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G-STRUCTURES OF ORDER TWO AND TRANSGRESSION
OPERATORS

SHOSHICHI KOBAYASHI & TAKUSHIRO OCHIAI

1. Introduction

This paper is an addendum to a recent paper by Chern and Simons [1] on
curvature forms and conformal transformations. Our purpose is to give a G-
structure theoretic interpretation to their results and to obtain similar results for
projective and other second order G-structures in a unified manner.

Let P be a differentiable principal bundle over M with group G. Let w be a
connection form and £ its curvature form on P. Let I*(G) denote the set of
G-invariant symmetric multilinear forms of degree £ on the Lie algebra g of G.
If feI¥*(G), then f(2, ---,£) can be pulled down to a closed 2k-form on the
base M to give an element of H**(M ;R), called the characteristic class defined
by f. This class is transgressive. In fact, if we set

0, = tdo + w0,  THo) =k f fw, oy -+, Q0dt
0

then
f(Q, -, Q) = dTf(w)) .

The problem we discuss here is to find out how Tf(w) depends on the connec-
tion w. Let w(s), 0 < s < 1, be a 1-parameter family of connections in P and
£2(s) the corresponding family of curvature forms. Let 4(s) = dw(s)/ds. A for-
mula of Chern and Simons states:

Tfw(1) — THw(0) = kk — Dd [ Vs + & [ 146, 06, -+, As)ds

where
1
Vis) = f fA(s), ta(s), 2(s),, - - -, R(s),)dt .

Received July 3, 1970. Supported partially by NSF Grant GP-8008.



214 SHOSHICHI KOBAYASHI & TAKUSHIRO OCHIAI

The formula above becomes useful if f(4(s), 2(s), - - -, 2(s)) is exact so that
Tf(w(1)) — TH(w(0)) is exact. According to a theorem of Chern and Simons,
that is the case when w(0) and w(1) are the Riemannian connections of two
conformally equivalent Riemannian metrics.

We may interpret their theorem. Let P be the CO(n)-structure on M
defined by two conformally equivalent Riemannian metrics where CO(n) =
{ad; A e O(n) and ae R*}, and L be the group of conformal transformations
of an n-sphere. Then the Lie algebra [ of L has a natural graded Lie algebra
structure [ = g_, + g, + g;, where dimg_, = R", g, = co(n) and g, is the so-
called first prolongation of g,. The canonical form 6 on P is a g_,-valued 1-
form on P whereas the connections forms w(s) are g,-valued on P. The fact
that w(0) and w(1) are conformally equivalent can be expressed by a simple
formula:

o(1) — o(0) =16, 0],

where p is a g-valued function on P. Let I*(L) be the set of L-invariant sym-
metric multilinear forms of degree £ on [, and I%(G) the image of the restric-
tion map I¥(L) — I*(G). For fel%(G), k> 2, it is easy to see that
f(4(s), £2(s), - - -, £2(s)) is not only exact but also identically zero. All these
hold for any second order G-structure.

For projective and conformal structures, we can easily find explict expressions
for the restriction maps: I*(L) — I*(G) and prove that f(4(s), 2(s), - - -, 2(s))
is exact for f e I*(G), k > 2.

In this theory, only torsionfree connections can be used. On the other hand,
from a theorem of Weyl and Cartan we know that the conformal and projective
structures are the only G-structures of second order which admit torsionfree
affine connections without any additional condition on M, [3]. For other G-
structures of second order, a torsionfree connection exists only when certain
integrability conditions are satisfied. In that sense, the projective and conformal
structures are more privileged than the others, although our theory applies to
all second order G-structures.

2. Invariant functions

Let G be a Lie group with Lie algebra g, and I*(G) be the set of all sym-
metric multilinear mappings fig X -+« X g— R such that f((ad $)X,, - - -,
(ad )X,) = f(Xl, o, Xy forseGand X;eg.

Set I(G) = Z I*(G). In order to make I(G) into a graded commutative
algebra, for f e I"(G) and g ¢ I'(G) we define fg e I***(G) by

1
fg(Xla tre >Xk+l) - m Zf(Xa(l), .t ',Xa‘(k))g(Xa(k+l)’ . 'sXv(k+l)) ’
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where the summation is taken over all permutations ¢ of {1, ...,k + [}. An
element of I*(G) will be called an invariant function of degree k on G. For
convenience we use the following notations. If f e I*(G), then

f(X):f(X,,X), f(X,Y):f(X,Y,,Y),
f(XsY; Z) = f(X, Y929 * ",Z) D) etc.

Given g-valued differential forms » and ¢ of degree p and g, respectively, on

a manifold, we define [o, ¢] as follows. Choose a basis e,, - - -, e, for g, let ci,
be the structure constants of g with respect to e, - - -, e,, and set

(o, SD] = ) C?’kwj N p*e; ,

where w = Y, w'e; and ¢ = )] ¢’e;. Then [w, ¢] is defined independently of
the choice of e,, - - -, e,. The following formulas are trivial:

(2'1) [wy SD] = _(_1)17!1[50’ (0] s
2.2) dlo, ¢] = [do, o] + (—1)?[w,dy] ,
2.3) [0, [0,0]] = 0.

If w, - - -, 0, are g-valued differential forms of degree q,, - - -, g;, respectively

and if f e I*(G), then a differential (g, + - - - + gy)-form f(w,, - - -, ®;) is defin-
ed by

f(wla . ')wk) = Z ajl...jkw{I VANEIRVAN wI];k )
where a;, ;. = f(e;,, ---,e;) and w; = )] wle;. Thus we have the following
formulas:
k

(24) df((l)l, .. -,(l)k) = Z (_1)111+"-+qj—1f(w1, . ‘ada)jy . "wk) s

Jj=1
k
(2.5) ;1(—1)q1+...+qu(w19 crry Wiy [wja sD]a [OF PSP '9wk) - 0 ’

where ¢ is a g-valued 1-form. (Formula (2.5) is a consequence of the G-invar-
iant property of f).
Lemma 2.1. Let feI¥G), g I(G) and h = fg. For g-valued 1-form a,

and 2-forms o, - - -,y ,;, we have

(k + l)!h(ala . '9ak+l)

(2.6)
= — Z X(U)f(aa(l)) . '7aa(k)) AN g(aa(k+1)’ tee aau(k+l)) 5
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where the summation is taken over all permutations ¢ of {1, ---,k + I} and
x(a.) — (___1)0—1(1).
Proof. Put

Qg = Fleg -+ 5 €50
bjl“‘jl = g(ejl’ Tt efl) ’

Chrodsr = hieg,, - -+, ejk+L) :
If we put @; = }; ale;, then
k + l)!h(av c ‘,aku) =k + D! Z le...ijOl{l VANEERIVAN al{lﬁl

_ .b. g . J
= ]Zs (Z Djoye-doti bJ.,<k+1J--~J.,<k+z))a1' AN N aikit .
o

Replacing af* A - -+ A ajf3t by —y(@)ale® N -+ A als:3P , we obtain

(k + l) !h(au . "ak+l)
= -2 X(O')f(aau)’ . ',Ofmc)) VAN g(aa(k+l)’ e "“«r(’”l)) .

3. Transgression operator

Let P be a G-principal bundle and w a connection form on P. Thus v is a
g-valued 1-form satisfying

(3.1) Rfw = (ad g Mo ,
(3.2) oX*) =X for Xeg,

where X* is the fundamental vector field corresponding to X € g.
The curvature form 2 of w is given by

(3.3) 0 =do + o, ] .
We put w, = tw (0 < ¢ < 1), and define
(3.4) 0, = dw, + }ow, 0] .

Lemam 3.1. For feI*(G), f(Q) = (2, ---,2) is exact as a form on P.
More precisely, we have

3.5) Q) = kd f Hw; Q)dt .

Proof. We have
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of(R,) [0t = kf(092;/ot; Q) = kf(dw + o, w]; 2,)
= kf(do; 2)) + kf(lo, 0,15 2)) .

On the other hand, we have

o, 0]; 2) = —(k — Df(o, [2;,01; 2)  (from (2.5)) ,

dQ, = 3lde,, 0] — 3o, do] = [do, o]

= —}llo, o, 0] + (2, 0] = [2,,0]  (from (2.3)) ,
so that
fdw, ;15 2) = —(k — Df(w,d2,5 2,) .

Hence

of(Q,) |6t = kf(dw; 2,) — k(k — Df(w,dR,; 2,) = kdf(w; 2,) .

Remark. The proof above can be simplified if one uses exterior covariant
differentiation as in the proof of Lemma 5 in [6, II, p. 297].
The transgression operator Tf is defined by

(3.6) Tf() = k f fw: Q) ,

so that f(22) = dTf(w). Let w(s) be a family of connections on P depending on
a parameter s.

Define A(s) by 4(s) = dw(s)/ds, and let 2(s) be the curvature form of w(s).
Then

Lemma 3.2 (Chern-Simons [1]). Let f e I*(G). If we put
3.7) Vo) = [146), 0505 Q0 ,

then we have
(3.8) oTf(w(s))[0s — k(k — 1)dV(s) = kf(4(s); 2(s)) .

Proof. From (2.1), (2.2), (2.3), (2.4) and (2.5) we have the following
formulas:

df(4(s), o(s); 2(s),) = f(dA(s), w(s); 2(s),)
— fA(9), do(s); 2(s)) + (k — Df(A(s), w(s), d2(s),; 2(s),) 3

—f([4(5), 0(5).], 0(5) 5 2(s)e) + f(A(s), [w(s), w(s).]; 2(s).)
+ (k — Df(A(s), os), d2(s),; 2(s)) = 0 ;

(3.9)

(3.10)
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(3.1D dQ(s), = [2(s);, o(s)];
(3.12) 052(s);/0s = tdA(s) + £[4(s), w(s)] .

Eliminating (k — 2)f(4(s), w(s), df(s),: 2(s),) from (3.9) and (3.10), we
obtain

df(4(s), o(s), 2(s),) = f(dA(s) + [A(9), w(s).], w(s); 2(s),)
— f(d(s), da(s) + tla(s), w(s)]; 2(s).) ,

so that
Av(s) = f Fdd(s) + LLAG), (9], o(s); 2(s),)dt

_ f 1(4(s), tdas) + £lals), (s)]; Q(s))dt .

On the other hand, we have

aTH(w(s) _ az k Ofl,«(a,(s); Q(s),)dt

as N

=k [140; 06t + ki = 1) [0, 2995 009 )as
=k [140); 26t
ke = 1) [ H09), 14 + FLAG), o(9)]; 26))ds

Hence

an;w(S)) — k(k — 1)dV(s)
A)

—k f 14(s), 2(s))dt

+ k(k — 1) flf(A(S), tdw(s) + Pla(s), w(s)]; £2(s),)dt

—k f 1), ks, + (k — 1)§[w<s>,w<s)]; Q@))dt
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=kfkm&mmo+9£:§ﬂlﬁmamm;

tMﬂ+ﬁ;%mmmmw

— k2 fltk—lf(d(s); 2(s)dt + kk‘éi ltk‘lh(r, 1

0

f(A(s), 2(5), - - -, 2(5), [(s), 0(9)], - - -, [(s), w(s)Ddt ,
S——r

k—1—r r
where
k—2\[t — 1\ k—2\ [t —1\"""Qk — 1)t — k
weo=k(* 72 (5 0) + (25 -
.9 ( r 2 ) T2 2
From elementary calculus we know
1 m!n!
3.13 ft"‘l—t"dt:——'——— for m,n > 0 .
61y fea - od = C B
From (3.1) it is seen that
(3.14) flt"‘lh(r,t)dtzo forl <r<k—1,

0

which completes the proof of Lemma 3.2. q.e.d.

Lemmas 3.1 and 3.2 will be used in the following manner. Suppose f is an
element of I*(G), and »(0) is a connection form on P such that f(£2(0)) = 0.
(In other words, we assume that not only the characteristic class defined by f
but also the form f(£2(0)) itself vanishes). Then, by Lemma 3.1, the (2k — 1)-
form Tf(w(0)) on P is closed. Suppose we have another connection w(1) on P
such that f(£2(1)) = 0. Then we have another closed (2k — 1)-form Tf(w(1)) on
P. Join w(0) and »(1) by a one-parameter family of connections w(s), e.g.,
o(s) = w(0) + s(w(1) — »(0)). Under certain conditions, we shall prove that
f(4(s); 2(s)) is exact. Integrating the formula in Lemma 3.2 with respect to s
from O to 1, we can conclude that Tf(w(0)) and Tf(w(1)) are cohomologous to
each other so that they define the same cohomology class in P.

4. Graded Lie algebras of order 2
By a graded Lie algebra (or more precisely, a transitive graded Lie algebra),

we mean a Lie algebra [ = f} gp, dim g, < oo, such that [g,,g,] C g,., for
p=-1

all p,g > —1 and [x,g_,] #+ O for each nonzero xeg,, p > 0; see, for in-
stance, [4], [7]. We are interested in graded Lie algebras of order 2, that is,
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those with g, # 0 and g, = 0 for p > 2. The graded Lie algebras [ =g_,+g,+g,
of order 2 with semi-simple [ have been classified in [4].
Example 1. [ =3l(n + 1; R).

L e RO A 8

where £ is a column n-vector, u is a row n-vector, 4 ¢ gl(n, R) and a ¢ R.
Example 2. [ =30(n+ 1,1) ={Xegl(n +2; R); ‘XS + SX = 0}, where

0O 0 -1
S=10 1, 0],
-1 0 O

0 0 O —a 0 O 0O u O
g—l B {(S 0 0>} ’ go B {( 0 A 0)‘ ’ gl N {(O O tu>} ’
0 % 0 0 0 a 0 0 O

where £ is a column n-vector, u is a row n-vector, A € 8o(n) and a e R.

Many other examples can be found in [4].

Let L/L, be a connected homogeneous space on which a (not necessarily
connected) Lie group L acts effectively and transitively. Since L, is the isotropy
subgroup of L at the origin O of L/L,, there is a natural representation of L,,
called the linear isotropy representation of L,, on the tangent space of L/L, at
the origin. Let L, be the kernel of the linear isotropy representation. We say
that L/L, is a flat homogeneous space of order 2 if the Lie algebra [ of L has
a graded Lie algebra structure [ = g_, + g, + g; of order 2 such that g, is the
Lie algebra of L, and g,+ g, is the Lie algebra of L, so that g, is the Lie algebra
of the linear isotropy subgroup L,/L,. Corresponding to Examples 1 and 2
above, we have the following examples of flat homogeneous spaces of order 2.

Example 1’. Real projective space of dimension n.

A O

L = SL(n + 1; R) modulo its center; L, = {( )eSL(n F1; R)} ,
u a

where A e GL(n; R), ae R and u is a row n-vector.

Example 2’. Mobius space of dimension n, (n-sphere).

L=0rn+1,1) ={XeGL(n + 2; R); 'XSX = S}, where S is defined in
Example 2;

al % %
L,={|0 A x|eO@n + 1,1)}, where A € 0(n), ae R and u is a row
0 0 a n-vector.
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We can interpret Example 2’ geometrically as follows. Let x e R**? be a
nonzero column vector, considered as a point in P, ,(R). Then the quadric
txSx = 0 in P,,,(R) is an n-dimensional sphere. The group O(n 4+ 1,1) acts
transitively on this quadric with isotropy subgroup L, as described above. The

group O(rn + 1,1) may be considered also as the group of conformal transfor-
mations on an n-sphere.

5. (L/L)-equivalence of connections

Let L/L, be a flat homogeneous space of order 2 as in §4, and G be the
linear isotropy subgroup at the origin so that G = L,/L, C GL(n; R), where
n = dim L/L,.

Let M be a differentiable manifold of dimension n, and P be a G-structure
on M, i.e., a principal G-subbundle of the bundle of linear frames on M. Let
6 be the canonical form on P; it is an R"-valued 1-form, [6]. Let w be a con-
nection form on P; it is a g-valued 1-form, where g, is the Lie algebra of G.
Taking a basis in g_,, we identify g_, with R* and consider G (resp. g,) as a
subgroup of GL(n; R)(resp. a subalgebra of gl(n; R)). We consider thereby
the canonical form # as a g_,-valued form. (In order to understand the true
reason why @ should be a g_,-valued form rather than an R"-valued form, one
has to consider Cartan connections in second order G-structures, [5], [7].).

In terms of the Lie algebra structure on [ = g_, + g, + g,, the condition that
o be torsionfree can be expressed by

5.1 do = —[w,6] .

Let »(0) and w(1) be two torsionfree connections in P; in general, there may

not be any. We say that w(0) and w(1) are (L/L,)-equivalent® if there exists a
g,-valued function p on P such that

(5.2 o(1) — o(0) = [0, o] .

(Note that the left hand side takes values in g, and the right hand side in
[g-1, 8] C g.)

We shall now explain the concept of (L/L,)-equivalence with the two exam-
ples in § 4.

Example 1”. Projective equivalence.

Let L/L, be as in Example 1’ of § 4. The action of L, on g_, is given by

ol ol d =0 0] medsrs

1 This concept is due to Tanaka [10]; he uses the term ‘‘L-equivalent’’. See also [8], [9].
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1t follows that the linear isotropy subgroup G coincides with GL(n; R), and P
is the bundle of linear frames over M. A torsionfree connection in P is nothing
but a torsionfree affine connection of M. Since the bracket between an element
of g_, and an element of g, is given by

o o ol =5 Jel-

and since the linear isotropy representation

(AO

)eLo—aAa"leGL(n; R
u a

induces a Lie algebra representation

(A 0)ego—>A —al, egl(n; R)
0 a
which maps

Eu 0 )_) 1

(0 e §u + WdI, ,

two torsionfree affine connections w(0) and w(1) of M are projectively equiva-
lent, i.e., (L/Ly)-equivalent if and only if there exists a g;-valued function p on
P such that

(5.3) o(1) — @(0) = b + (O, ,
where the canonical form @ is considered as a 1-form whose values are n-
dimensional column vectors, and the function p takes values in the n-dimen-

sional row vectors. In terms of a natural basis, (5.3) may be written as fol-
lows:

(5.4) 0)5(1) - cu}"(O) = 0in + (Zkak,ﬂk)aj' s
which is a reformulation of the classical equation:
F?k(l) — [”}k(O) = chSDj + 5%0;; .

Example 2”. Conformal equivalence.
Let L/L, be as in Example 2’ of § 4. The action of L, on g_, is given by
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#*\ /0 0 O0\/a! x «\7!
*[/E 0 O0)][]0 A «
a/\0 ¢ 0/\0 O a

0 0 O
Aga O 0}, mod g, + g, .

- 8§
oo N
O A ¥

0 A& O

It follows that the linear isotropy subgroup G coincides with CO(n) =
{Aa; Ae0(n) & aec R — (0)} and P is a CO(n)-structure on M. Since P con-
tains O(n)-structures (i.e., Riemannian structures) as subbundles, it admits a
torsionfree connection. Since the bracket between an element of g_, and an
element of g, is given by

0 0 O 0 u O —ué 0 0
(5 0 O),(O 0 tu =( 0 &u— ¢ 0),
0 % 0 0 0O 0 0 tety

and since the linear isotropy representation

al % %
0 A x|eL,— AaeCO(n)
0 0 a

induces a Lie algebra representation

—a 0 0
0 A4 Oleg,—> A+ al,eco(n)
0 0 a

which maps

<—u§ 0 0

0 §u — tuté 0 )‘—) §u — ‘u'é + (ME)I" s
0 0 Eu

two torsionfree connections »(0) and (1) in P are conformally equivalent, i.e.,

(L/Ly)-equivalent if and only if there exists a g,-valued function p on P such
that

(5.5) o(1) — w(0) = 6p — ‘0 + (0O)I, ,

where the canonical form 4 is considered as a 1-form whose values are n-dimen-
sional column vectors and the function p takes values in the n-dimensional row
vectors. In terms of natural basis, (5.5) may be written as follows:
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(5.6) @i(1) — Wi(0) = O'p; — Blp; + (3:6%p)5%
which is a reformulation of the classical formula [2, p. 89]

Fﬁj(l) — I'};(0) = 53‘0& — 8;8'™0m + dia; -

6. Invariance of transgressed classes

Let L/L, be a flat homogeneous space of order 2 with linear isotropy sub-
group G C GL(n; R) asin § 5, P be a G-structure over M, and »(0) and w(1) be
two torsionfree connections which are (L/L,)-equivalent to each other so that

o(l) — w(0) = [0, 0] ,

where p is a g;-valued function on P. Consider a one-parameter family of tor-
sionfree connections w(s) defined by

w(s) = 0(0) + s(e(1) — »(0)) = w(0) + 5[0, p] .
Then
A(s) = dw(s)/s = [0, o] .

Let feI*(L). If we restrict the invariant function f to the subalgebra g, of
[ =g_,+ g + g1, then we obtain an element of I*(G). Thus we have an algebra
homomorphism I*(L) — I*(G). Denote the image of this homomorphism by
I%:(G); it consists of elements of I*(G) which can be extended to L-invariant
functions of degree k on [.

Lemma 6.1. If fe IX(G) and k > 2, then f(d(s); 2(s)) = O.

Proof. Let o be any connection form on P. From the Jacobi identity for
the Lie algebra [ = g_, + g, + g, it follows that

[0, [0,0]] + [o,10,0]] + 16, [0,0]] =0,
or
(6.1 2[w, [w, 611 + [0, [0, 0]] =0 .
Suppose o is torsionfree so that
dj = —[w,6] .
Then we obtain
0 = —[do, 0] + [0, do] = o, 0], 0] — [2,6] — o, [v,]]

by exterior differentiation, and obtain the so-called Bianchi identity
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(6.2) [2,61=0

by means of (6.1), Denote by the same letter f an element of 1*(L) which gives
rise to f e I%(G). Since f e I*(L) is invariant by L, we have

f([Y:X1]aX23 * an) + f(Xla [Y,XZ], M ',Xk)
+ tet + f(Xl’Xz’ M s[Y9Xk]) = 0
for Y, X,, ---, X; el. Hence, writing Q for Q(s),

f([ﬁ,p]a'Qs ° ',Q) + f(P’[ar‘Q:L . "‘Q) + -+ f(P,Q, "'9[039]) =0.
Using (6.2), we obtain

f([ﬁaP],Q:“‘:Q) =0. q.e.d.

From Lemmas 3.2 and 6.1, we obtain

Theorem 1. Let L/L, be a flat homogeneous space of order 2 with linear
isotropy subgroup G C GL(n; R), P be a G-structure over an n-dimensional
monifold M, and w and o' be two torsionfree connections in P which are
(L/Ly)-equivalent to each other. Let fel(G) with k > 2. Then there is
a 2k — 2)-form W on P such that

Tf(@) — Tflw) = dW .

Corollary 1. In Theorem 1, let 2 and Q' be the curvature forms of » and
o', respectively. Then, for f e I*(G), (k > 2), we have

f(2) = (D) .

Proof. This follows from Lemma 3.1 and Theorem 1.
Corollary 2. In Corollary 1, assume f() = 0 so that (') = 0. Then the
closed forms Tf(w) and Tf(w') on P define the same element of H*~'(P; R).

7. Projective equivalence and transgressed classes

We shall apply Theorem 1 in § 6 to projectively equivalent torsionfree affine
connections.

Let L = SL(n 4- 1; R) modulo its center as in Example 1’ of § 4, define
fu € I*(L) by

f.(X) = trace (X*) for Xesl(n + 1; R),

and let S e gl(n; R). From Example 1” in § 5 it is seen that the corresponding
element in g, is given by
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1 (trace )I,,, a= — 1 (trace S) .
+1 n+1

(AO

), where 4 =8 —
0 a n

If we restrict f; to g, and identify g, with gl(n; R), i.e., if we consider f; as an
element of I%(G), then

1

1 I (trace S)I,,) k} + (—m> * (trace S)* .

(7.1)  f,(S) = trace {(S — T

From Theorem 1 follows immediately the following result:

If M is an n-dimensional manifold, and w and o’ are two torsionfree affine
connections of M which are projectively equivalent to each other, then there is
a 2k — 2)-form W on the bundle P of linear frames such that

Tfy(@) — Tfy(w) = dW ,

provided k > 2.

As a function on gl(n; R), f, is rather complicated. However, more interest-
ing results can be obtained by imposing a mild condition on w and «’. To this
end define g, € I*(G) by

q.(S) = trace (5%) for Segl(n; R) .

From (7.1), we obtain

18,8, -1 8) = qu(S, S, -, 8) — —
(7.2) n+1
for Segl(n; R), S’e3l(n; R) and k > 2 .

(trace $)q;_.(S, - - -, )

Let »(0) and o(1) be two torsionfree affine connections such that
trace (£2(0)) = trace (2(1)) =0 .

(Geometrically, this means that the restricted linear holonomy groups of these
connections are contained in SL(n; R). In particular, if »(0) and w(1) are
Riemannian connections, these conditions on curvature are automatically satis-
fied.) If we set

() = o(0) + s(o(1) — (0)) ,
then the curvature form £(s) of the connection w(s) is given by
2(s) = 200) + s(2(1) — 200) + 3(s* — D) — »(0), w(1) — w(0)] .
Hence

(7.3) trace (2(s)) =0 .
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Assume now that w(1) is projectively equivalent to w(0) so that

o(l) — 0(0) = 0p + (o)1, = 4(s)
as in Example 1” of § 5.
From Lemma 6.1, (7.2) and (7.3), we obtain
(7.4) 0 = q,(4d(s); 2(5)) — (p0) N qi_(£2(s)) fork > 2.
On the other hand, from

2(1) — 200) = d(w(1) — 0(0)) + Hlw1), o(1)] — [«(0), v(0)]} ,
it follows that

0 = trace (2(1) — 2(0)) = d{trace (o(1) — w(0))} = (n + 1)d(0b) ,

which proves
(7.5) d(pf) =0 .

Since g _,(£2(s)) is exact by Lemma 3.1 and (p6) is closed by (7.5), we may
conclude that g,(4(s); 2(s)) is exact for k > 2 by (7.4). Using Lemma 3.2, we
thus obtain

Theorem 2. Let w and o' be two torsionfree affine connections on an n-
dimenional manifold M. Assume that o' is projectively equivalent to w and that
both w and ' have curvature with vanishing trace. Then

(i) Tfe) — Tflw) =dW  for fel(GL(n;R)), k=2,
W being a 2k — 2)-form on the bundle P of linear frames over M, and
(ii) Tf(w) — Tf(w) is a closed 1-form if feI'(GL(n; R)) .

Proof. For f = qy, Theorem 2 follows from Lemma 3.2 and the facts that
q:(4(s); 2(s)) is exact for k > 2 and q,(4(s)) = (n + 1)(pf) is closed. The
general case follows from the fact that g,(£2(s)) is exact by Lemma 3.1 and from
a theorem of Weyl [11] that every felI*(GL(n; R)) is a polynomial of
4G -+ > qn q.e.d.

From Lemma 3.1 and Theorem 2, we obtain

Corollary 1. In Theorem 2, let Q and 2’ be the curvature forms of v and
o', respectively. Then

Q) =2  forfelGL(n;R), k=>1.

Corollary 2. Let f e I*(GL(n; R)), k > 2. In Corollary 1, assume f(2) = 0
so that f(2') = 0. Then the closed forms Tf(w) and Tf(w’) on P define the same
element of H*~(P; R).
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8. Conformal equivalence and transgressed classes

To apply Theorem 1 of § 6 to conformally equivalent torsionfree connections
in a CO(n)-structure over M, let L = O(n + 1,1) as in Example 2’ of §4.
Define f; e I*(L) by

fx(X) = trace (X*) for Xeo(n 4+ 1,1),

and let Seco(n). From Example 2”7 of § 5, it is seen that the corresponding
element in g, is given by

—a 0 0 1 1
0 A O), where 4 =S —— trace (S)I,,, a = — trace (S) .
0 0 a " "

If we restrict f, to g, and identify g, with co(n), i.e., if we consider f, as an
element of I%(G), then

f(S) = trace {(S 1 trace (S)In> k} + 2 (i trace (S))k, for k even ,
(8.1) n n
=0, forkodd.

From Theorem 1, we obtain the following result:

If o and o’ are two torsionfree affine connections of M which are conformally
equivalent to each other, i.e., if they are torsionfree connections in a CO(n)-
structure P over M, then there is a (4k — 2)-form W on the bundle P such
that

Tfu(@) — Tfu(o) = dW k>1.

The more interesting case is the one where o and o’ are the Riemannian
connections of two conformally equivalent Riemannian metrics. Let ds* and ds”
be two Riemannian metrics on M such that ds”? = hds*, where h is a positive
function. Then we say that these two metrics are conformally equivalent to
each other. Let w and o’ be the Riemannian connections of ds* and ds”, re-
spectively.

Define g, e I*(CO(n)) by

q.(S) = trace (S%) for S e co(n) .

From (8.1), we obtain

1S, S, -, 8) = qu(S, S, -+, 8) — L (trace S)- 1S, - - -5
(8.2) n
for Seco(n), S eo(n) and k > 2 .

Let



G-STRUCTURES OF ORDER TWO 229

o) =0 + s — w),

and denote the curvature form of w(s) by 2(s). Since w = w(0) and o’ = w(1)
are Riemannian and since co(n) = o(n) + R, we have

trace (2(0)) = trace (2(1)) =0 onP,

where P is the CO(n)-structure determined by ds* (and ds®). As in §7, we
obtain

(8.3) trace (2(s)) = 0 .
Since w(1) is conformally equivalent to »(0), we have
o(l) — w(0) = dp — p'0" + (pO)I, = A(s)
as in Example 2” of § 5. From Lemma 6.1, (8.2) and (8.3), it follows that
(8.9 0 = qu(4(s); 2(s)) — (0) N qi_(2(s))  fork >2.
On the other hand, we obtain (as in § 7)
8.5) d(pd) =0 .

Theorem 3. Let o and o' be the Riemannian connections of two conform-
ally equivalent Riemannian metrics on an n-dimensional manifold M, and P be
the CO(n)-structure on M determined by these metrics. Then

(i) Tf(o') — Tf(lw) = dW for fel*(CO(n)), k>2.
W being a (2 k — 2)-form on P, and
(ii) Tf(@') — Tf(w) is a closed 1-form if fe I'(CO®n)) .

Proof. The proof is identical to that of Theorem 2.

Corollary 1. In Theorem 3, let 2 and 2’ be the curvature forms of o and
o', respectively. Then

() = f(2) for feI*(COm) , k>1.

Corollary 2. Let f e I¥(CO(n)), k > 2. In Corollary 1, assume f(2) = 0 so
that f(2') = 0. Then the closed forms Tf(w) and Tf(«') on P define the same
element of H*~(P; R).
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