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A FUNCTORIAL APPROACH TO
THE ONE-VARIABLE JONES POLYNOMIAL

R. J. LAWRENCE

Abstract

In this paper, a representation of the category of tangles will be given,
which has a natural meaning in terms of certain twisted homology groups.
The representation is demonstrated explicitly in terms of a presentation
of this category found by Turaev. The invariant of links obtained is
identified with the one-variable Jones polynomial via the skein relation,
and some remarks are made on how the procedure can be extended to
give the two-variable Jones polynomial.

1. Introduction

In [10] it was shown how an operator invariant of tangles could be ob-
tained for any enhanced Yang-Baxter operator. The techniques of quantum
groups (introduced by Drinfel'd [1], Jimbo [2] and others) may be used to
produce a solution of the (constant quantum) Yang-Baxter equation,

R\,R\3Ry); = Ry3R 3R,

where R € End V®? , and R, ;€ End V'®* denotes the action of R on
the ith and jth factors, and the identity on the third factor. This may be
extended to give an enhanced Yang-Baxter operator for any Lie group and
associated representation. In this paper, we will consider the simplest case
of sl, and the vector (spin-1/2) representation, constructing the represen-
tation of the category of tangles using topology. The images of objects in
the category of tangles will be homology groups, evaluated on a configu-
ration space of points in a punctured complex plane, using a twisted local
coefficient system based on C*. Such homology groups were studied in
detail in [5] and it was seen there how representations of Hecke algebras
could be obtained from them (see §2 for a summary).

The construction of the representation of the category of tangles is car-
ried out in detail in §3, where explicit images of the generators are given,
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using Turaev’s presentation of the category [11]. The invariant of links
so obtained is easily seen to satisfy a skein relation, and can thereby be
identified with the (one-variable) Jones polynomial, V. In [3], the V
polynomial was expressed, in terms of a braid group description of the
link, as a combination of characters of the Iwahori-Hecke algebra. The
relation between the braid group and link diagram approaches to V is
discussed in §4, via an algebraic result on Hecke algebra representations.
Another approach to links via braids, using the plait closure rather than
braid closure, is investigated in §5, and the paper concludes with some re-
marks on extensions of the approach for the two-variable Jones polynomial
P (or X).

2. Review of standard theory

2.1. Braid group representations. In this section we shall review the
topological constructions of [5]. Let X, ()?n) be the configuration space
of n distinct ordered (unordered) points in the complex plane. Then
there is a natural fibration of X over X, with fibre over the point

m+n
w=(w,...,w,) € X,, given by the configuration space of m distinct
points in the punctured complex plane C\{w,,... ,w,}. Let Yom =
{(zy,....2,) € X, | z; # w, V1<i<m, 1<j< n} denote this

fibre.

The fundamental groups =, (X,) and =, (X’n) are the pure and full braid
groups on n strings, P, and B, , respectively. Similarly nl(Yw’m) is a
generalized version of P, in which C has been replaced by a punctured
complex plane. For any representation (character),

x:m (Y, ) —C

one can define a local coefficient system on Y, ., based on C*. The
group 7,(Y, ) is generated by {ﬂl,ﬂ} where A € {z,,...,z,} and
ue {sz, v Zy s W, w (A= z;). The loop B, , is specified
by a motion of z in which z, is fixed Vk # j, and z ; follows a loop
around g with winding number —1, as shown in Figure 1. We here fix
a base-point 2’ € ¥, ., for which S(z}) < -+ < $(z) < S(w,) < --- <
$(w,,) , and for the purpose of this part of the discussion, w is fixed. It is
now possible to choose y so that,

2 .
xB,.)=a Vk>]j,

-1 ..
x(B,,)=a Vi, J

J
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(the abelianisations of all relations on n, (Y, ,) are trivial). Then
H'"(Yw’m , X) defines the fibre of a vector bundle E, (q) over the base
space X, . Since x is invariant under the action of the subgroup S, xS,
of S, ,, which permutes either or both of the sets {w,} and {z i} we

obtain a vector bundle Em(q) , fibred over the base space X, , with fibre
H" Yy 1/ Sps 1) -

w
Theorem 2.1 [S]. The action of B, on H'”(Yw’m /S, x) contains, as
a subrepresentation, the action of the representation of B, which factors
through the Hecke algebra H,(q) and is associated with the two-row Young
diagram A .
In this theorem, the Hecke algebra H, (q) is a quadratic algebra quotient
of the group algebra CB, of the braid group B,. In terms of generators

and relations, B, has generators {g,, ... ,d,_;} and relations,
0,0, =0,0;, i—jl>1,
i=1,2,...,n-2.

The algebra H,(q) is generated by {1, g,, ... , 0,_,} as an algebra, with,
in addition to the two above relations, the extra relation,

00119, = 0;110:0,,1>

(0,—1)(0;,+9)=0, i=1,2,...,n-1.

This defines the Af,l_)l-Hecke algebra; it is a deformation of CS, when
g moves away from 1. The representation theory of H,(g) is similar
to that of S, , when g is not a root of unity (see [12]); that is, for any
Young diagram, A, with n squares, there is defined a representation 7,
of H, (q) which deforms the standard representation of S, associated
with A, as ¢ moves away from 1. The particular representation referred
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to in the statement of the theorem is that connected with the two-row
Young diagram A','n in which the rows have lengths n — m and m.

Let .2 denote thesetofall a = (e, ... , a,) where o; € {z;,, ... ,
Z,,W,... ,w,}. Here z,,... ,z, and w,...,w, are to be treated
as formal symbols. Let %" and J," denote the subsets of " defined
by

a >ay>->a, >z,

and

o, €{wy,... ,w,} Viwitha,#a;Vi#j,
respectively. We have here defined an ordering on the symbols z, ... ,z,,
w,, ... , w, so that this sequence is in ascending order.

Fix w € X, with {&(w,)}}_, increasing. Choose a base-point e Yy
for which $(z) < -+ < (22) < S(w,). Forany j (1 <j < m) and
uEe {zj+1, ver 5 Zp s Wy, ... ,w,}, definealoopin Y, , , denoted ,Bz,”,

4 J
with base-point z , for which z, (i # j) is constant at z? throughout,
while z; follows a loop around the base-point value of x. This defines a

unique element of 7' (Y, ,») when itis stipulated that the path of z; does
not cross any of the rays R* + x for x € {z?, cee z?n, Wy, , Wy},
X # zg , 4 while having winding number —1 around x.

For any o € %", define an embedding,
ya: [09 ]']m - Yw’m

with base-point 7 , so that (y,(¢,,...,¢t,)); is independent of ¢, ...,
t;,;- The mth component is defined to be (,Bzmam(tm))m while the ith
component is a function of ¢, ... , #, which is such that itis (8, , (¢,)),
at t,,, = --- =1, =0, and a continuous deformation of this loop
when (t,.+I s ty) movF:s away'f‘rom the origin so moving z,_,, ... , Z,,
away from their base-point positions. This embedding defines [y ] €

Hm(Yw’m » Xo) Where . is the trivial local coefficient system. Let Y, .
denote the cyclic covering of Yy m defined by the map,

(¥, ) = Z,
B, 2,
ﬂziwk indat

forall 1<i, j<m, 1 <k < n. The local coefficient system x is thus
defined in terms of Y, . as the local coefficient system which scales by
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g under the natural translation on }N’w’m , which shifts one branch of the
cover up to the next. The embedding of the hypercube [0, 1]” in Y,
specified by y_ lifts to an embedding of [0, 1]” in f’w’m.

It can be shown that the homology H, (Y, ., x) may be identified with
the kernel of a boundary map & on the vector space, V', with one basis
element for each o € 5‘;’” . Dually, one may identify H "’(Yw’m ,X) as a
quotient space of a vector space of dimension |.5”w’"| . Essentially, it can be
thought of as a space of functions, f, on Y, ,, which twist according to
X > up to an identification in which 9 f/0z, ~0 Vf,i. Let (o) denote
the element of cohomology represented by that function f for which,

f=52£

/]

Va, B € 5@"’ . Then these elements span the cohomology, with various
relations existing between them. It was shown in [5] that the representation
of Theorem 2.1 is obtained on a specific subspace of the cohomology space,
which we now proceed to construct.

Definition 2.2. /.= ¥ ¢°?(0(a)) fora e Z".
- o€S,

In this definition o(a) denotes the image of a € ?/;” under the natural
action of ¢ € §,,, by permuting the m components of a, as an element of
.7w’". Also ¢(a) denotes the number of pairs (i, j) with 1 <i<j<m
for which o(i) > a(j).

Lemma 2.3. { f|ae ?/:’} spans a subspace of V and defines a sub-
space of the cohomology space H '”(Yw’m , X) on which the relations satis-
fied by the f, are,

Z qst f;! w, =0

w, ¢a

forall a € ?/v:"_l where s, is such that o _, >i>a , 1 <5, <m. Here

S‘- 4
£, refers to fﬁ where B € %‘:" is the sequence aw, reordered so as to
be in decreasing order.
The subspace of Lemma 2.3 is invariant under the action of S, , and
the action of o, € B, upon it is given explicitly by,
fgi +(1- q)fg if w,ea, W, ¢a,
ai(f;l)= q'&i lfw, ¢Q, w,‘+1 E_a_a

A otherwise,
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where o; denotes the sequence obtained from a € ?/w'” by interchanging
w; and w; 41+ It was also shown in [5] that the character of the repre-
sentation of H,(q) on (f ), specified by the action of o, given above,
is x Ar T Apn while the relations of Lemma 2.3 transform according
to the character y Ar o Xpn The resultant representation on the
quotient space is thus x,» . The above form for the action of B, will be
used in the succeeding se'cntions, in which the representation is given on a
space V, . spanned by a set labelled by %;" with relations as in Lemma
2.3.
2.2. The category of tangles. Let &, be the set of maps

{1,2,...,n} - {+1, -1}

and & = U:‘;l @, . The category of tangles, T, consists of the set of objects
@;and forany a,be@,say acd,, b€, , the space Morph(a, b)
consists of all oriented compact one-dimensional submanifolds, A, of
C x [0, 1] for which,

OM =~ a(i)(i,0)+) b)), 1),
i=1 j=1

while two such morphisms, M and M, are considered to be equivalent if
they are isotopic as submanifolds of C x [0, 1] with fixed boundary. The
composition of morphisms M, € Morph(a, b) and M, € Morph(b, c)
with a, b, c € @ is defined to be that morphism N € Morph(a, ¢) spec-
ified by,

N={(z,t/2)|(z, ) e M} u{(z, (1 +1)/2) | (z, t) € M, }.

An element of Morph(a, b) for any a, b € @ is called a tangle and may
be pictured by using the projection of C x [0, 1] onto R x [0, 1], given
by,

(z,t)~ (R(z), 1)

as a union of oriented curves lying between two parallel lines in the plane,
joining m points on one line to n points on the other, with over and
under crossing marked. An example is given in Figure 2. Thus a(r) = +1
corresponds to the curve having orientation | at (r, 0).
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A presentation of the category of tangles first appeared in [14]. In [11]
an alternative presentation was given, which we now recall. It is possible
to express any tangle as a composition of elementary tangles, each being
of one of the following forms.

(i) An element of Morph(a, a) for a € &, with a;, = a;,, = 1,
in which there are n curves, containing {j} x [0, 1] for j €

{1,2,...,n}, j#1i, i+1 (oriented according to a(j)), together
with two upward moving strands which cross as shown in Figure
3(1).
(ii) Elements of Morph(a, b) forany a € @, and bed,, , in which,
a(i) i<j,
a(i—2 i>j+1,
OIS
=7,
—-€ i=j+1,

forsome 1 < j<n+1, ¢ =+1. Such b is denoted by aj,
and one may specify elements of Morph(a, a}), Morph(a;, a)
as shown in Figure 3(ii)-(v), all of which contain the n lines
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joining the points of a to corresponding ones of aj in {1,2,...,
n+20\{j, j+1}.

The relations satisfied by these generators are given by the diagrams in
Figure 4; they should be thought of as relations connecting products of the
above generators.

Theorem 2.4 (Turaev). The category of tangles is generated by the mor-
phisms of Figure 3, forall a € @, 1 < i <n, 1 <j<n+1, to-
gether with the relations of Figure 4 along with the additional relations
EoW =WoE =1, where E and W are the compositions of generators
specified in Figure 5.

By a representation of the category of tangles is meant a map p, which
assigns to each a € @ a vector space V,, and to each M € Morph(a, b)
(where a, b € @), a linear transformation,

p(M):V, =V,
such that composition of morphisms is respected. Any link L in R’ can

be represented by a projection onto a two-dimensional plane with over-
crossings and under-crossing; that is, L can be specified by an element
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of Morph(&, &) where & denotes the single element of &, called the
vacuum. Hence any representation p which is well defined (i.e., satisfies
the relations of Theorem 2.4) defines an invariant of links as a map, Vy —
V, . In all the representations which we consider in this paper, V,=C,
so that a linear transformation on V¥, is specified by the scaling factor.
In this respect finding representations of the category of tangles may be
viewed as a generalization of the problem of finding link invariants.

3. Construction of representation

In this section a representation of the category of tangles, T, will be
defined geometrically. We will actually define a representation of the cat-
egory, CT, defined analogously to T, except that now the objects are
arbitrary configurations of distinct points in C, with orientations. That
is, @ isreplaced by CZ = - (X, x&,). There is a functor T — CT by
which an object a € @, mapsto ((1,...,n),a) € X, x&@,, so that any
representation of CT gives rise to one of T. The generators and relations
for CT may be obtained analogously to those for T given in Theorem
2.4, and then the morphisms of Figure 3(i) are replaced by morphisms
associated with arbitrary paths in X, . Forany a € @, let w(a) € NU{0}
denote the number of +1’s in the sequence a(l), ... , a(n). For any ob-
ject 4 = ((w,,...,w,),a) in CT, let n(4) denote the vector space
V. w@a(W), the subspace of the fibre of Ew( () over w e )N(n appearing
in Lemma 2.3.

We shall construct a representation n, of the category CT, in which ob-
jects A are associated with the vector spaces m(A4). By the construction of
Em(q) , there is a natural flat connection upon it, namely the Gauss-Manin
connection which is defined once an (S,, x §,)-invariant local system on
the total space of the initial fibration X, = — X, is supplied; see §2.1.
Parallel transport thus supplies the images under 7 of the generators of
CT, whose type derives from Figure 3(i).

To complete the specification of 7z it remains to define its action upon
the generators of CT derived from Figures 3(ii)-(v). Suppose 4 = ((w, ,
ey W,,,),a) and B = ((wy,...,w,),b) with a € &, , and b €
@,, and that v € Morph(4, B) in CT has type deriving from Figures
3(iv),(v). That is, the form of the horizontal slices, (C x {t}) Nt for
0 <t <1, of t, considered as a submanifold of C x [0, 1], can be
described as follows for a suitable choice of ¢, € (0, 1):
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(i) asetof (n+2) distinct points {w,(f) | 1 < i< n+2} continuously
parametrized by ¢ € [0, ;) ;

(ii) as ¢ — t,—, two of these points, say w;(¢) and w;, +1(8) , coalesc-
ing at w, say;

(iii) a set of distinct points {w;(¢)| 1 <i < n} continuously parame-

trized by ¢ € (¢, 11;

while w, (0) = w,, wi(1) = w; for all j and k, w,(t,) = wi(t,) for
i<A and w,(t)) =w, ,(t,) for i>A+1. Lastly, a€ &, , and be &,
are related by a = b}, with ¢ = +1 in Figure 3(iv) or (v). Thus the
action of 7 on 7 may be givenasamap V, , .., (w) — I/;l’m(w') , where
m = w(b) = w(a) — 1. Parallel transport supplies natural isomorphisms
V;l+2,m+l(w) = V;l+2,m+l(w(tl)) and V;:,m(wl) = Vn,m(w/(tz)) forany 0 <
t, <ty <t, < 1. Hence, without loss of generality, and to simplify the
geometrical visualization of the construction, one may assume w; (), for
j#1i, i+1 and wi(?), all to be independent of ¢.

As was discussed in §2.1, elements of V, n may be considered as rep-
resented by functions f: Y, ,, — C which are holomorphic multi-valued
functions twisting according to x . Suppose [f,] (0 <t < t,) represents
an element of V, , .. (w(?)), where f, is a multi-valued holomorphic
function on Yw(t)’m +1/ Sy twisting according to x . Consider a path y,
defined for ¢ € [0, £;), in w.m+1> 10 Which z, are fixed for 1 <i<m
while z _, follows a path with winding numbers a(j), a(j + 1) around
Wi, Wy, and 0 around w; (any i # j, j+ 1). The only constraint
on the choice of {y,} is that it varies continuously with ¢ € [0, #,) and
its diameter tends to zero as ¢ — f,—. Then, [, f dz, , defines a multi-
valued holomorphic function on Yw(t) m whose limit as ¢ — t,— provides
a multi-valued holomorphic function g on Y, (tg).m - That there is no re-
maining singularity at w, can be seen by noting that the monodromy of
g when z ; goes around w, has contributions from the twists around all

three points w;, W, and z,, +1» While,

qzjwiqzj2m+lqzjwi+l =1
From its definition it is apparent that g represents an element of Veim>
and hence this establishes a map V,_, .. (w(z,-)) = ¥, (W (f,+)), the
corresponding total map V,, ., ... (W) — V, (W) defining 7(z). This

action of n(7) may be formally written as follows,

(%) leim<){ofdzm+l>=g.
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The definition of the image under z# of morphisms 7 whose type de-
rives from Figures (ii) (1i1) similarly reduces to the problem of defining a
suitable map Ve.m(W (to+)) = V12, me1(W(;—)) in the opposite direction
to that just considered. Up to scalmg, it is an inverse of the preceding
map. Once a base-point is chosen, such an inverse may be fixed in terms
of representative functions by mapping g to a multi-valued holomorphic
function f, satisfying (), for which,

/Ofdzm+1 =

where the integral is taken around the path followed by z, with base-point
z? and winding numbers —1 around both w; and w, . See Figure 6
for the two paths oo and (. Note that since the former loop lifts to a
loop in ? , there is no necessity to fix a base-point for the curve.

For the case of a trivial twisting, thatis g = 1, (W) corresponds
to the space of those (single-valued) holomorphic functlons on Y, of
the form, "

> A4,wel e, W),
aC{1,2,- ,n}
lal=m

where

;'") Z,w)= ) H(za(l) w,)”
g€S,, i=1
for a = {a;,... ,a,} C {1,2,...,n}. The Gauss-Manin connection
gives a parallel transport in which a section is flat < {4 (w)} are inde-
pendent of w, for all a. The action of B, reduces to the natural action
of S, on subsets a of {1,2,:--, n} whose order is m, so that the

monodromy representation is Indg" (1). Morphisms of types (iv) and (v)
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act by integration around the figure-8 loop of Figure 6(i),
g= ,13?— [:I:Reszw(f, w; ) :FReszmH(f, wj)] .

1)

For example, f = g"*" transforms to 0 unless |a N {i, i+ 1) }| =

in which case the image is ﬂ:gﬂ ) for a=BU{i+1} and :}:gﬂ ) for
a= BU{i}, where |BN{i, i+1} =

Recall that V, , consists of those homology classes associated with
(multi-valued) holomorphlc functions, f, twisting according to x, for
which,
[ r=0 vaesng"
Ya
while being invariant under the action of S, . Relative to the basis {f}
defined dual to chains {y,} (see §2.1), the linear transformations V, —

Vp determined by the images under 7 of the elements of Morph(4, B)
derived from Figure 3(i)-(v) are expressible as follows:

(4" =) gy + Sy, ) fa=Buy,
(i) fur 44, if g =pw,,,,
[ ¢'? Jo otherwise
(i), (iii) f, > +q" ”2<—q"‘fg_wj+l + fow)s
(£4VV g if a = pw,
(), (V) Sy} FqUtAy, ifa=puw,,,,
0 otherwise;

where r denotes the number of «;’s less than j; and in all the expressions
{a;} are distinct elements of {w,, ... , w,} while fﬂw refers to f when

Y € ?/w is Bw, reordered so as to be in decreasing sequence. These
formulae can easﬂy be seen to agree with the geometric definitions given
above, certainly in the case of g =1.
Lemma 3.1.  The above definitions give rise to well-defined maps V,
Vn m’ Vn m I/;:+2 m+1 and V, n+2,m+1L Vn m°*
Proof This lemma is proved by checking that the relations of Lemma
2.3 are preserved. Since (i) is derived from the natural monodromy action,

it preserves the boundary space, and thus also the relation of Lemma 2.3.
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Under (ii), the Lh.s. of the relation in Lemma 2.3 transforms to

s, rel—if2, -1
Y. d'q @ Spww,, ~ Spww,)
j<i - -
w;¢p
s r=if2, —1
+ Z q q (q fﬂijiﬂ _fﬂiji),
j>i+l - -
w;¢p
where B is a sequence of m — 1 distinct elements of {w,,... ,w,_,,
Wiggs oo > Wy +2} - This is a combination of boundarigs inV, ., . asso-
ciated with the sequences fw; o Bw; of m elementsin {w,, ... ,w, +2}.

It may similarly be checked that (iii), (iv) and (v) preserve the relations
of Lemma 2.3. q.e.d.

It may also be verified that the following lemma holds.

Lemma 3.2. The representation © of the generators of the category of
tangles defined above satisfies all the relations of Theorem 2.4.

Thus 7 defines a representation of the category of tangles. The images
of the morphisms of Figure 7 may be computed in terms of the generators,
and the results are given below.

2 1/2 .
¢ -q)f,+d'?f, fwea, w, ¢,

@, (v) S § @S, ifw ¢a, w, €a,
a'*.1, otherwise ;
f, ifw,‘¢g.a w,, €a,

@), (i)  f= ] @ -DL+e S, fwea wy, fa,

q ! £, otherwise .
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i-2 i-1 i+2 i+3

FIGURE 8

The representation 7 gives rise to an invariant of tangles in the form
of an operator. As discussed in §2.2, and since V; =V, , =C, it gives a
complex number invariant of links. Since the pairs of morphlsms (1), (iv)
and (ii), (iii) transform under 7 to pairs of equal operators, this invariant
is unaltered under the reversal of the orientations of all components of
the link. When the link L is replaced by the union of L with a single
unknotted and unlinked component, the invariant scales up by ql/ 24
q‘l/ z For, under zn, the morphism in Morph(a, a) shown in Figure 8
transforms to a composition of two maps,

—i/2, 1
fQ’_ ~ qr Y (q wiiH N féwi)
. qr—i/2 (q—l'q(i+1)/2—rfg ~(-q (i+1)/2— rfg))
1/2 -1/2
=(q"+q7" )y

Denote the invariant so produced by P(L). Then consider three links
L, , L_ and L, which differ at one crossing as shown in Figure 9. The
three tangles transform under n into maps which take fa to,

q_”zfa_, q”zfa_, fa_, ifw,,w,, €a

i " ' orw;,, w;,, ¢a;

q f"i’ q ((]"q).f;}_+féi) fg: 1fw,.€g, Wiy ¢a;
g (A, +—a7hS), 1, . fo ifw ¢a,w, €a;

respectlvely. It may be noted that these images satisfy a linear relation
irrespective of whether w; and w, +1 liein a. Hence,

qP(L,)—q 'P(L_)+(q "> -¢"*)P(L,) =

Note also that the same relation is obtained between the linear transfor-
mations associated with the three tangles of Figure 10. This is predictable,
as it follows from the invariance of the number P(L) on the class of links.
However the Jones polynomial X, (g, A) satisfies the skein relation,

a2 x, (@, 0+ @ -a"x @, ) -a7 X, @ h =0,
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while X, (g, A) =1 whenever L is the one-component unknot. The fol-
lowing connection between P(L) and X,(q, q) = V,(q) is thus obtained.

Theorem 3.3. The invariant of links defined by the representation n of
the category of tangles is (ql/ 24 q_l/ 2) V,(q), a multiple of the one-variable
Jones polynomial.

The extra factor (ql/ 2y q_l/ 2) appearing here is due to the nonfunc-
tionality of the standard normalization of V, ; it is necessary to make
¥, multiplicative with respect to disjoint union, and thus expressible in
a functorial manner. There is an essentially unique representation of the
category of tangles giving V, as the corresponding link invariant. In par-
ticular, the above representation of T, obtained geometrically, is equiv-
alent to that obtained by other known procedures, for example those of
[9] from an appropriate Hopf algebra, or of [13] using topological quan-
tum field theory. This remark holds good for generic g, that is, away
from those roots of unity with ‘small’ order. For roots of unity which
have order less than 7, the homological construction of ¥, (W), using
say the limiting lemma of [5], gives a vector space whose dimension may
be greater than () — (,,”,) , whilst the ‘true’ dimension, as constructed
by other approaches, will actually be less than this generic value. To this
extent, our geometrically defined functor differs from that of [9], whilst

still giving ¥, on links.
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4. Braid approach
Let m,~» denote the representation of H,(g) associated with the two-
row Young diagram A:'n . Denote the associated character by x, . Inthe
limit g — 1, = AL tends to the standard representation of S, associated

with A7 . In this limit, forall 6 € S, ,
m m—1
Xnm@)=0"—0" °,
where ¢™ denotes the number of ways m can be expressed as a sum of
lengths of cycles in o .
Lemma 4.1. In the limit q — 1,

[n/2]
Xon o0, ®0)) = Z xn,r(al)xn,r(az) foranyo ,o0,€S,.
r=0
In this lemma, g, ® g, denotes the element of S, given by the permu-
tation g, on {1,2,... ,n} and o, on {n+1,...,2n}. It may be de-

duced that for general ¢, the restriction of 7,2 to H,(q)xH,(q) C H,,(q)
may be decomposed as in the following theorem.

Theorem 4.2. The restriction of the representation w,» of H,,(q) to
H, (q) x H,(q) may be decomposed as a direct sum of the representations
Ty ®@Myn over r=0,1,...,[n/2].

'Exam;’»le. An explicit realisation of the isomorphism is now given when
n = 3. The representation 7« AL is considered on Viim with spanning
set {f, | @ € %"}. A suitable basis consists of those a € %" for
which @, > 2(m +1—r) Vr. Such a may be put in 1-1 correspon-
dence with standard Young tableaux of shape A:'n , that is, an assignment
of {1,2,...,n} to the squares in A"m in such a way that reading from
left to right or top to bottom along any row or column, yields an increas-
ing sequence. Thus in the case » = 5, m = 2, we have |7/;" | = 10 and
l?/':”_l =5 and so V; , may be expressed in terms of a spanning set of
10 elements with 5 relations (see Lemma 2.3). Alternatively the basis (f)
may be used, in which the only allowed a = (a,, a,) are, -

(11)5, 'lU4), (w53 ’U)3), (w45 ’LU3), (w57 w2)’ (’l.U4, 'UJ2) .

They correspond to the five standard tableaux on A; shown below.

—
N

3| 1[2]4] 1

[\S]

5] 1[3]4] 1

w
W
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The a associated to a Young tableau is obtained by reading off the ele-
ments assigned to the squares in the second row, from right to left. Using
this notation, V;,o and V3,1 are found to have dimensions 1 and 2, with
bases specified by the tableaux,

(112]3] 2] [1]3]

respectively, while V, ; is 5-dimensional with associated tableaux as
shown below.

203 1124 314 112]5 315
516 315]6 2(5|6 3{4]6 21416

—
[—y

F

Denote the associated bases for V; o, V; | and Vg ; by {f}, {f, £}
and {e, ..., e}, respectively. The isomorphism of Theorem 4.2 is now
given by Table 1, where A is arbitrary.

TABLE 1
e e, e e, e
fof |1+¢'+¢2 -1 —¢7' -g7! -q72
f,®f 0 qi 0 (1-9) 0
f, ef, 0 0 0 A 0
f,of 0 glh —gi (1—-q)A (g—-1)A
f,of, 0 0 0 A —A

We now return to the general case. Suppose L is a link, expressed as
the braid closure of f € B, . Then as a tangle, L can be expressed as the
element of Morph(<, &) given by,

v (B®1),,

where y, eMorph(&,a,), 7, € Morph(a, ,@) and f®1 € Morph(a,,a,).
The object a, € &,, is the object in the category of tangles defined by,

a,(i)=sgn(n+1/2-1),

for 1 <i<2n;while B®1 denotes the morphism of 2n strings, the first
n braided according to B, with the last n going downwards and being
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1 2 ... n n+l ...2n-12n

N\

M

1 2 ... n n+l ...2n-12n

’

Y Yo

FIGURE 11

lines joining (r, 1) to (r,0) (for n+ 1 < r < 2n). The morphisms Yy
and y; are illustrated in Figure 11. The representation 7 assigns Vo n
to objects a, € &, while it is clear that the action of #® 1 on Voo is
given by n A factoring through H,,(q). Theorem 4.2 decomposes this

action into,

[n/2]
@ T A:,(,B ) ®id
r=0
- . [n/2) 2 _
If we denote the image of y, in Vin n 2@V, 0V, by > >v,ew,
’ r=0 "’ ’ r=0 i

then the invariant obtained is

P(L)= <Zv:®w: Z nA:(v:®w:)>
:EZ<U: nA:(vrj)>.<w: wrj>,
roi,j

where (|) denotes an inner product defined on V), ,, so as to make y,

(4.1)

and y; adjoints. However, in [3] V. Jones gives an expansion of X, (g, A)

in terms of Hecke algebra characters. This reduces in the case 1 = g to,
[n/2]

—n—1 -1 2,1 —m+1

42) V(@)= T =D"T0-a)7 Y@ =d"" -
m=0

Theorem 3.3 allows a comparison of (4.1) and (4.2).

Example. For links with braid number 3, i.e., L =  for some g € B,,
(4.2) reduces to,

(4.3) V@) = (VD ((a+4a Dap(B) + xp(B)).-
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In the limiting case g = 1, the correct form of (4.1) may be explicitly de-
termined. The vector representing 738 vg=(0,2,1,1, 2)T in terms of
the basis e; for Vg 3 Under the isomorphism with V3®§ ® V3®f , discussed
above, ’ ’

Vo (=2,24, 4, 4, —A)

while the inner product matrix has the form,

fof 30 0 0 0

fof |0 8/31° —4/31% -4/32 2/3%
fof, |0 -4/32 8/34 2/32 —4/3)
f,ef, |0 —4/32% 2/32%  8/3i% —4/3A°
f,of, \0 2/32% -4/32> -4/32* 8/31°

Hence,

P(L)= (v |n(B®1)]|v,)
= (Vo | —2my(f) ® £+ 24m (£,) ® f, + Am,(f,) ® f,
+Am,(f) ® f; —An(f,) ®f,) ,

which is seen to reduce to 12trz, + 6trz, . Here 7, and #, denote the

actions of nAg(ﬂ) and nA?(ﬁ) upon (f) =V; , and ({f,,§,}) = V] ,.

Note that this gives P as a combination of the characters x Ag(,b’) and

VINOE and the ratio in which they occur is 2:1. This agrees with the ratio
1

(g +4¢ " :1) observed in (4.3).

In this section we have compared the expression for V' as a combination
of Hecke algebra characters associated with 2-row Young diagrams, with
that obtained from the tangle picture. Theorem 4.2 provides the link
between the two approaches. In the next section we look briefly at other
ways in which braids may be related to links, via plait closure.

5. The plait approach

Suppose B is a braid on 2n strings. It may be closed to form a link
L by joining the 2n end-points, at one end, to each other, in n adjacent
pairs, and similarly for the points at the other end. This is pictured in
Figure 12. The invariant P(L) may thus be written as,

lJ
un un ’

n(B)
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FIGURE 12

where (u;| € Morph(b, ,9), |u,) € Morph(Z,b,), n(f) € Morph(b, ,b,) .
Here b, denotes the element of &,, Wwith alternating signs, and u,, u
are given by the bottom and top parts of Figure 12, respectively.

It is comparatively easy to describe g, u,, u; topologically. The
braid S gives a tangle with 2n strings, n going upwards and n going
downwards. The action of 8 on Von n 1s the natural action induced by
parallel transport. The element |u,) of V,, , is defined, up to scaling,
so that it corresponds to a function f(z,,. L z,) with singularities at
wy, ... ,w,, so that the integral around a loop containing Wy, and

W,; vanishes for 1 < j < n. Similarly, (u:,I is the functional on V:,_”’n s
given by integrating around all n figure-8 loops around adjacent pairs
Wyi_y> Wy, This defines (u;I and |u,) up to a scaling, and hence gives
some form of topological definition for ¥, . Note that it is not necessary
to project into a plane in order to use this definition. In terms of L C s3 ,
pick a unit vector e, and then investigate local maxima and minima of
y(t)-e. Deform y so that all local maxima have y(¢)-e > N and similarly
for local minima (N large). Alternatively subdivide s? by a 2-surface X
so that all local maxima occur on one side of X, and local minima on the
other side; see Figure 13.

Then ¥, is the matrix element of the action of the braid connecting
the local maxima and minima, on the middle-dimensional cohomology
H ”(Y2n’n) , between the vectors given by functions anti-symmetric under
the interchanges between pairs of points associated with the same local
maxima/minima. The surface £ cuts L into two halves. Each half joins
the 2n points LNE = {w,, ---, w,,} in n pairs, and thereby an element
of V,, , is associated. The pairing between the elements associated with
the two halves of L is P(L).

n
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Te

/.\¥ IoV,
\&/ o

FIGURE 13

6. Further remarks

For any Lie algebra g and representation V', an invariant of links can
be constructed (see [9], [10] and [11]). When g = sl, and the spin-1/2
representation is used, the invariant obtained is the one-variable Jones
polynomial V,(q). For g = sl and the vector (m-dimensional) repre-

sentation, one obtains X, (g, qm"). The methods of [5] and §3 lead to
the special case of the representation of the category of tangles in [9] and
[11] appearing from sl, as above. However the methods of [5] can be
extended to produce representations of H,(g) associated with multi-row
Young diagrams, as well as to more complex representations of B, which
do not factor through a quadratic algebra (see [6], [7]). This allows an
extension of the methods of this paper, and gives rise to a topological con-
struction of the two-variable Jones polynomial X, (g, qm_l). For more
details, see [7].

The case of V,(q) = X,(q, q) is particularly simple because of the
way in which the local systems introduced in the constructions of §3 in-
volve twistings which do not distinguish between points in an object in
CT with different orientations. This is due to the self-duality of si,, and
consequently the corresponding construction for the two-variable Jones
polynomial X, is more complex. It should be noted that this relates to
the insensitivity of ¥, to a total reversal of orientation of L, that is, a

change of Sl-orientation, as opposed to S3-orientation to which v, is
particularly sensitive. The Alexander polynomial A,(q) = X,(q, q"l) ,

on the other hand, is not sensitive to S3-orientation, and is closely re-
lated (see for example [5]) to the local system on C\w in which the twists
around w; are g or q"l according to the orientation of the ith strand.
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