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AN ESTIMATE FOR HEXAGONAL
CIRCLE PACKINGS

ZHENG-XU HE

1. Introduction

Let P be a circle packing in the complex plane C, i.e., a collection of
circles in C with disjoint interiors, and let ¢, be a circle of P. Suppose
that for some positive integer n > 2, the n generations P, of P about
¢, (defined successively by Py = {¢;}, P, ={ce€ P;c€ P,_, or c is
tangent to some circle of P,_,}, k > 1) is combinatorially equivalent
to the n generations H, of a regular hexagonal circle packing about one
of its circles. Then the ratio of radii of any two circles of P tangent to
¢, is bounded by 1 +s,, where s,, s;, ... is some decreasing sequence
of positive numbers. We will denote by s, the smallest possible constant
with this property. In [7], B. Rodin and D. Sullivan showed that any
circle packing which is combinatorially equivalent to an infinite regular
hexagonal circle packing is also regular hexagonal, and as a consequence,
s, converges to 0. They conjectured that s, < C/n for some constant
C. In this paper, we will prove this conjecture. This estimate for s, is
best possible as (we will see later) s, > 4/n.

One may use our result to estimate the rate of convergence of the circle
packing solutions f, to the Riemann Mapping Theorem given in [7], where
¢ is the size of the preimage circles, and of the approximating solutions
fs to the Beltrami equations constructed in [4]. This shows that these
solutions are constructive. Moreover, for the circle packing solutions f,
of [7], we may combine with [6, Theorems 5 and 8] to conclude that the
rate of convergence on compact subsets is of order at most e’® for any
fixed @ < 1, and their derivatives converge in L™ on compact subsets.

The proof of 5, < C/n will be given in §2 with the assistance of an
area estimate on the union of the images of the interstices bounded by
the circles of H, under the Schottky group generated by inversions of
the circles of H, (Lemma 2.2). In §3 we will prove this estimate. The
argument also leads to vanishing of the Lebesgue measure of the limit
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set of a class of infinitely generated Schottky groups. §4 is independent
of the main subject, and discusses the globally uniform convergence of
quasiconformal mappings. We will see that when the domain R (or Q
in [4] ) is a Jordan domain, f, of [7] (or f; of [4]) converges globally
uniformly.

This paper is the Ph.D. thesis of the author presented at the University
of California at San Diego. During the years of graduate study, the author
profited immensely from the teaching of Professor Michael H. Freedman,
to whom he expresses his sincere indebtedness. The author is very grateful
to Professors Burt Rodin, Bill Thurston, and S. E. Warschawski for many
useful suggestions, and to Professor Dennis Sullivan whose idea allows
him to obtain the best possible estimate on s,. The author also thanks
Ms. Kathy Wong who typed various versions of this paper.

2. Proof of the estimate s, < C/n

For any positive integer n, let H, be n generations of some regular
hexagonal circle packing about one of its circles, say c,. We may normalize
H, so that ¢, is the unit circle and 1 is a point of tangency of ¢, with
some neighboring circle. In this way, the circles of H, have radius 1 and
are centered at points 2(k, +k;) + 2e™ 3(k2 ~k;), where k,, k,, and k;
are integers with |k, | + |k,| + |k;| < n.

Let H,', be n generations of a circle pacing P about some circle cf,
of P such that H,', is combinatorially equivalent to H,. By this, we
mean that there is a one-to-one correspondence of H,’, and H, so that
two circles of H,', are tangent if and only if their corresponding circles in

H, aretangent. Let ¢, ¢;, -+ , ¢; be the six circles of H, corresponding
to the circles ¢, = {|z—2¢"*"V"| =1}, k=1,2,..-, 6, of H, which
are tangent to ¢, = {|z| = 1}. Then
radius(c’)
(2.1) s,=sup max |—— 1],
(P,c,) 1S/, k<6 \ radius(c, )

where (P, ¢,) is any pair satisfying the above property.

The estimation of s, is briefly described as follows. First, there is a
quasiconformal mapping y from plane to plane which maps the subpack-
ing H, (m ~ n/2 for n large) of H, to the corresponding subpacking
H,'n of H,',. This mapping will be made conformal on the union 7, of
interstices bounded by the circles of H, . Normalize H,', so that cg = ¢,
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and ¢yNc; =c,Ne; ={1}. We wish to show that y restricted to c, is
O(1/m)-close to the identity (and this implies that the points of tangency
c(')ﬂc} ,j=1,2,.--,6,are almost equidistributed on the unit circle c(') ,
a fact which clearly yields an estimate for s, ). Using the Schottky group
G,, generated by inversions on the circles of H, , one may modify y in
the interiors of circles of H, so it becomes conformal on the images of
I, by the transformations of G,, . These images fill up most of the area of
the unit disk D (= interior of ¢, ). As a result, the above quasiconformal
mapping restricted to D (which maps D onto D = interior of c(')) will
be close to the identity. It follows that !//[C(I) is close to the identity.

In the following, let us denote by 5,' and CJ. , j=1,2,..., some
positive universal constants. o ; will be used for lower bounds and C i for
upper bounds, so we will always assume 0 < ¢ ;<1 and 1 < Cj < 00.

Let J, be the constant in the Ring Lemma of [7, §4] for hexagonal
packing. This means that if six circles surround a circle of radius r, then
each circle has radius at least J,r.

Lemma 2.1. For any three mutually tangent circles c;, c,, and c, with
disjoint interiors such that the ratio of the radii of any two circles is between
d, and 1/6,, there is an orientation-preserving Mobius transformation g
which maps ¢y = {|z| = 1}, ¢, = {|z=2| = 1}, and ¢, = {|z-2¢"/*| = 1}
onto c(’), c; , and c; respectively. Moreover, g is C,-bi-Lipschitz on c, if
c(') if normalized to have radius 1.

Proof. Let g be the orientation-preserving Mobius transformation
sending ¢;Nc, to c} N c,'( , where (j, k) is any pair of {(0, 1), (0, 2),
(1, 2)}. Then g satisfies the requirements of the lemma. q.e.d.

Note that g maps the interstice bounded by ¢,, ¢,, and ¢, to that
bounded by c¢;, ¢, and ¢,. Now for any three mutually tangent circles
in H,_,, the Ring Lemma of [7] implies that the corresponding circles in
H,',_l satisfy the conditions of Lemma 2.1, so there is a conformal mapping
from each interstice bounded by circles of H,_, to the interstice bounded
by corresponding circles of H,',_l . These conformal mappings may be
glued together to form a conformal mapping from the union of interstices
bounded by circles of H,_, to the union of interstices bounded by circles

of H,',_1 . Furthermore, this mapping maps each circle of H,_, to the cor-
responding circle of H,',_2 and, by Lemma 2.1, itis C,-bi-Lipschitz if both
circles were normalized. So we can extend the mapping radially on each
disk bounded by circles of H, , and the result is a C,-quasiconformal
mapping ¢ from the union of interstices and disks bounded by circles of

H,_, to the corresponding union bounded by circles of H,',_?_ .
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It is well known (see e.g. [2, p. 96]) that for any C,-quasiconformal
mapping of the unit disk to some region in C, its restriction to {|z| <
1/+/3} may be extended to some C,-quasiconformal homeomorphism of
C. As the union of interstices and disks bounded by circles of H, _,
contains the disk {|z| < (n—2)v/3}, the restriction of ¢ to {|z| <n -2}
has a C,-quasiconformal extension y: C — C with

(2.2) y(00) = 00
Let
(2.3) m = m(n) = [n ; 3] — the integer part of ; 3

Then all circles of H,, lie in {|z| < n—2}; it follows that ¥ equals ¢ on
the union of interstices and disks bounded by circles of H,, . Particularly,
y is conformal on the union 7, of interstices bounded by the circles of
H

-
For any circle ¢ in C, we will denote by y, the inversion on c¢. Let
¢ be acircle of H, , let A be the disk bounded by c, and let ¢’ be the
circle of H,'n which corresponds to ¢. Then since ¥ maps ¢ onto ¢’ , we
may replace y|A by y, oy oy A. When this is done for each c€ H, ,

we obtain a C,-quasiconformal mapping 1//1: C — C which is conformal
on

(2.4) I =1 u ( U yc(lm)) :

cEH,,
and maps each circle of
(2.5) H,= | 7.H,\{c}
CEH,
to a corresponding circle of
1
H,= J r.\D.
c'eH,,

Similarly, for each circle ¢ of H,L , let A be the disk it bounds, let ¢’ be

the corresponding circle of H;n' , and replace !//1 |A by 7.0 wlo 7.|A. We

obtain a C,-quasiconformal mapping z,//2 : C — C which is conformal on
2 .

I, = Iran(UceH,'n yc(lrln)) , and maps each circle of H,f, = UceH'." yC(H,L\{c})

to the corresponding circle of H;nz = Uc’eH" Vel (H;nl\{c'}) . Continuing in
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this way, we may find for each k a C,-quasiconformal mapping Wk: C—
C which is conformal on

(2.6) =1y ( U yc(l,’;“)) ,

ceH:!

and maps each circle of

(2.7) Hi = U 7nHE N\

ceH,/;'l

to the corresponding circle of

"k—1
H,= | rH,~\{D.
c'eH,'"k"

It is easy to see that l//k converges to some C,-quasiconformal mapping
f: C — C which is conformal on the set

ok
(2.8) J, =L,
k=1

Note that the set J, is equal to the union of images of I, by the elements
of the Schottky group G,, generated by the inversions 7., ¢ € H, . This
implies particularly that y(J,)=J,, for y€G,, .

From (2.2), we see that y/l(O) =Vq0¥0 yCO(O) = ycé(oo) is the center
of ¢,. We may normalize H, so that ¢, = ¢, = the unit circle, and ¢
is tangent to c; at 1. Then 1//1(0) =0 and y(1) = 1, from which it
follows that !//k(O) =0 Vk > 2 and hence that

(2.9) f(0)=0.
On the other hand, f (eie) = y/k(eia) = a//(ew) for any 6 € R, particularly,
(2.10) f)=y(1)=1

The following lemma gives a critical estimate on the measure of the set
D\J,, . Its proof will be given in §3.
Lemma 2.2. For each positive integer m we have

(2.11) ID\J, | < C,/m",

where | -| denotes the Lebesgue measure in the plane.
Consider the restriction on the unit disk D of f, still denoted by f.
Then f is a C,-quasiconformal self-homeomorphism of D. We wish
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to show that f (and hence y ) restricted to the unit circle 9D = ¢, is
O(1/n)-close to the identity id. The following is an argument based on
an idea of Dennis Sullivan. Consider the Riemann sphere C = C U {oo}
endowed with the spherical metric induced by stereographic projection.
Define F: C — C by “doubling” f:

(2.12) F(z) = { f(2) if |z < 1,

/777 iflz] > 1.

Then F isa C,-quasiconformal self-homeomorphism of C. By (2.9) and
(2.10), F fixes 0, 1, and oco. On the other hand, Lemma 2.2 implies
that F is conformal except on a subset of spherical area < O(1/ m* ).
Take a point z, in C whose spherical distance from 0, 1, and oo
is uniformly bounded from below, say > 1/10. Then F maps the four-
punctured sphere ff\{O, 1,00, 2,} onto the four-punctured sphere
C \{0, 1, 00, F(z;)}. These punctured spheres are doubly covered (via
some elliptic functions z;, and =n,) by some four-punctured tori 7; and
T,, respectively. Then F lifts to a C,-quasiconformal homeomorphism
F of T, and T, which is conformal except on the preimage by =z, of
the set of nonconformality of F. This last set also has spherical area
<0(1/ mz) , and the covering mapping 7, behaves like z — z* near each
of the four punctures. So, if T, is endowed with the flat metric of to-

1
tal volume uniformly bounded from above, the area of the subset of T

where F fails to be conformal is bounded by (O(1/ m? ))]/ 2= o(l/m).

Let {, and {, be the conformal moduli of 7, and T, respectively.
Then we may identify Tj with C/(z~z+1~2+ Cj), j=1,2. Since
z,, is bounded away from 0, 1, and oo, {; should fall into a compact
subset of the upper half-plane. We claim that

(2.13) 16 = &I <0(1/m).

In fact, let F: C — C betheliftof F: T, — T,. Then F(z+1) = F(z)+1
and F(z+{,)=F(z)+{,. Let K: C—[1, C,] be the pointwise linear
dilatation of F . Then we have

~ ~ 1 o
1=F(iy+ 1)—F(iy)=/ g(x-kiy)dx
0

ox
e
S/aF
0

E(X + lj/)

1
dx < / K(x + iy)l/zJ(x + iy)l/zdx,
0
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where J(x + iy) denotes the Jacobian of F as a function from R’ to
R’. Integrate the above inequality over y € [0, y,], where y, = Im({,).
We get

y 1
» 5/ '/ K5 axdy = [ k7257?44
o Jo T,

Using the Schwarz inequality, we obtain

yfg/jfT KdA//T JdA=//TKdA-Area(T2)=//TKdA-(Im(Cl)).

Recall that K =1 on T, except on a subset of area < O(1/m). Therefore
// KdA=AreaT, +//(K “1)dA < Im((,) + (C, — 1)O(1/m),
Tl

which implies

Im(¢,)* = y2 < [Im(¢,) + O(1/m)]- Im(L,).

As Im({;) € (0, co) lies on a compact subset, we obtain

(2.14) Im({,) <Im{, + O(1/m).
Similarly, let o, and a, be integers. Then
VoF(x +tla, +a.l
'al+a2C1|S/0 ( (6tl 2 1)) dt

1
2
<o, +aZC1|/O K(x + tla, +ayl,)"
T (x +t(a, +ay)) 2 dt.
Integrating this inequality over x [[0, 1] yields
1
|a,+azcz|g|al+azcl|/o /0 K(x +t(a + ayt,)"

J(x + tay +a,,) P drdx.
Then by the Schwarz inequality, we find

1 1
|al+azcz|25|a,+a2¢l|2/o /0 K(x + tay + ayL,)) dt dx
1 1
/ [ J(x + ta, +ayl,)) didx
0 Jo

2Im(y) !
= |a, + a,{| m/() /0 K(x +t(a, +a,()))dtdx.
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Therefore

2 2Im({,)
|a1+a2C2| §|al+a2C1[ m(l+0(l/m)),
which implies

o, + 0,07 Jay + oyl
Im({,) ~— Im(()

Note that (2.15) holds for any rationals «, and a, and hence for any o,
a, € R. Take o, = —Re({;), o, =1, and obtain

Im(¢,) < Im(¢))(1+ O(1/m)),
which together with (2.14) yields
(2.16) | Im({,) — Im(¢,)| < O(1/m).
Thus using (2.16), from (2.15) we deduce that

(2.15)

(1+0(1/m)).

oy + @y01" < ey + 0,8y (1+0(1/m)),

which together with (2.16) implies |{, — {,| < O(1/m).

Since z, and F(z,) depend smoothly (in fact analytically) on {, and
¢, respectively, from the closeness of {, and {, we obtain |F(z))—z,| <
O(1/m). Taking z, = —1, we get

(2.17) [F(-1) = (=D < 0(1/m).

Now let z, be an arbitrary point on C.If z, is bounded away from
0, 1,00, we have shown that |F(z,) — zy| < O(1/m). Butif z; is
close to one of the points 0, 1, or oo, say 0, then we may apply the
above argument to the four-punctured spheres é\{—l , 1,00, z,} and
@\{F(—l), 1, 00, F(z,)} to conclude that the cross ratio of (F(-1), 1,
00, F(z,)) is O(1/m)-close to the cross ratio of (-1, 1, 00, z;), a fact
which implies |F(z)) — z,| < O(1/m) by (2.17). In this way, we con-
clude that F is O(1/m)-close to the identity, and f is O(1/m)-close to
the identity. Therefore, y is O(1/m)-close to the identity on ¢, and
s, < O(1/m). Since m ~ n/2, the estimate follows.

Remark 1. There is an obvious lower bound for s, . First note that
2n + 2 lies in the unbounded component in the complement of the union
of circles of H, . The Mébius transformation

L Antz-1
2n+1) -z
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sends 2n + 2 to oo, and hence g(H,) is a circle packing in C combina-
torially equivalent to H, . By (2.1),

radius(g(c,))
Sn = Tadius(g(c,))

b

where we recall that ¢, = {|z—-2| =1} and ¢, = {|z+ 2| = 1}. A direct
computation yields
16n + 16
S0 2 5
4n° -1
This shows that the O(1/n)-estimate for s, is best possible.

By our estimate on s, , we obtain (see [6]):

Corollary 2.3.  The circle packing solutions f, to the Riemann mapping
given in [7] have derivatives which converge uniformly on compact subsets
to the derivatives of the Riemann mapping.

Remark 2. From the structure of the subset of D where f: D — D
fails to be conformal, one can prove that there is a Mobius transformation
h of the unit disk such that ho f is O(1/ nz)-close to the identity, which
is stronger than the O(1/n)-closeness. This fact leads us to conjecture
the circle packing solution f, of [7] has “second derivatives” defined in
an appropriate sense, and they converge to the second derivatives of the
Riemann mapping. This would lead to the discovery of the (existence and

the) value of lim,_,  ns, .

>4/n.

3. Estimation of [D\J, |

In this section we prove
Lemma 3.1. For any (not necessarily orientation preserving) Mdbius
transformation h of the unit disk D, we have

(3.1) ID\h(J,,)| < Cy/m”.

Taking 4 =id in (3.1), we obtain Lemma 2.2.

We begin with

Lemma 3.2. There is some 6, > 0 such that for any Mébius transfor-
mation h of D we have

(3.2) |h(J)| = 6,7

Proof. First, observe that the disk A i+l bounded by the circle [
passing through ¢,Nc;, ¢yNc¢;,,,and ¢;Nc; isin J; (see Figure 1, next
page). This follows from the fact that on the disk A, .., the Fuschian

group generated by the inversions Veys Voo Ve, has the interstice bounded
J J+
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FIGURE 1

by the circles ¢, ¢ and Ciyp asa fundamental domain. Thus, after
applying a Mobius transformation # of D, at least one image of the arcs
N Aj j+1 ON 0D has length at least #/3. Then the image by 4 of at
least one of the regions DNA a1 € DN J, has area bounded from below
since €t is orthogonal to ¢,. This implies (3.2). q.e.d.

Consider the Schottky group G, generated by the inversions y,, ¢ €
H,. Let U, be the complement in C of the union of I , and the disks
bounded by the circles of H,. Then I, UU, is a finite-sided fundamental
domain for G, and, by [2], the limit set of G, has measure zero. It
follows particularly that for any Mébius transformation # of D, we have

U @nhogr))

8€G,

But UgeGl g(1,) = J,, hence

+ Y IDNhog(U)|=r.
heG,

IDNh(J)I+ Y IDNhog(U)| =m.
g€G,

Using Lemma 3.2, this implies that

(3.3) > IDnhog(U)| < (1-6y)m.
8€G,

Lemma 3.1 will be proved by induction on m, with C; to be deter-
mined at the end of the proof. Obviously, (3.1) holds for m = 1, 2 if
we choose C; > 4m. Now assume that (3.1) holds for m </ —1. As
J, is invariant by the maps of G, 2 G,, D\h(J,) = h(D\J)) is equal
(up to a measure zero subset) to the disjoint union of DN A(g(U,)\J)) =
h(DNg(U\J))), g € G,. But for g € G, we have either g(U;) C D or
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gU)nD=ya,so
(3.4) ID\R(J)l = Y |hog(U\J).

g€G,
g(U))CD

On the other hand, (3.3) means that
(3.5) > lhog(U)l<(1-d,)m
P4
g(U)ch
So (3.1) follows if we prove
hogUNI . G
lhog(U)l = m(1 -6,/

(3.6)

for suitably chosen Cj. This is the goal of the next lemma.

Lemma 3.3. Let | > 3. Suppose there is some C; > 1 so that (3.1)
holds for any m <[ — 2. Then for any Mobius transformation y which
maps U, to a bounded subset of C, we have

MRS 9 N G,
UL = (1= T=8,72)**  n(1-6,/2)I

Proof. U, is the union of I)\I,, the disks A bounded by circles of
H)\H, and the unbounded connected component U, in the complement
of the circles of H,. Define the “density” function n,: »(U;) = [0, 1] by

(3.7)

0 if zey(I\I)),
n,(z) =4 [7@A\J)/|r(A)] if ze€y(A), 0Ae H\H,,
1 if ze y(U).
Then
(3.8) (U \J / / (2)dxdy.
[»(U Uyl y(U)

Let A be a disk bounded by some circle ¢ = 0A of H, — H,_,, 2 <
k <1-1, and let z, be its center. Since the / — k generations of the
circle packing H, about JA is the translation z,+H,_,, z,+J,_, C J,.
Then by (3.1) for m=1—-k (<[/-2), we have

&

P(A\J))| < m
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So if we define n: U, — [0, 1] by

0 ifzel -1,
n(z) = min(C,/n(l —k)*, 1) ifz€A dAeH, —H,_,,
2<k<i-1,
1 if ze Uyu(UA), 8A€ H, - H,_,,

then 7,(z) <n(»™'(2)) Yz e (V).
If zeA, A€ H\H, |, 2<k <I-1,then |z| >kV3-1>k,and
thus
C C
: 2 < : +72°
n(l—k)"  =wl(l—|z])7]

where j* = max(j, 0). Let p: U — [0, 1] be the following function:

— p(lz) = min [ — &
) ) = o) = min <n[(1 RETR 1) |

Then n < p on U,, and hence
(3.10) n,<noy” <poyl(2).

Let V = {|z| > 3}U{oco}. Then V' C U, ,andforany ze U\V, Z' eV,
we have

C '
<min| —232—,1] <p(2).
p(z) < m(n(l_3)2 ) p(z)
Therefore

1 -1 1 -1
311 ——// dxdy < —— 1) dx dy.
(3.11) BGA] y(Ul)poy (z)dxdy 071 W)poy (t)dxdy

By (3.8), (3.10), and (3.11), we obtain

NCAVA I -
FGAl S|y<V>|//y(V)” v (2)dxdy.

We will prove
(3.12)

1 / —1 9 C3
P ° z)dxdy <
IﬂVﬂymp vy (2) y <

(1-/T= 2/2)212+7z(1—62/2)12
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and hence (3.7) holds. For this, consider first the special case y = y,: V —
D, y,(z)=3/z. Then,

1 —1
—_— dxd
17,0 V)|//y porn axdy

= [f,m ( 3/1 D )dm
l//{|z|<3/1 =3,/ 1 dxdy

+_// Cydxdy
(1(=/T=8,2)<lz1<1y 7[(l = 3/|z]) T

9 1 C
< +—//—3——d dy.
A—via2)l 2lha—spr®®

Thus (3.12) holds for y = y,. For an arbitrary y, as y(U;,) 2 y(V) is
bounded, we may assume (after composing y with an affine mapping) that
yV)=D. Let h=y, oy~', and let Py = poyl_1 . Then & is a Mobius
transformation of D, and po y = (po yl_l) oh = p, oh. The function
p,: D — [0, 1] depends only on |z| and is nonincreasing in |z|. Thus
(3.12) (and hence (3.7)) follows by the following lemma.

Lemma 34. Let p,(z) = p,(|z|): D — [0, 1] be a function which de-
pends only on |z| and is nonincreasing in |z|. For any Mobius transfor-
mation h of D, we have

(3.13) /Dploh(z)dxdys/Dpl(z)dxdy.

Proof. Since h'l({|z| < r}) has (Euclidean) radius < r for any r €
(0, 1], we deduce that (3.13) holds for the characteristic functions of disks
centered at 0, and hence for their linear combinations with positive coeffi-
cients. But any function p, described in the lemma can be approximated
in L'-norm by these linear combinations, so (3.13) holds for p, .

Proof of Lemma 3.1. Let

(3.14) C3=max{47z, 187!(1—52)(1—52/2)}.

(1-/T1=9,72)%,
Then (3.1) is trivial for m < 2. Let / > 3, and assume that (3.1) holds
for m < [. We prove it holds for m = /. By Lemma 3.3 and (3.14), we
obtain (3.6), which implies (3.1) in virtue of (3.4) and (3.95).

Remark. Let G_ be the Schottky group generated by inversions on
the circles of the infinite regular hexagonal circle packing H_ =52, H,, .
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Then it is clear that G is a Kleinian group with a fundamental domain
I formed by all interstices bounded by the circles of H_ . Clearly J, C
Uher g(I ) and by Lemma 3.1 we deduce that |C\ UgGGoo g1 )| =0,
so the limit set of G_ has measure zero. More generally, let P be any
circle packing on the sphere C which satisfies the following conditions:

(i) there is no circle of P lying in the interstice bounded by any three
mutually tangent circles of P and,

(ii) the circles of P which are tangent to any given circle of P form a
closed chain and their number is bounded by some uniform constant.

Let G be the Schottky group generated by the inversions on the circles
of P. Then the limit set of G has measure zero. To prove this fact, let J
be the complement (in é) of the union of the disjoint disks bounded by
circles of P. Clearly I is a nonvoid fundamental domain for G. By an
argument similar to the proof of Lemma 3.2, we may deduce that for any
Mobius transformation #, the measure of the image by 4 of | ecc 8 ) in
any disk bounded by a circle of P has a positive ratio uniformly bounded
away from zero. But any limit point of G lies in infinitely many images
of these disks by the elements of G, and therefore any limit point is not
a Lebesgue point for the limit set. So the limit set has measure zero. It is
worth pointing out that condition (i) is essential, as is shown by the fact
that the limit set of the Apollonian packing has full measure on s2.

4. Globally uniform convergence of quasiconformal mappings

Consider a sequence of C-quasiconformal mappings f,: Q, — Q; ,
where C > 1, and Q, and Q'n are some sequences of (open) Jordan
domains in C converging in the sense of Carathéodory to some Jordan
domains Q and Q' respectively. Suppose that S, converges uniformly
on compact subsets of Q to some quasiconformal mapping f: Q — Q'
and the complex dilations 4, of f, converge almost everywhere pointwise
to the complex dilation 4 of f. One would ask under what conditions
does f, converge globally uniformly to f? Here, the globally uniform
convergence of f means that for any ¢ > 0, there is some n(e) and
d(e) > 0 such that forany n > n(e), z€Q,,and w € Q with |z -w| <
d(e), we have

(4.1) 1£,(2) = f(w)| <e.
If f,:Q, — Q; and g,: Q'n — Q  converge globally uniformly to

f:Q-Q and g: Q' —Q respectively, then g,° f, converges globally
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uniformly to go f. If f,:Q, — Q converges to f: Q — Q' which
extends to a homeomorphism between Q and ' , then fn—l: Q - Q
convergesto /11 Q' — Q.

We will give a sufficient condition for the globally uniform convergence
of fn . As a consequence, we will show that in the case of Jordan domains
the mappings f, constructed in [7] converge globally uniformly to the Rie-
mann mapping, and the approximating solutions f; of [4] also converge
globally uniformly to the solution of the Beltrami equation.

For any two Jordan domains €2, and Q, in C , we define the distance
p(Qy, Q) by

(4.2)

Py, Q) = inf{ sup d(w(z), z); v:0Q, — 0Q,
z€0Q,

is an orientation preserving homeomorphism} ,

where d(-, -) denotes the spherical distance between two points of C=
S%. Itis easy to check that p defines a metric on the set of all Jordan
domains of C. Remark that p(Q,, Q) — 0 (so-called “Frechet conver-
gence”) is stronger than Carathéodory convergence. The following lemma
follows immediately by [8, Theorem V1.

Lemmad.l. Let Q and Q be Jordan domains such that p(Q,, Q) —
0,andlet f,: D—Q, and f: D — Q be some conformal mappings such
that f, converges locally uniformly to f. Then f, converges globally
uniformly to f .

Corollary 4.2. Let Q,, Q,, Q, and Q' be some Jordan domains
such that p(Q,, Q) — 0 and p(Q;, Q') - 0. Then any sequence of
conformal mappings f,: Q, — Q’n which converges locally uniformly to
some conformal mapping f: Q — Q' converges globally uniformly to f.

Proof. Let g,: D —Q, and g: D — Q be some conformal mappings
such that g(0) # oo, 9,¢(0) > 0, g,(0) — g(0), and 9,g,(0) > 0.
Then g, converges locally to g. Since p(Q,, Q) — 0, it follows that
Lemma 4.1 that g, converges globally uniformly to g. As g is a con-
formal homeomorphism between Jordan domains, g extends to a home-
omorphism of D and Q, so g, ! converges uniformly to g_1 .

On the other hand, the mappings f, o g,: D — Q’n converge locally to

fog,and p(Q,, Q) — 0. Again by Lemma 4.1 we deduce that f, o g,

converges globally uniformly to fog. So f, =(f,08,)°¢&, ! converges

globally uniformly to /. q.e.d.
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The main result of this section is the following:

Theorem 4.3. Let Q , Q’n , Q, and Q' be Jordan domains such that
p(Q,, Q) — 0 and p(Q,, Q) — 0. Let f,:Q, — Q) be a sequence of
C-quasiconformal homeomorphisins which converges locally to a quasicon-
formal homeomorphism f: Q — Q. If the complex dilations A, of f,
converge almost everywhere pointwise to the complex dilation A of f, then
f,, converges globally uniformly to f.

Proof. We may assume without loss of generality that all domains Q,_,
Q , Q,and Q' are contained in some disk, say the unit disk D. Define
Ky 1 C—{|C] <1} by
{ A(z) ifzeQ,,

Hn(2) = 0 otherwise,
and
(2) { Az) ifzeQ,
Z) =
a 0 otherwise,

respectively. Then since 4,(z) — A(z) almost everywhere z € Q and
l4,ll <1, we deduce that for any p > 2,

@) -l = ([ L1 npdxdy)'/p—»o.

Define for each p > 2 the operators P: L(C; C) — C'~*?(C; C) and
T:LP(C;C)— L°(C;C) by

(Ph)(¢ =——/ h()(——;)dxdy

and
sdxdy.

(TH)(E) = 0(Ph)(¢) = lim ~~ /[| s

It is well known that ||T|, =1 and ||T|(17 — 1 for p— 2 (see [11, [3]).

Fix some p > 2 small enough so that ||T||p||,uh||°° are uniformly
bounded by a constant smaller than 1. For any complex dilation u €
L*™(C; C), denote by h* € L(C; C) the solution to

(4.4) b = T(uh") + Tu.

By [1, p. 90-92], & exists and is unique, and the mapping f*(z) = z +
P(u(h* +1))(z) is a quasiconformal homeomorphism of C with complex
dilation u. We have

o_f*=uh"+1) and o, f*=h"+1.
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Now let h, = h"", h="h", g = f*,and g = f*. Then

0,(8,(z) — g(t)) =h,—h
and

05(8,(2) — &(2)) = u,h, — ph.

But as u, — u in L’(C,C) we have h, — h in L°(C,C). Then
0,(8,(z)—g(z)) —» 0 in L?(C, C). On the other hand, g,(0)— g(0) =0.
Hence g, converges to g in C'"*"(D) and g e C'” 2/” (D). This im-
plies that gnlﬁ converges globally uniformly to g|D. By the assump-
tion p(Q,, Q) — 0, it follows that p(g,(R2,), g(Q)) — 0. Let A, =
fo8 '1g,(Q,) —» Q) andlet h=fog ™ ': g(Q) — Q. Clearly h, is
a sequence of conformal mappings which converges locally to 4. Using
Corollary 4.2, we deduce that s, converges globally uniformly to 4. So
f,, = ho g, converges globally uniformly to f.

Corollary 4.4. (i) Suppose R is a Jordan domain. The circle packing
solutions f, of [7] converge globally uniformly to the Riemann mapping.

(ii) The approximating solutions fs;: Q — C of [4] converge globally
uniformly to the solution of the Beltrami equation.

Proof. (i) It is shown in [7] that f,: R, = |T,| = D, = |TB' | converges
uniformly on compact subsets to the Riemann mapping f: R — D, and
the complex dilations of f, converge almost everywhere pointwise to 0.
On the other hand, since R is a Jordan domain, R can be approximated
(in the p-metric) by polyhedral domains. From the construction of R, it
is then easy to show that p(R,, R) — 0. Similarly, by the Length-Area
Lemma of [7], we have p(D,, D) — 0. We may apply Theorem 4.3 to
conclude that f, converges globally uniformly to f.

(i1) As Q is a Jordan domain in C, from the construction of ﬁa it
is elementary to show that p(Q;, Q) — 0. As in the proof of (i), we
have p(Ds, D) — 0, where D; =f;(Q and f; = f4|Q As f' Q; —
D; converges locally uniformly to the solution f of the Beltrami equa-
tion and their complex dilations converge to A (see [4]), we conclude
from Theorem 4.3 that j;' (and hence f;) converge globally uniformly
to f. q.ed.

The conditions of Theorem 4.3 are quite general. In fact, it can be
shown directly that: If f:Q — Q’n converges globally uniformly to
f:Q— Q' then p(Q,, Q) — 0 implies p(Q;, Q) — 0. In particular, if
Q, = Q for all n, then the globally uniform convergence of f, implies
p(Q; ,Q)—0.
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