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Introduction

Let z = (z1,22,23): M — RS2 be a connected, oriented immersed minimal
surface in R3. The Gauss map G of M is classically defined to be the map
which maps each point p of M to the unit normal vector G(p) € S? of M
at p. For the sake of convenience, we mean in this paper by the Gauss map
of M the map g: M — C := C U {oo} (= P(C)) which is the conjugate of
the composition of G and the stereographic projection from S2 onto C. By
associating a holomorphic local coordinate z = u + \/—1v with each positive
isothermal coordinate system (u,v), M is considered as a Riemann surface
with a conformal metric ds?. By the assumption of minimality of M, g is a
meromorphic function on M.

In 1961, R. Osserman showed that if M is nonflat and complete, then the
Gauss map g: M — C cannot omit a set of positive logarithmic capacity
[10]. Afterwards, F. Xavier proved that the Gauss map of such a surface
can omit at most six points [14]. Recently, the author has shown that the
number of exceptional values of the Gauss map of such a surface is at most
four [8]. Here, the number four is best-possible. Indeed, there are many kinds
of complete minimal surfaces in R® whose Gauss maps omit four points ([10]
and [12]). The author also obtained some estimate of the Gaussian curvature
of a noncomplete minimal surface in R3 whose Gauss map omits five distinct
points (8].

The purpose of this paper is to give some improvements of the above-
mentioned results. We shall introduce some new types of modified defects
for a nonconstant meromorphic function on an open Riemann surface and
give modified defect relations for the Gauss map of a minimal surface in R3
which have analogy to the defect relation given by R. Nevanlinna in his value
distribution theory.

Received August 3, 1987.



246 HIROTAKA FUJIMOTO

1. Statement of the main results

We first give the definitions of modified defects. Let M be an open Riemann
surface and f a nonconstant holomorphic map of M into P!(C). We represent
f as f = (fo: f1) with holomorphic functions fp, fi on M without common
zero, which we call a reduced representation of f on M in the following.
Set ||fll = (Ifol> + |f1|*)}/? and, for each a = (a® : a') € P!(C) with
|a®|? + |a!|? = 1, define the function F, := a'fo — a®f;.

Definition 1.1. We define the S-defect of a for f by

6}9(01) :=1—inf{n > 0; n satisfies condition (*)s}.

Here, condition (*)s means that there exists a [—00,00)-valued continuous
subharmonic function u (# —oo) on M satisfying the following conditions:
(D1) e* < |||,
(D2) for each ¢ € f~!(a) there exists the limit

limg(u(z) —log |z —¢|) € [~00, ),

where z is a holomorphic local coordinate around ¢.

Remark. In the previous papers [6] and [7], we call the S-defect of o the
nonintegrated defect of a.

Definition 1.2. We next define the H-defect of a for f by

6}’(01) :=1—inf{n > 0; n satisfies condition (*)g}.

Here, condition (*)y means that there exists a [—00,00)-valued continuous
function u on M which is harmonic on M\f~!(a) and satisfies conditions
(D1) and (D2).

Definition 1.3. We define also the O-defect of a for f by

6f0(a) :=1—inf{1/m; F, has no zero of order less than m}.

Obviously, if n satisfies condition (*)g, then it satisfies condition (x)s.
Moreover, if F, has no zero of order less than m, then n := 1/m satisfies
condition (*)g. Indeed, the function u = nlog|F,| is harmonic on M\ f~!()
and satisfies conditions (D1) and (D2). From these facts, we see

(1.4) 0<6P(a) <6f(a) <6F(a) <1

These modified defects have the following properties similar to those of the
classical Nevanlinna defect.

Proposition 1.5. (i) If there exists a bounded holomorphic function g
on M such that g=1(0) = f~(«), then 6f (a) = 67 (a) = 1.

(ii) If Fo has no zero of order less than m, then

67 (a) > 6§ () > 6P(c) > 1~ 1/m.

In particular, if f~1(a) = O, then 6}3(04) =1.
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Proof. Assertion (ii) is obvious from Definition 1.3. To see (i), we consider
the function u = log(|g|/K), where K := sup{|g(z)|; 2 € M}. Then u satisfies
conditions (D1) and (D2) for n = 0. Thus, n = 0 satisfies condition (*)g and
so 6f(a) =1.

We now consider the case where M = C. Without loss of generality, we
may assume f(0) # «. We define the order function of f by

1 2w .
T/(r) = 5 [ logllf(re®)1db - log 7O,
T Jo
and the counting function for o by
T _ dt
N = [ #UT @ Nt <) T

where #A denotes the number of elements of a set A. Then the classical
Nevanlinna defect without counted multiplicities is defined by

N{(r)
é :=1—limsup =%-—.
f(a) lr—ooop Tf(T)
By the help of Jensen’s formula, we can show easily
(1.6) 0< 6§ () < 6¢(e),

[6, Proposition 4.7].

Now, we state our main results. First, we give

Theorem 1. Let z: M — R3 be a nonflat complete minimal surface and
g: M — PY(C) the Gauss map. Then, for arbitrarily given distinct points

Qy,--:,0q GPI(C):
q

Z&f (a_«,') S 4.
7j=1

Since we have 55’ (aj) = 1for every o ¢ g(M) by Proposition 1.5, Theorem
I yields the following result which was given in [8].

Corollary 1.7. The Gauss map of a nonflat complete minimal surface
in R3 can omit at most four points.

We next consider a noncomplete minimal surface z: M — R3. We denote
by d(p) the distance from a point p € M to the boundary of M, namely, the
largest lower bound of the lengths of all piecewise smooth curves going from
p to the boundary of M, and by K(p) the Gaussian curvature of M at p.

Theorem II. Let z: M — R3 be a nonflat noncomplete minimal surface
and g the Gauss map. If there exzist distinct points ., ,aq € P1(C) such

that 35_, 82 (a;) > 4, then

|K (p)| < C/d(p)
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for all p € M, where C is a positive constant depending only on ay,--- ,aq
and 65)(011), .- ,égo(aq).

This is an improvement of [8, Theorem IJ.

Let z: M — R* be a minimal surface in R%. As is well known, the set of
all oriented 2-planes in R* is canonically identified with the quadric

Q2(C) = {(wy : -+ : wg) € P¥(C); w? + w} + wj + wf =0}

in P3(C). The Gauss map of M is defined by the map G: M — Q2(C) which
maps each point p € M to the point G(p) € Q2(C) corresponding to the
oriented tangent plane of M at p. Since Q2(C) is canonically biholomorphic
with P!(C)x P!(C), G may be identified with a pair of meromorphic functions
g =(g1,92): M — P(C) x P}(C). We can prove the following.

Theorem III. Let z: M — R* be a complete minimal surface and g =
(91,92): M — PY(C) x P*(C) the Gauss map of M.

(i) Assume that g, # const. and go #'const. Then, for arbitrary distinct
o11,+ ,01q, € PY(C) and distinct agy, - , a9, € P(C), at least one of
the following conclusions is valid:

q1
(@) Y 6H(an) <2,
=1

q2
(b) D 6 (an;) <2,
j=1

1 1
() + > L
L1608 (an) —2 20, M (azj) — 2

(ii) Assume that g; #Z const. and go = const. Then, for arbitrary distinct
points &y, - -+ ,aq € P1(C), we have

q
Z 6 (07) < 3.
=1

This is an improvement of Theorem II of (8].
After giving the Main Lemma in the next section, we shall prove Theorems
I, IT and III in §§3, 4 and 5 respectively.

2. Main Lemma

Let f be a nonconstant holomorphic map of a disc Ag := {2 € C; |2| < R}
into P!(C), where 0 < R < oco. Take a reduced representation f = (fo : f1)
on Ag and define

1= (1fol® + 1AIDY2, W(fo, f1) = fofl — f1f5
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For arbitrarily given ¢ distinct points a; = (a : a}) (1 < j < gq), set
Fi=ajfo—-alfi (1<j<q),

where [a9]? + [a}|?> = 1.
Proposition 2.1. For each € > 0 there exist positive constants C and u

depending only on ay,--- ,aq and on € respectively such that
Is1e IF11%4~4W (fo, f1)I?
Alog >C .
( 3=11log(ullf11/|F}1?) 9=1 15512 1og® (ull £112/|F512)

This is a restatement of a special case of (4, §6, Proposition] (cf. [13, §6]).
For the sake of completeness of self-containedness, we give here a direct proof.

We show first
Lemma 2.2. For each ¢ > 0 there exists a constant ug(e) > 1 such that,
for every p > po(e),

4W (fo, 1) 12 ,
Al —eAl .
S eI > TR AR ER ~ 2 ee

Proof. Set @; := |Fj|2/||f||2. We have

0v; = -
5"221 ”f“s \EE AP = |E5 2 (oo + fLF0)]
2
= ||II;:1|IISIW(/‘O’ fl)|2|a?f0+a;f1|2
= LW o, 1)1 (17 + a3 YUl + 1521 = o} fo = 97

= (o — 1) W0, )P
- (‘0] ‘p]) ”f“4 N

On the other hand, it holds that

o2 log |IfI? _ (Ifsl? + LA (ol? +1A12) ~ ofo + AT
EEE I
_ W S
e
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Therefore,

1 4 0%logp; 4 2

B8 el oy ~ Tog(ulw;) 0207 p2log? (u/e;)
_ 4 9%log|lf]I?
T log(u/p;) 020z
4(pj —p2) 0log||f]|?
p2log(u/p;) 020z
_ 4 W (fo, f1)I*
 pslog(u/p;)  IIfIIf

9ps
0z

S N W
log*(u/p;) log(w/v;)) 0202
If we choose a positive constant pq(€) with
1 1
2 +
log® po(e) ~ log wo(e)
we have the desired inequality because |p;| < 1.

Proof of Proposition 2.1. For a given € > 0 we take a constant p with
u 2 po(e/q). By Lemma 2.2, we obtain

<E,

I1£1le
Al
%8 T2_, o (Wll /I /TF57)
q 2
2 e sl 2 \pE erogt Gl )~ !
=4IW(fo,f1)I2§q: e ,
I & IR 1og (ull 7P/ 1E5P)

On the other hand, for each (z,7) with 1 < 7 < j < g, there exists a
constant C;; depending only on a; and a; such that

71l < Cij max(|E3l, | E5),

because fo and f; can be represented as a linear combination of F; and Fj.
Set Cp := maxXj<i<;<q C,‘]' and

M := max{z/log’ uz; 1 < z < CZ}.

For an arbitrarily fixed 2 € Agr we determine indices j7;,---,j, with
{71,---,Jq} =1{1,2,--- ,q} so that

|F5: (2)] < |Fp (2)] < -+ < | Fyp (2)]-
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Then, for [ =2,3,---, g, we have ||f(2)|| < Co|F},(2)| and so

151 _
|F5 (2)[2 1og? (ul| £ (2)112/1F512) ~
Therefore, at the point z, we obtain

: 1112
,E;:l |F512 og” (ul| £112/1F512)
[Hils
~F 12 log? (ulIf112/1F3, 12)

1 A 1¥ils 112
25 (1 )
M=t \ L F5 2 1og? (klIf112/1F512) ) |F5 12 1og? (ul| £112/1F5412)
- [1£11%
Ma1TTS_, | F512 log? (ull f112/|F512)
Since the last term does not depend on choices of indices 71, - - - , Jq, this holds
on the totality of Ar. Combining this with the inequality obtained above, we
conclude Proposition 2.1.

Now, we consider [—00,00)-valued continuous subharmonic functions u;
(# —o0) on Ag and nonnegative numbers 7; (1 < j < q) satisfying the
conditions:

(Cl)vi=g—-2—(m+:---+mg) >0,

(C2) e% < ||fl|" for 7 =1,2,---,q,

(C3) for each ¢ € f~1(a;) (1 < 7 < q) there exists the limit

lim (u;(2) — log 2 = s)) € [ 00, 0).

Lemma 2.3. For positive constants C and pu (> 1), set

If][e s+ 4 |W( fo, f1)l

3=11Fjllog(ull f112/|F5]?)
on Ag\{F1...F; =0} and v := 0 on AgN{F,...Fy, = 0}. Then v i3
continuous on Ag and satisfies the condition Alogv > v? in the distribution
sense for suitably chosen C, u depending only on o and n; (1 <7 <q).

Proof. Obviously, v is continuous on {F; ... Fy # 0}. Take a point ¢ with

Fi(¢) = 0 for some ¢. Then Fj;(¢) # 0 for all j # <. Changing indices if
necessary, we may assume that fo(¢) # 0. Set x; := W(fo, f1)/F;i. It has a
pole of order one at ¢ because we can write x; = —(fo/a?)(¢'/(g9 — )) for
g := f1/fo. Therefore, the function

euilw(fOsfl)I
|Fi|

v:=C

= (12 =l e tost=s
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is bounded in a neighborhood of ¢. This implies that lim,_,. v(2) = 0. Even-
tually, v is continuous on Apg.

Now, we choose constants C and u such that C? and u satisfy the inequality
in Proposition 2.1 for the case ¢ = . We then have

[Hilk
Alogv > Alo
& & T2, log (Wl /7155 )

> 02 F1P9=4W (fo, f1)I2

- o1 |F51210g? (ulI£112/|F512)
o ||f1[PYe2 et e |W (fo, f1)[2

- g1 [F512 1og? (| £112/1F512)

=’U2.

Lemma 2.4. For the above u;, n; and ~y, we can choose positive constants

C™ and u such that
e W (fo, 1)] o 2R
i=1 [F5|log(ullfI12/|F;|?) = = R%—|zf?

This is an immediate consequence of Lemma 2.3 and the following gener-
alized Schwarz’ Lemma.

Lemma 2.5 (cf. [1]). Let v be a nonnegative real-valued continuous sub-
harmonic function on Ag. If v satisfies the inequality Alogv > v? in the
distribution sense, then

2R

’U(Z) < /\R(z) = m

Proof. Since A,(z) is continuous in r, we have only to show that
nr(2) :=v(2)/ A (2) L1

on A, for every r < R. Since lim,_3a, 7,(2) = 0, there exists a point
29 € A, such that n,(20) = max{n,(z); 2 € A,}. Suppose that n,(z) > 1.
Then 7,(z) > 1 and so v(z) > M\.(2) on an open neighborhood U of z5. By
the assumption,

(2.6) Alogn, = Alogv — Alog ), > v2 = A2 >0

in the distribution sense on U. Therefore log 7, is subharmonic and necessarily
a constant on U by the maximum principle. This contradicts (2.6). Thus
nr(20) < 1 and so 7,(2) <1 on A,.
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We now give the

Main Lemma. Let uy, - ,uq be continuous subharmonic functions on
M, and ny,--- ,nq nonnegative constants which satisfy the conditions (C1)-
(C3). Then, for every 6 with 0 < g6 < ~, there ezists a constant Cy such
that

Ilfllq—qéeul+“'+uq|W(f0, fl)l < C L
|F1F2”.Fq,l—5 < OR2_|zlz.

2.7)

Proof. For a given 6 we set

C:= sup z°log(u/z?)(< +0).
0<z<L1

Then we have
IFI[Y =90 ert+ua |W (fo, f1)

|F1F2 . F, |1—5
MWW“WWhm ﬁ(&)
|F1F, .. [1£]l

Ilfll’e“‘+ +“°|W(fo,f1)l
j=11Fillog(ullf112/1F;1?)

~ 2R
<CC ="
-CC(W—MJ’

where C* and p are the constants given in Lemma 2.4. This gives the Main
Lemma.

We later need the following modified defect relation which is a direct result
of the classical Nevanlinna defect relation and (1.6). We give here a direct
proof of this by the use of the Main Lemma.

Theorem 2.8. Let f: C — P!(C) be a nonconstant holomorphic map.
For arbitrary distinct points a1, -+ ,a, € P(C)

Zq:éf(aj) <2

=1

<Ce

Proof. Without loss of generality, we may assume u;(0) # —oo, f(0) # o;
(1 €7 < q) and W(fo, f1)(0) # 0, where fo, f1 are holomorphic functions
on C such that f = (fo : f1) is a reduced representation. Suppose that
35-167(c;) > 2. Then there exist positive constants 71, - , 7, satisfying
condition (C1) and continuous subharmonic functions uy,- - ,uq on M satis-
fying conditions (C2) and (C3). For every R > 0 and § with v > g6 > 0 we
apply the Main Lemma to the map f|Agr: Agr — P!(C). Substitute z = 0
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into inequality (2.7). We can conclude that R is bounded by a constant de-
pending only on a;, n; and the values of f, u;, F;, W(fo, f1) at the origin.
This is a contradiction. Thus, we have Theorem 2.8.

3. Proof of Theorem I

Let z = (z;,22,73): M — R?3 be a nonflat minimal surface and g: M —
P1(C) the Gauss map. The argument in this section is also used for the
proof of Theorems II and III. We do not assume completeness of M for the
present. For our purpose, we may assume that M is simply connected. In
fact, for the universal covering surface 7: M — M, & := z - 7: M — R3is
also a nonflat minimal surface, and complete if M is complete. Moreover, the
Gauss map of M is given by § := g- m, and the modified defects for g are not
larger than those for §. Since there is no compact minimal surface in R3, M
is biholomorphic with C or the unit disc in C. For the case M = C, Theorem
I is true by virtue of Theorem 2.8. In the following, we assume that M is
biholomorphic with the unit disc in C.

Set ¢; := 0z;/8z (1 = 1,2,3) and f := ¢; — /—1¢2. Then, the Gauss map
g: M — P!(C) is given by

9= ¢3/(¢1 — V=1¢3),
and the metric on M induced from R3 is given by
3.1) ds® = |f|*(1 + |g[*)? |d=f?,

[12]. Take a reduced representation ¢ = (go : g1) on M and set ||g|| =
(I90|% + |g1]2)*/2. Then we can rewrite

ds® = |h|?||g|l* |d2|?,
where h := f/g3.

Now, for given ¢ distinct points a1, - - ,a, € P}(C) we assume that
q
(3.2) > 68 (0;) > 4.
=1

By Definition 1.2, there exist constants 7; > 0 (1 < 7 < q) such that v :=
g—2—(m +---+mng) > 2 and continuous functions u; (1 < 57 < g) on M
such that each u; is harmonic on M\f~!(a;) and satisfies conditions (C2)
and (C3). Take 6 with

(3.3) (v-2)/g>6>(v-2)/(g+2),
and set p = 2/(vy — ¢6). Then
(3.4) 0<p<l, é6p/(1—p) > 1L
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Set M’ := M\{F1F,... F,W(go,9:1) = 0} and define the function

|F\Fy.. Fy|t=6 \P/0P
ev1t+ua|W(go, 91)|

on M', where Fj := ajgo — adg; for representations a; = (aJ : a}) with
la9? + Ja}|> =1 (1 < j < g). Let m: M’ — M’ be the universal covering
surface of M’. By the assumption, logv -  is harmonic on M’. Take a
conjugate harmonic function v* of logv - 7 on M’ and define the holomorphic
function 9 := €l°8 V" "+" which satisfies the identity || = v - 7. Choose a
point 0 € M’. We may regard o as the origin in C. Each Z of M’ corresponds
bijectively to the homotopy class of a continuous curve ~;: [0,1] — M’ and
~:(0) = o and ~z(1) = 7(Z). We denote by 6 the point corresponding to the
constant curve o. Set

(3.5) v := |h[!/(1-P) (

w=F(Z)= [ ¢(2)d.
vz
Then, F is a single-valued holomorphic function on M’ and satisfies the con-
ditions F(6) = 0 and dF(%) # 0 for every Z € M'. Therefore, F maps an open
neighborhood U of 6 biholomorphically onto an open disc Ag := {w: |w| < R}
in C, where 0 < R < 4+00. Choose the largest R with this property and define
® =7 (F|U)~!. Then R < +oo because of Liouville’s theorem.
We now consider the line segment

L,: w=ta, 0<t<1,
in Ag and the image
T.: 2z = ®(ta), 0<t<1,
of L, by ® for each point a € dAg. We claim that there exists a point
ag € 0Ap such that T',, tends to the boundary of M. Assume the contrary.
Then, for each a € AR there is a sequence {t,; ¥ = 1,2,...} such that
lim, 00 t, = 1 and 2p := lim,_, o, ®(t,a) exists in M. Suppose that zo ¢ M’.

Then 2o is a zero of one of the holomorphic functions Fy, - - - , F, and W (go, g1)-
By the same argument as in the proof of Lemma 2.3, it can be shown that

liminf [(Fy F ... Fy)(2)[*P/Ply(2) > 0
z—2p
in the case F;(zp) = 0 for some 2, and
lim inf [W (g0, 91)(2)[”/*~Pv(2) > 0
z—2o

in the case W (go,91)(20) = 0. In any case, we can find a positive constant C
such that v > C/|z — 20|%?/(1=?) in a neighborhood of zo. By virtue of (3.4),
we get
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R= [ ldui= | }|dz| o(z) |d]
L,

a

1
Zc/nmmm'dz'm

This is a contradiction. Therefore, zo € M'.

Take a simply connected neighborhood V' of zg, which is relatively compact
in M’. Since v is positive continuous, we have C’ := min,cy v(2) > 0. If there
exists a sequence {t.;v = 1,2,...} such that lim, . t, = 1 and ®(t,a) ¢
V, then ', goes and returns infinitely often from AV to a sufficiently small
neighborhood of zg, and so we have an absurd conclusion

R=/ |d'w|ZC'/ |dz| =
L, T,

Therefore, ®(ta) € V (to < t < 1) for some t;. Moreover, since V can be
replaced by an arbitrarily small neighborhood of 2y in the above argument,
we can conclude that lim,_,; ®(ta) = 2. Let V be a connected component of
7~1(V), which includes {(F|U)~!(ta); to <t < 1}. Since 7|V:V — V is a
homeomorphism, there exists the limit

o= }eri(F|U)-1(ta) eM.

Then F maps an open neighborhood of Z; biholomorphically onto a neighbor-
hood of a. Eventually, (F|U)~! has a holomorphic extension to a neighbor-
hood of each a € AR as a map into M’. Since AR, is compact, we can easily
find a constant R’ with R < R’ such that F maps an open neighborhood of U
biholomorphically onto Ag/. This contradicts the property of R. Therefore,
there exists a point ap € AR such that I';, tends to the boundary of M.

The map z = ®(w) is locally biholomorphic, and the metric on M’ induced
from ds? through @ is given by

" ds” = |ho ®[*|lgo @||*

{ duf.
On the other hand, by the definition of w = F(z) we have, because of (3.1),

dw|'™? _ |h||F1Fp ... Fy|1-0
dz (evrtt+ua|W (go, g1)|)P

Set f:=go®, fo=goo®, fi = g10® and abbreviate u; o ® and F; o ® by
u; and Fj respectively. Since

W (io, 1) = (W (g0,01) 0 @) 1,
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we obtain
de| _ (et W (fo, )1
dw |h[|FyF; ... Fp|(=8)p
Therefore,
2
o (U5 o S0P\ o
(3.6) P* ds* = ( |F1Fy ... Fy|(1=8)p |dw|?.

We apply here the Main Lemma to the map f: Agp — P(C) to see

. 2 2R \*
[] d82 S Cop (m |d'l.l)|2

It then follows that

3.7 d(0) < ds = / ®* ds
Tao L

ag
R P
2R
< CP = 1-p
_00/0 (R2_|w|2) \dw| = CLR'?,

where Cy and C; are positive constants depending only on «; and 5;’ (o)
(< 8f (7))

Now, as in Theorem I, suppose that M is complete. Then d(0) = oo. This
contradicts the fact R < oo. For a nonflat complete minimal surface in R3,
(3.2) is not true. This completes the proof of Theorem I.

4. Proof of Theorem II

As in Theorem II, let z: M — R3 be a nonflat minimal surface, and
g: M — P!(C) be the Gauss map, and assume that

q

(4.1) > 69(as) > 4,
=1
for ¢ distinct points ay,--+ ,aq € P(C). For our purpose, we may assume

that M is biholomorphic with the unit disc in C. We use the same notation
as in the previous section. By Definition 1.3, there exist positive integers
my,- - ,mg such that

1 1
= (1——)+...+<1———>—2>2,
mjy mgy

and each F; (1 < j < g) has no zero of order less than m;. Set n; := 1/m;
and u; := n;log|F;|. Thus, u; are harmonic on M\f~!(a;) and satisfy
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conditions (C2) and (C3) in §2 for the map g: M — P*(C). All arguments in
the previous section work for the constants 7, and functions u; (1 < j < g).
By the same method as in the previous section, we can define a holomorphic
map

d: AR - M = M\{F1F2 .. .FqW(go,gl) = O},
such that the induced metric on Ap is given by (3.6) and satisfies condition

(3.7), where f = (fo: fi) =go®.
Now, apply the Main Lemma to the map f to show that

A=W (o, f)l _ NI~ et "+ |W (fo, 1)l
[Fi|=mi=5 . |F,[i—na—? [FiF .. Fg[i-?

2R
< —
< Co <R2—|w|2>’

where 0 < g6 < 7, and Cp is a constant depending only on a; and 7;. Set
p =2/(y — ¢6) and substitute w = 0 into this inequality. We can conclude

1-p (|Fy (O)Il—’““s ... |Fq(0)[1—'7q—'5)1—p
W (fo, f1)(0)|*=7||£(0)||2(1-P)/P

On the other hand, by substituting e*/ = |F};|" into the identity (3.6), we
obtain

(4.2) R'"? < (2Cy)

* 02 _ 129002 — AW (fo, f1)I%P 2
*ds” = Mldul” = reri=ni =5 Ry ey 14l

Therefore, the Gaussian curvature of M at the origin is given by

Alog/\
BSVER
_ AW (Jo, )O)PAP (|1 (0))' =™ 0 .. . | Fy ()|~ —5)%
I1f(0)® '

Comparing this with the right-hand side of (4.2), we have

K(0) =

-p lFl (0)'1—'71-5 L 'Fq(o)ll—nq—g
|K(0)[172]|f(0)]|2(T+»)/»

R'"? < C,

Since |Fj|/||f|| <1 for j =1,2,---,q and

Z(liﬂ)=2(7 @ ) E(l—m—é),

p
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we can conclude that
R'™P < Cy7P|K(0)]7V/2.

Combining this with (3.7), we complete the proof of Theorem II.

5. Proof of Theorem III

As in Theorem III, let = = (z;,22,73,74): M — R* be a nonflat com-
plete minimal surface in R*%, and g = (g1,92): M — P!(C) x P}(C) be the
Gauss map. For the proof of Theorem III, we may assume that M is biholo-
morphic with the unit disc in C as in the previous sections. Take a reduced
representation gx = (gko : gk1), and set ||gk|| = (|gkol® + |gk1[?)/? for each
gk: M — PY(C) (k =1,2). Then the induced metric on M is given by

ds? =2 (24:

=1

om
0z

2
) |dz|? = [R|?[|g1[?[Ig2]I? |d2]?,

where h = (8z,/0z — /—1922/92)/(910921)-
Consider first the case where g; Z const. and g2 # const. Suppose that

q1 q2
Y 6 (an)>2, D 61 (an) > 2,
=1 Jj=1

1 1
+ <1,
L0 (an) -2 Y7L, 6 (a25) — 2
for distinct points a;1,- - , @14, € P'(C) and distinct points az1, -, @gq, €
P!(C). By Definition 1.2, there exist nonnegative constants g1, - - - , Mkq, and
continuous functions uk1,- - ,ukg, on M for each k = 1,2 such that each uy;
is harmonic on M\ f~!(ax;) and satisfies the conditions
(51) Tk 3=¢1k—2—(77k1+"'+77qu)>0 (k=132)7
1 1
(5.2) —+ —<1,
m 2
(5.3) e“ < lgell™ (1<i<qk, k=1,2),
(5.4) for every ¢ € g; ! (i) there exists the limit

lim (ugi(2) — log|z — ¢[) €[00, 00).

Take a constant §p such that 0 < gxbp < ¢ and
1 1
=1.
mMm—aqibo Y2 —g260
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If we choose a positive constant § (< &p) sufficiently near to d and set
1

EETEr

Pk -
we have

5
(5.5) O<pi+pa<l, —P% 51 (k=1,2).
1-p1—p2

Represent each ay; as ax; = (al; : a};) and define holomorphic functions
— 2 1l 2 =
Fyi := a},gr0 — a9;gk1, where |a%;|? + |ak;|? = 1. Set

Vg = Uky + - + Ukgqy»
Fk = Flek2 .o 'qum

for each k = 1,2 and define
2 2 1/(1-p1—p2)
vi= ( |h| | Fy|(A=8)P1| B,y | (1=8)p2 ) 1-P2

(€*1|W (910, 911)1)P (€72|W (g20, 921) )72

The function log v is harmonic on the set
M’ = M\{W (g10, 911)W (g20, g21) F1 F» = 0}.

Let 7: M’ — M’ be the universal covering surface of M'. In the same manner
as in §3, we can find a holomorphic function 3 on M’ such that |[¢| = v - 7.
Define
w=F@p)=[ ¢()dz (Pe M),
V5

as before. Then F maps an open neighborhood U of a point 6 biholomorphi-
cally onto a disc Ar in C, where we choose the largest R with this property.
Set @ := 7-(F|U)~!. Then, we have R < oo and there exists a point ag € dAg
such that the image

Typ: 2 = ®(tag), 0<t<l,

of the curve Ly, = {tap; 0 <t < 1} by ® tends to the boundary of M. Indeed,
the same argument as in §3 is available in this case too if we use (5.5) instead
of (3.4).

Now, setting fii := grs-® and fr = (fxo : fx1) fork=1,2,... and ! =0,1,
we apply the Main Lemma to the maps fr. We then have

I fiel %~ 92 € \W (fro, fi1)| <C 2R
lf‘kll—6 =~0pa_ [w]?

where Cj is a positive constant. On the other hand, the metric on Ag induced
from M through & is given by

(k=1,2),
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e W (f10, 1)l \™" (W (fao, For)le® \ 7\
ot = (o (Wl ) (W )Y .

Therefore, we conclude that

d(0) < ds = /
Tap L

by the aid of (5.5). This contradicts the completeness of M. Thus, the proof
of Theorem III(i) is complete.

We finally consider the case where g; #Z const and go = const. Suppose
that 337, 65 (a;) > 3 for distinct points oy, - ,aq € P*(C). We can take
nonnegative constants 7y, - - - ,n, with

®*ds < Ch*Pe /

2 P1+p2
()™ g
Lag

. R2 — |,w|2
0

Ni=q—2—(m+---+ny>1
and continuous functions uj,---,uq such that each u; is harmonic on

M\ f~(;) and satisfies conditions (C2) and (C3). Choose § with 0 < g6 < v
such that p = 1/(y — ¢6) satisfies (3.4). In this case, we use the function

|h|1/(1‘P)|F1F2 . ,_Fqlp(l—é)/(l-p)
T et tue|W (g, g11) P/ (P
By the same method as before, we can construct a continuous curve of finite

length which tends to the boundary of M. This contradicts the completeness
of M. Thus, we complete the proof of Theorem ITI(ii).

v
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