simply connected non-compact complex
manifold of dimension n. Then any Type 111 limit solution to Fq.(1.1)
1s necessarily a homothetically expanding gradient Kdhler-Ricci soliton.

The proof of both theorems is a consequence of our Harnack estimate
in [1] for the K&hler-Ricci flow and the strong maximum principle. We
essentially follow the idea of Hamilton as in [4]. The first difficulty
appears to be that while the curvature operator is a quadratic form,
the holomorphic bisectional curvature is not. It turns out that we can
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overcome this difficulty by working on the Harnack estimate for the
scalar curvature instead of the full Harnack estimate. This simplifies
the proof a great deal.

Examples of complete gradient K&hler-Ricci solitons of Eq.(1.1) have
been found recently by the author [2]. They are radially symmetric
about an origin and have positive sectional curvature. In this paper we
also provide the first example of a one-parameter family of expanding
gradient Kahler-Ricci solitons

Theorem 1.5. For each A > 0, there exists on C” a complete
rotationally symmetric homothetically expanding gradient Kdhler-Ricci
soliton g. The sectional curvature of g\ is positive for A > 1 and
negative for A < 1. Moreover, the Kdihler potential function of gy is
aymptotic to |z|*/* as |z| tends to the infinity.

We are very grateful to Professor Richard Hamilton for bringing
these problems to our attention. We also would like to thank Professor
S.-T. Yau for his constant encouragement.

2. The Harnack estimate

In [1] we proved a Harnack estimate for the (normalized) Kahler-
Ricci flow
J
7% = —Rj5+9;
on a compact Kahler manifold of positive bisectional curvature.

For the solution of Eq.(1.1) we have the following corresponding
Harnack estimate.

Theorem 2.1. Let g; be a complete solution of Eq.(1.1) on a
complex manifold X with bounded curvature and nonnegtive bisectional
curvature and 0 <t < T. For any point x in X and any vector V in
the holomorphic tangent bundle T, X of X at z, let

Jd 1
Zi; = ERZ'; + BipRy; + R Vi + R Vi + B VaVi+ ;Rﬁ-

Then we have o
for alW e T, X.
The proof of Theorem 2.1 follows from essentially the same calcu-

lations as in [1] plus a perturbation arguement of Hamilton for strong
maximum principle as in [3].
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Taking the trace in Theorem 2.1, we derive the following Harnack
estimate for the scalar curvature R.

Corollary 2.2. Under the assumptions of Theorem 2.1, the scalar
curvature R satisfies the estimate
R

_ - 1
o T RV + RVE 4+ RyVVI + -k >0

Jorallz € X and V € T, X.

If our solution is defined for —oo < t < 0, we can drop the term %RZ»;
in Theorem 2.1, as Hamilton does in [4]. When we have a solution on
a < t < T, we can replace t by t — o in the Harnack estimate. Then if
o — —oo, the expression 1/(t — o) — 0 and the term %RZ»; disappears.
Thus we have

Theorem 2.3. Let g;; be a complete solution of Fq.(1.1) on a
complex manifold X with bounded curvature and nonnegtive bisectional
curvature and —oo < t < T'. For any point x in X and any vector V in
the holomorphic tangent bundle T, X of X at z, let

__9
Yot

Then we have

R+ Riplyg + Rig o Vi + By gVie + B Vil

Qi}WiW; >0
for alW e T, X.
Taking the trace again in Theorem 2.3, we have

Corollary 2.4. Under the assumptions of Theorem 2.3, the scalar
curvature R satisfies the estimate
R

= TRV RiVE+ RVIVI >0

Jorallz € X and V € T, X.
To conclude this section, we list two important calculations which

are crucial in the proof of Theorem 2.1 and Theorem 2.3, respectively.
They will also be used in the next section.

Lemma 2.5. (See pp. 258-259 in [1].) The expression Z; satisfies
the evolution equation

(57 =825 = RiguZin+ PP = P P — 5 (RigZi; + ZnBij) — 7 23
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at a point where

1
(2.1) Vir=Vii =B+ 79k Vip=Vip; =0,
and
P 1 1
(2.2) (% - AWV, = 5R1@Vp — ;Vk.

Here we denote

. _ p_ 1 D .k
Psp =R+ Buv, Pyr= R+ Rygv”

K3 K3

Lemma 2.6. The expression ();; satisfies the equation

0 1
(E = 8)Qij = R + PP, — Prligr — 5 (BixQi; + Qirkj)

at a point where

(2.3) Vie=Vi =R Vip =V, =0,
and
J 1

3. The strong maximum principle

Throughout this section we assume that g;; is a complete solution
of Eq.(1.1) defined for A < t < oo with bounded curvature, nonnegative
bisectional curvature and positive Ricci curvature. Here either A = —o0
or A = 0. We are going to deduce the strong maximum principle for
the quadratic forms

— OoR - .=
Q = g” 2} = W —|— R7kvk —|— Rﬁvk —|— R[JVZV]
and

= OR Z S |
7 = g”Zﬁ = N + RJng + RJ;V’“ + R V'V + ;R.
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The basic idea of proof comes from Hamilton’s work [4]. We note that
Corollary 2.4 (respectively Corollary 2.2) implies that @ (respectively Z)
is semi-positive definite in V. Moreover, from Lemma 2.6 and Lemma
2.5 it follows respectively that at a point where V' satisfying (2.3) and
(2.4),

9
(5 = 2@ = (5 — A)(¢Q;)
P -
- A)Qi+ Qi — A)g” = QR

-9
1 = g (=
(3.1 (2
and that at a point where V satisfying (2.1) and (2.2),

d d =
- _ = (= — Uy
(57— A7 = (5 = A) (g 7;)
(3.2) — ii(ﬁ_A)Z.f,_FZ:(ﬁ_A) ﬁ_Z,fR,T_EZ
. =g ot 1 17 ot g = 1751 t .

Proposition 3.1. Let g;; be a complete solution to Eq. (1.1) defined
Jor —oo < t < oo with bounded curvature, nonnegative bisectional cur-
vature and positive Ricci curvature. If Q) is positive for all V € T, X
at some point xg at t = 0, then it is positive for all V € T, X at every
point x € X for any time t > 0.

Proof. Suppose that () is positive for all V € T;; X at some point
xg at t = 0. Then we can find a function F on X with support in a
neighberhood of zg so that F(zg) > 0 and @ > F for all V everywhere
at t = 0. Let I evolve by the heat equation

(o -
It then follows from the usual strong maximum principle that /7 > 0
everywhere for any ¢ > 0. Now it suffices to prove that ) > F for ¢t > 0.
In order to show this, we use the perturbation arguement as in [3] and
[4]. From the work of Shi [5], we can pick a function u(z) on X so that
uw(z) > 1, u(z) — oo as  — oo and |Au| < C for a constant C'. Next
we put

(3.3) A)F = 0.

(3.4) B(0,1) = cetu(a),
where € > 0, A > C are constants. Therefore

(3.5) (% — A)é = ee (Au — Au) > 0.
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Now we modify ¢ by setting
Q=Q-F+¢.

Then Q is strictly positive everywhere at ¢t = 0, and strictly positive
outside some compact set for t > 0. We claim that Q is strictly positive
everywhere for ¢ > 0. Suppose this is not true. Then there is a first
time to > 0 such that Q is zero at some point 29 € X in the direction
Vo. Extend Vj to a local vector field V' in space-time satisfying (2.3)
and (2.4) at (zg,tg). Now it follows from (3.1), (3.3) and (3.5) that, at
(0, t0),

0 A 0 0
(E—A)Q:(E—A)Q—F(%—AW
(3.6) =Q;R;+ (ﬁ —A)o > 0.

ot

On the other hand Q achieves a minimum at (x0,t0), hence %Q <0

and AQ > 0 which contradict (3.6). Therefore Q) is strictly positive
everywhere for ¢ > 0 and it follows that ) > F by letting the constant
¢ — 0 in the definition of ¢. This proves that Q > F for all ¢t > 0 and
hence Proposition 3.1.

Proposition 3.2. Let g;; be a complete solution of Fq.(1.1) defined
Jor 0 < t < co with bounded curvature, nonnegative bisectional curvature
and positive Ricci curvature. If Z is positive for all V € T, X at some
point xg at t =ty > 0, then it is positive for all V € T, X at every point
x € X for any time t > ig.

Proof.  The proof is similar to that of Proposition 3.1. Since Z
is positive for all V € T, X at some point zg at t = to > 0, we can
find a function F on X with support in a neighberhood of zg so that
F(zo) > 0 and Z > F/t? for all V everywhere at t = t5. We then let
F to evolve by the heat equation (3.3). Again we need to prove that
Z > F/t* for t > ty.

We modify Z by setting Z=17- F/t* + ¢ where ¢ is defined as
in (3.4). Then Z is strictly positive everywhere at ¢ = t, and strictly
positive outside some compact set for ¢t > to. We claim that Zis strictly
positive everywhere for ¢t > ¢y5. Suppose this is not true, then there is
a first time t; > tg such that 7 is zero at some point zg € X in the
direction Vj. Extend Vj to a local vector field V' in space-time satisfying
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(2.1) and (2.2) at (z0,t1). Now it follows from (3.2), (3.3) and (3.5) that,
at ($07 t1)7

J . J 2F J
zZ 0

This contradicts the fact that Z achieves a minimum at (zq,#;). There-
fore Z is strictly positive everywhere for ¢ > tp and it follows that
Z > F/t for t > tyg. This proves Proposition 3.2.

4. The proof of main theorems

In this section we prove our main results (Theorem 1.3 and Theorem
1.4) as stated in the introduction.

Theorem 4.1. Let X be a simply connected non-compact complex
manifold of dimension n. Let g;; be a complete solution to Fq.(1.1) de-
fined for —oo < t < oo with uniformly bounded curvature, nonnegative
bisectional curvature and positive Ricci curvature where the scalar cur-
vature R assumes its mazimum in space-time. Then g;; is necessarily a
gradient Kdhler-Ricci soliton.

Proof. Let g;; be a complete solution to Eq.(1.1) defined for
—00 < t < oo with bounded curvature, nonnegative bisectional curva-
ture and positive Ricci curvature where the scalar curvature R assumes
its maximum at a point (z¢,%p) in space time. Then at this point,
%R = 0 and hence the quadratic form

R
+RVF 4+ RVE 4 RV

8
Q —
vanishes in the direction V = 0. It follows from Proposition 3.1 that
at any earlier time, there is a V at every point such that ¢) = 0 in the
direction V. In fact, by considering the first variation of @ in V, null
vectors must satisfy the equation

(4.1) R+ R Vi=0.

Since the Ricci tensor is positive definite, we see that such a null vector
V' is unique at each point and varies smoothly in space-time. Hence
it gives rise to a time-dependent smooth section of the holomorphic
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tangent bundle T X. For this vector field V', we have = 0. Together
with (4.1) this implies that

OR
(4.2) o + RJQVk =0.

Moreover, since ();; > 0 and its trace () = 0, we must have

8 _ _
5= %Rﬁ + R Ry + Ry VE+ Ry VE+ RygViV = 0.

Again from the first variation of (;; in V, it follows that

and hence
0 k

Note that equations (4.3) and (4.4) are the first order and the second
order equations satisfied by a gradient K&hler-Ricci soliton (see equa-
tions (2.3) and (2.5) in [1]). We are going to show that these indentities
indeed imply that V is a holomorphic gradient vector field and the so-
lution g;; is a gradient soliton.

First, we apply the heat operator (% — A) to (4.1). By using the
evolution equations for the Ricci curvature and the scalar curvature and
(4.3) we obtain

d
0=(5; — A)(Rx+ RyVi)

ot
(4.5)

1 J
=R;i(R;— Vi) + §RIJRJ + Rki(% — AWV = Ry ;Vip-

Next, we apply (& — A) to (4.2). By direct computations and (4.4)
we get

d OR
AN Y .
1
(4.6) =2R iy + BygRip Ry + Ry pRipVie — SRVl
d
+ R,E(E AW =R Vig— BV
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From (4.1) it follows that

Rr=—RipV,1— Rys 1V
(4.7) = —Rpﬂ/m — Rkﬁpvﬁ

When we substitute (4.7) into (4.6) and use (4.5), there are many
cancellations and we are left with

(4.8) Ry(Rip = Vip) (R, — Vi) + RgVipVi, = 0.

Now we can diagonalize the Ricci tensor at an arbitrary point so that
R, = R, 0. Thus (4.8) becomes

Rip[|Ryr — Viil* + [Vial?] = 0.
Since the Ricci curvature is positive we must have
(4.9) Veg=Ver=0 and Ryy=V, =V, forallk,l

Therefore V' is a holomorphic vector field and the solution metric
g;7 is a soliton. Furthermore, the second identity in (4.9) and the as-
sumption that X is simply connected imply that the vector field V is
the gradient of some function f on X. So our soliton g,; is indeed a
gradient soliton. This completes the proof of Theorem 4.1.

Theorem 4.2. Let X be a simply connected non-compact complex
manifold of dimension n. Let g;; be a complete solution to Fq.(1.1)
defined for 0 < t < oo with uniformly bounded curvature, nonnegative
bisectional curvature and positive Ricci curvature where tR assumes its
mazimum in space-time. Then g;; is necessarily a homothetically ex-
panding gradient Kdhler-Ricci soliton.

Proof. At the point (zo,%o) in space time where {R assumes its
maximum, we must have R—I—t%R = 0. Hence, at (2q, %), the quadratic

form
OR

_ L R
Z=70+ RiVF+ RpVE+ RyVIVI 4 "

vanishes in the direction V' = 0. Note that necessarily ty > 0. It follows
from Proposition 3.2 that at any earlier time, there is a V' at every point
such that Z = 0 in the direction V. By considering the first variation
of Z in V', null vectors V must satisfy the equation

(4.10) R+ R Vi=0.
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It again gives rise to a time-dependent smooth section V of the holo-
morphic tangent bundle T'X. For this vector field V, we have Z = 0.
Together with (4.1) this implies that

R R

Also, since Z;; > 0 and its trace Z = 0, we have

0 . !
Zij = 5B+ RigRyg + R VF+ R VE+ R VIV + —Ry; =0,

Again from the first variation of Z;; in V, it follows that

(4.12) R+ Ri}kivi =0,
so that
] Fo, L
(4.13) %Rg + BB+ RV + ;Ri} =0

From (4.12) we obtain

J
0=(5; = A)Ex+ ByVl)
(4.14)
1 J
=R (R — Vi) + §RIJRJ + Rki(% — AWV = Ry sVip

Next, by direct computations and (4.13) we get

J OR R
0= (5 = A5 T BV + )
(4.15) = QRJJR”; + RkTRlﬁRpE + Rpﬁ]}RlﬁVk
1 J
— S RaVik g+ By = A)Vi— R Vg
R
- R,Eivk7l - t_2

When we substitute (4.7) into (4.15) and use (4.14) we are left with

R
(4.16) Ryg(Bip = Vig) (Byp = Vip) = 55 + RigVipVig = 0.
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We claim that

R
Ry(Rip — Vi) (Ryp — Vi) — 2

(4.17) | )
= Ry(Ri — Vig + ;glﬁ)(Rpxz Vi, t+ ;gp;;)-

To verify Eq. (4.17), we compute that

1 1
Ry (Rip— Vip+ ;glp) (Rpk ~Vipt ggpk)
=Ry (Ri; — Vi) (Ryp — Vi)
1
(4.18) + ;Rki [(Riz—Vip) + (B — Vi) + =

R
=Ry (Rip — Vi) (R — Vi) — 2

1 R
b1 2Rl = RV + Vi + 2|

On the other hand, (4.7), (4.13) and the fact that R ; = %Rﬁ imply
that

—BaVij+ Rply; + —= = 0.
Taking the trace, we obtain

R
|Byl® + — = RV
So the last term in (4.18) vanishes. This gives Eq.(4.17) and hence
1 1
(4.19)  By(Bip = Vip + 29ip) (B = Vi + 7958) + BraVipVip = 0,

which implies that

(4.20) Vig = Vl},i =0
and
1 1
(4.21) Ry=Vir+ 79K = Vik + 71k for all &,1

Now Eq. (4.20) and the assumption that X is simply connected
imply that the vector field V is holomorphic and is the gradient of some
function fon X. Eq. (4.21) says that ¢;7 is a homothetically expanding
soliton. This completes the proof of Theorem 4.2.
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5. Homothetically expanding gradient Ricci solitons

In this section we provide a one-parameter family of homothetically
expanding gradient Kahler-Ricci solitons.

Let z = (21, 22, -+, 2n) be the coordinate system of the n-dimensional
complex Euclidean space C™. Any Kéahler metric gi;dzidzj on C” in-
variant under the unitary group U(n) corresponds to a K&hler potential
function ®(z, z) given by

O(z,5) = ult),  t=log 4",

where u is a smooth function on (—oo, c0) satisfing the differential in-
equalities

(5.1) u'(t) >0, u'(t) >0, t € (—00,00)
and the asymptotic condition
(5.2) u(t) = ao + are’ + aze* +--- (= a; > 0)

as t — —oo.
In fact, we have, for t = log|z|?,

97 = @%u(t) = e_tu'(t)(sﬁ + 6_27522'2]' (u"(t) — u’(t)).

Consequently,

g = (W ()18 + 2z (W ()7 = (D7),
and
det(gﬁ) = e_m(u’(t))”_lu"(t).
Let
(5.3) f(t) = —logdet(g,;;) = nt — (n — 1)logu'(t) — logu”(t).
Then the Ricci tensor of the metric g,; is
Ri} = 8¢8;f(t)
and hence
Rij+ 9;5 = 0:0;(f + ).
The gradient vector field of the function f+ u is given by

110 +w'(t)

VI=gU0i(f ) =gt () = s
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Since z; is holomorphic and f’ 4 u'/u” is real valued, we see that the
vector field V' is holomorphic if and only if

(5.4) J0) (1) = (1)

for some constant A.
Plugging (5.3) into (5.4) and setting ¢(t) = u'(t), we derive the
following second order equation in ¢:

" n—1

5.5 — +

(5.5) gy [ 3
Since the variable ¢ does not appear in Eq.(5.5), we can solve for ¢’

and get

¢ =ﬁ [n / " leMdg + / qb”ewdcb]

n—1

+A]¢ =n+¢.

1 ! o
=g |V DD (= N e

J=0
where ¢ is another constant.
An implicit solution w(t) with ¢(¢) = u/(¢) is given by
/\n-l—l (bn_l d(b

The solution u satisfies the inequality (5.1) if and only if the constants
A and ¢ are such that the function of ¢,

/\n+1¢n_1€/\¢d(b

(5.7) h(¢) = NneNd 4 YL (L1 B (1 = AN + o

is strictly positive in an interval I in the half-line ¢ > 0, which is
bounded by two poles of the function h(¢). Finally the asymptotic
condition (5.2) corresponds to the property that the integrand in (5.6)
has a simple pole at ¢ = 0 with residue equal to 1. This in turn
corresponds to that the constants A and ¢ must satisfy the equation

(5.8) c=(—1)"tnl(1 - ).

One can verify that under the conditions (5.8) and A > 0, the func-
tion h(¢) of (5.7) has poles only at ¢ = 0 and ¢ = oo and h > 0 for
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¢ € (0,00). Thus, for each A > 0 there exists a K&hler metric g\ which
is an expanding gradient Kdhler-Ricci soliton.

To examine the asymptotic behavior of ¢ as t — oo, we set x = 1/¢.
Then from (5.6), we have

L / Adzx
o x + higher order terms
=—Alogz +---

This implies that z has an expansion in powers of e~*/*, which in turn
implies that ¢ is asymptotic to e'/* as t — co. In particular, this shows
that the Kahler metric ¢, is complete.

By similar computations as we carried out in [2] (see Lemma 2.2 in
[2]), one can show that, for ¢ € (—o0, 00),

¢_¢/>0 (¢/)2_¢¢//>0 (¢//)2_¢/¢///>0
for A > 1, and
¢_¢/<0 (¢/)2_¢¢//<0 (¢//)2_¢/¢///<0

for 0 < A < 1. It follows from our computation for the curvature tensor
in [2] that the metric g\ has positive sectional curvature for A > 1 and
negative sectional curvature for 0 < A < 1. In summary, we have

Proposition 5.1. For each A > 0, there exists on C" a complete
rotationally symmetric homothetically expanding gradient Kdhler-Ricci
soliton g. The sectional curvature of g\ is positive for A > 1 and
negative for A < 1. Moreover, the Kdihler potential function of gy is
aymptotic to |z|*/* as |z| tends to the infinity.

We remark that A = 1 corresponds to the flat Euclidean metric on
Cn.
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