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ON THE HEAT OPERATORS
OF NORMAL SINGULAR ALGEBRAIC SURFACES

MASAYOSHI NAGASE

1. Introduction

Let X be a normal singular algebraic surface (over C) embedded in the
projective space PV (C). The singularity set S of X is a finite set of isolated
points. By restricting the Fubini-Study metric of PV(C) to & = X - S,
we obtain an incomplete Riemannian manifold (#°,g). Now consider the
Laplacian A = éd acting on square-integrable functions on (2°,g). Here d
means the closure of the exterior derivative d acting on the smooth functions
which are square-integrable, and whose images by d are square-integrable too.
Also 6 means the closure of its formal adjoint § acting on the smooth 1-forms
which are square-integrable, and whose images by § are square-integrable too.
Then the purpose of this paper can be said to show the following.

Main Theorem. (1) The Laplacian A s self-adjoint.

(2) The heat operator e~2t is of trace class, and there exists a constant
K > 0 such that

(1.1) Tre 2 < Kt™2, 0<t<t.

Defining dgp to be the exterior derivative d restricted to the subspace of
smooth functions with compact supports, we have §* = dy [4]. Hence (1) can
be rewritten in the following way.

Assertion A. d=dp.

In §5 we intend to prove this assertion, which is equivalent to (1). Thereby,
we will prove (2) with A = 8dp, the (self-adjoint) Laplacian of the (general-
ized) Dirichlet type (§§2-4).

In general, if a certain self-adjoint Laplacian on a certain Riemannian man-
ifold has the basic property mentioned in (2), but replacing the 2 of =2 by
half of the real dimension of the manifold, then we say that the Laplacian has
the property (BP). In using this expression, what we want to prove is stated
as follows: A = &dy has the property (BP). Let us transform this assertion
(2)" into a more convenient one.
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Let dis(z), = € X, be the distance from z to the singularity set S (induced
by the given metric g) and set, for sufficiently small € > 0,

(1.2) X, = {z € X|dis(z) > €}.

Then the Laplacian A, of the Dirichlet type on (Xc, g | Xe) obviously has the
property (BP). Also the trace of the heat operator e~“¢! increases mono-
tonically when e decreases. Moreover, provided we define Tre~4* = co when
e~2t is not of trace class, [1, VIII, Theorem 4] generally says

(1.3) Tre At = lim Tre~ 8¢t
E—

Note that A = 8dy. Hence, in order to prove (2)’, we have only to prove
Assertion B. There exists a constant K > 0 such that

(1.4) Tre 2! < Kt™2, 0<t<ty 0<e<e.

We intend to prove this assertion in §§2-4. Let us introduce the principle
on which our discussion is based.

Principle (Cheeger [3, Lemma 7.1]). The property (BP) s of quasi-
1sometric invariant.

Recall that a diffeomorphism f: (Y1,91) — (Y2,92) is called a quasi-
isometry if there exists a constant C > 0 such that C~1g; < f*gs < Cg;.
Our principle asserts that, as long as the object under consideration is of
the property (BP), we have only to discuss it on a Riemannian manifold
less complicated than and quasi-isometric to the given one. We will start by
decomposing a neighborhood (C 2°) of the singularity set S into certain less-
complicated parts (§2). Precisely “less-complicated” means that each part
(with the given metric g) is quasi-isometric to one of the Riemannian mani-
folds W of the following Types (&).

Type (—): Fix ¢ > 1. Let Y be a compact polygon in R? and § be the
standard metric on ¥ Then we set

W =“0,1] x [0,i] xY (3 (r,0,y))
with metric dr? + r2d6? + r*°3(y).”

Type (+): Fix b > 0 and ¢ > 1. Let f(r) be a smooth function on (0, 1]
satisfying f’(r) > 0 for any r > 0, f(r) = r® for small r > 0 and f(r) = 1/2 for
large r < 1. Also, let {(z) be a smooth function on [0, 00) satisfying !'(z) > 0
and !"(z) > 0forany £ > 0, [(z) =1for 0 <z <1—¢ and l(z) = z for
x> 1+¢. Set h(r,s) = f(r)l(s/f(r)). Then we set

W = «0,1] x [0,1)*(> (r,0,s,0)) ‘
with metric dr® + r2d6? + r2°(ds® + h2(r, s)d6?).”
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Finally we shall put S = {p}, the one-point set, which obviously causes no
loss of generality.

2. Decomposition of #7

The purpose of this section is to decompose &2 into less-complicated finite
parts, nonoverlapping, except on the boundaries. The parts which cover near
the singular point p must be quasi-isometric to the W’s of Types ().

We start, according to Hsiang and Pati [6], by looking over the metric g
near p through a resolution of X.

Let the singular point p be at [(1,0,---,0)] € PN(C). Using the local
coordinates around the point,

[(wO’wl)"' ’wN)] = (21»"' y2n) = (w1/wo, -+, wN/wo),

regard X as a normal surface which is contained in CV and has the singularity
at the origin. Then we must make a good resolution : X — X at the origin to
satisfy the condition that, through the resolution, the local parametrizations
of the standard form can be taken [6, III]. That is, near an arbitrary point
of 7=1(0), take a suitable pair, a permutation ¢ € Gy and local coordinates
(u,v); then the map 7 can be written on the coordinates as follows:

2a(1) = unlvml" (n17m1) # (an)a
ny my
Z5(2) = f2(20(1)) + u"2v™2 g2 (u, ), det (n2 m2) # 0,
g2(0’ 0) # 0’
(2.1)
n; m;
2o) = filzo(1)) + u™ 0™ gi(u, v), det (nl my ) #0,
Zo+1) = fi+1(20(1)), 91(0,0) # 0,

z2e(N) = In(20(1)),

satisfying that f;(z) = ) ajn2°" with ¢, > 1 for 2 < 5 < N, and moreover,
ny <ng <---<nyand m; <my <--- <my. Such a resolution can be con-
structed by first resolving the singularity and (if necessary) next performing
the quadratic transformations [6, IT and III].

Now consider a sufficiently small local coordinate neighborhood (U, (u,v),
lu| < po, |v] < 7p) with the standard local parametrization (2.1). Set
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V =U ~n~1(0). Then let us find the metric less-complicated than and quasi-
isometric to 7*g on V. We set

. Nng M2 ny m;

= = — > =

c mm{nl’ml} (>1), d = det <n2 m2>(9'é 0),
(2.2) ry=u™o™, 0; = argu™ o™,

|/, d >0,

r2 = |u||d|/m1, d<o,

With the definition of ¢, we consider +/0 = co.

Proposition 2.1 (Hsiang and Pati (6, Lemma 3.2]). OnV the metric
m*g 18 quasi-isometric to the metric

(2.3) dr? + r2d6? + r2(dr? + r2d62).

0y = argu™2v™2,

Further we will search for additionally less-complicated ones. Let us make
some preparations. Because (2.3) is a metric, we have,
ifn; =0, then no =1,
(2:4) ifm; =0, thenmy=1.

In fact, for example, if m; = 0, then 77!(0) =“v-axis” in U and the norm
(defined by (2.3)) of the tangent vector 8/d|v| at (u,0) € U, u # 0, is equal
to |u|™2 limpy o ma|v[™2~1. Hence my # 1 leads to a contradiction, that is,
its norm is equal to 0. Next, setting

= |ul, T = v,
25 (oo e
¢ =argu, Y = argv,
we have the following:
Proposition 2.1 holds even if ©; is replaced by

(2.6) ez{vﬁ, d>0,
¢, d<0.

In particular, if nym; # 0, then Proposition 2.1 still holds
even if O is replaced by

(2.7) ¢’ d > O,
o-{
¥, d<O0.

Let us prove only (2.6) with d > 0. Setting ® = (d/n;)¥, (2.3) can be
rewritten as follows:

(2.8) dri+(1+ c"’rf(c"l)rg)rdef +r2dr2 + r3r2d6? + 2cr3rdo, de.
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Since we have, for a sufficiently small € > 0,
(2.9) |2cr2°r2df,dO| < <? rl r2do? + e2r¥r2d6?,

(2.8) can be dominated from above and below by
(2.10) )
dr? + {1 + (1 + ;) czrf(c 2 2} rido? 4 r2¢ {dr% +(1x ez)rgdéz}.

This implies (2.6) with d > 0 for sufficiently small ; > 0 and r > 0, which
is obviously sufficient for the proof of (2.6) with d > 0 itself.

Now, observing (2.4)—(2.7), we can obtain the following corollary. That is,
with the definitions:
in the case where either the v-axis or the u-axis is the divisor

(2.11) contained in U, we set
1 T ;7 d>0,
([ e
™ Y p ¢; d<0,
(2.12) in the case where both the v-axis and the u-axis are the di-
) visors contained in U, we set
r=phirm rd/m1 ¢; d>0,
{0=n1¢+m1w {p'd‘/"“ _{w; d <0,
we get
Corollary 2.2. OnV the metric m*g is quasi-isometric to
(2.13) dr? + r2df? + r*¢(ds? + s2d6?).

As for m7=1(0) from which certain neighborhoods of the intersection points
of the (irreducible) divisors are deleted, the corollary (in the case (2.11)) says
that we can decompose its neighborhood (C 7~1(£”)) into the parts quasi-
isometric to the W’s of Type (—). Note that the indices ¢ fixed in Type (—)
are those of (2.13); they depend only on divisors (not on the choice of U)
and are called the ezponents of the divisors [6, III]. On the other hand, the
corollary does not give the desired decomposition of the neighborhoods of the
intersection points; the map (u,v) — (r,0, s,0) does not introduce the desired
product structure into them, despite the fact that the metric is of Type (—).
In the following, we will show that they are quasi-isometric to the W’s of Type
(+)-

As they are treated similarly, we need only treat the case (2.12) with d > 0.
That is, on our U, both the v-axis and the u-axis are divisors and the index d
is positive. We have ¢ = na/n;, which is the exponent of the v-axis; note that
ma/m; is that of the u-axis. Set b = my/m; —ng/n;. Now (performing the
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rescale if necessary) we put po = 2, and fix a smooth function f(p) on (0,2]
satisfying f'(p) < 0 for any p > 0, f(p) =1 on (0,1] and f(p) = (2 = p)p*/™
near p = 2. Then, replacing s by § = 7%/ f(p), the map

(2.14) my: (u,v) — (1,§,0,0)

induces a diffeomorphism from V to

(2.15) {(r, Ho<r<2mam 0<5< Tg/nlf(T(;ml/nlrl/m)} x T,

where T = R?/{(2n;7, 27), (2m;7,0)}. Regarding 7o > 0 as sufficiently large
(by rescaling), we set

(2.16) V =m,1((0,1] x [0,1] x T).
Then, using the function h(r, s) defined in Type (+), we have
Corollary 2.3. OnV the metric m*g is quasi-isometric to

(2.17) dr? + r2df? + r2°(d5? + h?(r,3)d6?).

Proof. It suffices to prove the corollary for small > 0, so that f(r) = 7.
Let € > 0 be the one given in Type (+):

(i) On the part 3 > (1 + ¢)rb. Since p < (14¢€)"™/4 < 1, we have § = s
(given in (2.12)) and h(r,3) = h(r,s) = rl(sr~°) = s. Hence the corollary
restricted to the part is guaranteed by Corollary 2.2.

(ii) On the part 5 < (1 + €)rb. We have p > (1 +¢€)~™/¢ > 0. Therefore
Corollary 2.2 with (2.11), corresponding to Type (—), asserts that the metric
m*g on the part is quasi-isometric to the metric associated to the divisor
“y-axis,” that is,

(2.18) dr? +r2d0? + r¥(dp® + dO?), &= my/m,.

Here 7,0 and © are those defined in (2.12). Hence it suffices to prove that
(2.17) is quasi-isometric to (2.18). Let us rewrite (2.17):

5= rd/mmip=dim f(p) = r°F(p),
d5? = b?r?(= D F2dr? + ¢ (F')2dp? + 2620~  FF'drdp.

Since, for a sufficiently small ¢ > 0, we have

(2.19)

-~ 2 - -
(2.20) |2br2° =1 FF' drdp| < %ﬁ("-”z«"?dr? + €272 (F")2dp?,
(2.17) can be dominated from above and below by

{1 + (1 + _15) b272(6—1)1:~2} dr? + r2de?
(2.21) 3
+ 72 { (1 €)(F)2dg? + 122 (r, 1 F (p))d6? }
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Here we know that 1 < r=%h(r, 7’ F(p)) < 2 and there exists a constant C > 0
such that —C' < F’ < —C~!. Thus (when r > 0 is sufficiently small) (2.17) is
quasi-isometric to (2.18).

Now we can decompose a neighborhood (C Z°) of p into the desired parts.
That is, observing (2.16), first, decompose T" into |J;[0—;,0+;] X [6—;,04,]
and next decompose V compatibly. Each part is quasi-isometric to the W of
Type (+). Second, decompose the closure of 7=1(0) — V into polygons Y; and
we get the decomposition of a neighborhod W (C 7=1(Z)) of the closure, each
part of which is quasi-isometric to the (0,1] x S! x Y; with metric (2.13). By
decomposing S!, we get the decomposition of W, each part of which is quasi-
isometric to the W of Type (—). Thus, a neighborhood (C &) of p, which
is diffeomorphic to a neighborhood of 7=1(0), can be decomposed desirably
into | J, Wo. Adding the part M = “the closure of 2 —J, W,”, we get the
desired decomposition

(2.22) ¥ =MU (U Wa) .

3. Proof of Assertion B

In this section, we prove Assertion B assuming that the following proposi-
tion is true. The proof of the proposition will be given in the next section.
On each (W,, g) given in (2.22), consider the self-adjoint Laplacian

(3.1) A, = didy.
Here d,, is the exterior derivative acting on functions, smooth on W, (up to
the boundary dW,,), with compact supports. Also d’ means the dual of d.
Note that W, does not contain the singular point p.

Proposition 3.1. FEach A, has the property (BP).

Now, set Xoe = Wy N X, (see (1.2)). Decompose its boundary into

8Xas = a0)(045 V) alxa57
(3.2) 90 Xae = 0Xae NOX,
alxas = aXas N awm

and, on X,., consider the self-adjoint Laplacian A,, together with the
boundary conditions of the Dirichlet type on doX,e and of the Neumann
type on 01 X,e. If we denote by d,. the exterior derivative acting on smooth
functions f on X, satisfying f|0oXae = 0, we can also write

(3'3) Doe = d_;edae'
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This obviously has the property (BP). Also, on M, consider the self-adjoint
Laplacian Ajps of the Neumann type, which has the property (BP) as well.
Then, combined with Proposition 3.1, the following proposition justifies As-
sertion B.

Proposition 3.2. Suppose 0 < € < gg. Then

(1) Tre~Aect < Tre~Aet,

(2) Tre~ B¢t < Tre~AMt + 3 Tre~Beet,

The proof follows the argument given in [10, Chapter XIV, 14.5 and 14.6].

Proof of (1). Let

(3.4) (0) Ao <A< Too, 0<L)po<p1 <--- 100
be the eigenvalues (with multiplicities) of A, and A, respectively. Then we
have only to prove

for any n. Let {¢,,} and {¢),} be the sequences of the orthonormal eigen-
functions corresponding to (3.4) respectively. Moreover, consider the (energy)
integrals,

D(fag)'—'(df’dg)Wa’ fagedom(jou

De(f,9) = (df.dg)x..,  f,9 € domdae,

where (df, dg)w, = fWa df A xdg etc. We set D(f) = D(f, f) etc., for short.

The integral D(f) has the following inequality: for f € domd,, expanding
[ = —0tm®m, ¢m = (f,dm), we have

(3.6)

(37) 3 Ane, < D(J).
m=0

In fact, since D(f, ¢m) = (f, 6ddm) = AmCm, we have, for any n,

0<D (f -y cm¢m) =D(f)+ Y Y ccmD(é1, ém)

m=0

(3.8) —2Y " cmD(f, bm)

On the other hand, f € domd,, can be regarded as f € domd, provided
we de_ﬁne f= 0_on Wa — Xae. In this sense, we have the implication that
domd,. C domd,.
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Now we can prove (3.5). In setting ¢, = (Yo, dm), (3.7) says

(3.9) Ao = Ao Z 2 < Z AmCm < D(tho) = De(tho) = po-
m=0 m=0

Thus (3.5) with n = 0 was proved. Next, take
(310) f=00¢0+a11p1, a(2)+a¥ = la (fa¢0> =0.
That is, setting A = (4o, ¢o) and B = (11, do), we put ag = B(A% + B?)~1/2

and a; = —A(A%?+ B?)"1/2, (If A= B =0, ap and a; can be chosen clearly
to satisfy (3.10).) Then, setting cm = (f, dm), we have

- 2 _ = 2 _ — 2 2 _
Zcm_zcm“(f7f>_a0+al—li

=1 =0
(3.11) ™ oo -
M= Y <D Amch < D(f) = De(f) = poad + paaf < py.
m=1 m=1

That is, (3.5) with n = 1 was also proved. In order to prove (3.5) generally,
it suffices to find f = ag¥o + -+ + an¥, satisfying a?, + -+ af, =1 and
(fyém) =0 for 0 <m < n—1. It is obviously possible.

Proof of (2). Let us gather all of the eigenvalues (with multiplicities)
of Ap,Aqe (any o and fixed €) and arrange them in nondecreasing order,
(0<) Ao <A1 £+ 1 00. Also arrange the eigenvalues of A, in nondecreas-
ing order, (0 <) po < 1 <--- 1 o0o. Then it suffices to prove

(3'12) An < lin

for any n. Let {¢n,} and {¥,,} be the corresponding orthonormal eigenfunc-
tions respectively. Here ¢,,, which is a function on one of M or the X,., must
be regarded as a functions on M U (| ], Xq¢) by setting ¢, = 0 elsewhere.
Next consider the (energy) integrals,

Dc(f,9) = (df,dg)x., frg€{f €C®(Xc)|floXe =0},
(3.13) Dm(f,9) = (df,dg)m, fig € C®(M),
DaE(fv g) = <df« dg)Xa;a f.9€ {f (S Coo(Xas)l fIaOXae = 0}~

Set Dc(f) = De(f, f), etc. Then, for f € C®(X,) with f|0X, =0, we have

(3.14) Y AmcZ < Dm(f)+Y_ Daclf),  om={f,bm)-

m=0
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The proof is similar to that of (3.7). Now setting ¢y = (%o, #m), we have

Ao = Ao(¥o,%0) = Ao {(%,%)M + Z(d’o,%)xu}

oo

< Z Amc2, < Dar(o) + Dae(0) = De(v0) = po-

m=0

(3.15)

That is, (3.12) with n = 0 was proved. As for the general case, it can be
proved with a discussion similar to the one following (3.9).

4. Proof of Proposition 3.1

In this section we prove Proposition 3.1. According to (2.22) and our
principle, it suffices to prove the following. The self-adjoint Laplacians A on
the W’s of Types (%) are defined similarly to (3.1).

Proposition 4.1. FEach A on W has the property (BP).

Now, fix 0 < R < 1 and consider the self-adjoint Laplacian Ar on Wg =
{(r,---) e W|R < r <1} defined in the same way as (3.3). It has the prop-
erty (BP) and the trace Tre~2R! increases monotonically when R decreases,
and, moreover, we have Tre™ 2t = limg_.o Tre~2#?* (see (1.3)). Hence Propo-
sition 4.1 can be reduced to the following.

Assertion 4.2. There ezists a constant K > 0 such that

(4.1) Tre ®#' < Kt™2, 0<t<ty, 0<R<Ry.

We shall introduce a certain lemma. If we assume that it is true, we can
prove the above assertion. First consider the ordinary differential equation
w"(z) + Aw(z) =0, 0 < z < 1, with the boundary conditions of the three
types; the sequences on the right-hand sides denote the eigenvalues in the
cases respectively:

w'(0)=w'(1)=0; (0=)po <p1<pz2 <100, pp = (nm)?,

(4.2) w(0)= %(x_(%“ww)(l) =0; vo<v <va<---Too,

d
w'(0) = (" fw)(1) =0 <& <& < Too.
Here ¢ > 1 is the one fixed in Types (+). Note that vy < 0 < v; and
€ <0 < &;. Second, let (0 =) 9 <11 < Mg <--- T 0o be the eigenvalues of
the Laplacian of the Neumann type on Y given in Type (—). Third, adding
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& =0 to the éj, § > 1, the zero points of vV AJ4(v/X), we make the sequence,
(0=) o =& < €3 < --- T 0o. Here Jo(z) is the Bessel function of order 0.
Note that \/XJ(',(\/X) has its zero points only on the nonnegative half line on
the real axis [11].

Let us explain briefly why we consider its zero points Ej, J>1 Itis
because we must later consider the boundary value problem,

(4.3),, w'(z)+ </\ + 4—12) w(r) =0, (0<)zo<z<1,
(4.3)z0 J ’
(@), (o) = o (a u)(1) =0,

and the singular boundary value problem (4.3)o = limz,—(4.3)z,, that is,
the problem obtained by making zo | 0; in the latter problem we are in the
limit-circle case. The éj, J > 1, are the eigenvalues of the latter problem
(4.3)0. According to the general expansion theory [10, Chapter III], we will
explain the above somewhat further. The differential equation (4.3) , with
the conditions wq(1,)) = 1, wi(1,A) = 0, wz(1,A) = 0, wy(1,)) = 1 added,
has the following solutions (A # 0, Lommel’s formulas):

) wi(z,3) = SVASNG(VR)Jo(VAz) = Jo (V) No(VAz)} - %wg(z,/\),
wo(z,A) = --f{No(\/" X)Jo(VAz) — Jo(VA)No(VAz)}

where Jg, Ng are the Bessel and Neumann functions of order 0. Therefore, if
we define, according to [10, (2.1.5)],

— _1 _.__lwl(l’)‘) wi(1,2) l
mi(A) =1 ()" 2) - —;wz(l,/\) w;(l A 2
wi(zo, A)
mo(A) = lim lgo(,0) = — lim w;(zz,/\)
—zhgl[ + VMM (20, YNH(VX) — J(VA)}
(4.5) °

x {M(zo, \)No(VX) = Jo(VX)}~!

= 3+ VAR(VR) (V)

Jo(VAzo) + 2vAz0J§(VAzo)
No(VAzo) + 2vAzo N§(VAzo)’

then the eigenvalues of the problems (4.3);, and (4.3)¢ are given as the poles

M(an A) =
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of the meromorphic functions (I,,(A,0) — I;(A,—1/2))~! and
(mo(A) = m1(N) ™" = Jo(VA{VALH (V)

respectively. Thus the Ej, J > 1, are the eigenvalues of (4.3)o.
Also, the general expansion theory says that, if the eigenvalues of (4.3),
are denoted by &1(zo) < €2(zo) < -+, then we have

(4.6) Jim &i(zo) =&, i1,

which will also be a key point of our later discussion.
Now, arranging the eigenvalues of Ag in nondecreasing order,

(4.7) (0<) M(R) £ Xg(R) <--- 1 00,

we get

Lemma 4.3. (1) In the case of Type (). Rearranging the elements of
the set {u; + n; + px} in nondecreasing order, A\y < Ay < --- T 00, we have
An £ An(R) for any n.

(2) In the case of Type (+). Fiz a (possibly negative) constant a. Then, re-
arranging the elements of the set {p;+p;+&c+vi+as 5 > O}U{ui+ék+u;+a}
in nondecreasing order, \y < Ag < --- 1 00, we have A\, < Ay (R) for any n.

If we assume the above, we can prove Assertion 4.2 as follows.

Proof of Assertion 4.2. There exists a constant K; > 0 such that

(4.8) fns Un€ny€n > Ki(n=1)2, n>1.

This implies that there exists a constant K5 > 0 such that

(4.9) Ze‘“"t,Ze_”"t,Ze"E"t,Ze”é"tSth_1/2, 0<t<tp.

Also we have K3 > 0 satisfying Y et < K3t™!, 0 < ¢t < to. These facts
combined with Lemma 4.3 say that Tre~ 2"t = " ¢~*=(R)t has the estimate
(4.1).

Thus only the proof of Lemma 4.3 remains. Let {¢,,} and {¢n} be the
orthonormal eigenfunctions corresponding to {um} and {n,} respectively.

4.1. Proof of Lemma 4.3(1). Let us consider the differential equation
ApF = MF, F € domAp, on W of Type (—). Its solutions are given as
the linear combinations of the functions G(r)¢;(6)%;(y), where the G are the
solutions of the boundary value problem,

G"+ (2c+1)r G + (A — pr™2 —mr7%)G =0,

(4.10) G(R)=G'(1)=0.
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Performing the normalization G(r) = r~(2¢+1/2H(r), we get

H"+(\-gq;(r)H=0, R<r<1,
(4.11) H(R) = %(T-(%H)/?H)(l) =0,
qij(r) = (pi+ >+ Hr 2 +nr%

Let Aijo(R) < Aij1(R) < -+ be the eigenvalues of the problem (4.11). Re-
arrange {A;;k(R)}i j,k in nondecreasing order and we get the sequence (4.7).
Now, let us consider the problem reduced from (4.11) by replacing g;;(r) by

ij = Mi+n; —Vo; the eigenvalues of this problem, denoted by (4.11)', are writ-
ten as (0 <) ,JO(R) < /\,JI(R) < .--. Then we have )\,Jk(R) < Aije(R) —vo
for any ¢, 7 and k. The proof is similar to that of Proposition 3.2(1), however,
instead of (3.6), we use

(412)  D(f.g) = / (1'd +pisfaydr — F'(1)g(1),
(4.12) R

1
(412" D(f.g) = /R ("¢ + (@i — vo)fa} dr — F(1)g(1),

for f,g € {f € C*([R,1)| f(R) = (d/dr)(r~(2e*1)/2f)(1) = 0}. Notice that
both D and D are symmetric w1th respect to f,g and we have 0 < D( f) £
D(f).

Further we have the problem reduced from (4.11)' by replacing R <r <1
by 0 < r <1 (and, of course, H(R) = 0 by H(0) = 0); its eigenvalues are the
Wi +n;+ vk — vy, 0 <k <oo. Wehave u; +n; + v —1p < :\,;J‘k(R) for any
1,7 and k. The proof is similar to that of Proposition 3.2(1), however, instead
of (3.6) we use both (4.12) and (4.12) with f;t replaced by fol

Thus the proof of Lemma 4.3(1) is complete.

4.2. Proof of Lemma 4.3(2). Let us consider the differential equation
ARF = AF, F € domApg, on W of Type (+). Its solutions are given as the
linear combinations of the functions G(r,s)¢:(6)¢;(6), where the G are the
solutions of the boundary value problem,

PG, 1LOG (t+1 10h|9G 1 0h0G
or? ' r2c Qs? T hor| Or  r2ch9s 0s
(4.13) + (A= pr™? — uih%r7%)G =0,

oG 0G oG

G(R,s) = . —(1,8) = E(T,O) = -5;(7',1) =0.
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Performing the normalization G(r,s) = r~(2¢+1)/2p=1/2H(r, s), we get

0°H  _, 0°H
57 T 2 53 + (A —gj(r,8))H=0, R<r<1,0<s<l,
H(R,5) = o (=2 H)(1,59)
— oH _ 9 -1/2 —
(4.14) == (r,0) = 55 H)(r,1) =0,

o) by Beriron 2 omy? o) L
B8] = M 4772 hor a2 \or) T 2h0r7 [ 12

1 /6r\> 1,0%h), 5 g

Let Aijo(R) < Aij1(R) < -+ be the eigenvalues of the problem (4.14). Rear-
range {Aijm(R)}:ijm in nondecreasing order and we get the sequence (4.7).
4.4. (1) There exists a constant a such that, for0 <r <1 and0< s <1,

1 2+1rd8h 2 (0h\> r20%h| 1 _.
4.1 2 =TT T (& L2280 - >3
(4.15) {c it T2 o 4h2<ar) toRar (220
(2)
1 (6r\> 1,8% _ 1
—— = _he—o > -,
4(63) +2h832" 4

Proof. As for (1), it suffices to show that the left side of (4.15) is nonneg-
ative, that is, bounded from below, for small r > 0. Hence we may assume
r > 0 is small, so that f(r) = r®. By noticing h(r, s) = r°l(sr?), the left side
of (4.15) can be rewritten as follows:

1 s\ . b2 sU\?\  b2s)| _
{Cz—Z-FbC(l—-f—-l-)-l'z(l-— (ﬁ) )+—2-—f2—l}7' 2,

Since sl'/fl < s/fl = z/l(z) < 1, (1) was proved. On the other hand,
(2) can be shown by using the facts dh/ds = I'(sf~!) < 1 and 8%h/ds® =
f—ll//(sf—l) >0.

From here, we divide our discussion into two cases, i.e., the case 7 > 0
(uj > 1/4) and the case j =0 (po =0). Seta =a —1/4.

(I) The case j > 0 (u; > 1/4).

Let us consider the problem reduced from (4.14) by replacing g;;(r,s)
by Gij(r) = pi + (u; — 1/4)r72° + 1/4 — & — vo; denote its eigenvalues by
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:\ijO(R) < :\ij'l(R) < ---. Next, consider the boundary value problem,
2"+ (X = pijk(r))z =0, R<r<1,
d, _
(1) AR =g =0,
~ 1\ _ 1
Piji(r) = wi + <Nj+fk"z>7’ 2c-*-z—fo--lfo-

Denote its eigenvalues by Xij-ko(R) < Likl(R) < ---; if we rearrange
{Xijki(R)}k,; in nondecreasing order, the sequence thus obtained is
{Xijm(R)}m. Moreover, let us consider the problem (4.16)' reduced from
(4.16) by replacing p;jk(r) by Pijk(1); denote its eigenvalues by Aijxo(R) <
Aijk1(R) < ---. Finally, let us consider the problem (4.16)" reduced from
(4.16)" by replacing R < r < 1by 0 < r <1 (and, of course, 2(R) = 0 by
2(0) = 0); its eigenvalues are precisely the u; + pu; + & + v1 — o — v with !
arbitrary.

These eigenvalues have the following relation:

(4.17)" (0 <) i + py + & + v — €0 — Yo < Aigui(R) < Mij(R),

(4.17) N
(417)” )\Um(R) < /\1_7m(R) —a- 50 — Vo.

Each inequality can be proved similarly to that of Proposition 3.2(1). The
proof of Lemma 4.3(1) is a more direct model for that of (4.17)’; notice that
pi+ & —1/4> p1+ & —1/4=n2+ & —1/4 > 0. To prove (4.17)", we use
the following integrals instead of (3.6):

of o af o
/ / {afaf _%Bga_g””fg} drds
1
(4.18) —/0 (af )(1 s)ds-—/;2 r2e (%ég) (r,1)dr,
/ / {g’:gf 46%{'%*’(%—0—&—1’0”9} drds

_/0 (g{ )(l,s)ds—/er_Qc (%f;;) (r,1)dr

for f,g € {f € C}([R, 1] x [0,1])] f satisfies the condition (4.12)"}. Both D
and D are symmetric with respect to f and g. Observing Lemma 4.4, we have
0 < D(f) < D(f).

(II) The case 7 =0 (u
(4.14) by replacing gio(r, 8
its eigenvalues by Aio(R)

0). Let us consider the problem reduced from
i (r, ) pi — 5(8h/0s)2h=2r=2¢ — 1y; denote
(R

0=
s) by
R) < Xa(R) <
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In order to estimate the sequence {:\im(R)}m, we consider the following.
Take 3¢9 > 0 small, so that h(r,s) = f(r)for R <r <1and 0 < s < sg. Giving
our attention to this so > 0, we consider the boundary value problems:

0’H AL 1
—872—4‘[/\—{#1'—7' 20(58—24-@)_”0}]]{:0’

R<r<l1,s<s<l1,
(4.19) a( H OH

H(R,s) = = m) (1,8) = 5 (50)

0 (H
=a°s(m> (1) =0,

9’H _gc 02
W+[)\—{ui—r 2CF—UOHH=O’

and

RSTSI, OSSSSOs
(4.20) 5
H(R,5) = L(r-et0/2p)(1 o

= aa—I:(T,O) = —al%(r, s9) = 0.
Gather their eigenvalues and rearrange them in nondecreasing order; denote
the sequence by (0 <) fio(so,R) < [i;1(S0,R) < ---. Then the facts that
(Oh/8s)*h=2 < 572 for s > sp and (0h/0s)?h~2 = 0 for 0 < s < 59 demand
fiim (50, R) < Aim(R) for any m. The proof is similar to that of Proposition
3.2(2). Hence, setting fiim (R) = lims,—0 fim (S0, R), we get

(4.21) fiim(R) < Aim(R)
for any m. Moreover, when we consider the problems, k& > 0,

w' i A= (i + G —w)lw=0, R<r<l,
(4.22) d

w(R) = = (=D 2w)(1) =0,

their eigenvalues {fi;x;(R)}k, are rearranged into the nondecreasing sequence
{ftim(R)}m- This fact is obviously deduced from (4.6) and the fact that the
eigenvalues of the problem y” + Ay =0, 0 < z < 59, with 3'(0) = ¥'(sg) =0
are the u;(so) = wjsg 2, j > 0.

Next, let us consider the problem (4.22)' reduced from (4.22) by replacing
£xr™2¢ by £; denote its eigenvalues by pko(R) < piki(R) < ---. Finally,
consider the problem reduced from (4.22)’ by replacing R <r <1by0<r <1
(and, of course, w(R) = 0 by w(0) = 0); its eigenvalues are exactly the
Hi + fk + vy — yg with [ arbitrary.
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These eigenvalues have the following relation:

(0 <) wi + & + v — vo < pa(R) < fam(R),

(4.23) ~
/\im(R) < Aim(R) —a — vp.

Each proof is similar to that of Proposition 3.2(1).

Now Lemma 4.3(2) is a natural consequence following from (4.17), (4.21)
and (4.23).

5. Proof of Assertion A

First of all, according to Hsiang and Pati [6, IV], we will review the method
of introducing a product structure into a neighborhood (C £°) of the singular
point p. Observing (2.22), we take the W, of Types (%) corresponding to the
W, and take the quasi-isometries tq; W, = Wa. Let us make the vector field
& on the W, by rescaling and perturbing the vector field 0/0r (however,
the Ea and the d/dr must be quasi-isometric), so that the L;éa together
produce a smooth vector field é on Y = |UW,. Moreover, let us denote
by R(z) > 0, z € Y, the distance along the flow line of £ from z to the
singular point p. We may assume (by performing the rescale) that each flow
line extends to the point where R > 1. Then the flow lines and the function
R:Y — (0,00) produce a product structure

(5.1) R™1(0,1) = (0,1] x R™*(1).
Here the decomposition

(5.2) R710,1] =|J (WanR7%(0,1])

07
is compatible with the structure (5.1), that is, each W, N R~1(0,1] has a
natural product structure induced from (5.1). Moreover, by replacing ¢, (z) =
(r,--+) by In(z) = (R,---), that is, by replacing only the r by the R, we get
the quasi-isometries

(5.3) In: WaNR™Y(0,1] = W,.

Now, let us start the proof of Assertion A. Because of the Stokes’ theorem
and the fact 6* = dp, it suffices to prove the following.

Proposition 5.1. For any F € domd and any G € domé, there exists
a sequence €y, | 0 such that

lim FAxG=0.

"= JR-1(en)
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Proof. Considering the structure (5.1), we can write *G = A+ dR A B,
where A and B do not involve dR. Hence we have fR_l(e) FAG = [, © FA
A. Now, let %, be the *-operator on R™!(n) with the metric g restricted and
let us define

5.4) F|? =/ FA#,F, Al? :/ AN A
( 1 F (%03 . n 1 AllZn.e3 . n

For example, regard F|R™!(¢) as a function on R~!(n) naturally; then
|Flln,e} is precisely its L2-norm. Using (5.4), we have

[ rna
R-1(¢)

And, because of [2, Lemma 1.2] and the fact [|A||}, ., € L*(0,1), there exists
a sequence £, | 0 such that

(5'5) < ”F”{e,s}”A”{e,e}-

(5.6) Al e eny = olen /2 [logen| 1/2).

Hence the following lemma asserts that the proposition is true.
Lemma 5.2. There exists a constant K > 0 such that

IFlle.ey < K{IFIl + |dF||}e'/?

for0<e<1/2 and F € domd.

Here ||F|| and ||dF|| are the L?-norms of F and dF on £ respectively.
Considering the quasi-isometries (5.3) and providing F, = I4.F for F €
C®(Z), there exists a constant K; > 0 such that

(5'7) ”F”{e,e} <K, Z "Fa”{e,s}
@

for 0 < e <1 and F € C*°(Z£"). Here we define ||F,||{c ¢} in the same way as
(5.4). Hence we have only to prove the following.
Lemma 5.3. There exists a constant K > 0 such that

IFallie.cy < K{lIFall + ldFall}e!/?

for0<e<1/2 and F € domd.

Here ||F,|| and ||dF,|| mean the L2-norms of Fy and dF, on W, respec-
tively. The proof follows the argument given in [2, Lemma 2.3].

Proof in the case W, is of Type (=). To simplify the description, we use
F and W instead of F, and W,. Here W is of Type (-). Fix 0 < € < a.
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Then we have

“OF _ (2e41)/2 /af?_ﬁdr
e O e e 0 e
< 2e+)/2 /a or dr
c || Or (s}
(5.8) =5(2c+1)/2/ar—(2c+1)/2 oF dr
€ or {r,r}

a 1/2
SE(Zc+1)/2 {/ ,’.—(2c+1)dr} ”dFH
€
1
< —=€'2||dF .
< —e?ar]|

On the other hand, assuming that the function ||F||(1,,}, 1/2 < 7 < 1, takes
the minimum at r = a, we have

1
IF(a)llge,ey = ePHV2|Fll 1,0y = 263D/ /1/2 I1F1l 41,0 dr

1
< 24072 [ P ar
1/2

(5.9) A
=2E<2c+1)/2/ =GV || dr
1/2 '
1
< —_geti(2e+1)/2) g1
<= 171
Hence the following inequality implies the lemma:
¢ oF
(5.10) 1Plear < | [ Grar|  +1F@Ico.
€ {e.€}

3 Proof in the case Wy is of Type (+). We use F and W instead of F, and
W,. Here W is of Type (+). First of all, we know that the metric on W is
quasi-isometric to

(5.11) dr® +r2de® + 1'2C{d32 + (rb + s)2d62}.

In fact, there exists a constant C > 0 such that C~*(r® + s5) < h(r,s) <
C(r®+s) for0 < r <1and 0 < s < 1. This is a consequence of a straightfor-
ward computation; take ro > 0 so small that f(r) = r? for 0 < r < 7o, decom-
pose the region defined by 0 < r < rg into three parts, sf~! <1-¢, 1—¢<
sf~'<14+eand 1+ < sf!, and then estimate (r® + s)(h(r,s)) ™! on each

part.
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Therefore it suffices to prove the lemma on W with metric (5.11). Set
b=¢&—c (>0). Decompose ||F||?, ., in the following way:

1Fyey = [ 74 + 9)F(c.0,5,0) do ds do

(5.12) =/’75+C+1F2(6,0,s,6) d9 ds dO

+ / n**t1sF%(¢,0,s,0)df dsdO

=IFI3 ey + IFNZ .-
Then, similarly to (5.8), we have

a 2 a 2 a 2
o ) T N
€ or {e,e} € or 1,{e,e} € or 2,{e,e}
a 2 a 2
(5.13) <e L/ oF dr+—1-/ oF dr
ctele 107 iy (rry 2c Je 1197 |2 4r,my
a 2
<L CI2EN 4 < Lejarye,
2c Je |07 |40y 2¢c

Also, similarly to (5.9), assuming that the function ||F|[{;,}, 1/2 < 7 < 1,
takes the minimum at r = a, we have

IF(@)|7e.ey = €T HUFIT 1,0y + X IFIZ 1,0y

1
< P2, ,, < 267+ /1 Il

(5.14) 1
< 26(2c+1)/2/ ’I'_(C+E+1)“F”%r " dr
1/2 ’

< 2c+6+262c+1 ”F“2

Hence the same inequality as (5.10) implies the lemma.

The author would like to thank the referee, who gave him the comment, “It
shouldn’t be too difficult to prove d = dy for i-forms rather than functions,
as in Cheeger [2]. Since Hsiang and Pati [6] use Cheeger’s argument without
verifying d = dp, your result seems to partially fill that gap in their proof.”
However, the assertion d = dp for forms (which must be true) seems to be
difficult to prove in the same way as in §5 (or as in [2]). The readers may
have already noticed that [6] did not treat Type(+), which is certainly a gap
of [6]. Because of the complexity of Type(+), the above assertion has a subtle
problem and also Hsiang-Pati’s argument in [6] needs to be revised (at least we
must treat Type(+)), which will be discussed elsewhere. Finally the author
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would like to thank the Institute for Advanced Study for their hospitality
during the author’s stay there (in 1985-86).
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