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NECESSARY CONDITIONS FOR LOCAL
SUBELLIPTICITY OF O, ON CR MANIFOLDS

RICARDO L. DIAZ

1. Introduction

This paper presents a proof that a certain geometric condition on a pseudo-
convex C R manifold is necessary for a subelliptic estimate to hold for O, for
tangential (0, ¢)-forms. This work extends previous results which applied only
to pseudoconvex boundaries in C" [3]. These results have as their archetype
the conditions that Catlin proved are necessary for subellipticity of the 0-
Neumann problem for pseudoconvex open subdomains of C" [1, Theorem 3].
Sufficient conditions for subellipticity of (J, on pseudoconvex CR-manifolds
are presented in [6]. Subellipticity of the d-Neumann problem on pseudocon-
vex subdomains of C™ is discussed in [5] and [2]. Necessary conditions for
subellipticity of the d-Neumann problem on nonpseudoconvex subdomains of
C™ appear in [4, Theorem 4.2].

1.1. Terminology and notation. Let M be a smooth compact man-
ifold of real dimension (2n — 1). A codimension-1 CR structure for M is a
vector subbundle T°! of the complexified tangent bundle with the following
properties:

(i) the complex rank of 70! is (n — 1);
(i) 79 N T = {0};

(iii) if the vectorfields Ly, Ly are local sections of 70!, then the Lie bracket
vectorfield [L;, L] is also a section of T%:1.

There exists a nonvanishing imaginary 1-form 7 on M uniquely determined
up to multiplication by a nonvanishing real function by the condition that 7
annihilates TO! + T>'. The CR structure on M shall be assumed to be
pseudoconvex, which means that (r,[L,L]) is a semi-definite Hermitian form
on TV x TOL,

Given a point pp € M, a germ at py of a CR imbedding into C™ consists
of an n-tuple (21, , 2,) of functions defined on some neighborhood U of po
with the properties that
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(1) fzj = 0 for every section L of T9! defined near py and for every
J€{1,--,n};

(ii) 2: M NU — C" is an imbedding into C™.

The imbedding is said to be almost-CR if (i) is replaced by the condition
that Lz; vanishes to infinite order at py. The bold-faced letter M denotes the
image of M by a germ of an almost-CR imbedding.

The tangential Cauchy-Riemann complex associated to a CR manifold is
defined in §5.4. The second-order, linear, nonelliptic differential operator O,
associated to this complex is defined in §7.1. The L2-Sobolev space of order
€, and subelliptic estimates of order ¢ for [J;, are discussed in §7.2.

The symbol By,(a,r) denotes the m-dimensional ball of radius r centered
at a.

1.2. Statement of results. If M is a compact manifold of real dimen-
sion 2n — 1 that carries a codimension 1 C'R structure, then at every point
po € M there exists a germ of an almost-C R imbedding of M into C" as a
real hypersurface M. Let 2(py) denote the imbedded image of po. Theorem
(7.9.3) below asserts that that if M is holomorphically flat in dimension ¢ of
order at least n at z(pg), then a subelliptic Sobolev estimate of order ¢ does
not hold for OJ, on tangential (0, q) forms on any open set containing po for
any value of € > 1/n. Here holomorphic flatness of order n in dimension q
means that there exists a sequence of patches of ¢g-dimensional holomorphic
submanifolds of C” shrinking to the imbedded point 2(pg) € M such that the
distance from each point on the submanifold to M is no more than & (diame-
ter of patch 7). Catlin 1, Theorem 2] has proved that this condition is implied
by the condition that some g-dimensional complex manifold makes contact of
order at least n with M at 2(pg). Our results are based on the assumption
that the global L2-theory for (J, has been established for the pseudoconvex
CR manifold M in a sense made precise in §7.2.

1.3. Organization of text. §2 summarizes properties of almost-CR
imbeddings. The intrinsic nature of the criterion for holomorphic flatness,
which ostensibly depends on the choice of the imbedding of the abstract CR
manifold M as a hypersurface M is discussed in §3. In §3, it is also shown
that M can be approximated by pseudoconvex hypersurfaces in C™, and that
there exist holomorphic functions defined essentially on one side of M whose
derivatives grow at a prescribed rate as one approaches M. §4 presents a sim-
ple Green’s formula for the positive currents represented by integration over
complex g-dimensional submanifolds of an open subdomain in C™. We use the
formula to express the integral of a holomorphic function over a g-dimensional
complex submanifold in terms of an interior integral and a boundary integral
on the hypersurface M. In §5 the integral over the g-dimensional complex
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submanifold is minorized by a certain power of the distance of the subman-
ifold to M. §6 shows that the interior integral is less important than the
boundary integral, and that the main part of the boundary integrand can be
approximated by a 0p-closed g-form on M. Finally, in §7 we show that an
e-subelliptic estimate for OJ, yields an upper bound for the boundary integral.
Comparison of the lower bound derived in §5 with the upper bound of §7
provides the conclusion that € < 1/7.

2. Almost-CR imbeddings of an abstract CR manifold

2.1. The following properties of almost-CR imbeddings can be proved
using standard arguments with formal power series.

(2.1.1) Proposition. Let M be a manifold of real dimension 2n — 1
which carries a codimension one CR structure. Let pg € M. There exist n
smooth complez-valued functions (21 ...2,) defined on some neighborhood of
po such that

(2.1.2) local coordinates are provided near pp by the real and imaginary
parts of the first n — 1 functions, and by the real part of z;

(2.1.3) each of the complez-valued functions is annihilated to infinite or-
der at po by the antiholomorphic vectorfields associated to the abstract CR
structure of M;

(2.1.4) in terms of the function p = Im 2z, which is functionally dependent
on the local coordinates of (2.1.2), the n — 1 vectorfields

(9p/071) ] 9

A ___3__+ A Sl o ek VAN [
17 8z | |1-14(0p/02s) | 0zn’

(2.1.5)

Lot = g+ (001 |
" 9%,y | |1-14(8p/0z,) ] Oz,

agree to infinite order at po with a set of local generators for the local sections
of the abstract CR structure M.

(2.1.8) Proposition. Let z = (21,22, ,2n) and ¢ = (¢1,62," " 1¢n)
be two n-tuples of complez-valued functions defined on a neighborhood in M
of po € M such that (2.1.2) and (2.1.3) hold true for both sets of functions.
There exists a local diffeomorphism ® of C" such that ® satisfies

(2.1.7) ® is defined on an open subset of C™*! that contains zo;
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(2.1.8) O® vanishes to infinite order at zp;
(2.1.9) ¢ — ®*(z) vanishes to infinite order at po.

3. Order of contact of asymptotically holomorphic submanifolds

3.1. Invariant descriptions of holomorphic flatness. In this section
we introduce a test which detects holomorphic flatness of a hypersurface in
C". A hypersurface is holomorphically flat in dimension ¢ at a given point
on the hypersurface if there exists any sequence of essentially holomorphic, ¢-
dimensional patches of submanifolds of C™ that shrink to the given point and
that have large diameter in comparison to their distance to the hypersurface.
Catlin formulated a precise criterion based on this notion in [1]. The purpose
of this section is to modify his criterion to create a test which is manifestly
invariant not merely under biholomorphic transformations, but also under
the broader class of transformations which are 9-closed to infinite order at
the given point on the hypersurface.

(3.1.1) Definition. Let {r,, }3°_, be a sequence of positive real numbers.
For each ball Byg(0,7,) C CY, let Gy : Bag(0,7m) — C™ be a smooth map.
The image Gy, (B2¢(0,7m)) = Vi C C™ is a subset of C™ parametrized by
Gm. Call the sequence {V,,}3°_, admissible if the sequences {r,,}5°_; and
{Gm}3_, satisfy the following conditions:

(3.1.2) (Shrinking of radii).

lim r,, =0.
m—0o0

(3.1.3) (Uniform Lipschitz control). There exists a constant C' < oo such
that for every m and every uy,ug € Bag(0,7m),

|Gm(“1) - Gm(u2)l

lur — ug|

<C.

(3.1.4) (Uniform nondegeneracy of immersions). There exists a constant
¢ > 0 such that for every m

c< E |G (d2f AdzT)||?  at the center of the ball Ba,(0,7m).
[I|=q

(3.1.5) (Asymptotic holomorphicity). For every positive integer N there
exists Cy such that for every m

18Gm || Lo (Bag(0,rm)) < CNTm-

(3.1.6) (Controlled convergence to limit point). There exist a 2o € C",
o > 0, and C such that for every m

|20 — Gm(0)] £ CT%,.
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(3.1.7) Definition. Let r be a smooth real-valued defining function for the
germ at zp of a hypersurface M C C”. Suppose that dr # 0 at 2. Suppose
that {V;n}5°_, is an admissible sequence whose limit point is 29. The order of
contact of {V,,}2°_; with M is said to be at least 7 if there exists a constant
C such that for all sufficiently large m

(3.1.8) sup |r(z)| < CrlL.
2€EV,

Of course, the preceding definition is independent of the particular non-
degenerate defining function r for M. The existence of a sequence {V;,}%_,
whose order of contact with a hypersurface is at least 7 is also invariant under
certain coordinate changes. One can prove the following invariance property.

(3.1.9) Proposition. Let {V,,}°_; be an admissible sequence converg-
ing to zo. Let ® be the germ at 2o of a diffeomorphism of C™ such that 0® van-
ishes to infinite order at zo. Then {rm}X_;, {P oGy B(0,ry) — C*}2_,,
determine an admissible sequence {®(V,,)}°_; whose limit point is ®(z).
Furthermore, if there is a germ at zo of a hypersurface M with which {Vi, }33_,
makes contact of order at least n, then the image sequence {®(Vyn)}X_; makes
contact of order at least n with ®(M).

3.2. Transition to holomorphic submanifolds. Many computations
are simplified by the observation that it is possible to modify the sequence
of asymptotically holomorphic submanifolds to obtain a similar sequence of
submanifolds which are, however, actually holomorphic.

(3.2.1) Proposition. Let {Vi,}°_; be an admissible sequence whose
order of contact with the hypersurface M at zg is at least n. There exists an
admissible sequence of complex submanifolds {V,, }3°_, whose order of contact
with M at zg is at least 1.

Proof. Define V}}, as the image of a holomorphic map G}, : B24(0, 7 /2) —
C", where G, is the Bergman projection of G,,. Standard mapping prop-
erties of the Bergman projection for the unit ball in C? yield the estimates
(3.1.3)—(3.1.4) for G,.

One advantage of dealing with complex submanifolds such as those gen-
erated by Proposition (3.2.1) is that the analytic implicit function theorem
provides a lower bound on the diameter of the patches of ¢g-dimensional com-
plex subspaces of C™ over which the submanifolds may be regarded as graphs.
Passing to a subsequence of {V,) }%_, if necessary, one can use the condition
on uniform nondegeneracy of immersions (3.1.4) to show that there exist a
multi-index I and a constant ¢ > 0 such that

(3.2.2) ¢ <||Grdz" AdZ!|| at the center of Bag(0,7m/2).
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This condition implies that a portion of V,, can be graphed over the g-
dimensional subspace m = 7 associated to I. To obtain a lower bound on the
size of the patch of the coordinate subspace m over which each submanifold
is graphed, we note that the power series coefficients for the graphing func-
tions can be determined by implicit differentiation of the differential relations
which arise upon solving for the differentials of the n — ¢ dependent coordi-
nate variables on the submanifold. The radius of convergence of such a power
series is minorized by a constant multiple of the radius of convergence of the
power series for the map G’: Byg(0,7,,/2) — C™. The constant multiple in
question can be taken to be the uniform lower bound in (3.2.2) multiplied
by the (2¢)th power of the Lipschitz constant of (3.1.3). Such an argument
proves the following result originally stated by Catlin [1].

(3.2.3) Proposition (Catlin). Let {V,, }5°_, be an admissible sequence
of complex submanifolds, parametrized by maps G, : B24(0,7/2) — C".
Replacing {V,,}5°_, be a subsequence if necessary, one can find a constant
¢ > 0, a complex q-dimensional coordinate subspace © of C™, a sequence of
points {um_, such that u,, € m, and a sequence of holomorphic maps
{Hm: ™ N Bag(um,crm) — m+3_, such that

(3.2.4) the graph of Hy, in C™ = 1 ® 7t is contained in V., and

(3.2.5) there is a Lipschitz bound for Hy,: ™ N Bog(Um,crm) — ©t that is
uniform in m.

Here 71 is the complex (n — g)-dimensional subspace of C™ orthogonal to
.

(3.2.6) Proposition. The complex coordinate subspace w of (3.2.3) can
be chosen perpendicular to the normal vector to M at 2o if {V,,}3%_, makes
contact with M at zo of order n > 1.

Proof. Since n > 1, the tangent plane of V,,, cannot be close to the complex
normal of M.

3.3. Approximation of M by pseudoconvex hypersurfaces. After
a holomorphic, affine coordinate transformation in C™, M can be represented
locally as a graphed hypersurface through zg = 0 € C" of the form

{0=r(2) = -Imz, + p(21,22, "+ ,2n—1,Re 2,)}

with 0 = p(0) = dp(0). The almost-CR imbedding 2: M — C™ will not
necessarily map M to a pseudoconvex hypersurface, but the image M can be
closely approximated by pseudoconvex hypersurfaces.
(3.3.1) Definition. An admissible sequence of graphed pseudoconvex hy-
persurfaces over 0 € C™ consists of
(i) a sequence of (2n—1)-dimensional balls { B2, —1(0, 8,)}3_; in C"~! x
R x {0} for which the radii s,, | 0F;
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(ii) a sequence of graphing functions p,,: Ban—1(0,8m,) — R for which
there is an m-independent Lipschitz bound valid throughout Ba,—1(0, sm);

(iii) a choice of sgn € {—1,1} such that for all sufficiently large m, the
Levi-form of the open subdomain Q,, = {(—ym+pm)sgn < 0} is positive semi-
definite at every boundary point lying in the cylinder C,, = B2,,—1(0, smm) XR.

(3.3.2) Definition. The order of contact of an admissible sequence of
pseudoconvex hypersurfaces with M at 0 is at least N if sup{|r(z)|: z €
Cm NHQ,,} < CsH.

(3.3.3) Proposition. For every s,, | 0 and every positive integer N,
there exists an admissible sequence of pseudoconvez hypersurfaces in C™ whose
order of contact with M at 0 s at least N.

Proof. Set pm = p+ sN(|z1]2 + -+ + |2n-1|%). The existence of an m-
uniform Lipschitz bound for p,, is obvious, as is the fact that the order of
contact with M is at least NV + 2. To prove that the portion of the graph
of pm lying over Bo,_;1(0,s.,) is a pseudoconvex hypersurface, it is conve-
nient to introduce the symbol ¢ as a perturbation parameter, set p(t) = p+
t(lz1]2 4+ - -+ + |2n—1]?), and investigate the semi-definiteness of the matrix
(cjk)(t) = (r(t),[L;(t), Lk(t)]) in which 7(¢) is an imaginary 1-form that an-
nihilates a set of generators {L;(t),- -+ , Ln,_1(t)} for the CR structure induced
by C™ on the hypersurface which is the graph of p(¢). Formula (2.1.5) is an
exact description of such a set of generators for the induced CR structure,
except that in (2.1.5) p must be replaced by p(t). Expanding c;x(t) as a
Taylor series in ¢ gives

¢jk(t) = ¢jk(0) + tc’; 1 (0) + a(t?),

where

¢ = (', [Lj, Til) + (r, (L5, Tel) + (1L, Ti),
in which primes denote derivatives with respect to ¢ evaluated at ¢t = 0. A
simple calculation using (2.1.5) shows that 7(¢) can be taken to be

(3.3.4) 7(t) = —idzn +tO(|21] + - - + |2n_1| + |znl) + O(2);
and that at t =0,
T =0(a]l+ -+ [2n-1] + |2nl);
o = (izi)(1 = 10p/025,) 10/ O n;
(L}, Lk) = 16, k8/0n + O (|21] + - - + |2n—1] + |zn]).

Thus ¢} (0) = 26,k + @ (|z1] + -+ + |zn—1| + |2x]). Inserting this into the
Taylor expansion gives

c]-,k(sﬁ) =¢;k(0) + 23,]:’16j,k + o(sN)
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uniformly in m on Bg,_1(0,sy,). Proposition (2.1.1) implies that in local
coordinates for M the data 7(0), ¢;,x(0) on M which are induced by the com-
plex structure of C™ differ from corresponding data (c;,k)abstract, Tabstract DY
error terms which vanish to infinite order at 0. The Levi-matrix (¢, k)abstract
is semi-definite. Suppose that it is positive semi-definite for the choice of
Tabstract Which is approximated by (3.3.4). In this case, since the error terms
are o(sN) on B2n—1(0, sp),

cjk(sh) > 2506,k +o(sm) >0

for s,, > 0.

If the Levi-matrix of the abstract CR structure is negative semi-definite
for the choice of Tabstract approximated by (3.3.4), simply replace t by —t in
the previous discussion; that is, replace sN by —sN, to obtain a sequence
of negative definite Levi-forms for hypersurfaces in C". In this case choose
sgn € {—1,1} to be —1 to fulfill (3.3.1)(iii).

The preceding theorem implies that M separates the cylinder C,, =
Bsy,—1(0,8,) X R into two open subdomains, at least one of which is well
approximated by pseudoconvex domains in C". Let () denote such a “pseu-
doconvex” side of M.

(3.3.5) Corollary. Let s,, | 0F. For every z € QN By, (0, 5m), and
every positive integer N there exist C) and a function f analytic on QN
B3, (0,8m) such that for every positive integer k there exists Cy so that

(3:36)  1(8/0yn)*f(2)] 2 Cr(Ir(2)| + Civ (sm) ™ * I fll L2 (2N B2 (0,5m))

for an exponent e that depends only on the dimension n.

Proof. Proposition (3.3.3) applied to the sequence {2s,, }5°_; implies that
QNB2n (0, $m) C QNCpy, is contained within a pseudoconvex domain D, C C"
which is obtainable by translating the graph of p,, : Ba,—1(0,2s,,) — R along
the y,-axis a distance d, = Cn(s]) away from (1, and intersecting with
B2,n(0,8m). Apply [1, Lemma 1] to D,, to deduce that for every z € D,
the norm of the continuous linear functional L?(D,,) > f — (8/0yn)* f(2) is
minorized by Ck|y — pm £ dpn|~(¥=¢ for a constant e depending only on n.
This last expression is minorized by Cy(|r(z)| + Cl(sN))~(k—¢).

(3.3.7) Comment. It is clear from the proof of Lemma 1 in [1] that in
(3.3.6) 2 can be replaced by a thickening of €2 by an amount ~ |r(z)| + dp,.
This implies that f can be taken to be smooth on the portion of M that lies
over Cp,. Furthermore, in (3.3.6) the interior L2-norm can be replaced by the
boundary norm || f||z2(mnc,.) for some other value of e.

(3.3.8) Proposition. If {Vi,}X_; = {Gm(B2q(0,rm)}oe—; is an admis-
sible sequence of complex manifolds whose order of contact with M at 0 is at
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least n > 1, then there exists an admissible sequence of graphed pseudoconvex
hypersurfaces {pm : Ban—1(0,8m) — R}°_; such that for every m the associ-
ated pseudoconvex domain Dy, contains a complex manifold V,), belonging to
an admissible sequence {V,,}3°_, whose order of contact with M at 0 s still
at least 7.

Proof. Translate V,, a distance ~ 7}, into (2 along the y,-axis to obtain
a sequence V., for which V,), C ( and inf{|r(2)|: 2 € Viu} ~ r7,. From (3.1.3)
and (3.1.6), sup{dist(z,0): 2 € Vin,} < @(r%) + &(r],) + O (ry) for some
a > 0. Define
(3.3.9) $m =1k, for p < min(a,n,1).

Then the ball By, (0, s,) contains V,,,.

(3.3.10) Corollary. The admissible sequence {V,,,} has the property that
for every z € V), there is an f with the property that for every positive integer
k, there exists Cy > 0 such that

1(8/0yn)* £(2)] = Ciklrm| ™" * | fllL2(@nBan 0.r2))-

Proof. Choose N so large in Proposition (3.3.3) that Np > . With this
N, invoke Corollary (3.3.5). Note that the estimate |r(z)| ~ r}], valid on V,,,
and the estimate s = rBN = o(r7), imply that |r(z)| + @ (s)) ~ 77, for
zeV,.

4. Reproducing formulas via currents

4.1. Let Q be an open subdomain of C™. If zero is a regular value of
the holomorphic map F: ! — C" 7 then V = F~1(0) is a g-dimensional
complex submanifold of {2 C C™. Integration over V of test forms of bidegree
(¢,9) defines a current [V] € 2'(Q,A??) of bidimension (gq,q). Explicitly
Vi) = fv 9.

It is convenient to express [V] in terms of the Bochner-Martinelli form of
C"~4, which is

n—gq
Brq = Cnqgl2| "D N (<1)VZ;d21 A+ ANdZG A AdEng
=1
Adzy A+ Ndzn—g
= 0(Sn_q)-
Here
n—gq -
Sn—q = Cp_gl2| 290 N "dzy AdZI A+ Adz; AdZ A+ Adzp—g AdZn—g
=1

stands for deletion and ¢, g, c;_q are constants.
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(4.1.1) Proposition. For every test form ¢ compactly supported in (0,

[ o= [ F*(Su-a) nT20.

That 13, the following ts an equality in the distribution sense:
(4.1.2) V] = 00F*(Sn—q) = OF*(Bn—,q)-

The following formula includes the correction term that must be incorpo-
rated when supp ¢ extends to bf2.

(4.1.3) Corollary. Let Q be a bounded subdomain of C™. Let ¢ be a
differential form which is smooth up to the boundary of Q1 such that supp NV
€ 1. Then,

(4.1.4) /;/¢=/bn F*(ga',,_q)/\¢+/QF*(£’n_q)/\5¢.

Proof of (4.1.1) and (4.1.3). See [3].

Note how simply (4.1.4) changes under the substitution ¢ — f¢, where f
is any function which is holomorphic on {2 and smooth on b{2. It is instructive
to set

e = fe(21,- -+ ,29)d21 ANdza A~ Ndzg NdZ1 A -+ - A dZg,

where {t9c}e>0 is an approximate identity approaching the delta function
supported on the submanifold 0 = 2; = 2z = - - - = 2,. For every € > 0, 9¢ =
0. Assume that the projection map m: C"® — C9, defined by 7(z1,--- ,2p) =
(21, ,24), is injective when restricted to V'; so that supp ¢ NV approaches
a unique point p = 7~1(0) NV as ¢ — 0. With these assumptions, one
can show that as € — 0, (4.1.4) stabilizes to yield a reproducing formula for
holomorphic functions f:

(4.15) 10)= [ N L C !

We shall use the heuristic principle that (4.1.4) generates a reproducing
formula to link the growth properties of a holomorphic function on a g¢-
dimensional submanifold inside a domain {2 to the boundary analysis of the
differential (g, q) forms ¢, = fipedzy A--- Ad2q AdZ1 A --- AdZ, which are O
closed on b(1.

5. Construction of test forms

5.1. It is necessary to localize the holomorphic functions given by Corollary
(3.3.10) in order to construct test forms ¢y, suitable for pairing with [V;,] as
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in (4.1.4). The dimensions of the region on which each localization occurs
play a crucial role in the subsequent majorization of derivatives of the test
forms.

Let x: R — [0,1] be a smooth cutoff function that satisfies x(¢) = 0 if
|t| > 3 and x(¢) = 1if |t| < &.

(5.1.1) Definition. Let x1,m(21,22,- - ,2¢) = X((z — Um)/crm), Where
Um and cry, are the center and radius of the ball By, = Bag(um,crm) over
which V,, is graphed as in (3.2.3).

(5.1.2) Definition. Let x2,m(2q+1," " »2n) = X(|(Zg+1," " s 2n)|/Sm),
where s, =P, is as in (3.3.9).

Note that x1,m localizes in the first set of ¢ complex variables, and x2.m
localizes in the second set of n — g variables. Also note that although x1,m
localizes to a cylinder whose radius r,, is effectively the diameter of V,,
the cutoff function x2,, localizes to a much larger cylinder of radius &(r%,).
Since p can be chosen to be any sufficiently small positive number satisfying
the estimate in (3.3.9), it follows that derivatives of x2,, are much milder
than derivatives of x1,m.

(5.1.3) Definition. Let Fy,,: B, XxC"~% — C™ be given by Fy, (21, , 2n)
= (2g41," " +2n) — Hm(21," - ,24), where Hy,: B,, — C"~7 represents V,,
as a graph over By, as in (3.2.3).

(5.1.4) Definition. Given w € V,;,, construct f as in Corollary (3.3.10).
For every m and k define

B = [(8/02n)* f1X1,mFr (x2,m)dz AdZ1 A+~ Adzg Az,

(5.1.5) Definition. The basic pairing formula is the identity

[ o= [ FuBu e + [ Fo( oo AT
vy - JM Q

m

This integral identity expresses the natural pairing between a test form
o) and a current [V%] in terms of integrals amenable to boundary analysis.

(5.1.8) Proposition. The basic pairing formula is. valid for all suffi-
ciently large values of m.

Proof. This follows from (4.1.4) under the substitution F' = Fp,, ¢ =
gos,’f), and V = V... One must verify that f is smooth on the closure of
QNsupp x1,m Nsupp Fyr, (x2,m). It suffices to show that Bz, (0, s, /2) contains
SUPP X1,m NSupp Fo (X2,m). If 2= (21, , 2n) € SUPP X1,m Nsupp Fyy, (x2,m)
then (21,22, ,2) € B and Fp(21, -+ ,2n) € suppxz,m. From (5.1.2),



400 RICARDO L. DIAZ

|Frm(2)| £ $8m. From (5.1.3),
|21® = (21, > 2) P + |(2q1, -+ » 20)[?
= l(zl"" ’ZQ)|2 + lFm(z) - Hm(zl" o ’ZQ)|2
< I(zh aZQ)|2 +2|Fm(z)|2 +2|Hm(z1" o ’ZQ)lQ

S 2l(zla e ’anHm(zlv e ’zq))|2 + 2(3m/3)2

But w = (21,22, , 2, Hm(21, - - , 24)) is a point on V;, because (z1,--- ,2q)
€ B,,. It merely remains to show that |w| < o(s,,). From the proof of
(3.3.8) it is clear that |w| < (%) + O (rm) + & (r],) < o(rE, = sp) since
p < min(e, 1,7).

5.2. Minorization of the basic pairing. From (3.2.3), each V), con-
tains a distinguished center point Wy, = (Um, Hm(um)) € C* NV,,.

(5.2.1) Proposition. Let f = fp, be the analytic function of (3.3.10)
assoctated to the point w = wy,. Use this f to define go,(,’f) as in (5.1.4). With
these choices for each k there exists Cx so that uniformly in m

[ o
Vi

for an exponent e dependent only on n.

Proof. The submanifold V,,, is parametrized as the graph of the map
H,,: By, — C" 7 defined by (3.2.3), at least on supp x1,m». Using the fact
that Fy (x2,m) = 1 on 'V, = F,;1(0), pulling back the integral f,,, ©o¥) to Bm
by means of the map Hyp,: By, — V,,,, and using the mean value theorem for
the holomorphic function [(8/02,,)*) fyn] 0 (21, , 2g, Hm (21, - , 24)) yields

> Crrm™®=%29 |l 12 (n B, (02))

~/V <P£,’:) = (a/azn)(k)fm(wm) Xl,m(zly‘ e ,zq)dz1 ANdZi A - 'Adzq/\dzq
m Bm

since x1,, is a radial function. Thus

[ P
VI

m

> I(a/azn)kfm(wm)l"frg

2 Cirr =% fllaanBaa(0rs))  bY (3:3:10).

5.3. Reformulation of the basic pairing. The remainder of the paper
is devoted to majorization of the basic pairing (5.1.5). The dominant term is
the boundary integral on M, which can be majorized when local subelliptic
estimates are valid for (J,. In this section we shall cast this boundary integral
into a form suited to analysis in terms of solutions to the inhomogeneous U,
equation.
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It is important to note that both integrands on the right side of (5.1.5)
contain the maximal holomorphic form (dz)” = dz; Adze A--- Adz, in C™.

(5.3.1) Definition. (i) Let b,_, denote the form of type (0,n —q — 1)
obtained from the Bochner-Martinelli form %,_, in C"~? by suppressing
(dz)"79, so that Bp_q = bp_g Adzy A+~ Ndzp_q.

(i) Let o) = [(8/02n)* flx1.mFih (X2.m)dZ1 A - - A dZ,.

(ifi) Let B = Fy(bnq).

(5.3.2) Comment. Note that ot is of bidegree (0,q) and S, is of
bidegree (0,n — ¢ — 1).

With these definitions, it is easy to rewrite the two integrals on the right
side of (5.1.5). We record the result below.

(5.3.3) Definition. Let Iy and I; be the integrals

Ip = (~1)"*! / 3a® A B A (d2)",
(9]

I = (-1 / oSV A B A (d2)",
M

so that the right side of (5.1.5) equals Iy + I;.

It is useful to note that the kth order derivatives of f which occur in
(5.3.1)(ii) can be replaced by derivatives taken tangentially along the bound-
ary M.

(5.3.4) Definition. Let T denote the vectorfield T = 8/8z, — ¢d/8%n,
where ¢ is chosen so that T annihilates the defining function for M in a
neighborhood of the origin of C™.

(5.3.5) Proposition. The vectorfield T has the following properties:

() 0=Tzy=Tzg=-=T2p_1 =Tz, =Tz = =TZp_y;
(ii) Tzn = 1;

(iii) (8/0zn)Xf = T*f for every holomorphic function defined on some
neighborhood of the origin in C"; and

(iv) T is tangential to M on some neighborhood of the origin.

Proof. These are trivial consequences of the construction of 7. Note that
(i) and (ii) imply (iii).

We shall use properties of Lie differentiation to simplify Iy and I;.

(5.3.6) Notation. The Lie derivative with respect to T shall be written
as . The derivation on the exterior algebra of differential forms given by
contraction with T shall be written as T'V.

(5.3.7) Proposition (Integration by parts identities). For all forms w,w’
of arbitrary degree

(i) Zw= (T Vdw)+d(T Vw),
(ii) [£7,d] =0, and
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(ill) ZZ(WAW) =FwAw' +wA L'

If wan—1 is a top-order form on M compactly supported where T s defined,
then

(iv) fM L7 (wan—1) =0.

If way, 13 a top-order form on C™ compactly supported where T 1is defined,
then

(V) fn %’an =0.

Proof of (i)-(v). The first three equations are well known elementary prop-
erties of .#7, and the remaining identities are easy consequences of these
equations. See [3] for details.

(5.3.8) Proposition. The quantity atF) defined by (5.3.1)(ii) satisfies
ol = [Z™*) f1X1,m Fp(X2,m)dZ1 A - N dZq.

Proof. Substitute (5.3.5)(iii) into (5.3.1)(ii).

Thus the coefficient of dz; A - - A dZ, in the expansion of aﬁ,’i) is intrinsic
to M. We now wish to approximate dz; A --- A dZ, by an expression which is
intrinsic to the abstract CR structure of M.

5.4. Comparison of abstract and imbedded CR structures.

(5.4.1) Notation. Given any CR structure of anti-holomorphic vector-
fields on M, one can define a tangential (0,q) form canonically as an equiva-
lence class of differential ¢g-forms in which the null class consists of all annihi-
lators of all g-fold exterior products of sections of the given CR structure. For
each differential g-form v on M, let [©]>? denote this equivalence class, called
the tangential (0, ¢) form associated to . The exterior derivative operator d
induces the tangential Cauchy-Riemann operator dt,, via the formula

Ftan ([¢]™9) = [de]™**,

which is well defined because of the closure property under d of the differential
ideal generated by the null class of 1-forms.

Because our manifold M carries two possibly distinct CR structures, the
preceding notation shall be modified to distinguish between the abstract tan-
gential (0,q) forms and the imbedded (0, ¢) forms which arise from the con-
crete realization of M as a germ of hypersurface M in C". Let ([<p]g’q,5b)
and ([p]a4,Om) denote these two systems.

Note that any Hermitian metric (, ) on the complexified cotangent bun-
dle of M allows one to define distinguished representatives for [go]g“’, [Pl
Bple]>?, and Im(p]% which are orthogonal to their naturally associated
null classes. These shall be denoted by ()%, (), By ()e?, and In()ag
respectively. The brackets and superscripts will be omitted occasionally. Fi-
nally, @ denotes the standard operator acting in C™.
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The following is an elementary property of almost-C R imbeddings.

(5.4.2) Lemma. Let (21, - ,2n) be the coordinate functions in an al-
most CR imbedding of M into C™ at the point po € M. For any metric { , )
and every q € {1,--- ,n—1} there ezist forms o and ¢ such that the following
decomposition holds on a neighborhood of py in M :

(5.43)  dEiAdE A NdZg= (0521 ABpZa A+ ABpZg)0? + o + 0.

Here ¢ is an element of the exterior algebra generated by dz;,--- ,dz,
over the ring of germs at p of smooth complex-valued functions, and ¥ is a
differential ¢g-form that vanishes to infinite order at p.

6. Estimates for Iy and I;

The integrals Iy = Io(m, k) and I; = I;(m, k) which are defined in (5.3.3)
shall be majorized for each k by a sum of powers of 1/r, uniformly in m
as m — oo. Each exponent of 1/r,, depends linearly on k. Because k can
be chosen arbitrarily large, the important exponents are those containing the
largest coefficient of k. Any power of 1/r,, whose exponent has k-coefficient
less than 7, for example, will ultimately prove to be an insignificant, lower
order term because it can be absorbed into the right side of (5.2.1).

6.1. Auxiliary estimates for components of the integrands in Iy, I;.
Here we record useful bounds for components of Iy and I; that do not rely
on subelliptic estimates for (Jp.

(6.1.1) Notation. Let || ||cv (k) denote the semi-norm for functions (or
forms) whose derivatives of all orders not exceeding v are continuous on K
given by

llellc () = sup > ID%¢.

lal<v

In the following we use the notation of §5.1 and let f,, be as in (5.2.1) except
normalized to satisfy || f||.2(qnB,.(0,r%)) = 1-

We set Ry, = supp X1,m N supp Fy,(x2,m) so that supp(ai,’f))g’q C R
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(6.1.2) Lemma. For every v > 0 there exists C, such that the following
estimates hold uniformly in m:

(6.1.3) Ix1,mllcr oy < Cory’,

(6.1.4) Ix2,mllcrmy < Cory,”?,

(6.1.5) 1 Fmllcr (Mnsupp x1.m) < O’

(6.1.6) 1 (x2,m) v (MR < Cp 7P,

(6.1.7) Ifmll o @riFim) < Corm ™",

(6.18)  |IFn(ba—g)llcy (Mnsuppxs.m) S Cor? M +2(r=0) 1]

(619) "F;t(b"—q)“C"(Rmﬁsupp grad F2, (x2.m)) < Cu,'.;lu—p[u+2(n—q)—1],

(6.1.10) 15 (bn—o)llcr (suppxs i) < Cort—Pl2n=0)=1]
(6.1.11) I fllzz(MACn) < Cryt

Comment. Except for (6.1.7) and (6.1.8), these terms are harmless for
large v, in the sense that the coefficient of v in the exponent of (1/r,,) is
strictly less than 7. The constant e depends only on the dimension n of C",
and varies from line to line.

Proof. Estimates (6.1.3)-(6.1.4) follow directly from Definitions (5.1.1)
and (5.1.2).

Estimate (6.1.5) follows from Cauchy estimates on the components of Fy,,
defined by (5.1.3), using the uniform estimate (3.2.5) for the Lipschitz norm
of each component.

Estimate (6.1.6) follows from (6.1.4), (6.1.5), and the chain rule for differ-
entiation [cf. the proof of 6.1.8 below].

Estimate (6.1.7) follows from (3.3.6) and Cauchy estimates for f.

Estimate (6.1.8) can be obtained by first noting that for each multi-index
a,

D*Fy(ba—g) = Y CapFp(DPbn_y),
1BI<]e|
where C, s is a polynomial in the derivatives of Fy,,. If one assigns weight [
to each /th order derivative of F,, then the polynomial C, g is homogeneous
of weighted degree |a|. From (6.1.5) it therefore follows that

sup  |Cap| < Cloyr;n®!  uniformly in m.
MnNsupp x1,m
On the other hand, the homogeneity of the Bochner-Martinelli kernel implies
that D#(b,_,) has coefficients that are homogeneous of (unweighted) degree
—[2(n — q) +|8| — 1]. Pulling back each coordinate differential that occurs in
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bn—q yields an expression that is majorized by the uniform Lipschitz bound
(3.2.5) for F,. Thus

(6.1.12) |D2Fp (bn—g)| < 7)o Z | Py | 12— 0)+181-1]
18]<|e|

To minorize |Fy,(2)| for 2 € M N supp x1,m note that
|[Fm(2)| = [(2g+1," - s 2n) = Hm(21,- -+ , 2¢)| = dist(z,w),

where z = (21, -+ ,2n) € MNsupp x1,m and w = (21, -+ , 2q, Hy(21," - - , 24))
€ V. Thus |Fp,(2)| &~ rl,. Substituting this into (6.1.12) yields (6.1.8).
Estimates (6.1.9)—(6.1.10) are proved by combining (6.1.12) with the lower

bounds
Fon(2)] > { &(rh,) for z € supp X1,m N supp grad Fy, (x2,m),
L o0n) for 2 € supp x1m\ B,

which follow trivially from (5.1.2).

Estimate (6.1.11) follows from (3.3.7) and the normalization condition on
f adopted at the beginning of this section.

6.2. Majorization of I.

(6.2.1) Proposition. The integral Iy = Iy m  defined by (5.3.3) satisfies

Hom k| < CrrlPE=¢l  yniformily in m,

where the exponent e is independent of k and m.
Proof. Recall that

Iy = (-1)"*! /nnR 3% A B A (d2)™,

where agf ) is given by (5.3.8). From type considerations, it is clear that 5a$,’f )

can be replaced by do'®) . Commute % past d by means of (5.3.7)(i1); inte-
grate by parts using (5.3.7) and (5.3.5)(i)—(ii); and then use type considera-
tions once again to replace doiY by 39 = Ix1,mFr (Ox2,m)NdZ1 A+ - - AdZ,.
The result is

tol=| [ al® A0
NRp,

(6.2.2)
< [0 2@ R 1B |l i (supp Fat®) -
Clearly,
1009 L2(@nRm) < 1X1,m fmOFm (X2.m)]llL2(QNRm)
(6.2.3) < N fmllL2(@nRmnsupp grad Fz, (x2.m))

: ”F;z(X'.’,m)”C‘ ’ ”Xl,m”CO-
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The three factors on the right of (6.2.3) can be dominated using (6.1.7) with
v =0, (6.1.4) with » =1, and (6.1.3) with v = 0. This gives

(6.2.4) 18| L2(@nRm) < Crt,s

where e is independent of k£ and m.
The factor in (6.2.2) involving B, = F,(bn—q) can be dominated using

(6.1.9) with v = k, which is applicable because suppgag,?) C suppXi,m N
supp grad F}, (x2,m). The result is

(6.2.5) < Cyrk-plkt2(n-0)-1] - Ckr;l[(1+p)k+e'].

Ilﬂm”c"(suppgaﬁg))

Substituting (6.2.4) and (6.2.5) into (6.2.2) gives (6.2.1).

6.3. Replacement of o, by a tangential (0,q) form. Recall that
0pZ1,00%3, -+ ,0pZn_1 generate the germs at pg of sections of the vector bun-
dle of tangential (0,1) forms associated to the abstract CR structure. Since
the coordinate functions 21, - - - , 2,1 are almost-CR at pg, it is also true that
(0 — Om)2; vanishes to infinite order at pq.

(6.3.1) Proposition. For every positive k and N there exists Cn  such
that the difference between I, defined by (5.3.3), and the integral obtained by
substituting (aﬁ,’f))g’q for (agf))%f, is no larger than Cn kY uniformly in m.

Proof. Clearly the error integral is dominated by the norm in C°(R,,NM)
of

(6.32) () — (al)M
= [0pZ1 AOpZ2 A -+ /\Equ —OMZ1 A AEMEq]fr(r{C)Xl,m-

The norm in C°(R,, N M) of the bracketed factor on the right of (6.3.2) is
majorized by sup,cr_~m Cn(||2]|V) for every choice of N > 0. However,
from the construction of Ry, it is clear that sup,cp, 2| < &(rh,). Thus the
bracketed factor is @ (rN?) = @ (rN') for every N’ > 0.

The right-hand factors in (6.3.2) can be majorized using (6.1.3) by some
negative power of r,,, which is fixed once k is chosen. But since N’ is arbitrary,
the product in (6.3.2) is majorized in the norm of C°(R,, NM) by &(rXN) for
every N > 0.

7. Introduction of [J;

7.1. Notation. Given a Hermitian metric ( , ) on the complexified
cotangent bundle of M, we set

ng) = 5(,5; + 5;5(,,
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where 3, is the adjoint of the operator 9 relative to the L? norm || s Ydom
obtained by extending the Hermitian metric to tangential (0, ) forms on M
for j € {¢—1,9,q9+ 1}. Note that I:I,(,q) is defined for every 0 < g <n—1 as
an operator which maps (0, ¢) forms to (0, g) forms.

7.2. Hypotheses on [J,. We shall assume the following:

(7.2.1) #Z, the orthogonal projection onto ker (J,, has a finite-dimensional
range consisting of C* tangential (0, q) forms on M;

(7.2.2) there exists C < oo such that for every tangential (0,q) form o
which is smooth on M, there exists u € L2(M) satisfying o —# a = Oyu with
llull2ay < CllellL2(ar), so that a = Za + 3,95u + 3,0, u is an orthogonal
decomposition of a in L?(M); and

(7.2.3) O, satisfies at po a subelliptic Sobolev-space estimate of order € > 0
in the sense that for some neighborhood U of po, ||l¢|le < C(”Db@”%z( mt
llll L2 (a)) for all smooth test forms of tangential type (0, ) which are com-
pactly supported within U.

Here [|¢||e denotes the L2-Sobolev norm of order € applied to the coeffi-
cients of the form ¢, defined a local chart for M at pg.

7.3. Introduction of [J, into the boundary integrals. The bound-
ary integral I; defined by (5.3.4) can be linked to .

(7.3.1) Lemma. There ezists an e independent of k and m such that for
every k

(7.32) |Il|=’ | (@39 A (Btm) A e |+ (r )
M

uniformly in m.
Proof. From Proposition (6.3.1),

(7.3.3) L) = [ (@A B A (d2)"| +@(rY) VN >0,
b

where

(0N = (Lo fm]X1,m o (X2,m)P6Z1 A -+ A DbZg
= %[mel,mFr’:;(XZm)gbfl A A gbzq]
(7.34) - mel,m-?’.I!c[Fr:z(XZm)abzl A A Ebzq]a
(since L7 x1,m(21,- - ,22) = 0)
= LN = fnx1mZ (Fr(X2m)Bs71 A+~ N D7y,
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Inserting (7.3.4) into (7.3.3) and integrating parts to simplify the penultimate
term on the right side of (7.3.4) yields

11 = | [ (@099 A BB A (2" + £(r2)

+ / FnX1,m [ LEF (X2.m)06Z1 A - - - A OpZq) A Bm A (d2)™
M

The last expression is majorized by

| fmX1,mll L2 (1) | For (X2,m ) |k (MR ) | Bl O (Msupp X1,m)
<O(r?) - O (r,, k) . @ (1)

by (6.1.7), (6.1.6), and (6.1.8); where e; and e are independent of k and m.
This completes the proof of (7.3.1).

Note that (7.2.3) implies that (I—Z’)(agg))g’q = Optum With ||uml|L2(ar) <
C ||a£2)|| L2(M). Substitute the decomposition
(@)1 = Z(alD))? + Oy = #(2D)? + 80y tm + 3 pum
=Z(0{D)y? + (5 — Om)By Um + OMIpUm + 0y Obtim
into the right side of (7.3.2); multiply the integrand by cut-off functions X ,,

and Fy,(X3,,) which are identically 1 on supp x1,m and supp F,,(x2,m) re-
spectively; and integrate by parts to obtain

(7.3.5) I = / i+ +Jd3+Js+ ﬁ(r;l[(lﬁ-p)kﬁe])’
M

where
(7.3.6) J1 = Jimk = (L Xt For (X, ) Z (@S0)3 %)) A B A (d2)7,
(7.3.7) J2 = Jam i

= (=1)*(@ — Bm) Ty tm) A ZEF Xt m Fon (Xo,m) Bra] A (d2)™,
(7.3.8) Js = J3 m ik = % [aMabum] ABA(d2)",
(7.3.9) Js = Jamk = L X1 m Frts (X.1) 35 Ostim] A B A (d2)™.

Note that x} ,, and x5 ,, can be defined so that supp x} ,, Fr.(X2,m) € Bm
and so that (6.1.3)-(6.1.9) are valid for the primed functions too.
7.4. Estimation of [, J;.
(7.4.1) Proposition. There exists an exponent e independent of k and
m such that for every k
o
M

S Ckr;;(k+e) .
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Proof. Clearly (7.2.1) implies that /# is a compact mapping from L?(M)
into C*(M). Thus

17 () llcx ay < CrllefD L2 ary < Chll fmllz2 v
< @ (rgy,) with e independent of k by (6.1.7).

Also, ||Bm|lco(mnsupp x; 0 < O (r¢) with € independent of k by (6.1.8).
Thus the only dependence of k arises from differentiation of X1,m> Which is
estimated by (6.1.3) with v = k.

7.5. Estimation of [, Jo.

(7.5.1) Proposition. For every k and N there exists Cn i such that

Ju”
M

Proof. Since the coefficients of 3y — g vanish to infinite order at py € M,
the coefficients of the operator (0, — Onm)' also vanish to infinite order at
po € M. Here (3 — Om)' is the adjoint operator which satisfies

o
M

S CN,k’r,,IX.

=| [ 1@~ B50)830m) A 5 i)

- ] /M@;um) A By — Frt) ' ZExe (s mbna)

< 1By umll (@ — Fna) X o Fr (X mmbr—a) o ()
< el z2 vy - |l coefficients of (3 — Im)tl|comnry)

(7.5.2)

) ”Xll,mF;z (X/2,mbn—q)||Ck+l(M).

The first factor on the right side of (7.5.2) is @(r,,°*) where e; is inde-
pendent of k. The middle factor is & (dV) for every N > 0, where d =
SUP,eMnRr,, dist(z,p0) < sm = &(r5,). Since p > 0, the middle factor is
& (rN') for every N’ > 0. Finally, the third factor is @ (rm**)), where e(k)
depends polynomially on k. Since N’ can be chosen arbitrarily larger than
e1 + e(k), the proposition is established.

7.6. Consequences of a subelliptic estimate. It follows from the
local subelliptic estimate (7.2.3), the elliptic regularization results of Kohn
and Nirenberg (7], and (7.2.1) that the solution u of (7.2.2) is smooth on
a neighborhood U if « is smooth on U and if U is contained within some
neighborhood on which (7.2.3) is valid. To obtain quantitative bounds on the
derivatives of u in terms of derivatives of Oyu = (I — #)a, one can iterate
the localized estimate (7.2.3). In particular, one can perform such iterations
on a subset U where a = 0, in which case one expects strong estimates on
the derivatives of u because one has strong estimates on derivatives of the
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harmonic term —# a. However, complications arise when this technique is
applied to a sequence {an, }35_, in which supp a,, depends significantly on
m. If the localization of the subelliptic estimate to a region outside supp am,
requires cut-off functions whose supports shrink as m — oo, then the deriva-
tives of these cut-off functions will degrade the estimates obtained by iteration.
The details have been carried out in [1] for the d-Neumann problem on open
subdomains of C", and have been applied to O, on boundaries of subdomains
in C" in [3]. The a priori estimates in [3] require no changes when applied to
abstract CR structures. The key results are summarized below in Proposition
(7.6.2).

(7.6.1) Notation. In terms of fixed local coordinates z;,--- ,Z2,—1 OD
M = R?*~1 let A® be the pseudodifferential operator whose symbol is
(14€|%)%/2. For fixed N, let ¢1(z) > ¢2(z) > -+ > ¢n(z) be cut-off functions
concentrically supported within a ball of radius 1 centered at the origin in
R?"~1 such that ¢; = 1 on supp¢;+1. Fort € (0,1) and fory€e K € U C M,

define
Gaw() =g (T) :

Because the operator A® fails to transform homogeneously under dilations of
R?=1  we introduce the auxiliary operator A{ whose symbol is ¥(¢[£])|€]°.
Here 1 is a cut-off function satisfying ¥(z) = 1 if |z|] > 1 and 9(z) = 0 if
|z] < 1/2. Set Ajiy = ity A€ G111y, Where € is given by (7.2.3). For
generic z € R?"~!, consider the dilation by a factor ¢ which fixes z. If
[plt(y) = o(z + t(y — z)), then the homogeneity property of A, can be
expressed as
(Ajt,op)e = 775 Aj1,0(0%)-

Also

45,0200 22(ar) = 827128145 1,0 (02172 (ar)
where 2n — 1 = dim M.

(7.6.2) Proposition. For every N > 1 there exists Cn such that for all
t€(0,1],

"/\ (N+Deen 41,8,2v

N
2 .
<Cn E |1 Aj,,c 00| 2t 2V =)
j=1

+ Cnt™ 2N ¢y, Op||2 + Oyt~ 2V +)|jy) 2,

where || || = || llL2(p)-
7.7. Estimation of f[,, J3. In this section we prove that

Ju
M

< ﬁ(rr‘n(k/E)'i-e) +ﬁ(r;‘(1+l’)k+e')_
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Note that

o
M

- /M (5 @By m) A X s (Xo. ) A (d2)"]

- ’ | (BETm) N Bra s s mb-e)) A (82"

Using the anti-derivation property of dn to expand the term in parentheses,
and then integrating by parts in one of the resulting expressions yields

(7.7.1)

o
M

< l/ (ZEByum) A OMX],m A Fp (X mbn—g) A (d2)"
M

+

[ B A s B N -] A (d2)"

< "um||C’°+1(Manﬂsupp grad x’l‘m)llngl,m A Fr:t (X,2,mbn—q)"C°(M)
pa— —_
+ 110p um | L2 (M) 11, Fm (OX2,m A br—g)llc (M)

We shall majorize every term on the right side of (7.7.1).

(7.7.2) Proposition. There ezists e, independent of k and m, such that
for every k the solution u, of Oyuy = (I — #& )(aS,‘,” )2"' given by (7.2.2)
satisfies

IlumI|C*+‘(Manﬂsupp grad x’l,m) < ﬁ("r-n(k/e-"e))
uniformly in m. Here € i3 given by (7.2.3).
Proof.
"um"C"""(Mannsuppgrad Xim) = sup sup lDaum(z)l'
! ZEMNRm,Nsupp grad X1,m |a|<k+1
For every z, the Sobolev imbedding theorem implies that if ¢ is any smooth,
compactly supported cut-off function which is identically 1 on some neighbor-
hood of z, then
sup |D%um(z)|= sup D%[¢um(z)]| < Cinll¢uml|ar+i+n.
|| <k+1 | <k+1
Here Cn is independent of ¢, and A¥¥1*7" is the Sobolev space of order
k+1+non R?~1. Thus for each z,
(7.7.3) sup |D%um(z)] < inf Cknll¢Um||ar+14n.
Ja|<k+1 ¢=latazx
We shall majorize this last expression for each fixed z by invoking (7.6.2).
The arbitrary parameters (N, t) which occur in (7.6.2) can be advantageously
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specified as follows. Let N be the smallest integer satisfying (N + 1)e >
k+ 1+ n, and let ¢ = dist(z,supp x1,m). Note that by the construction of
X1,m and Xll,m

t = tm > dist(supp grad X, m, SUPP X1,m) > 'm

uniformly in = € supp grad x} ,,- Because the cut-off functions ¢i ¢,z 2 ¢2,t,2 2

-+« > ¢N+1,t,z are supported on balls of radius < ¢ centered at z, each ¢tz
vanishes on supp x1,m C supp(as,?))g"’. Therefore,

G2 06tm = 6o (I = Z)(@D)y? = =G ().
Also,
A Oyum = — A5, (o))
The homogeneity property of A;; implies that
45,:0ptm |2 (ar) = ||A,~,tZ/(a£,?))2"’||§,(M,
o 1271 A 2 ()0 -
The continuity of the operator # from L?(M) into C* (M) implied by (7.2.1),
the uniform boundedness in C*(M) of the dilation operators [ |* for all 0 <
t < 1, the continuity of A;; from C*°(M) into L2(M), and the fact that
€ < 1imply that the right-hand side is majorized by ¢?n~2/-1 ||(a$,?))2"’||§2( M)
uniformly in m. Substitution of this result into (7.6.2) yields
2
H/\ (N+I)E§N+l,t,:z:um|| < t_2N+2"_1||(a$2))2’q|l§,2(M)
+ t_2(N—1)||§1,t,177(09n)2’q||%2(M)
+¢72ND lumllZ2(ar)-
It is clear from (7.2.1) and (7.2.2) that ||27(a9n)2’q||Lz(M) and ||um||z2(ar) can
be dominated by ||(ai)] L2(m)- Thus

(N+1)e 2
/\ SN+1,t,zUm

<t 2o
From the choice of N and t, it follows that

(7.7.4) (ot lsumlAesien < r 2B A1) EL | (60 V0013 2 0 -

Yq 2
122 (ary-

The rightmost factor is majorized by a power of r,, which is independent of
k. Substituting this into (7.7.4), and substituting (7.7.4) into (7.7.3) yields
(7.7.2).

(7.7.5) Proposition. ||5;um||%2( M) < O (r¢) where e is independent
of k and m.
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Proof.

Hgb“m"%z(M) < ||5;“m||%2(M) + ||5bum||%2(m) = (Dbum,um)Lz(M)
< 18w | 2 vy lem | 22 ovy < ll(a,(,?))bo’qllz by (7.2.2),
<&(r,f) by (6.1.7).

All quantities in (7.7.1) which remain to be estimated are independent
of ur,. The quantities [[x1,m|lci(m) and [|Fyy,(bn—g)|lco(m) are bounded by
powers of 1/r, which do not depend on k, because of (6.1.3) and (6.1.8). The
quantity

1X1,m For (BX1,m A brg)llck ()
is majorized using (6.1.3), (6.1.6), and (6.1.9). The resulting bound is
O (rm*P%+) where e is independent of k and m. Substituting these bounds
and the results of (7.7.5) and (7.7.2) into (7.7.1) yields the following.

(7.7.6) Proposition. There ezist e and € independent of k such that
for every k we have

fu
M
uniformly in m.
7.8. Estimation of [y, Js. Recall that

o
M

where B, = F},(bn—q). It is advantageous to integrate by parts to shift
derivatives of order < k onto &,,, at least when working on the region where
the strong bound (6.1.10) for 3, is valid. Outside that region, we shall be
forced to estimate derivatives of gngum. The principal problem in applying
(7.6.2) will be the estimation of derivatives of Cyvyy,.

(7.8.1) Definition. Let x5 ,,(2g+1, " »2n) = X((2g+1--2n)/c'rh,) be
such that x'2’,m is supported within the ball in C*~4 on which x2,, = 1. Here
p is the small exponent constrained by (3.3.9), and X2, m, is defined in (5.1.2).
The constant ¢’ can be chosen so that

<O (r;Ik/e)+el) 4 @’(T;I(1+p)k+e’])

| P am) Bt A B (0",

(7.8.2) dist(supp x5 ,,,supp grad x2,m) =~ rh,  uniformly in m.

Because F), is smooth on a neighborhood of supp J4, clearly J; smoothly
decomposes as
Jo = Fr(X2,m)Ja + Fp(1 = X3,m) /4.
(7.8.3) Proposition. | fy; (1= X.m)Jal < @ (rmTPF) uniformiy
in m, where e is independent of k and m.
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Proof. Expanding J4 by means of (7.3.9) and integrating by parts yields
(7.8.4)

' / Fa(1 =3t )Ja)
M

< } [ X En(x2m)B3Btin N BEE (L= X ) A i A (0"

< 1185 Bptimll L2 () - 1X3.m Fo (1 = X.mm) Brmllcx ()

The first factor on the right side of (7.8.4) is bounded by a power of 1/ry,
that is independent of k. In fact, (7.2.2) implies

||3;3b“m||iz(g) < ||(a$3))g’q"%2(M) < "fm"%ﬂ(M)’

which by (6.1.7) is bounded by a polynomial in 1/7,.

The rightmost factor in (7.8.4) can be dominated, using (6.1.10), by
rd+Pk+e i1 which e is independent of k.

(7.8.5) Definition. Let Ky, = supp(x1,mFy,(X5,m)l-

(7.8.8) Lemma. Let p be the small exponent constrained by (3.3.9). Let
2o be the point on M which s the limit point of the admissible sequence
{Vim}3_, of (3.3.8). Then the set K,, satisfies uniformly in m

(7.8.7) dist(Km,supp x1,mgrad Fr, (x2,m)) 2 75,
(7.8.8) sup dist(z,z20) < 75,.
2€Km

Proof. To prove (7.8.7), let z € K, and w € supp x1,mgrad Fy;, (x2,m) be
arbitrary points. Then

|Z - wl 2 I(ZQ+1, ce ’zn) - (le-l) e ,wn)l

=|[Fin(2) = Hm(2)] — [Fn(w) — Hm(w)]|

2 |Fin(2) = Fn(w)| = |Hm(2) = Hm(w)]

= dist(2e, We) — |Hm (21 2q) — Hm (w1 - - wy)|,
where 2z, = F,(z) € supp x5, by definition of K, and w. = Fpu(w) €
supp grad x2,m. Now, dist(z.,w.) > P, by (7.8.2). Also,

|Hm(z1 - 2n) = Hm(w1 - wq)| < |(21 - 2, Hm (21 - 29))
— (w1 wq, Hm (w1, -+, wy))|
- lz’ _ w’la

where 2/, w’' € Vj. From (3.1.3), |2’ — w'| £ @(rm). Thus |z — w| > B, —
& (rm) > P, since p< 1 and r,, — 0.
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To prove (7.8.8) we note that for each z € K,

. < . < B(rP .
dist(zo, 2) < su‘;/) (20, w) + wlen‘gm(w,z) <O(rf)+ 1J’)len‘gm(w,z).

we m
Given z = (21, " , 29, 2g+1," " ,2n), Set w = (21, , 2q, Hm(21 ++2q)) € V.
Then
Jnf (w,2) < [(q41, 1 2n) = Hom(z1, -, 22)| = [Fun(2)1.

Since 2 € Ky C supp Fy, (X3 1), necessarily |Fp(z)] < &(r8,). Thus
dist(20,2) < @ (rB,) + O (r8,) = O(r2,).

(7.8.9) Lemma. For every (N, k) there ezists Cn . such that
(7.8.10) ][Dbgngumllck(xm) S CN,k'r;‘,,.

Proof. Note that if o is any form defined on a neighborhood of zy which
vanishes to infinite order at z, then for every (N, k) there exists Cn x such
that ||o|lc(k,.) < Cn, kT, In fact, the vanishing of ¢ to infinite order at 2o
implies that for every N

N
llellck (k) < Cn [ sup dist(z, 20)] ;
ZGKm

which by (7.8.8) is majorized by (ﬁ(r,]:,”’) =& (rY'), where N’ = Np can be
made arbitrarily large. Note also that if {¢,}3°_; is a sequence of func-
tions smooth on K,, such that for every 5 > 1 there exists N; such that

l¥mllcs(km) < er;,N’ then for all n > 0, ||[Yomllci(k,) < CinTm-
To prove (7.8.10), we shall expand (,9; Oy, as a finite sum of terms each
of the form p,,. Now,

00 Opttm = B3 0s0pttm = 8,0(I — #)(aQ)5? = 3,35 (D)%,
where (0$)%9 = x; 1 frnFih (X2,m)0b%1 A BpZ2 A - - - A DpZy. Thus
0605 Optm = Oy { fmFre (X2,m)BsX1,m AOpZ1 A --- ADpZq}
(7.8.11) + By {X1.mFom (X2,m)06 frm NB6Z1 A -+~ A BpZ}
+ By {X1,m fmOF (X2,m) A BpZ1 A -+ A BpZg}.
The first term on the right side of (7.8.11) contains the expression 9pX1,m A
0vZ1 A -+ A 0pZ4. However,

q9 7 q
3 OX1,m = OX1,m5
ale,m(zl cr2gy21° 'Eq) = E — ab-fj + _;_ " aij.
= 0Z; = 0z;

The first g terms are annihilated by exterior multiplication by OZ1N- - -/\Eb‘z'q.
The last ¢ terms are multiples of dpz;, which vanish to infinite order at po
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by the construction of the almost-CR imbedding functions (21,22, - - , 2n). It
follows that the first term on the right side of (7.8.11) can be expanded as a
sum of terms of the form @, in which

¢ = a derivative of order 0 or 1 of a coefficient of 9,2,
= a term that vanishes to infinite order at po,
1, = a derivative of order 1 or 0 of
Ix1,
0

fmF;;(XZm)—a_bEl A+ AOpZ,

= a term satisfying the estimates (6.1.2) which
are polynomial in 1/7,.

The second term on the right side of (7.8.11) contains the quantity

n

Bofm =D _(8f/02)Bbz;,

j=1
in which 5ij vanishes to infinite order at pg.

(Note that the holomorphicity of f,, with respect to (21, - ,25) has been
used here.) Thus the second term in (7.8.11) can be expanded as a sum of
expressions of the form p,, in which

o = derivatives of order 0 or 1 of 9,2,
= a term that vanishes to infinite order at po,

¥ = derivative of order 1 or 0 of

9 .
5;§X1,mFm(X2,m)

= a term that satisfies the polynomial bounds (6.1.2) in 1/r,.

The third term on the right side of (9.8.11) actually vanishes on K,,. This
proves (7.8.10).

(7.8.12) Lemma. There exists e independent of k and m such that for
every k we have uniformly in m
(7.8.13) 195 Bbtmllcr (k) < @ (rl K2/l

Proof. As in (7.7.3), is suffices to majorize uniformly in z € K, the
expression

inf,  159,3uumllneeninn = | A F76; B

¢=latz

L3 (M)

We use (7.6.2) with v = 5;5bum, N = least integer greater than (k + n)/e,
and

t = dist(z, supp x1,mgrad Fy,,(x2,m))-
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Thus

t=tm 2 diSt(Km,suprI,mgrad F;;(X2,m))
>&(rP) by (7.8.7).

This choice of ¢ ensures that the cut-off functions ¢1:, > 240 > -+ >
¢N+1,t,c centered at z all vanish on supp x1,mgrad F,, (x2,m). Substituting
tm, > 7P, into (7.6.2) yields

(7.8.14)

2
k o5
||/\ PN +1,6,205 Obtim

N
s < r;,””]; 114;,£,20685 Obuml|72 ar)
+ 'r;,z(N_l)p||S‘1,t,sz5;56um”i2(M)

+ 17 2N H02 13, By 132 g -

The majorization of every term on the right of (7.8.14) begins by noting that
from the homogeneity property (7.6.1), the first terms on the right side of
(7.8.14) satisfy
(7.8.15)

145,4,20605 Fstem I3 2 (ary & £~ 254221 4;1,2 (068 Optem] 1 2 )

S 72651 2 [O6060ptm] | Ei-nts (ar)

<O(ry)
for every N’ by (7.8.9) and by the uniform boundedness of the dilation oper-

ators [ |* for t < 1.
Next, we note that the term on the second line on the right side of (7.8.14)

satisfies
(7.816)  |I61,6,:0605 Optim|lL2(ary < F(r}') for every N by (7.8.10).
Finally, the last term in (7.8.14) satisfies

(7817) 1B, BsumllEaae) < 0D MEa ) S E(r5)

by (7.2.2). Here e is independent of k£ and m.
Substituting (7.8.15)—(7.8.17) into (7.8.14) yields

— |12 _ _ .
“/\k+1§N+1,t,zababum L2(M) sT ATl < "m2[(kp/€)+e]

by the choice of N.
(7.8.18) Proposition. There ezists e independent of k and m such that

for every k
s ﬁ(r;ki-e)

‘/m%wh
M
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uniformly in m, provided that p 13 chosen to satisfy

(7.8.19) p <min(a, 1,7 — 1,¢€).
Proof.
| P s] =| [ Fn 0 ) B s )23 Bt A B

< 11X Fo (X, )95 Dot l| ¥ (9 x3,m Fit (3
“11Bmllco(supp x1,m Fy (x5 )
< BORF) + O ) + O (r /Yo (rs,)
by (6.1.3), (6.1.6), (7.8.13), and (6.1.8)
< @ (r;F*¢) from the choice of p.

(7.8.20) Proposition. There ezists e independent of k and m such that
for every k we have uniformly in m

Ju
M

provided that p i3 chosen small enough to satisfy (7.8.19).

Proof. Combine (7.8.3) and (7.8.18).

7.9. Final estimates.

(7.9.1) Proposition. There ezist e and €' independent of k and m such
that for every k we have uniformly in m

|| < @(r [/ +ely 4 @(r-|(AHPIE+ET)

provided p satisfies (7.8.19).

Proof. Substitute into (7.3.5) the results of (7.4.1), (7.5.1), (7.7.6), and
(7.8.20).

(7.9.2) Proposition. For each k, the right side of (5.1.5) i3 majorized
by @’(r;.[(k/e)"'e]) +&'(r;.[(l+p)k+e']) provided that p satisfies (7.8.19).

Proof. Combine (5.3.3) with (7.9.1) and (6.2.1).

(7.9.3) Theorem. Let M be a compact pseudoconvez CR manifold of
dimension 2n—1 which satisfies hypotheses (7.2.1)—(7.2.3) for tangential (0, q)
forms at pg € M. If any germ of an almost-CR tmbedded image M of M into
C" based at pg € M has the property that there exists an admissible sequence
{Vim}2_, whose order of contact with M at z(po) is at least 1, then n < 1/e.

Proof.  After constructing the test forms (5.1.4) and the currents in (3.3.8),
the basic pairing formula (5.1.5) can be minorized for each k using (5.2.1),
and majorized for each k using (7.9.2). The result is that

< O (rl-k(+p)te])

r;"l(k+l)+2q < y(r'—n[(k/s)+e]) + @(r;'[(1+p)k+e’])’
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where p > 0 is arbitrary save for the constant (7.8.19). Choose p so small that
(14 p) < 1/e, which is possible since ¢ < 1. The inequality r,7*t)+29 <
@(r;.[(k/e)"'e]) valid for r,, — 0% implies that n(k + 1) + 2¢ < (k/e) +e.

Since e is independent of k, the validity of this inequality for all k forces
n<1/e
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