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AN INTEGRAL FORMULA

HARLEY FLANDERS

The following results generalize in several directions a recent formula of
Richard Kraft [3, Lemma 1] used in a problem of geometrical optics.

Theorem 1. Let M be a compact n-manifold imbedded in a Euclidean
(n 4+ 1)-space E**', where n > 1. For each x ¢ M, let e = e(x) be the outward
unit normal, r = |x|, and p = p(x) = x-e, the support function. Also let ¢
denote the element of n-volume. Then

1 ( _px :{ 0 ifoO¢M,
Va s rnt? —e(0) if0eM,

where V,=z"?|I'(3n + 1) is the volume of the unit n-ball.

Our proof will be based on two formal lemmas. We shall denote by
[v,, - - -, v,] the cross (vector) product of n vectors in E”*!, assumed oriented.
As usual, we extend this alternating multilinear function to vectors with differ-
ential form coefficients by

[ews, - s aval = (@ A - AN apdloy, -+ -, 0. -

We refer to Flanders [1, pp. 43, 149] and [2] for this formalism.
Lemma 1. On M we have

n(x.dx) A [x,dx, ---,dx] = rldx, - - -,dx] — n! pxo .

Proof. We shall give more detail than is really necessary, because the
probability of an error in sign is high in calculations of this type.
Let e, - - -, e, be a moving orthonormal frame on M, so

X = p;e; + pe , dx = ose; ,

where the g; are one-forms, and repeated indices are summed. Note that
g N\ +-+ N\ g, =g is the volume element on M. We take the e; so that
e, - -,e,, e is aright-handed frame for E**'. Then [e,, - - -, e,] = e. We also
note for future reference that

[e’els ""éia "',en] = (—l)iei >
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because it requires (n — i) + n transpositions to pass from e, e, ---, &;, - - -
e, e toe, --,e,, e. (The circumflex denotes omission.)
We have

(x’dx) /\ [x9 dx, . '3dx]

=(po;) N {[piei, Gjj, * oer] + ple, Gj€j, =+, Ukek]} .
Now

[p:es, Gj€js =y orex]
=pila; N\ -~ Naples, ey, - -, ;] )
:(n_l)!zpi(al/\"‘/\&i/\"'/\o'n)[ei’ela"'éi""’en]

—(n— 1)!(2 (=D&, A oo AGi A ee A an)e,
%
hence
(Pio) N [pies, 085, -+ -, 01e,] = (n — DI pdoe .
Next,

le,aje;, - - -, 04e]
= (O'j JANERID /\O'k)[e’ej’ ""ek]
=(l’l— 1)!2 (01/\ e /\6'@/\ /\o'n)[e,ela"'aéi; "'7en]

=(n-—-1)! Z(—l)i(o‘l/\ e NG N e Adpe;
hence
(pio) N\ le,a5e;, - - -, 048] = —((n — D! a(pe,) .

Consequently

(x+dx) N [x,dx, -+ -,dx] = (n — D! [(3] pDe — p(p.e)lo
= — 1! (r’e — px)o .

Since [dx, - - -,dx] = n! ge, the lemma follows.
‘Lemma 2. On M we have

n! r-"*9pxg = d(r-"[x,dx, - - -, dx]) .

Proof. Applying d and using Lemma 1 we obtain
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d(r-"[x, dx, - - -, dx])
= —nr~®*?(x.dx) A [x,dx, ---,dx] + r "[dx, - - -, dx]
= —r"[dx,---,dx] + n! r-**?pxe + r"[dx, - - -,dx]
— n! r—('n.+2)pxo. .
Proof of Theorem 1. If 0¢ M, then the integrand is exact on M by Lemma
2, so the integral is zero. If 0 € M, the integrand is singular at 0. We choose

e so small that {r = ¢} N M is an (n — 1)-sphere and set M, = M\{r < ¢}.
By the lemma and two applications for Stokes’s theorem,

px —l—fd(in[x,dx, .. -,dx])
r

!

r7L+2 n!
. .

- Lf L dx, - dx] = —Lfi[x,dx,---,dx]

n! re n! re
oM, r=¢

—1 —1

- f[x,dx,---,dx]: f[dx,dx,.--,dx]
n! e 4 n!e® 2.
1 —1 —1

= nlec~ —e0) | o = (V,0)e(0) — — V,e(0) .
n!e® e” e"

r<e r<e

It is clear that the convergence is absolute as ¢ — 0 so that M, — M. There-
fore any other family M., converging to M would yield the same value for the
singular integral.

Corollary. If x, e M, then

1 (x—x)-e

xdo = —elx,) .
Vn b74 'x - xoln+2

These results can be extended without difficulty to immersed rather than im-
bedded orientable hypersurfaces. The case of a closed curve is special.
Theorem 2. Let C be a simple closed smooth counter-clockwise curve in

E? with Frenet frame t,nat x. Setp = —x-n, r = |x|, and J the 90° rotation.
Then

lfﬁ](x)dsz{ 0 if0¢C,

20 r —1(0) if0eC.

Proof. Write x = at — pn. Then dx = tds, r* = a* + p?, rdr = x-dx =
ads, and

d(r~'x) = —ar dsx + r-'dst = r[—a(at — pn) + (&® + p)tlds
= pr=3(pt + am)ds = pr=3J(x)ds .

The theorem follows easily.
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