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ON THE ATIYAH-BOTT FORMULA FOR
ISOLATED FIXED POINTS

DOMINGO TOLEDO

Introduction

The original Lefschetz fixed point theorem [11] states that if M is a compact

manifold, f: M — M has isolated fixed points and L(f) denotes the Lefschetz
number of f, then

L(f) = %} deg, (1 — 1),

where the sum runs over the fixed points p of f. If f is a smooth map and the
fixed point p is simple in the sense that det (1 — df,) = 0, then its local index
has the infinitesimal description deg, (1 — f) = signdet (1 — df,). Atiyah and
Bott have shown that Lefschetz theory also makes sense in the context of elliptic
complexes. They show in [2] that if f induces a chain map of an elliptic com-
plex E over M and the fixed points of f are simple, then

L(f,E) = %} w(D) ,

where v(p) are infinitesimal invariants of f at p. It is natural to ask whether
their local index can be explained as a special case of a cohomological formula
which always makes sense for isolated fixed points, as in the classical theorem.

The purpose of this paper is to present a general approach to fixed point
theory which applied to isolated fixed points gives both the Atiyah-Bott formula
and cohomological formulas. This method is based on a classical formula of de
Rham [14, § 33] which expresses intersection numbers in Riemannian mani-
folds in terms of the Green kernel. It leads to an integral representation for
the Lefschetz number from which the Atiyah-Bott theorem can be derived by
some delicate but quite elementary analysis. Moreover, assuming that the
Poincaré lemma holds, a cohomological expression for the index of an isolated
fixed point can also be derived. For simple fixed points this reduces of course
to the infinitesimal description.

The use of de Rham’s formula was motivated by the intersection—theoretic
proof of the classical theorem. An exposition of this proof in a form which
suggests the steps to be taken in the elliptic context is included in the first
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section. The analysis which is carried out in detail in the next four sections is
then outlined.

In § 6 the general theory is applied to the classical elliptic complexes. For
the de Rham complex it just gives the classical formula. But for the Dolbeault
complex the integral formula of § 5 is taken by Dolbeault’s isomorphism into
a sheaf-cohomological expression involving the Grothendieck residue. This
formula was derived independently by Y. L. Tong, first by methods completely
different from the ones given here [17]. Very recently he has discovered for
the Dolbeault complex a similar intersection approach [18].

The intersection formula of de Rham was first brought to my attention by
Professor J. Eells, and he conjectured to me that it may be useful in fixed point
theory. I am also greatly indebted to him for much encouragement and advice
while this work was in progress. I would also like to thank Professor G. R.
Livesay for his encouragement to study these questions, and Professors C. J.
Earle and R. S. Hamilton for several very helpful conversations.

1. Topological motivation

We begin by describing the intersection-theoretic proof of the classical
theorem. This was actually Lefschetz’s original approach [11]. The alternative
proof based on traces at chain level, which is more familiar today, is due to
Hopf [8]. For simplicity we assume that M is orientable. We use singular coho-
mology with real coefficients.

Let I': M — M X M be the graph map defined by I'(x) = (fx, x). The fixed
points of f are just the intersections of I with the diagonal 4. To count these
intersections one introduces the Thom class x, namely, a generator for
H* M x M,M X M — 4) = R, where n = dim M. A choice of Thom class
is the same as a choice of orientation for M, and y induces generators for the
one-dimensional spaces H"(M), H"(M,M — point). Consequently we can
identify all these spaces with R in a compatible fashion.

The Lefschetz formula follows from the following observations.

(i) Poincaré duality and the Kiinneth formula identify

H"M x M) = Y, HHM Q H'M* = ), Hom (H‘M, H'M) .
2 2

The basic fact discovered by Lefschetz is that if z denotes the image of x in
H™(M x M), then g = ), (—1)*idy { under this identification.

(ii) If F denotes the fixed point set of f (F is so far arbitrary), we have the
diagram:

['*
H M,M — F) «<— H*M X M,M X M — 4)

lj ) lj

HM) L H(M x M)
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From (i) it is immediate that (f X D*z = Y} (—1)if¥. Since I'* = 4*(f x 1)*
and 4* gives the cup product, which is the Poincaré duality pairing, it follows
that I'*z = L(f). Thus L(f) can be interpreted as a cohomology class supported
on F, namely, jI™*p.

(iii) Suppose the fixed points p are isolated. Take disjoint neighborhoods
U, of p, each homeomorphic to R", and smaller neighborhoods V', of p with
f(V,) c U,. Then H*(V, X U,,V, X U, — 4) is generated by the local Thom
class g, at p, which is the restriction of . Applying excision to the top part
of the diagram and using Mayer-Vietoris to identify j with addition we get:

r*
@HW ,,V, — 0) «— @ H(V, X Up, V, X U, — 4)
p p

|

H"(M)

Thus L(f) = X}, v(p) where v(p) = [*y,.

Gv) Ifo6: (V,xU,V,xX U, —4)— (U, U, — 0) is the difference map
é(x,y) =y — x, and W, e H*(U,, U, — 0) is the generator, then g, = 0*W,,
because both classes have the same restriction to the fibre p X (U,, U, — p).
Therefore v(p) = deg, (1 — ).

From this point of view Lefschetz theory centers around the study of the
Thom class. The fact that this class is supported on the diagonal (i.e., it acts
as the d-function on the diagonal) combined with its global interpretation as a
map of cohomology gives at once the localization of the Lefschetz number on
the fixed point set. The precise nature of this localization (the explicit formula
for the local index) is then carried out by studying only the local Thom class.

Carrying out this procedure in the analytic context presents at once the dif-
ficulty of finding a class on M X M supported on the diagonal. One way of
doing this is to use distributions. The various proofs of Atiyah and Bott [1],
[2] use some procedure for approximating the Dirac measure on the diagonal
by smooth sections. A very elegant proof along this line was given by Kotake
[10]. He uses the heat equation to find such approximations, and actually
avoids any use of distributions. All these methods give a “trace at chain level”
which is very special to simple fixed points.

There is however another localization procedure due to de Rham [14, § 33]
which for our purposes can be stated as follows:

Localize the Thom class by writing it as a smooth class on M X M which
cobounds off the diagonal. We follows this procedure to find the analytic ana-
logues of the steps just outlined. We work always in the context of smooth
sections of vector bundles and do not need any theory of distributions.

In § 2 we review the main facts which we need on elliptic complexes, and
carry out step (i) of the above outline. This is the only section in which we
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make essential use of pseudo-differential operators. These come in very heavily
in the proof of Lemma 1, the basic estimates which we need.

§ 3 gives the basic localization theorem of the Lefschetz number (step (ii)).
We also remark on coincidence theorems as they fall naturally under the
general study of the Thom class. In § 4 we derive the Atiyah-Bott formula for
simple fixed points from the general theory of the first two sections.

In § 5 we show how to construct local Thom classes under the assumption
of sheaf-exactness and complete step (iii). For step (iv) (identification of the
local Thom class) one needs more information on the local geometry of the
complex in order to get useful formulas. This is done in § 6 for the classical
complexes.

2. Elliptic complexes

Our notation is very close to that of Atiyah and Bott [2]. A good general
reference for differential operators on manifolds is [12], and for pseudo-differ-
ential operators [13], [15].

M always denotes a compact smooth r-manifold. If E is a vector bundle
over M, and U an open subset of M, then I'(E, U) denotes the space of C>-
sections of E, and I'(E, U) those with compact support. We write I'(E, M)
simply as I'(E). T*M is the cotangent bundle of M.

Let E,, - - -, Ey be complex vector bundles over M, and D;: I'(E;) —I'(E;,,)
differential operators such that

(i) Dy,.D; =0,

(ii) for each & e T*M, & + 0, the symbol sequence

0, Pud g @y g

is exact.

Then we say that E = {E;,D;} is an elliptic complex. H(E) = {H(E)}
denotes its homology. '

For simplicity of exposition, we always assume that all the D, have order
one. If the operators have arbitrary orders, then the Hodge theory of this
section would have to be modified as in [10, §§ 4, 5]. The estimates of Lemma
1 would be somewhat different. Finally, ¢(D;, £;) in Lemma 4 would have to
be replaced by suitable differential operators and subsequent formulas modified
accordingly. All our arguments will then go through in this more general
context.

Let 2 denote the bundle of twisted n-forms (bundle of volumes) of M. If
M is oriented, Q2 can be identified with the bundle A*(T*M) of usual n-forms.
Let E. = Hom (E;, 2) = 2 ® E¥. Then there exists a natural pairing

2.1 {,Y(rt): E;QFE,—> 2,
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given by evaluation, or equivalently trace, which induces a pairing

(2.2) I'E)®I'(E)) — C
defined by

s®t—>f<s,t>.

We can then define the transposed operators D;: ['(E},,) — I'(E}) characterised
by

f (s, Dty = f (Ds, 1> .

{E;, D}} forms a complex E’, also elliptic,called the dual complex. The pairing
(2.2) induces a pairing:

2.3 HYE) ® H(E') —> C .

Ellipticity implies that these homology groups are finite dimensional and that
the pairing in homology is nonsingular. This follows easily from the Hodge
theory outlined below.

Let E; X E; denote the external tensor product over M X M. There is a
natural inclusion with dense image I'(E;) ® I'(E}) — I'(E; X E7)). The operator
D;: I'(E;) — I'(E;,,) determines an operator D;(x) (or D; X 1): I'(E; X E),) —
I'(E;,, X E}) with the property that on I'(E,) @ ['(E}), D;(x)(s Q1) = (D) ® 1.
This determines D,(x) uniquely if it exists, and its existence need only be shown
locally using coordinates. Similarly, we have D(y): I'(E; KX E;,,) — ['(E;XE)).

The bundles E; X E/; can be assembled into a complex E X E’ over M X M
by defining

(ERE), = X E/XE,

i—j=k

with differentials
Dy: NERE), —> NEXE),,,
given by
Ds(x,y) = Dy(x)s(x,y) + (—1)9D)_,(»)s(x, y)

if s(x,y) e I'(E; X E).
The sections of EX E’ can be thought of as kernels of integral operators
I'(E) — I'(E) by the formula



406 DOMINGO TOLEDO

s—> f k(x, y)s(y) ,

yeEM

where juxtaposition means the evaluation pairing (2.1). Thus ke I'(EX E’);
if and only if the associated integral operator maps I'(E;) to I'(E;,,). For
most of our work we need only a small portion of the complex E X E’, namely,
D_:T(EXE"_,— I'(ERE), as we work mostly with operators of homo-
geneous degree zero and minus one. In § 5 we also need D_,.

Examples. (1) The most familiar elliptic complex is the de Rham complex
A = A(T*M). If M is oriented and we identify 2 with A", then in the notation
introduced above, (1Y)’ = A"t (If M is not oriented, (A%)’ is the bundle of
twisted (n — i)-forms.) The pairing 4°® 4"~* — A" is the usual wedge-product
pairing. From Stokes’ theorem we see that (d,) = (—1)*"'d,_;, and the
induced pairing in homology is just the usual Poincaré duality pairing.

AR A is the complex of double forms on M X M (in the sense of de Rham
[14]) except that we use the grading from — n to n instead of a the usual
grading from O to 2n. But taking note of the various sign conventions, d is
seen to be the usual tensor product differential.

(2) Another elliptic complex of great geometric interest is the Dolbeault
complex A7-* of differential forms of type (p, ) and a complex analytic mani-
fold M. If dim¢ M = n, we always identify 2 ~ A™" using the natural orien-
tation of M. Then (A?:9) ~ A"~?:"~¢ again under the wedge product pairing,
and (dp,q) = (—1)?**"'9,_, ,_o. The induced pairing in homology is the
Serre duality pairing. A7>* X (AF:*)" is again a complex of double forms on
M x M with differential corresponding to o of the product complex structure
on M X M. Precisely, it is the subcomplex of A™*(M x M) of double forms
of degree p in the holomorphic coordinates of the first factor and degree n — p
in the holomorphic coordinates of the second.

(3) For two other examples arising from Riemannian and Spin structures
see [3]. These complexes are actually just a single elliptic operator.

Next, we need the techniques of Hodge theory. Choose Hermitian metrices
(,)=C(, ) on E; and a positive volume v on M. (Thus ve I'(2).)
These then define conjugate linear bundle isomorphisms *: E; — E} by *e, =
( ,ey)v,. The operator D¥: I'(E;,,) — I'(E;) defined by D} = +~'D}* is easily
seen to be the adjoint of D, with respect to the L*-inner product

f(,)v.

As usual we define the Laplacian 4;: I'(E;) — I'(E;) by

4; = D;_,D}¥, + D¥D; .
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This is a second order self-adjoint elliptic operator. (Ellipticity of the 4, is
equivalent to ellipticity of the complex.)
Standard Hodge theory then gives the following facts:

2.4 There exist pseudo-differential operators G;, H;: I'(E;) — I'(E;) such
that

(a) H,is L*orthogonal projection on the finite dimensional space ker 4;
= ker D; N ker D},

(b) Asz =Gd; =1—H,

(¢) H,has asmooth kernel A;(x,y) e I'(E; X E}) given explicity as follows:
Let {h;;} be an orthonormal basis for ker 4; Then

hi(x,y) = 20 hyy(x) @ xhyy(y)

@ (G = f 8:i(x, )s(y) ,
yeM
where g,(x,y) is smooth for x #= y. For each x e M, g,(x,y) ¢ L*(y)
so that this integral always makes sense.

H, is called the harmonic projection, and G; the Green operator.

We sketch briefly the standard argument. One takes a cover {U,} of M by
coordinate charts, and trivializations of the E; over U,. Expressing the 4; in
terms of these coordinates, the principal symbols ¢(4,, &) become matrices
whose entries are homogeneous polynomials of degree 2 in & for each x. Define
q;%x, & on U,, homogeneous of degree —2 in &, to be the inverse matrix.

Let  be a smooth function vanishing near zero and identically one on |&| >
1. Then the operator ' (E;, U,) — ['(E;, U,) defined by

U—> (71;) [e=v@a: . a@de

gives a first approximation to an inverse for 4; on I' (E;, U,).

Using the rule for composition of pseudo-differential operators, this approxi-
mation is improved by means of an iteration as in [13] or [15]. A sequence of
of symbols g;*(x, &), homogeneous degree —v in &, is constructed, and these
are assembled into a symbol g,(x, &) which has for asymptotic expansion at in-
finity the formal sum of the homogeneous terms g;*. Let Q, be the correspond-
ing operator:

e=iq,(x, O€)ds ,

1
(27)
and {¢,} be a partition of unity subordinate to {U,}, and let v, e C>(U,), ¥,

=1 on spty,. Then Q = Y ¢, ,,«lr,, is a pseudo-differential operator I'(E;)
— I'(E;) which satisfies
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40=1-5, Q4,=1-5,,

where S, S, are smoothing operators, i.e.,

s;u(x) = f 5;(x, Yu(y)

YEM

with s; € I'(E;XE), j=1,2.

This implies in particular that 4; is a Fredholm operator, and (a) follows
trivially. If in addition we use the self-adjointness of 4, as in [14, § 31], it is
not hard to construct (abstractly) the operator G; satisfying (b). H; is clearly
given by (c).

Finally we note that

(G; — Q)Az =H;,—-S§,,
and applying Q on the right we get
G, —0=(G;,—0)S + (H; — S0,

which is a smoothing operator. Thus G; is pseudo-differential and has the same
symbol as Q. (d) then follows from standard facts on pseudo-differential
operators but we omit the details now as they are given below for the operator
D} G,.

The relevance of the Green operator to our problem is that it allows us to
chain-retract I'(E) to ker 4. Since D;4; = 4;.,D; and ker 4 C ker D, if follows
from (b) that D,G; = G;,,D;. Therefore, if we let K; = D} G;: I'(E;)) —
I'(E;_)), the first equation of (2.4b) can be rewritten as

(2.5) Di—lKi + Ki+1Di = 1 — Ht .

In other words, K is a chain homotopy between 1 and the projection on ker 4.
Since D acts trivially on ker 4, this shows that

ker 4, =~ HYE) ,

where the isomorphism is induced by inclusion. This implies in particular that
HY(E) is finite dimensional.

If we take on E’ the Hermitian metrics induced by * from the metrics on
E, then L*-adjoint of Dj is = D;*~'. Since the Laplacian for E’ is 4, it is easy
to see that the restriction of x gives an isomorphism

«: ker 4, = ker 4] .

This implies at once that the duality pairing (2.3) is nonsingular. (This is only
used in connection with coincidence theorems.)
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All our arguments are based on the fact that the operator K; of (2.5) is an
integral operator with kernel smooth off the diagonal. We also need very
precise estimates on the singularity of this kernel at the diagonal.

Lemma 1. Kis(x) = f ki(x, y)S('.V) ’

yeM

where k(x,y) e I'(E,_,XE},M X M — A), and near the diagonal the follow-
ing estimates hold (expressed in local coordinates):

(i) kG <Clx —y[,

(i) |@/ox; + 8/ay )k (x,y)| < C|x — y|'"", or equivalently

Gi)  |kix + 2,7 + 2 — ki(x, )| < Clz]|x — y[™

Remark. Observe that (i) justifies writing K; as an honest integral operator
(rather than an operator with a distributional kernel), because k,(x,y) ¢ L'(y)
for each x. (ii’) implies that we have some control on the variation of k; along
directions parallel to the diagonal. If the D; were constant coefficient operators,
then K; would be given by convolution with a function. Then k;(x,y) would
depend only on x — y, and (ii") would be trivial.

Proof of the lemma. This follows from the very thorough discussion of
kernels of pseudo-differential operators given in [15], but we prefer to give a
complete proof of the particular facts which we need.

Let U be our coordinate chart. Since K; is the composition D¥ ,G;, it is
pseudo-differential, given locally for u e I'(E;, U), by

Ku(x) = Qn)" f et=¢p(x, £)a(&)d¢ ,

where p(x, &) is a symbol of order —1 which has an asymptotic expansion as
a sum of homogeneous symbols. This expansion is obtained from that of G,
by applying the rule for composition of pseudo-differential operators. Since the
matter is purely local, we can assume that u is supported in a relatively com-
pact open set V' C U, and that p(x, £) is compactly supported in x.

Taking a function # vanishing near zero and identically one for |&] > 1, we
write

(2.6) p(x,8) = 05)p,(x, &) + px,8) ,

with p,(x, &) homogeneous of degree —1 in & and p,(x, &) a symbol of order
—2, i.e.,

2.7 [(8/0x)°(3/38)Ppyfx, &) < C, 5(1 + [ED~21#1 .

The idea of the proof is to use separately the homogeneity of p, and the decay
in high &-derivatives of p, to obtain the estimates.
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We write K; = P, + P, corresponding to the decomposition (2.6) of its
symbol, and from now on we drop the irrelevant factor (2z)~*. Then

Pou(x) = f el p,(x, O)A(E)dE = f f ete=-¢p,(x, E)u(y)dyde .

Since the integrand is not absolutely convergent in &, we cannot interchange
the order of integration. But we can take open cover of U given by x; — y;
# 0 and a partition of unity {o,} subordinate to this cover, and write

Pux) = 31 [ [esnc, -y l%m(x,au(y)dyds.
Jj=1 j

This we can integrate by parts n — 1 times, as the relevant y-integrands are
in L' and the y-integrals are functions of & vanishing at infinity, so that we
obtain

Pao) = 3, [ e %(x )y,,)l (i0/38 )" py(x, Ou(y)dyds .

The integrand is then in L' with respect to y, and also with respect to & because
of (2.7). Therefore we can interchange the order of integration and obtain that
P, has an integrable kernel satisfying the estimate (i), namely,

5 Lf(ﬁ:l)_T €i==0"4(i9 |38 )" p(x, £)dE .
j=1 (xj — xj)”

As it stands this is only continuous for x + y. To see that it is actually smooth,
note that we can integrate by parts k times for any k£ > O and rewrite the
kernel as

3o o=y f ei==V"E(i5 |3E ¥+ 1p,(x, £)dE .

But this can be differentiated under the integral sign & times.
To handle P,, write P, = P, 4+ P! where

Plu(x) = f et e g(&)py(x, HAE)E

161<1

P/u(x) = f ei70(E)p,(x, O)A(E)dE .

1¢1=>1

P; clearly has the smooth kernel
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f ele=v20(E)p,(x, E)dE ,

1§11

which can therefore be neglected.
Now, if 4 denotes the usual Laplacian in R", then

P/u(x) = f =3 0(E)p,(x, &) |77 (— D) aE)de .

16121

For 2r > n — 1 we can write, after changing variables y = x + z,

(2.8) P/ u(x) = fl(x,x + D(—Djulx + 2)dz ,

where

I, x + 2) = eip,(x, &) &7 d§ .

16121

Again repeated integrations by parts show that [ is smooth for z = 0. Moreover,
forO0<t< 1,

Ix,x + 12) = f e p,(x, &) |7 dE

1¢1=1

= [ e e y/nlyjirerdy
17121
= 1 (x, x + t2) .

But then (3/02)*l(x, x + z) is homogeneous in z of degree 2r + n — 1 — || for
|z| small. Therefore we can integrate (2.8) by parts 2r times with L' kernel at
each stage, and obtain

Plu(x) = + f(—A)Zl(x,x + u(x + 2)dz .

The resulting kernel is then homogeneous of degree 1 — n for |z| small and
hence satisfies (i).

To prove (ii), observe that [d/0x,, K] is an operator of order —1, because
both 9/3x;,K; and K,-3/0x; have principal symbol P,(x,£)&/. Hence our
previous arguments applied to the operator [d/ox;, K;] rather that K; imply
that

[8/6x;, K lu(x) = f k(x, uk)dy ,

where k, satisfies (i).
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Fix x, # y,. Then for any u supported in a neighborhood of y, whose
closure does not contain x,, and for x close enough to x,,

[3/6x,, K. u(x) = f @/ax, + 3/3y k(x, Vu)dy .

Since this holds for all such U, it follows that
kix,y) = 3)ox; + 3)dyDk(x,y) x+y,

and this completes the proof of the lemma.
Lemma 2. Forx + Yy,

D, 0k, (x,y) + DiWk; (x,y) = —hi(x,Y) .

Proof. (2.5) and Lemma 1 give

Di_lfki(x,y)s(y) + f ko6, D 5() = s(x) — f ki, )G -

YEM YyeEM yeEM

Again we can fix x, # y,, and consider only sections s supported in a fixed
neighborhood of y, whose closure does not contain x,. Then for x away from
this neighborhood we can rewrite this equation as

f D;_,(x)k,(x,y)s(y) + fDi(y)km(x,y)S(y) = —fhi(x,y)S(y) .

Since this holds for all such sections s, the lemma follows.

Remark. We emphasize that this and the following lemma give equations
among elements of /'(EX E',M X M — 4). At no point are we interpreting
the kernel k; as distributions. The differential operators are only applied on
M x M — 4. Lemma 2 of course follows from a stronger statement about
distributions, involving the J-function on the diagonal, but we totally avoid
this approach.

The next lemma is the basic localization statement for the Thom class in the
de Rham formulation.

Lemma 3. Forx + y,

é(—l)ihi(x, y) = _D{il(_l)iki(%)’)} .

Proof. Dky(x,y) = Dy_,(0)ky(x,y) — Di_,(Mky(x,y) .

Therefore, by Lemma 2,
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B% (— D'k} = % (~ DD 0k — DL 0D

I

i:l(
go (— l)i(Di—l(x)hi + Dé(y)k“l = — é (— ek, .

3. An integral formula for the Lefschetz number

Let E = {E;, D;} be an elliptic complex over M, and f: M — M a smooth
map. We say that f lifts E if there exist bundle maps

©i- f*E; — E;
such that the map
fi: T(E) — ['(E)

defined by (fis)(x) = ¢;5(fx) commutes with the differentials, i.e., D;ff = f¢,,D,.
Thus f* = {f!} gives a geometric endomorphism of E in the sense of [2]. We
call such lifts f* simply endomorphisms of E, since we only consider lifts of this
type.

f* induces a map of H(E) which we still denote by f*. Since H(E) is finite
dimensional, we can define the Lefschetz number of f

L(f,E) = X (=1 tr (f, H(E)) .

Our first objective is to express this number in terms of the kernels k;, i; of § 2.
Remark. Note that for the de Rham complex A all smooth maps f have a
natural lift with the ¢, given by the i’th exterior power of the differential of f.
f* is the usual pull-back of forms, and L(f, 4) is the usual Lefschetz number.
The definitions for a general complex E are of course designed to abstract this
situation. For the Dolbeault complex only holomorphic maps have a natural
lift. Thus the existence of an endomorphism f* will in general put strong
restrictions on the maps f for which Lefschetz theory can be formulated.

If f: M — M lifts to E, then f X 1: M X M — M x M has a natural lift to
EXE’

fx D T'"EXE)— I'NEX E)

defined by

(f X Di;s(x,y) = pi(x)s(fx, y)

for s e I'(E; X E/). It is clear that D(f X 1)* = (f X 1)¢D.
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Applying (f X 1)* to the expression of Lemma 3, and using the fact that it
is an endomorphism, we get

(3.1) S (= Di(f X Dhy = —D{X (= D(f X Dk}

for fx # y. Note that even though ) (—1)%f X 1)¥k; is defined only for fx = y,
D{3 (—1)i(f X 1)*;} extends smoothly to all of M X M, namely, by the left

hand side of (3.1).
Now if s €e I'((EX E’),, U) where U is an open subset of M X M, restricting
to the diagonal we obtain a section over an open subset of M

d*se '(EQ E'),, 47'U) .
To this section we can apply the pairing (2.1) and obtain
trd*se I'(2,47'0) .
Applying this operation to (3.1) we get
(3.2) T (=Ditrd*(f x Dy = —tr 2*D{3 (—1D)(f X 1)k} .

Obse1;ve again that the alternating sum is an element of 7"(2, M), even though
tr 4*D(f X 1)%k; € I'(2, M — F) for each i, where F denotes the fixed point set.
Proposition 1.

L4, E) = — f tr 4% {3 (— 1D X 1k} .

Proof. Recall that from (2.4c),
h(x,y) = 2 hij(x) ® *hij(y) s
f tr 4*(f x 1)h, = 3. f by, whyy> = twHEE .
7
M

M

But under the isomorphism ker 4, —> H(E) induced by the inclusion ker 4,
— I'(E), H,ft clearly corresponds to the induced map in homology. Therefore

L4,E) = 3 (—1)! f tr A%(f X 1), ,

M

and the proposition follows from (3.2).

If E is the de Rham complex, then k;(x,y) is a double form on M x M, and
the operation tr 4* is the usual restriction of an n-form on M X M to an n-
form on M via the diagonal map (the cup product of algebraic topology). If
we use # to denote the usual pull-back of forms, then
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tr 4*D(f X Dk, = Ad(f X 1)*k; = dA*(f ¥ 1)k, ,

where the last equality makes sense only over M — F. In other words, for the
de Rham complex the integrand in Proposition 1 is exact on M — F. The same
argument holds for the Dolbeault complex.

For a general elliptic complex there is no natural (n — 1)-form defined on
M — F whose exterior derivative is our integrand restricted to M — F. But
forms with this property can always be constructed as follows.

Choose one-forms &, - - -, &,, and vector fields X, - - -, X, on M such that
any one-form & e I'(T*M) can be written

(3.3) &= i §(X)¢; -

Their existence can be shown using either local coordinates or general algebraic
facts on finitely generated projective modules. If se I'(E;_,) and te I'(E)),
then by the very definition of D’ we know that (Ds, > — {(s,D’t) e I'() is
exact. But choosing &;, X ; satisfying (3.3) we can write explicitly

(3.4 <DS, t> - <S9 D/t> =d Z Xj d <U(Di-1,§j)s, t> ;

where | denotes interior product.
This is a standard fact which can be proved as follows: choose connections
V for E;_, and ¥ for E]_, such that for all vector fields X

Ly(s,s'> = T xs,8> + {5,V xs"> ,

where Ly is the Lie derivative. (If F is a metric connection for E;_,, then
defined by Vy = sV x+~! + divy v satisfies our requirement.) Then

Ds = Z O‘(Di-laéj)yxjs + Bs ,
D't = — 3 VxoD;,,€,)1) + B't
J

for some bundle map B: E;_, — E;. Thus

d{X; 1<{o(D;_,, §)s, D}
=d{X; 1{s,0(D;_, &) )} = Ly s,0(D;i_y,65)'t)
= oD 1, EPV x5, 1) + (5, V3 0(D;i_1, €Ly
and this gives (3.4).

Lemma 4. Let &;, X; satisfy (3.3), and let u e I'(E;_, X E}, U) where U is
open in M X M. Then over 47U

(3.5) trd*Du=d 3 X, Jtro(d,_,,&)u .
J
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Proof. It U=M X M and u = s®¢, then (3.5) is just (3.4). By con-
tinuity, since I'(E;_,) ® I'(E}) is dense in I'(E;_, X E}), (3.5) must hold for
any u defined on all of M x M. If u is defined only on an open subset U, for
any (x,,y,) € U we can find a global section v which agrees with u in a neigh-
borhood of (x,,y,). (3.5) then holds for v and therefore for u in a neighbor-
hood of (x,,y,), and hence is valid everywhere on U.

Applying Lemma 4 to each term of Proposition 1 we obtain the following
theorem.

Theorem 1. There exists a (twisted) (n — 1)-form pe I'(T*M)',M — F)
such that dp extends to a global form A e I'($2) and

L4, E) = —fz.

Moreover, for any choice of vector fields X,, - - -, X,, and one-forms &,, - - -,
&, satisfying (3.3) an explicit form with this property is p = 3, (—1)*y; where

i = Z Xj J tr A*U(Di_l, Sj)(f X 1)#](@ .

This gives at once the most elementary result of Lefschetz theory.

Corollary 1. If f has no fixed points, then L(f, E) = 0.

If the fixed point set is not empty, the theorem shows that L(f, E) depends
only on the behavior of the map f and the endomorphism f* near the fixed point
set F. If F has measure zero in M, then one can attempt to compute explicitly
this dependence by taking a fundamental system of neighborhoods {U} of F,
which are manifolds with boundary, and by writing

L(,E) = _fz: —lim jdﬂ:limf/,z.
M-F M-U oU

The limit is taken over a suitable sequence of such neighborhoods.

In this way one can define a local index for each isolated component of F.
For quite simple reasons this local index will be independent of the various
choices made. But we do not discuss these matters further because it seems
hopeless to obtain interesting results in this generality. To derive computable
formulas for the local index one needs a good deal of information on the
singularities of ¢ on F. The simplest case in which this information is available
is when F consists of isolated points, and this is discussed in detail in the
remaining sections.

The strarting point is the following corollary of Theorem 1. We have written
4*(f x 1)*k; explicitly as ¢,_,(x)k,(fx, x), where ¢,_, is applied on the first
variable.

Corollary 2. Suppose the fixed points are isolated, and choose disjoint
Euclidean neighborhoods U, centered at each fixed point p. Then
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L(f’ E) = Z U(P) )

pEF
where

0
0x;

Mp) = lim 3 (—wj >

J
Se(p)

1tr (@D, _,, dxDp;_ (Ok(fx, x) ,

and S.(p) denotes the sphere of radius ¢ about p.

Remark. u(p) is independent of the local coordinates used in its definition ;
this follows trivially from the fact that their sum is independent of all choices.
We emphasize that the individual integrals in the definition of v(p) do not con-
verge as ¢ — 0; it is only the alternating sum which converges. Taking limits
over spheres in the Euclidean structure is totally irrelevant in the convergence
of the alternating sum. We would use the boundaries of any other sequence
of manifolds exhausting U, — p.

Proof of the corollary. Take neighborhoods ¥, of each p with ¥V, c U,,
and vector fields X, - - -, X,,, one-forms &,, - - -, &, on M such that

¥ {a /0x; in a neighborhood of ¥, ,
N ( onM—U,,

dx! in a neighborhood of ¥V, ,
&:% onM—U,.

These can be completed to a dual basis {£;, X}, j = 1, - - -, m, in the sense of
(3.3) with &, = X; = Oon each V, if j > n. Then

LG,E) = lim 3 f )
e Se(p)

where the limit exists independently for each p because 1 is smooth on all of
M. But for ¢ small enough x coincides with the expression in the corollary,
where we have written the map (f X 1)* explicitly in terms of the ¢,.

Remarks on coincidence theorems. Observe that everything we have done
so far also works in the following more general context. Let M, M be two
manifolds (always compact and smooth), and E, E elliptic complexes over M,
M respectively. Suppose two maps f,g: M — M and bundle maps

@it f*E; —> E;,
Vi: 8*E; —> E|
be such that the maps

f&: I'E) —> F(Ez) ,
gt: ['(E) —> I'(E})
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defined by (fis)(x) = ¢;5(fx), (gi)(x) = ¥;#(gx) commute with the differ-
entials. In other words, f and g induce chain maps I'(E) — I'(E) and I'(E’)
— I'(E’) respectively. Then we obtain a chain map

fx gt TEXRE)— I'(EXE).

If k;, h; dgnote again the kernels for the complex E, and ﬁ is the differential
of I'(EX E’), then we have the analogue of (3.2):

(3.6) D (=Ditr 4*(f X g)*h; = —tr 4*D {2 (=D4f x o)k} .

Since
(=0 [ 24 x e = B (— 0 [ 5 Py gy

using the usual identification of the harmonic sections with the homology of
the complex we see that this number is just the Lefschetz coincidence number

of f and g:
L(f,g; E,E) = ¥ (=D tr (g)'f:, H(E)) .
Here
(gh': H(E) —> H'(E)
is the transpose of
gt: H'(E') —> H'(E")
under the duality pairing (2, 3) in homology. Thus taking M = M, E = E and

g = 1 we can reduce this to L(f, E).

Let C = {x e M: fx = gx}, the set of coincidence points of f and g. The
same formal reasoning we used to prove Theorem 1 gives

Theorem 1’.  There exists a (twisted) (n — 1)-form pe I'(T*M)',M — C)
such that dy extends to a global form 2 on M and

L(f,g; E, E) = —fx.

For any choice of vector fields and one-forms on M satisfying (3,3), an ex-
plicit form with this property is p = }, (—1)*u; where

= ;’ﬁ X, Jtr £*6(D; 1, §)(f X 8k, .

Corollary 1’. If f and g have no coincidences, then L(f, g; E, E) = 0.
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Corollary 2’. Suppose the coincidence points are isolated, and choose
disjoint Euclidean neighborhoods U, centered at each coincidence point p.
Then

L(fyg, EsE) = Z V(P) s

peEC
where

0

0x;

1tr (@(Dy_y, dx)) (@i, @ v) (ki (fx, gx) .

Up) = lim 7 (—1)if 2

J
Se(p)

If M and M are manifolds of the same dimension, and E and E are their
respective de Rham complexes, then our hypothesis hold for any smooth maps
fand g. L(f, g; A) is the classical Lefschetz coincidence number. For complex
analytic manifolds M and M of the same dimension and holomorphic f, g we
can also define L(f, g; A7).

The theorems of the next two sections have obvious coincidence analogues.
But we do not mention coincidence theorems again until we discuss the
Dolbeault complex.

4. Simple fixed points

Suppose that p is a simple fixed point of f in the sense that det (1 — df,)
#+ 0. Geometrically this means that the graph of f and the diagonal intersect
transversely at (p,p) e M X M. Then the local index v(p) can be computed
explicitly by going to the limit in the expression of Corollary 2. The result is
the formula of Atiyah and Bott [2]. Since this formula involves the values of
the ¢; at p, the Dirac measure at p (evaluation at p) must be relevant to the
formula. But this evaluation functional must be hidden in the singularity of
the k;, and the idea of our proof of this case is to find the Dirac measure ex-
plicitly in terms of k.

We work in a coordinate patch U, centered at p and with fixed trivializations
of the E; over U,. We write the kernels k;, #; and the symbols ¢(D;, &) simply
as matrices with respect to these trivializations. (Strictly speaking, we should
write k;(x,y) ® dy, h;(x,y) ® dy where dy is the volume element given by the
local coordinates.)

N\
We write dy” for dy' - - - dy? - - - dy®, and g,(¢) for ¢(D;, &).
Lemma 5. Letse ' .(E;,U,). Then

5(0) = —lim | > (—=1)7"Yo;_,(dx")k(0, y)
e—0 .

+ k10, Y)o,(dyN}s(y)dy” ,

where U, C U, — 0 is any increasing family of manifolds with boundary whose
union is U, — 0.
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Proof. For s e I'(E;, U,) we know that
Doy [k, 3)s0)dy + [ kioa(x, IDis)dy

4.1

=500 — [ hix,3)s0)dy
Write D;_, = };;0,_,(dx))d/ox! + B,_, where B, ,: E,_,|U,—E;|U, is a
bundle map. To prove the lemma it is enough to assume that spt s is small
enough so that x + y € U, whenever x, y € spts. Then we can interchange the
order of differentiation and integration in the first term of (4.1) by making
the substitution y = x + z:

9 f ki, Y)so)dy = -2 f ky(x, x + 2)s(x + 2)dz
ox’ oxI

= [ (G + ot msoay

Differentiation under the integral sign is now justified because by Lemma 1 (ii)
the integrand is in L!. Therefore (4.1) becomes

f [Di_l(x)ki(x, »)s@)
4.2) + ; 0;-1(dx7)(0/9y){ki(x, VIsO)} + kipi(x, y)D¢S(y)]dy
= s(x) — f hy(x, Y)s()dy .

Since the integrand is in L' (note that the first two terms are not integrable,
but their sum is), setting x = 0 we can write (4.2) as the limit of the integrals
over U,. But over U, we can use the following three equations; the first is
Lemma 2, and the second follows from Lemma 4:

D;_,(0)k;(0,y) + Di(»k(0,y) = —h,(0,y) ,
k;, (0, y)Ds(y) — Di(»)k;(0, y)s(y)

=d, {3 (—1)77k;,,(0, ¥)a;_,(dx))s(y)dy’} ,
X 0:_1(dx?)(9/9x9){k;(0, y)s(»)}dy

= d, {3 (—=1)""a;_,(dx)k,(0, y)s(y)dy’} .

Combining these with (4.2) we see that the terms involving D;_,(x) and 4,(0, y)
are cancelled with each other, and Stokes’ theorem gives the lemma.

Theorem 2 (Atiyah-Bott formula). Suppose that p is a simple fixed point.
Then
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up) = z (—1) tr ou(p)/|det (1 — df,)] .

Proof. Applying ¢;(0) to both sides of Lemma 5 and noting that since
0:_(dx?)y = [D;_y, x’1(0) and ¢;(0)a;_,(dx?), = a;_,(df?)ep;_,(0), it follows that

(p:8)(0) = —lifrol 2 (=17 Yo 1(df)opi_1(0)k,(0, y)

4.3) o

+ 00k, (0, y)a(dy?)}s(y)dy’ .
Therefore
4.4) tr ;(0) = —13? 2 (=171 tr {os_ 1 (df)eps -1(0)k4(0, y)

U,

+ $:(0)k;,,(0, o, (dy?)}dy’ .

Here tr means the trace of the matrix in brackets, even though the map it
represents is not an endomorphism. (4.4) can be deduced readily from (4.3) by
taking s,, - - -, 5, € I'(E;, U,), which agree near O with the basis of the given
trivialization of E;, and by computing >, {¢;5,(0), 5,(0)> according to (4.3).

By assumption 1 — f is a diffecomorphism in a neighborhood of 0. Choose
U ,={y:|(1 — H~'y| > ¢}. Then vol (3U,) ~ const. e"~! and, since by Lemma
1 () |k0,y)| = O(y['™), we can replace o,(dy’), by o,(dy’), in (4.4) because
the difference of the two integrals goes to zero. Making this modification in
(4.4), taking alternating sums, rearranging terms and using tr (4B) = tr (BA),
we get

2 (=1)F tro,(0)

=lim | 3 (=177 tr (0;,_,((1 — N*dy9)eps_1(0)k (0, ¥))dy” .

e—0
The integral is over |[(1 — f)~'y| = e. Now change variables y = x — fx to get
2 (=1) tr ,(0)
@s  ==lm [ T (DTG - Hray),

lz|=¢

0i(0k;(0, x — fx)(A — f*dy”

where + = sign det (1 — df,).
Now, by Lemma 1 (ii"),

[ki0, x — fx) — k(fx, )| < Cfx|[x — fx[=" .

Since |fx| < ¢, |x| and |x — fx| > ¢, |x|, we get
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|k (0, x — fx) — k(fx,x)| < C*|x}"" .

Therefore the integral of this difference goes to zero in the limit, and (4.5) is
the same as

(4.6) +lim f 2 (=177 tr (0 ((1 — N*dy9)e;(0)k,(fx, ))(1 — H*dy” .

|z|=¢

If we let (a;,) be the matrix of 1 — f* in the local coordinates, then
(1 — H*dy’ = 3 bj(x)dx?
7
where (b;) is the matrix of minors of (a,;), and hence

4.7 Z (—1)j+lbjl(x)ajk(x) = 0y det (1 — f¥)(x) .
The integrand in (4.6) can be written as
(=D (Z a;,(0)o(dx*),k;(fx, x)) > b (x)dx’ .

Replacing b;,(x) by b;,(0) by the usual argument that any smooth factor can
be replaced by its value at the origin because k;(fx, x) = 0(x['""), (4.7) gives
that the integral of

+det (1 — ) X3 (— D tr (e(dxD o0k, (fx, x))dx”
l

has the same limit as (4.6). Therefore replacing now a(dx!)yp;_,(0) by o(dx!),
;- (x) we get

2 (=1 tr ¢;(0)
= |det (1 — df,)|lim f 3 (— )P tr (0(dxt) ps_ (Oky(fx, x)dx?

lx|=¢

= |det (1 — dfy)|v(D) ,

and the proof is complete.

Remark. Note the reason for the change of variable in the proof of this
theorem (and the presence of the “twisting factor” |det (1 — df,)| in the formula
for v(p)). The differential equation satisfied by k;(x, y) gives information on this
kernel along the fibres x = constant. This is the content of Lemma 5. But v(p)
involves the singularity of k; along the graph of f, or equivalently, the singularity
of (f X 1)*; along 4. The proof relates these two singularities via the change
of variable y = x — fx and the estimate (ii’) of Lemma 1.
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5. Isolated fixed points

Suppose that the fixed points are isolated but not necessarily simple. In this
case it is hopeless to carry an explicit computation of v(p) as in Theorem 2.
First of all, the change of variable y = x — fx is no longer available. But
more significantly from our point of view, in the absence of the estimate
|x — fx| > c|x| the estimates of Lemma 1 are totally useless in studying the
limits. For this reason we want to avoid taking limits in the expression of
Corollary 2. This can be done if the integrand in that expression can be replaced
by a closed form. The topological argument of § 1 suggests that this is possible
provided we can replace k; by a cohomology class in the product—the local
Thom class.

To do this we need a local cohomological condition on E, the Poincaré
lemma in the sense of sheaf exactness. Precisely, we say that E is sheaf exact
in dimension i if given any xe M and se I'(E;, U), D;s = 0 where U is a
neighborhood of x, there exists a possibly smaller neighborhood V' of x and
te I'(E;_,, V) such that s|V = D,_,t. If E is sheaf exact in dimension i for all
i > 0 we say simply that E is sheaf exact. Thus the local cohomology of E is
just the germs of solutions of Dys = 0. Of course since E’, EX E’ have not
been graded in increasing order starting at O, these definitions have to be
modified in the obvious way for these complexes.

We observe the following simple fact:

Lemma 6. If E = {E;, D;}\_, is an elliptic complex, then E is sheaf exact
in dimension N.

Proof. Since the integrability condition Dys = 0 is vacuous, this just says
that any s € I'(Ey) is locally exact. Fix a neighborhood U of x ¢ M and let
Ay = Dy_,D¥%_, be the Laplacian of § 2. Since the null space of 4, is finite
dimensional, there is a possibly smaller neighborhood ¥ of x such that there
are no solutions of 4ys = O supported in V.

Take a neighborhood W of x with W compact in ¥ and a real valued func-
tion p identically zero near W and identically one near M — V. Then 4y + p
is still elliptic and self-adjoint, and by the positivity of 4, it is easy to see
that ker 4y + p = 0. Thus there exists a Green operator

G,: I'(Ey) —> I'(Ey)

for 4y + p which is bijective. Since 4y + p = Dy_,D¥%_, near W, if we take
a function +- identically one on W and with spt+ N spt p = @, it follows that
if se I'(Ey, U), then Dy_,(D¥_,G,s) = s on W.

Remarks. (1) For the complex E’ the lemma says that if s e I'(E}, U),
then s|V = Dt for some te I'(E],V) and V C U. This is the form in which
we will apply the lemma.

(2) Sheaf exactness of E in dimensions < N is a very hard problem. The
proof of the lemma does not work in this case because the integrability condi-
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tion D;s = 0 is present. For this reason the local problem over U cannot be
reduced to the global theory of elliptic equations over closed compact mani-
folds. The standard approach to this problem is to reduce it to a boundary
value problem. For more information on these questions see [16] and the

references given there.
(3) The classical elliptic complexes are well known to be sheaf exact, in

fact locally exact.
From now on p denotes an isolated fixed point of f, U, a sufficiently small

Euclidean neighborhood centered at p, and ¥, a smaller neighborhood of p
with fV, C U,. If

q:(x,y) e 'E,_,RE,U,xU, -4, i=1,---,N,
we write
qlx,y) = Y (—1Digyx,y) .

Let
g = z (0/dx%) ] tr (0,_(dxP)p;_,(fx, X)) ,

where ¢, are the bundle maps defining f¢. Then x(g,) and u(q) = 3 (—1)u(q,)
are (n — 1)-forms on ¥, — p. Observe that if g,(x, y) is smooth on U, X U,,
then p(q;) is a smooth form on all of V.

Applying Lemma 4 to each (f X 1)*g; and taking alternating sums it follows
thaton V7, — p

5.1 dp(q) = tr 4*(f X 1)q .

Proposition 2. Assume E is sheaf exact. If U, is sufficiently small, then
there exist k* e I'(E;_, X E}, U, X U, — 4) such that
(i) w(k') is closed in V, — p,

(ii) f 1K) = o(p).

Proof. By shrinking U, sufficiently, and by sheaf exactness of E and
Lemma 6 applied to E’ we may assume that there exist

sij € F(Eu Up) H tl,j € F(E{> Up) ’
such that
Dsi_l’j = hij 5 D/tl,j = *hoj .

{h:;} denotes as usual an orthonormal base for the space of harmonic sections
of E over M, as in (2.4).
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We can restrict the operators K;, H; on M to operators

K;:I'(E;,U,) —> I'(E;_,, Uy) ,
H;:I'(E;,U,)—> I'(E;,U,) .
Then (2.5) gives
D, K.+ Ki,,D;=1—H, onIE,U, .
Define operators L;: I'(E;, U,) — I'(E;_,, U,) by

L = Z]: ho,; f< s Ligy + };. So, 4 f< s ¥Ry )
U 174

L= Z Si-1,1f< y xRy fori > 1.
’ U
Since
Huo) = 3 e [y
7
U

it is immediate that on I'(E;, U,)
D, .L; +L;,,D;,=H,.
Hence, if we define
K*=K,—L,,
it follows that on I".(E;, U,)
5.2 D, K + K*D; = 1.

Note that this identity holds only on compactly supported sections.

Now L, clearly has smooth kernel l;(x,y) on U, X U,, hence K\ has
kernel k**(x,y) = k;(x,y) — I;,(x,y) which is smooth for x # y and satisfies
the estimates of Lemma 1. Standard reasoning as in the proof of Lemma 2
gives

D;_(0k(x,y) + DWWk (x,y) =0  forx#y.
Hence taking alternating sums we get, as in Lemma 3,
Dik*(x,y) =0 forx#y.
Therefore, by (5.1),

dp(k*) = 0 inV,—p.
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This proves (i), and shows that

[ =)

S¢

is independent of ¢. To see that its value is v(p), write

Jutey = (10 + [uti0.

The first term on the right hand side converges to zero because u(I) is smooth
on U,, the second converges to »(p) by definition of v(p), and this completes
the proof.

Thus the kernel £'°(x,y) = Y (—1)%*(x, y) can be thought of as a repre-
sentative of the “local Thom class” of E. But the formulation of the proposition
is still far from satisfactory. The operator K'* is defined in terms of the global
operator K, whose construction involves the whole manifold M. Both for
aesthetic and practical reasons we would like to have a purely local descrip-
tion of v(p). More precisely, we would like to know that given any locally
defined operators

K. I'(E;,U,)) —> I'(E;_,, U,)
satisfying
5.2) D,_[K¥ + KD, =1 on I'(E;, Uy,)

with kernels ki°(x, y), then the cohomology class of p(k'*®) always gives the
local index v(p).

Observe that if E consists of just one operator D,: I'(E,) — I'(E,), then
the uniqueness of the local index is trivial. In this case, (5.2) determines the
symbol of K and hence determines K'° up to smoothing operators. But
smooth kernels do not affect the local index, the fact which we used at the end
of the proof of Proposition 2.

If the complex consists of more than one operator, then (5.2) no longer
determines the symbol. K** is determined only up to operators A satisfying

(5.3) D; A; + A;,,D; =0 on ['(E;,U,) .

We proceed to study the kernels of operators satisfying (5.3).
First we enlarge the class of kernels which we consider. So far we have been
working with operators Q with integral representation

5.4 Qu(x) = f q(x, yu(y) ,
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where g(x, y) is smooth for x # y and q(x,y) € L'(y) for each x. K; and K\
are of this type because of Lemma 1 (i). The proof was based on the fact that
K; is pseudo-differential of order —1, and that its top order symbol is homo-
geneous in &. For estimate (ii) we needed also the next term in the homogene-
ous expansion of the symbol. These estimates were essential in the study of
simple fixed points because we needed delicate information on the kernel near
the diagonal.

But in the cohomological approach of this section this delicate information
is irrelevant. Also, even though operators K! satisfying these estimates are
the most likely to turn up in practice, (5.3) need not even determine the order
of K. For these reasons it is unnatural to consider only this restrictive class
of operators. The following condition is just what we need.

Let Q: I'(E;,U,) — I'(E; 4, U,). We say that g(x,y) e I'(E;, X E}, U, X
U, — 4) is the kernel of Q if (5.4) holds for x outside the support of u.
(Strictly speaking we should say that g is the kernel of Q outside the diagonal.)
It is clear that if Q has a kernel, it is unique. The following facts are well
known [2, §4].

Lemma 7. Let Q: I'(E;,U,) — I'(E;.y, U,) be pseudo-differential. Then

(i) Q has kernel q(x,y) e I'(E; ., XE, U, Xx U, — 4),

(i) DQ has kernel D(x)q(x,y), OD has kernel D'(y)q(x,y).

Proof. (i) follows by the same argument as in the beginning of the proof
of Lemma 1. One integrates by parts by taking enough & derivatives of the
symbol (depending on the order of Q) until the £ integrand is covergent. Since
x ¢ spt u, the y integrand is smooth and there is no problem in interchanging
the order of integration.

(i) follows by the same argument which we used in Lemma 2.

Proposition 3. Let A;: I'(E;,U,) - I'(E;_,,U,) be pseudo-differential
operators satisfying

(5-3) D'L‘—lAi + Ai+1Di =0 on Fc(Eis Up) s
and a;(x,y) be the kernel of A;. Then there exist

b(x,y) e T(ERE)_,, U, X U, — 1),
cx, ) e '(EXE)_,,U, X Uy,

such that
D_b(x,y) + c(x,y) = a(x,y) forx#y, D_cx,y)=0.
Proof. We write simply K; for the operator K} constructed in Proposition

2. Take a locally finite cover {U,} of U, by relatively compact open sets and
a partition of unity {\,} subordinate to {U,}. Then
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Ki - F_},g ‘l’aKi‘Pp ’

and if we let

Ki= ¥ v.Kivy, Si= X Vv.Kibs,
Yab g0 Ya¥g=0

then K, = K, 4+ §; where S, is smoothing and X, : I'.(E;, U,) — I'(E;_,, U,).
From (5.2) we get

D, K, +K,,D;=1-8;,

where S; = D,_,S; + S;,,D; is smoothing and commutes with D. Moreover,
since K; maps compactly supported sections into compactly supported sections
and the D; do not increase supports, it follows that

(5.5) S;: I'(E;,Uy) —> T'(E;, U, .

Let by(x,y) e ['(E;,_,X E},U, X U, — 4) be the kernel of 4, ,K,;. Then on
I'(E;, U,) we have

AK; D;,=A;, — A;D; K, — A;S; = A; + D;_,A;_,K; — A;S, .

In the last equality we used the fact that K,u has compact support if u does.
If ¢;(x, y) denotes the kernel of A,S;, which is smooth since A4,S; has order
— oo, (ii) of Lemma 7 gives

D;_,(0)bi(x,y) — Dy(y)'bi,\(x,¥) = a;(x,y) — ¢ix,¥) .
Taking alternating sums we get
D_,b(x,y) = alx,y) — c(x,y) .

Finally, D;_,A4,S; = —A;,,D;S; = —A;,,S:,,D;, where in the second equality
we used (5.5). Therefore

D;_,(x)cy(x,y) + Di(¥)c; (%, ) =0,

and taking alternating sums we get Dc(x, y) = 0.

Theorem 3. Suppose E is sheaf exact. Then for U, sufficiently small there
exist pseudo-differential operators K;: I' (E;, U,) — I'(E;_,, U,) such that

() D._ K, + Ki,,D; = 1 on I'(E;, Uy),

(i) if k; is the kernel of K;, then p(k) is closed and

f 4B = »(p) .
Se



ON THE ATIYAH-BOTT FORMULA 429

Moreover, if K; are any pseudo-differential operators satisfying (i) with kernel
k,, then g(l?,) is cohomologous to u(k).

Proof. Only the uniqueness part remains to be proved. We apply Proposi-
tion 3 to 4 = K — K. u(c) is a closed form on all of ¥V, by (5.1), hence

f 4(c) = 0. Now fix S, in V, — p and take b(x,y) ¢ [(ERE))_,, U, x U,)

Se

which agrees with b(x, y) outside a sufficiently small neighborhood of 4 so that
/,z(f)B) = (Db) on S,. p(Db) is again a closed form, smooth on all of V.
Since

f 4(DB) = f 4(Db)

this shows that the right hand side vanishes. Therefore f wa@) = 0, and the
S

proof is complete.

Remarks. (1) Observe that the same argument shows that the cohomology
class of u(k) depends only on the cohomology class of k on U, X U, — 4.
Thus even though the expression for v(p) was derived from the fact that k is
the kernel of an operator, k can be altered in its cohomology class to a section
which is not necessarily the kernel of an operator, and we still get the local
index. This is another degree of flexibility gained from “working away from
the singularity”.

(2) Of course it is natural to ask whether the D cohomology class of &
itself is determined by (i), even though for the local index only the cohomology
class “modulo smooth sections on U, X U,” is relevant. From Proposition 3
it is immediate that the class of k is unique if £ X E’ is sheaf exact in dimen-
sion —1. This is of course the case both for the de Rham complex and the
Dolbeault complex. In the first case E X E’ is the de Rham complex of M X M
and hence locally exact. In the second case, EX E’ is a subcomplex of the
Dolbeault complex of M X M given by a certain condition on the holomorphic
coordinates (see § 2). One just has to check that the usual maps constructed
to show exactness [9], [12] leave this subcomplex invariant. But this is imme-
diate because these maps do not affect the holomorphic coordinates since they
involve only the anti-holomorphic part.

6. The classical complexes

6.1. The de Rham complex. Let k,(x,y) be the double form on R* X R
— 4, of bidegree (g — 1, n — q), defined by

N\
ky(x,y) = ralx — ¥ 20 2 (= DFMx;, — yi0dx - - - dx® ... dxiexdy’
I &k
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where 7, is the reciprocal of the volume of the unit (» — 1)-sphere. We use
the usual multi-index notation: I = (i, - - -,i,), i, < - -+ < i,. If ais a g-form
with compact support in R”, let

mm=emwﬁﬁmm.

The reason for the sign (—1)?"~? is that to apply the pairing (2.1) in the
second variable « should come before the dy-part of k,. Then K,: I" ,(AR")
— I'(A97'R™) and satisfies

dK, + K, d =1 on [ ,(AR") .

It is enough to check this identity for « = pdx!. Thus

Ka() =7, 3 (— 1)k f o — YOOy goon | e .. gt |
k

[x —y[*
T;lqua — Zq: a- f (xik — yi,,)go(J’)dy dx!
k=1 QX' [x — y|"
+ Zq: (—1)k-1 0 ('xik — yik)GD(J’)dy dxjdxild;‘b\‘kdxiq ,
k=1 j#ix oxJ [x — y|?
ri'Kpda = 3 [ 1= 200000 g
jer |x — y|*

+ 5 2 (o [ G = 2COINID rigygtaze
k=1 j#ik lx — y[*

Differentiating the first expression under the integral sign by making the sub-
stitution y = x + z as in Lemma 5, we see that the second terms are cancelled

and

— ¥)@p/0y)dy ;.1
lx — y[*

=1 lir]n d e X (=D*(x; — yy)
y-zxl=€
dyt .- d@ oo« dy™}dx?

dKqa + KquO( = Tnf PN (xj

= p(x)dx’ .

Therefore k = 3 (—1)%, is a local Thom class for the de Rham complex in
the sense that it satisfies (i) of Theorem 3. From our general theory we know
that k(x,y) is closed on R* X R* — 4. To find its cohomology class, let
i,: R" — 0 — R" X R® — 4 be the inclusion of the fibre at x, i.e., i,(y) =
(x,y). Then
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ipxk(x,y) = —ixki(x,y) =W, ,
where W, is the volume form of the sphere centered at x:
A\
Wi =r1a]x — Y[ 5 (=D (yp — x)dy* - - - dy* - .- dy™ .

In other words, k(x,y) represents the usual topological Thom class. But so
does 6+ W,, where §(x,y) = ¥y — x is the difference map. By the uniqueness
of the topological Thom clase, k(x,y) must be cohomologous to § W, (it is in
fact equal, but we do not need this). From this we get the usual local index
v(0) for the de Rham complex:

v(0) = fA*(fxl)*k: f(l—f)*Wo=dego(1—f).

6.2. The Dolbeault complex. The formula for the local index for the de
Rham complex as a local degree is very special. It is a consequence of the fact
that the local cohomology of the complex is one-dimensional. For the Dolbeault
complex the situation is more interesting because the local cohomology is
infinite dimensional (the space of local holomorphic forms).

We work first with the complex A%* of forms of type (0, g) on C*. The local
kernel can be guessed easily from our experience with the de Rham complex:

— ;
ko(2,0) = Culz — L7 2 2 (=1 2y, — Co)dz™ - - dzm® - dz™iesdlT

where C, = (—1)#®Y(n — 1)! (2zi)~*, and * denotes the duality operator
defined by

AT (xdEl) = dg* - - - dCrdT - - - dEn

kq is a double form on C* X C* — 4 of type (0,q — 1) in z and (n,n — q)
in . The associated integral operator

K,: T (4%9C™) —> [(A»-'C")
satisfies
oK, + K;,,0 =1 on I ,(A%C™) .

This can be checked in the same way as we did for the de Rham complex.
It follows that k = }] (—1)%, is d-closed in C* X C* — 4. Leti,: C* — 0
— C™ X C™ — 4 be the inclusion of the fibre over z: i,({) = (z,). Then

i;kk(z9 C) = _i;kkl(z7 C) = Wz(c) ’
where W,({) is the Bochner-Martinelli kernel
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WG = Calz — 1 3 (— D@y = 2dCdl! - - dEt - . di» .

The basic property of this kernel [5] is that if f is holomorphic on the unit
ball in C*, then

f(2) = f W) .

S2n—1

Note the analogy with the real case. In both cases the restriction of k to a
fibre gives the evaluation functional on the local cohomology of the fibre by

integration over the boundary.
From the general theory we get the formula for the local index

6.1) 2(0) = f A5(F X D*(, ) .

SZ’IL—]

If n = 1 the Dolbeault complex consists of just one operator 6: I'(A*% —
I’'(A%"Y), and the local kernel is just

1 dac
k Z, _ == .
(2,0 i ¢
Therefore
v(0) = —1—~ dz = Reso{ dz } .
2xi ]=Ez—fz Z—fz

|z

In higher dimensions there is an analogous formula in terms of the Cauchy
kernel and residues, rather than (6.1) which involves the Bochner-Martinelli
kernel and integration over spheres. We discuss briefly this alternative
expression.

Recall that 4%* [X] (4™*)’ is the subcomplex of A™*(C™ X C™) consisting of
forms of degree zero in dz and n in d¢. We denote this subcomplex by 4§ and
its homology by H-*. Aj% then gives a resolution of the sheaf 2%" of germs
of holomorphic forms on C* X C" of degree 0 in z and » in {. We can inter-
pret the Cauchy kernel

(6.2 {( 271ri >" ¢ = ‘zilc)l .. .. .. éc""— ") }

as an element of the cohomology group H" (C™ X C* — 4, 2%"). More
precisely, if U C C* is a ball about 0 (any Stein neighborhood of 0 would do),
and V C U is another such neighborhood of O such that fV C U, then we
interpret the Cauchy kernel as an element of H*~'(V X U — 4, 2%") as follows :
Let W = {W,} be the open coverof V' X U — 4 givenby W; = {z; — {; # O}.
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Then each W; is a domain of holomorphy (cf. Theorem 2.5.14 of [9]), hence
d-acyclic. From standard sheaf theory it follows that the Cech cohomology of
this cover is the same as the cohomology of the space ¥V x U — 4. Now (6.2)
defines an (n — 1)-cochain of this cover, trivially a cocycle since there are no
n-cochains, and hence a cohomology class c € H*'(V x U — 4, Q%").

The basic fact that we need is the following proposition. It can be proved
by the same argument as Theorem 2.2 of [7].

Proposition. Let D: H'(V X U — 4, 2%") = Hp»'(V X U — 4) be
the Dolbeault isomorphism. Then Dc = {k(z, {)}.

Granting this, the naturality of the Dolbeault isomorphism gives a com-
mutative diagram

A* 3
H — 0, 07 ZUXD gy s U — 4, 00m)

Dl lD
44(F X 1)
ooy —0) SO gy U )

Therefore

= MLD{ (2711')" @ —i‘z)l - Eizz"n— f")} .

The expression in brackets is interpreted as a cochain of the cover 4-'(f X 1)"'W
of ¥V — 0, hence a cohomology class since the sets 47'(f X 1)7'W, are again
domains of holomorphy.

But the composition

D
H*Y(V — 0,07 2 Ho»\(V — 0) 35 C

is the Grothendieck residue (cf. [4]). It has a computational algorithm similar
to that of the residue calculus in one variable. Thus we can state the final form
of the residue formula for the local index as

6.3) %(0) = Res, {(Zl _‘;f)‘ - éfj’_ fn)} .

In particular, the properties of Res, imply that »(0) depends only on a finite
(but large!) number of derivatives of f at 0.

More generally we could consider a holomorphic vector bundle E over the
compact complex analytic manifold M, and a holomorphic bundle map ¢: f¥E
— E. There A™%(df) ® ¢ gives a lift of f to the complex A%*(E) of forms of
type (0, g) with values in E. Taking tensor products we get the analogous
formula for the local index in this situation:
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tre p(2)dz' - - - dz"

6.4) »(0) = Res { c§ } .
@ =@ =M

Here we take the trace of the matrix of ¢(z) even though strictly speaking ¢

is not an endomorphism for z = 0. Note that if O is a simple fixed point, from

the properties of Res,, (6.4) reduces to

tre o(0)
dety (1 — dfy) ~

which is the formula of Atiyah-Bott [3].

If E = A7°%M), the bundle of holomorphic p-forms, then A%*(E) is just the
Dolbeault complex A7*(M) of forms of type (p, *). All holomorphic maps lift
naturally to this complex, and if we denote the local index in this case by

v,(0), then

_ tre AP°(df)dz! - - - dz*
v,(0) = Res, {(Zl . @ = f”)} .

This can be written in the following alternative form, where I = (i;, - - -, i,),
Jeeeny

J =y, + ++, Ja-p) is the multi-index complementary to I and e; = 63,7 j,...5,_,

2, erdfldz’ } '
@ =M @—=1M

6.5) v,(0) = Res, {

Observe that

az' —f) - dz* — )
6.6) —1)7y,(0) = Res { } — deg,(1 — ),
( Z ( Vp 0 (Zl — fl) . (Zn _ f") gO
where the last equality follows from the properties of Res,. Thus even though
each v,(0) is not expressible as a local degree, their alternating sum is. There-
fore ) (—1)?y,(0) is a topological, rather than holomorphic, invariant of f
at 0. This is not surprising because for the Lefschetz numbers it is easy to see

that
L(f, de Rham) = > (—1)?L(f, 47>*) .

(6.6) just says that this relation also holds for the local indices.
There is a formula for the local coincidence index v, ,(0) (cf. § 3) with

respect for A?:* similar to (6.5):

Zedids’ )

v7.0(0) = Res, {(gl T S T
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In this context it is also natural to consider meromorphic maps (or corre-
spondences). By this we mean an irreducible n-dimensional analytic subvariety
G C M x M such that there exists a subvariety ¥ C M and a holomorphic
map f: M — V — M with

GNMXM-—-V)={ x,x):xeM —V}.

Then we can define the Lefschetz number of G to be
L(G, Ap,*) = fh(Z, C) 5
G

where h(z,8) = Y, (—1)%,(z,{) is the harmonic kernel of A#-* considered
simply as an (n, n)-form on M X M. Note that if G is a manifold, then its
Lefschetz number is just the coincidence number of the projections on each
factor:

L(G’ Ap,*) = L(n'l’ Ty 5 Ap,*) .

We can still talk about fixed points of G, the intersections of G with 4. If G
is a map near the diagonal, and its fixed points are isolated, then L(G, A**)
is a sum of local indices given by (6.5).

We conclude with the following elementary corollary of these observations,
which does not require to know the nature of the fixed-point coincidence
formula. Suppose H*4(M) = O for g > 0.

(a) If dim M = dim M, g: M — M is holomorphic, and deg g # 0, then
any holomorphic map f: M — M has a coincidence with g.

(b) Any meromorphic map G of M has a fixed point.

For the proof, observe that the harmonic kernel A(z,{) of M is just nfw
where o € I'(A™"M) is a volume element. It follows easily that L(f, g; 4%*) =
deg g and L(G; A%*) = 1.

A Kihler manifold M of positive sectional curvature satisfies H>%(M) = 0
for g > 0. In this connection see Theorem 4 of [6].

Added in proof. Since this paper was written, another proof of the holo-
morphic formula and a detailed account of the Grothendieck residue have
been given respectively in: L. Sibner & R. Sibner, 4 note on the Atiyah-Bott
fixed point formula, to appear in Pacific J. Math.; Y. L. L. Tong, Integral

representation formulae and Grothendieck residue symbol, to appear in Amer.
J. Math.
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