
J.DIFFERENTIAL GEOMETRY

Vol. 43, No.l January, 1996

STABLE HARMONIC MAPS INTO THE
COMPLEX PROJECTIVE SPACES

JINGYI CHEN

1. Introduction

In this paper, we study smooth stable harmonic mappings from com-
pact manifolds into the complex projective spaces. We begin with some
general definitions. Let (M, g) and (TV, h) be compact smooth Rieman-
nian manifolds. A smooth map / from M into N is harmonic if it is a
critical point of the Dirichlet energy functional

E{φ)= I \dφ\2dv{
JM

where φ G C°°(M,iV), and vg denotes the Riemannian volume form
of (M,g). A harmonic map / is stable if the second variation of the
energy of/ is nonnegative, i.e., if

0 < ̂ E(ft)\t=0 = 2JM (\\VV\\2 -

for all smooth variations ft of / with /0 = /, and the variational vector
field V = jjft\t=0, where V denotes the pullback connection from TN
and {eα},α = l,...,n, is an orthonormal basis for the tangent space
of M. It is not hard to see that if the sectional curvature RN of N is
nonpositive, then every harmonic map is stable (in fact, minimizing)
due to the convexity of the energy. But if RN > 0, the energy func-
tional fails to be convex in general, and a minimizing sequence may
not converge. One result in this paper is that in many cases we cannot
minimize energy by smooth maps in a given homotopy class.
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Another interesting aspect of the theory of harmonic maps is the
theory of harmonic morphisms. Its history goes back to Jacobi in
1847 [14], and to Constantinescu and Cornea in their study of Brelot
harmonic spaces in 1965 [9].

/ G C°°(M, N) is a harmonic morphism if for every harmonic func-
tion φ on an open set A C N such that φ~ι(A) is non-empty, the
composition / o φ is harmonic on φ~λ{A) C M.

A sufficient and necessary condition for a smooth map to be a har-
monic morphism is obtained by Fuglede [10] and Ishihara [13]. It as-
serts that / is a harmonic morphism if and only if / is harmonic and is
horizontally weakly conformal; see Section 3. This result gives a local
characterization of harmonic morphisms. In contrast, the stability of
harmonic mappings is a global condition. A connection between these
two is established in Section 3 in this paper, via an algebraic equation
which stable harmonic maps into certain positively curved spaces sat-
isfy. In fact, we show that any smooth stable harmonic map from any
compact smooth Riemannian manifold into the 2-sphere S2 with the
standard Euclidean metric is a harmonic morphism.

Now we summarize the main results in this paper. In Section 2 we
obtain a rank estimate which asserts that the rank of the differential
of a smooth stable harmonic map from a compact manifold into CPk

with the Fubini-Study metric has to be even; see Theorem 2.4. Fur-
ther, in Theorem 2.1 we prove that the map is pair-wise conformal
(see Theorem 2.1 and Corollary 2.3). In Section 3, we show that any
smooth stable harmonic map into S2 is a harmonic morphism. Section
4 focuses on the case where the domain is a compact 3-manifold. Frist,
in Theorem 4.1 we prove that the image set is an algebraic curve in
CPk with its singular locus consisting of only finitely many points at
worst. Then in Theorem 4.6, we show that the stable harmonic map
is a harmonic morphism away from the preimage of the singular locus
to the algebraic curve substracting its singular locus. In Section 5, by
composing the stable harmonic map with a standard projection in CPk,
we obtain a non-constant harmonic morphism from the entire domain
into CP1. Hence, we find a topological obstruction on the existence of
stable harmonic map from M3 into CPk, namely, M 3 is necessarily a
Seifert fibre space; see Theorem 5.1.

The author would like to thank P. Li, R. Schoen, L.F. Tarn and A.
Treibergs for their valuable comments on this work and for constant
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encouragement, and also to thank F. Burstall and J.C. Wood for their
interest in this work and suggestive communication. The author is also
grateful to the referee for his suggestions that led to some improvements
in the presentation of the paper.

2. Rank estimates

Let / be a smooth mapping from a compact Riemannian manifold
M without boundary into the complex projective space CPk with the
Fubini-Sduty metric. We denote the Riemannian matric on M and the
Fubini-Study metric on CPk by g and h respectively. For any point
p e M, let {ei,...,en} be an orthonormal basis for TPM, the tangent
space of M at p, where n = dimM. Let (zι,...,zk) be the complex
coordinates in a neighborhood of f(p) in CPk, and write za — xa + iya

for a = 1,..., k — άmicCPk. For simplicity, we introduce the following
convention throughout the paper:

B - d a d

On — — - , On, —
ya dyα'

Also we denote the complex structure on CPk by J. It is well known
that J can be regarded as a real linear map from Tf(p)CPk to Tf(p)CPk

such that
Jdα = <9ά, Jda = —dα>

In the following, we set, for the Riemannian curvature tensor,

R(X, y, Z, W) = (R(X, Y)Z, W).

It is clear that

R(X, y, z, w) = R(z, w, x, Y ),

R{X, y, z, w) = -R(Y, x, z, w) = -R{X, y, w, z).
Notice that the above convention is different by a minus sign from [15].
We also write the differential in local coordinates as follows:

where the summation convention is used. We have
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Theorem 2.1. Let (M,g) be a compact n-dimensional Riemannian
manifold without boundary. If f is a smooth stable harmonic map from
M to CPk with the Fubini-Study metric h, then for any α, β = 1,..., k =
dimcCPk

Proof. Since CPk has constant holomorphic sectional curvature c,
Proposition 7.3 in [15] asserts that for any X, Y,Z,W € T}(p)CPk

-R(X,Y,Z,W) = -(h (X,Z)h(Y,W) - h(X,W)h(Y,Z)

(1) +h(X, JZ)h(Y, JW) - h(X, JW)h(Y, JZ)

+2h{X,JY)h{Z,JW)).

Therefore

4 V^
C i = l

= Σ (h(df(ei),Jdf(ei))h(X,Y) - h(df(ei),Y)h(X,Jdf(ei))

+h(df(ei),J2df(ei))h(X,JY)

-h(df(ei),JY)h(X,J2df(ei))

(2) +2h(df(ei), JX)h(Jdf(ei), JY))

= Σ {h(df(ei), Jdf{ei))h{X,Y) + h(df(ei),Y)h(JX,df(ei))

-h{df{ei),df{ei))h{X,JY) + h(df(ei),JY)h(X,df(ei))

+2h(df(ei),JX)h(df(ei),Y))

:,Y) + 3h(df(ei),Y)h(JX,df(ei))

-h(df(ei),df(ei))h(X,JY) + h(df(ei),JY)h(X,df(ei))),
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where we have used the fact that h is Hermitian, i.e., h(JZ,JW)

h(Z,W) for any Z,W e Ts(p)CPk. Similarly

~ Σ (R(df(ei),JX)df(ei),Y)

(3) +2Λ(#(e i), J2X)h(df(ei), JY))

, JY) - h(df(ei),Y)h(JX, df(ei))

+h(df(ei),Jdf(ei))h(X,Y) -

-2h(df(ei),X)h(df(ei),JY))

1 = 1

Now by subtracting (3) from (2), we obtain

-ΣiRidfie^Xydfie^Y) --Σ{R(df(ei),JX)df(ei),Y)
o . Λ c . Λ

ι—\ t = l

(4) = £ (4Λ(4f(ei),y)Λ(JA ,4f(ei))
l

Recall that in [19] and [5], the following proposition is derived by
an argument introduced by Lawson and Simons in [16] on the second
variation of energy via holomorphic vector fields.

Proposition 2.2. Suppose that M is a smooth compact Riemannian
manifold and N is a compact irreducible Hermitian symmetric space
with a complex structure J. Let f : M —» N be a stable harmonic map.
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Then for any p E M and X G Tf^N', we have

(5) Σ (jR
N
(df(βi), X)df(e

i
) - R

N
(df(

ei
), JX)df{e

i
)) = 0,

where n = dimM, {eχ,...,en} is an orthonormal basis for TPM, and
RN denotes the curvature tensor of N.

Since / is a stable harmonic map into CPk which is irreducible Her-
mitian symmetric of compact type, by combining (5) with the fact that
the curvature R commutes with J for a Kahler manifold (see Proposi-
tion 4.5 in [15]) i.e., for all vector fields W, Z

we can obtain

(6)

Then from (6), the left-hand side of (4) is 0. Thereby, the right-hand
side of (4) has to be 0, so we have

i=\

Next, we pick some special X and Y for (7). In order to see what X and
Y to choose, we first work out a general formula in local coordinates.
Let

X = a

ada + 6άdά, Y = cada + dάdά

be arbitrary tangent vectors in T/(p)CPfc, where aoc

1b
ά,ca,dά 6 R are

arbitrary constants for α,ά = 1,...,A;. We notice that in the complex
local coordinates around f(p) on CPk

= -dάda+cadά.



48 JINGYI CHEN

Hence, we have from (7) that

n
0 = Σ (h(f?d° + ffdά^dβ + d?dι)h{J?dΊ + fi&i, -bSdδ + aδd-6)

= Σ Σ (w
β i l<x,β i = l

Σ Σ (
a,β i=l

Now we just need to choose some special values for αα, 6ά, cα, da. First,

let (6\...,6*) = (d\...,d*) = (0,...,0) in (8). Then

k n

Setting ( α 1 , . . . , ^ ) = (0,..., 1,0, ...,0) where 1 is in the 7th place and

(c1, ...,cfc) = (0,..., 1,0, ...,0) where 1 is in the ί t h place, we obtain

(9) Σ(/7// + ///7) = o.

Second, let (b\...,&*) = {<?,...,<*) = (0,...,0). Then

k n n

Setting ( α 1 , . . . , ^ ) = (0,..., 1,0, ...,0) where 1 is in the 7th place and

(rf1, ...,dk) = (0,..., 1,0, ...,0) where 1 is in the Jth place, we get

This completes the proof of Theorem 2.1.
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In particular, if we let 7 = δ in (9) and (10), we have

Corollary 2.3. Let (M,g) be a compact Riemannian manifold. If f

is a smooth stable harmonic map from M to CPk with the Fubini-Study

metric h, then for any 7 = 1, ...,m = άva\cN

(11)

(12)
n

t = l

An interesting application of Theorem 2.1 and Corollary 2.3 is that

they allow us to draw a conclusion on the rank of the differential of the

stable harmonic map. In fact, we have

Theorem 2.4. Let (M,g) be a compact n-dimensional Riemannian

manifold without boundary. If f is a smooth stable harmonic map from

M into CPk with the Fubini-Study metric, then the rank of the differ-

ential of f is even at any point in M.

Proof. We use the same notation as before. At any point p G M,

we set ai = (/ί, . ,/n) and 6* = (/ί, ...,/„) for i = l,...,fc. So we can

represent the differential in terms of matrix as follows:

(fl f1 \

fk fk
J\ " Jn
Λ fl
/l ••• Jn

. A fk

=

2fcxn

faΛ

O k

If the rank of dfp is 0, the theorem is proved at the point p. So we
assume that the rank of dfp is not 0. Without loss of generality, let
aλ φ (0, ...,0). By Corollary 2.3, we have that

a1-b1= 0,

0.

Thus CLI and 61 are perpendicular to each other and have the same

length λ = |αi | = |&i|. Hence, there is an orthonormal linear map p in
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such that in the fixed orthonormal basis {d\,dι,

Furthermore, p preserves the inner product in TPM. Hence, Theorem

2.1, for any i,j = l,...,fc, yields

p(ai)'p(aj)=p(bi) p(bj),

p(a,i) p(bj) = -ρ(aά) p(bi).

For any i = 1,..., fc, denote

In particular, for any i = 1,..., A;, we have

λcj = p(a.i) p(aλ) = ρ{bi) p(bλ) = λdι

2,

ΐ = p(a,i) p(6i) = -ρ(bi) ρ{aλ) = -λd\.

Thus λ ^ O implies that

(13) cj=4, 4 = -dί.

Now we consider the following submatrix of p(dfp):

ίc\...cl\

flfc-1 4 - c*
Π =

. / \"3 - ™n/ 2(k-l)x(n-2)

which is obtained from p(dfp) by crossing out the first row c l 7 the
(k + l)st row dι and the first two columns. We claim that the matrix
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Π still has the same two properties as p(dfp) has; namely,

and

5=3

n

5=1

n

V / — 7 8 8 — 1 1 — ^2 2

fsd{-d\4-{-

5=1
n

5 = 1

44
5 = 3

«=3

5=1

(15) =
s = l

5 = 1

s=3

Prom the row reduction of p{dfp) it is easy to see that

(16) rank dfp = rank p(d/p) = 2 + rank Π.

Since Π enjoys the two properties, we can do the same discussion on
Π as we just did on p(dfp). Continuing this procedure (so we have
(14) and (15) at each step), we see that each time we obtain 2 on
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the right hand of (16) and a smaller matrix with the two properties.
Finally, when the process stops, the remaining submatrix, if it exists,
has to be identically 0, due to the fact that this matrix still has the two
properties, namely, its rows are pair-wise perpendicular and with the
same length in the sense of Corollary 2.3. Hence the proof of Theorem
2.4 is completed.

3. Stable harmonic maps into S2

The main result in this section is given by
Theorem 3.1. Let f be a stable harmonic map from any compact

smooth Riemannian manifold (M, g) into S2 with the standard metric.
Then f is a harmonic morphism.

Before giving the proof of Theorem 3.1, let us recall some facts about
harmonic morphisms.

Definition 3.2. A smooth map φ : (M, #) -» (AT, h) is horizontally
weakly conformal if at each point p in M

where λ is a non-negative continuous function.
The following result belongs to B. Fuglede [10] and T. Ishihara [13].
Proposition 3.3. A smooth map between two Riemannian mani-

folds is a harmonic morphism if and only if it is both harmonic and
horizontally weakly conformal.

Proof. (Theorem 3.1) It is immediate by Definition 3.2 that (11)
and (12) in Corollary 2.3 together imply that / is horizontally weakly
conformal. Therefore by Fuglede and Ishihara's result (Proposition
3.3), we conclude that / is a harmonic morphism. This completes the
proof of Theorem 3.1.

Remark 1. The converse of Theorem 3.1 is not true. In fact, the
Hopf fibration from S3 to S2 is a harmonic morphism but not stable.

Since stable harmonic map into S2 is a harmonic morphism, it enjoys
all the properties that the latter has. We collect some interesting facts
in

Corollary 3.4. Let f be a non-constant stable harmonic map from
any compact manifold into S2 with the standard metric. Then the fol-
lowing hold:
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(a) f is an open mapping and hence surjectiυe.

(b) The set S of all critical points of f cannot disconnect any open
ball in M. Furthermore, if M is real analytic, then S is a real analytic
variety of codimension > 2.

(c) The fibres over regular points are minimal submanifolds of M.
(d) rank(d/p) =2 or 0 at every point p £ M.

Proof. After knowing that / is a harmonic morphism, (a) and (b)
are due to B. Puglede [10], (c) is due to P. Baird and J. Eells [2]. (d)
follows from / being horizontally weakly conformal.

In general, it is very interesting to know whether one can find an
energy minimizer in a given homotopy class if the target manifolds do
not have non-positive sectional curvature. P.F. Leung [17] proves that
any stable harmonic map from compact manifold into Sn for n > 3
is constant. Therefore, if the target space is S3, then one cannot find
smooth energy minimizers in any non-trivial homotopy class. However,
this is not true in general if the target is S2, since Lichnerowicz [18]
observed that any (anti) holomorphic maps between two Kahler man-
ifolds minimize the energy in their homotopy classes. Nevertheless, a
consequence of Theorem 3.1 provides a necessary condition on stable
harmonic maps into S2. In particular, we have

Corollary 3.5. Let M be any compact 3-manifold which is not a
Seifert fibre space. Then any stable harmonic map from M into S2 is
constant.

Proof. Theorem 3.1 implies that the stable harmonic map / is a
harmonic morphism. If / is not constant, a result of P. Baird and J.C.
Wood [3] asserts that the foliation given by the fibres of / gives M the
structure of a C°° Seifert fibre space. This contradicts the assumption
on M.

We should point out here that closed 3-dimensional Seifert fibre
spaces are completely classified by the following result due to W. Thur-
ston [22].

Proposition 3.6. Any closed Seifert fibre space (M, J7) of dimen-
sion three is homeomorphic to E/T, where Γ is a group of isometries
of E acting freely, properly and dίscontinuously on E, and E is one
of the following Riemannian manifolds: (1) R2 x R, (2) S2 x R, (3)
H2 x R, (4) S3, the metric on each of these is the product of standard
metrics; (5) R3 with the metric ds2 = dx2 + dy2 + (dz - xdy)2; (6)
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R% = {(x,y,z) E R3 : y > 0} with the metric ds2 = [dx2 + dy2)/y2 +
(dx/y + dz)2; (7) Qp,q = {(zuz2) 6 C2 : \Zl\

2/p2 + \z2\
2/q2 = 1} with

the induced metric from the standard metric on R4. The foliation T is
obtained from the standard foliation on E.

4. Maps from compact 3-manifolds

As we have seen in the last section, there is a strong restriction
on the rank of the differential of a smooth stable harmonic map into
CPk. Specially, if the dimension of the domain manifold is odd and not
larger than 2fc, the real dimension of CPk, then the differential cannot
have full rank at any point. In this section, we shall discuss the stable
harmonic mappings from compact 3-manifolds into CPk.

First, let us recall that an analytic subvariety Fof a complex mani-
fold is a subset given locally as the common zeros of a finite collection
of holomorphic functions. A point p E V is called a smooth point of V
if V is a submanifold near p, otherwise it is called a singular point. The
singular locus S of V is the set of all singular ponits of V. An algebraic
subvariety of CPk is the subset expressed locally as common zeros of
finitely many homogeneous polynomials. The important theorem of
Chow asserts that any analytic subvariety of the complex projective
space is algebraic; see for example [11]. Finally, a one-dimensional
algebraic subvariety of CPk is called an algebraic curve in CPk.

The first main result in this section is the following assertion on the
image set.

Theorem 4.1. Let M be a smooth compact manifold of dimension
three without boundary. Let f be a non-constant stable harmonic map
from M into CPk with the Fubini-Study metric. Then the image set
f(M) of M under f is a compact algebraic curve in CPk and the singular
locus S of f(M) consists of finitely many points at most.

The proof of Theorem 4.1 follows from the following sequence of
lemmas. The lemma below tells us that away from a small set f(M) is
a smooth surface due to the rank restriction.

Lemma 4.2. Let M be a smooth compact manifold of dimension
three without boundary. Let f be a non-constant smooth stable harmonic
map from M into CPk with the Fubini-Study metric. Then the set
f(M) - f(K) - Ui q% is a smooth surface in CPk, where K = {x G M :
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dfx = 0} and \Ji q{ is the union of at most countably many points.
Proof. First, by Theorem 2.2, we know that for any point p E M,

the rank of dfp is either 0 or 2 since dimM = 3. Let p E M be any
rank-2 point. Then dfp φ 0, and there is an open neighborhood U of p
in M such that rankd/g φ 0, hence rankcί/g = 2, for any point q E U.
The tangent space of M at p is decomposed orthogonally as follows
ΓPM = Keτ(dfp)®Hp where # p = (Keτ(dfp))±. Let βi be a unit vector
in Ker(dfp), and {e2, e3} be an orthonormal basis for Hp. Next, consider
a small open neighborhood H of 0 in Hp such that the exponential map
expp is diffeomorphic on H. Define F : H -> OPfc by F — f o expp. It
is clear that rankcfF(X)2/) = 2 for any (x,y) E i/. The inverse function
theorem then asserts that H is diffeomorphic to -F(-ff) C CPk. Thus
F(fl") is a smooth surface in CPk. But F{H) = f(expp(H)), hence
/(expp(if)) is a smooth surface in OP*1. Moreover, since expp is a
diffeomorphism, expp(if) is a smooth surface in M.

Second, we construct an open neighborhood Vp of p in M such that
f(Vp) = f(expp(H)) via the fibres over expp(iϊ). In fact, for any point
q E /(expp(ίί)), it is a regular value of / : the preimage of f(expp(H))
—> f(expp(H)). According to the regular value theorem, the preimage
f~ι{q) is a smooth curve in M with no end points. So f~λ(q) can be
viewed as a fibre over the surface expp(iϊ) and it crosses the surface.
Therefore we can find an open neighborhood Vp of p in M, which con-
tains at least an open piece of f(expp(H)). Prom the construction of
Vp, it is easy to see that f(Vp) = f (expp(H)) is a smooth surface in
CPk. In fact, by Lemma 4.3, which we are going to show below, f(Vp)
is a 1-dimensional complex submanifold of CPk.

Finally, let VPl and VP2 be any two open neighborhoods, which are
constructed as before around points px and p2 respectively. Set T =
{z E /(V^)n/(Vp2) : f(VPl) U f(VP2) fails to be a smooth surface at x}.
If T is nonempty, then T consists of isolated points, since both f(VPl)
and f{VP2) are 1-dimensional complex submanifolds of CPk (Lemma
4.3) and the theory of complex one variable asserts that if any two holo-
morphic functions equal on a set which contains a limit point, the two
functions are identicaly same. So T consists of countably many points
at most. Since M — K can be covered by a countable family of Vp,
the union of the sets T consists of at most a countable family of points
{qi}. Clearly the set f{M) — f(K) — (Ji<Zi is a smooth 1-dimensional
complex submanifold of CPk. Hence Lemma 4.2 is proved.
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L e m m a 4.3. The smooth surface f(Vp) in CPk is a one-dimensional
complex submanifold in CPk.

Proof. To prove this lemma, we only need a local argument. Let
q G f(Vp) be an arbitrary point. Take any preimage point p of q in
M. Then dfp is of rank two. For simplicity, we write eλ and e2 for
dXl and dX2 respectively. Also let e3 be a unit vector in Ker(d/P). The
coordinate system around p with respect to {ei,e2,e3} is denoted by
(rz x, α;2, ̂ 3). Observe from the construction of exp p(iϊ) that we have

(17)

if1 f1 f1 \
J X\ J X2 J X3

fk fk fk
J X\ J X2 J X,
A A A

J X\ J X<2 J X,

fk fk fk
\JX\ J X2 J X3 / 2kx3

if1
f1 f1 0
JX\ J X2

0

0

2fcx3

But from Corollary 2.3, for any a = 1,..., k, the ast row and the (a +

k)st row of the last matrix in (17) are perpendicular to each other and

have the same length. Hence, we can write

fa fa \
JX\ J X2 I —
fά fά I

JX! Jχ2 I

sin θa cos θa

— cos θa sin θa

or

(18) a{cosθa-smθa

for some λ α ,0 α G R. Further, it is not hard to see from Theorem 2.1
that the above two cases cannot happen simultaneously. Hence if we
still denote the complex structure on CPk by J, we have for the first
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case

9ά + cos0αδα)
α = l

k

= d/P(e2).

Therefore
^ d/P(e2) = J 2 - d

Similarly, for the second case,

= -dfp(e2), J rf/p(e2) = dfv(eλ).

Since dfp(eι) and dfp(e2) are linearly independent in 2/(p)/(V^), and
Tf(p)f(Vp) is two-dimensional, we obtain that Tf^f(Vp) is J-invariant.
Thus /(V^) is a one-dimensional complex submanifold in CP^ because
Tpf(Vp) is J-invariant for any point p £ M oϊ rank two. This proves
Lemma 4.3.

Prom Lemma 4.2 and Lemma 4.3 it follows that f(M) — f(K) — \J{ qι
is a smooth 1-dimensional complex submanifold in CPk.

Next it is not hard to estimate the size of the image of the points of
rank zero. In fact, we have

Lemma 4.4. The a-dimensional Hausdorff measure Ha(f(K)) is
zero for any a > 0.

Proof. To see this, we recall a theorem of Sard ([20, Theorem 2])
which asserts that if the points of the set A are all of rank 0,
s > 0 and / is of class Cq,q > 1, then f(A) is s/g-null, i.e., the
s/g-dimensional Hausdorff measure is 0. Now our map / is smooth,
hence the α-dimensional Hausdorίf measure of K is 0 for any a > 0.
This completes the proof of Lemma 4.4.

Lemma 4.5. The image set f(M) of M under f is an algebraic
subυariety in CPk. In fact, f(M) is an algebraic curve in CPk.
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Proof. By Lemma 4.2 and Lemma 4.3, f{M) — f(K) — \Ji q{ is a 1-
dimensional complex submanifold in CPk, hence f(M) — f(K) — \Ji q{ is
open in f(M). This implies that {J{ q{ \J f(K) is closed in /(M). Since
/ is smooth and M is compact, f{M) is a compact subset in CPk which
in turn implies that \J{ q{ \] f(K) is closed in CPk. By Lemma 4.4, the
α-dimensional Hausdorff measure

H«(\Jqi uf(K)) < H«({Jqi)+H<*(f(K)) = 0
i i

for any a > 0. Now f{M) — f(K) — Ui9ί ιs a closed 1-dimensional
analytic variety of CPk — f(K) — (J{ qim Recall an extension theorem of
Shiffman [23], which is a generalization of Remmert-Stein and Bishop
extension theorems, states that if E C M is a closed set of Hausdorff
(2ί — l)-measure zero and U is a pure t-dimensional analytic subvariety
in M — E where M is a complex manifold, then the topological closure
U is an analytic subvariety in M. Now by taking a to be 1 and applying
Shiffman's extension theorem, we conclude that the topological closure
off(M)-f(K)-\Ji q{ is an analytic subvariety in CPk. But f(M) =
f(M) - f{K)- U<ft. The Chow's theorem implies that f{M) is an
algebraic subvariety in CPk. Hence f(M) is an algebraic curve since
it is of one dimension. This finishes the proof of Lemma 4.5.

Remark 2. Since the singular locus S of an analytic subvariety
of CPk is again an analytic subvariety of CPk, S is a 0-dimensional
subvariety of CPk. Clearly, any limit point of S belongs to /(M) since
f(M) is closed, and hence belongs to S since the smooth points of the
algebraic subvariety f(M) form an open set in f(M). So S is compact
and therefore consists of finitely many points (see [12, p. 91]).

Remark 3. It is easy to see by the Wirtinger theorem, the area of
/(M) is finite (see for example [11]).

Hence Theorem 4.1 is proved.
As indicated by Theorem 4.1, we know that the image set is a smooth

surface away from finitely many points, if there exist any. In fact, the
stable harmonic map behaves nicely away from these singular points.
We shall prove

Theorem 4.6. Let M be a smooth compact manifold of three dimen-
sions without boundary. Let f be a non-constant stable harmonic map
from M into CPk with the Fubini-Study metric. Then f is a harmonic
morphism from M\f~ι(S) to f(M\S), where S is the singular locus



STABLE HARMONIC MAPS 59

off(M).
First, we recall that a smooth map u : (M,g) —»

horizontally weakly conformal if at each point p G M
(N,h) is called

dx* dxj

M either dup = 0 or dup maps the horizontal space
Note that u is horizontally weakly conformal is equivalent to that at
each point p G
Hp = (Keτ(dup))± conformally onto

Lemma 4.7. / is horizontally weakly conformal from M — f~1(S)
to f(M)-S.

Proof. By Lemma 4.3, f(M) — S is a one-dimensional submanifold
in CPk. For any point p G M — f~ι(S), we can choose a complex
coordinate z1 in a small neighborhood of f(p) in f(M) — S. Then
extend z1 to a complex coordinate in a neighborhood of f(p) in
and denote it by (z1, ...,2^). Notice that in this coordinate, (17) simply
takes the form

if1 f1 0\
0 0 0

0 0

J X\ J X2

0 0

0 0 0
2kx3

Furthermore, we have used the normal charts around p and f(p) in
Theorem 2.1. Now it is immediate from (18) that / is horizontally
weakly conformal at p. Since p is arbitrary in M — /~1(5), this finishes
the proof of Lemma 4.7.

Lemma 4.8. f \ M - f~ι{S) - K -> f(M) - S is harmonic.
Proof. Consider the vertical space Vp = Keτ(dfp) and the horizontal

space Hp = (Kerdfp)1- at any rank-two point p in M. Clearly Vp (re-
spectively Hp) is the fibre at p of a vector bundle V (respectively Hp)
over M\K. Let {ex,e2} be an orthonormal frame for if, and e3 be a
normal frame for V in a neighborhood of p. First, we define a complex
structure by J^ on Hp. Since J^ and —J^ are the only two complex
structures Hp compatible with the metric, without loss of generality,
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we assume that

(19) J"(ei) = e2, J»(e2) = -ex.

For simplicity, we use (re1, x2, x3) to denote the orthonormal coordinates
in a small neighborhood of p. We claim that dfp Jp

H = J- dfp where J
is the complex structure on CPk. We observe that from (18), for the
first case in (18) and (19),

Note for the second case in (18), we have dfp Jζ = —J dfp. Hence we
replace J^ by —J^ in this case.

On the other hand, we observe that as a harmonic map from M to
CPh, the tension field τ(/) of / vanishes. Therefore

(20) = Trace Vd/

XHp + TraceVd/|vpxvp,

where Vd/ is the Hessian of /, and V is the connection induced on the
bundle T*(M) ® / " ^ ( C P * ) over M by the Levi-Civita connections
on M and CPk. We have shown that / is horizontally holomorphic
into CPk. Hence the first term of the right-hand side of (20) vanishes.
Thus we have from (20) that

(21)

since df sends e3 to 0. But V^e 3 is the mean curvature of the fibre
through p, and it lies in the horizontal space Hp. Since df is injective
on ifp, we conclude that

(22) V^e 3 = 0,

which implies that the fibre through p is minimal.
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Finally, a theroem of Baird and Eells [2] (see also [10]) asserts that for
a smooth map into a surface with rank 2 somewhere if it is horizontally
weakly conformal and has minimal fibres, then it is harmonic. Applying
this result to our map /, we conclude that / : M — K — f~ι{S) -»
f(M) — S is harmonic. Hence Lemma 4.8 is proved.

Lemma 4.9. / is a harmonic morphism from M — f~λ(S) — K to
f(M)-S.

Proof. Prom the previous two lemmas, we have seen that / is hori-
zontally weakly conformal and harmonic, as a map from M—f~ι (S)—K
to f(M) - S. Further, at any rank-2 point p G M - f~x{S), dfp :
TP(M) -> T/(P)(/(M) — S) is surjective. Then by the result of Ishihara
[13] and Fulgede [10], we conclude that / is a harmonic morphism from
M - f-χ{S) - K to f(M) - S C CPk. This completes the proof of
Lemma 4.9.

Proof of Theorem 4-6. According to Lemma 4.9, / is a harmonic
morphism at all rank-2 points in M — f~x(S) into f(M) — S. Further,
for any point q in K but not in f~1(S)1 f(q) is a smooth point on the
smooth surface f(M) — S. Since S is closed in /(M), / - 1 (5) is closed
in M. So f-1{S)\JK is closed in M, and M - f~x(S) - K is open.
Next, we claim that the set M — f~1(S) — K is dense in M. If this
is not true, then there is an connected open subset W of M, which is
contained in f~ι(S) [}K. Since S consists of finitely many points, we
can take W small enough such that f(W) contains at most one point
y of S. Then we consider the following two cases. Case 1: If there is a
point in W but not in UΓ, then the rank of / at this point is two. Hence
there is a small open neighborhood of the point contained in W — if,
and / maps this neighborhood to the single point y. Case 2: Every
point in If is a point in if, then / maps W to a single point because
the rank of / is 0 at any point in K and W is connected. In both
cases, Aronszajn's unique continuation theorem [1] implies that / is a
constant map. Hence M — f~ι{S) — K is open and dense. Therefore
we can take a sequence of points {gj in M — f~ι(S) — K such that
linKft = q. By Lemma 4.7 and Lemma 4.8, / is harmonic and weakly
horizontally conformal at each qim Further, since f(q) is a smooth point
in /(M), / is a smooth map from a small neighborhood of q to a small
neighborhood in f(M) — S of f(q). Hence / is also harmonic and
weakly horizontally conformal at q by approximation. Therefore, / is
a harmonic morphism from M — f~λ(S) to f(M) — S. This finishes the
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proof of Theroem 4.6.

5. Obstruction on the existence of stable
harmonic map from M3 into CPk

In this section, we will see that there exists a topological obstruction
for existence of smooth stable harmonic mappings from compact 3-
manifold into the complex projective spaces with the standard Fubini-
Study metric. Indeed, we have

Theorem 5.1. Let f be a non-constant smooth stable harmonic
mapping from a compact manifold of three dimensions without boundary
into CPk with the standard Fubinί-Study metric. Then M is a Seifert
fibre space.

Proof. If k = 1, we have shown that M 3 is a Seifer fibre space
if there is a non-constant stable harmonic map into CP1. For k > 2,
since f(M) is an algebraic curve in CPk, we use the following standard
method from algebraic geometry (see [11, p. 168]). Choose a generic
(Jb-2)-plane CPk~2 in CPk such that CPk~2 is disjoint from /(M). Let
CP1 be a complementary 1-plane. We choose homogeneous coordinates
X = [X0,...,Xk] on CPk such that CPk~2 is given as Xo = Xλ = 0
and CP1 as X2 = ...Xk = 0. Consider the projection of CPk to CP1,
projecting from CPk~2

π([X0,...,Xk]) = [Xo^Xx].

As shown in [11], π : f(M) -> CP1 is a finite sheeted branched cover of
OP 1, at least away from the singular locus S. Hence TΓ|/(M)VS is holo-
morphic into CP1 which in turns implies that π\f(M)\s ιs a harmonic
morphism into CP1.

Now we take the composition of / with π. We see that π o / is a
smooth map from M to CP1 for being the composition of two smooth
maps. Further, πo/ restricts to M\f~x(S) is a harmonic morphism be-
cause the composition of two harmonic morphisms is again a harmonic
morphism [10]. Then it is easy to see that in fact π o / is a harmonic
morphism at every point on M by approximation, as we have done be-
fore. Further, π o / is not constant because π\f(M)\s is a finite sheeted
branched cover over CP1.

Finally, we recall a result of P. Baird and J.C. Wood which states
that if there exists a non-constant harmonic morphism from a compact
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3-manfold to a Riemann surface, then the compact 3-manifold is a
Seifert fibre space [3]. Hence Theorem 5.1 is proved.

The following Liouville type result is just Theroem 5.1 in disguise.
Theorem 5.2. Let M be a smooth compact 3-manifold which is not a

Seifert fibre space. Assume that there is a smooth stable harmonic map
f from M into CPk with the Fubini-Study metric. Then f is constant.

Remark. The Liouville type results for smooth stable harmonic
maps into the standard sphere Sn for n > 3 were obtained by Y.L. Xin
[25] for compact manifolds and by Scheon-Uhlenbeck [21] for R m .
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