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ON THE COMPLEX BORDISM OF
FINITE COMPLEXES. II

P. E. CONNER & LARRY SMITH

This manuscript represents a continuation of our study begun in [6] of the
internal properties of the complex bordism functor and its external applications.
As in [6], [7] we are primarily concerned with the numerical invariant
hom. dimgy 2%(X) of a topological space X, its interpretations and applications.
Our study centers around our understanding of the annihilator ideal of a spher-
ical bordism class a € 2%(X). As in [6] we represent « by a map

h:S* - X.
To study the annihilator ideal of « we introduce the cofibration

h g

Sk X— Y,
which may be extended to a cofibration

x_ %,y L, g

in the standard manner. The annihilator ideal 4A(«) of & may then be identified
with the image of the map f,: GY(Y) — 2Y%(S**") under an QY-module iso-
morphism of degree k¥ + 1. This leads us into a study of mapping spaces into
spheres which we undertake with the aid of the RR theorem of Atiyah-
Hirzebruch [8], characteristic numbers and cohomology operations. These pro-
vide us with several criteria for detecting elements of A(«), particularly Milnor
manifolds [10], and to a complete determination of hom. dimgy QU(X) for 3-
cell complexes. The final section contains several applications of the theory to
the construction of examples which compliment those of [6], [7], [11] and [13].

1. Preliminaries on cohomology operations and
characteristic numbers

Let M be a closed weakly complex manifold and aec H*(M, k), k = Z,Z,
or Q. Associated to the pair {M, a} we have characteristic numbers
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{a U c,M),[M]>ek.

Our purposes in later sections require that we have available a procedure for
computing such numbers. Specifically the numbers

aUs,; (©WM),MyeZ,, paprime,

pi-1

will be of concern to us, where s,(c) denotes the usual s,-symmetric function
of the Chern classes of M. There is a Wu-type formula for evaluating these
special types of numbers, and it is our objective in this section to establish this
formula. To this end we collect some facts about the Steenrod algebra.

Recollections and notations. Let .«7*(p) denote the mod p Steenrod alge-
bra and #*(p) the algebra of reduced power operations, i.e.,

7*p) = Z*P)[(P) ,
where () denotes the two sided ideal generated by B (recall that 3 = Sq' when

p=2).
According to Milnor [9] the dual Hopf algebra #,(p) to 2*(p) is given by

2.p) = Z,[{p}],
where
degl“i = 2(pi - 1) ’

and
L i
Vi = 51O m

with the convention that g, = 1.
The “duals” to the classes {y,} are primitive elements in #*(p) which may
be obtained inductively by the formulas

Si = {P;’i =1 ! .
[Si-l, Ppi_l] ) ! > 1 .

These formulas determine corresponding unique elements S; € 27 *(p) which are
primitive provided that p # 2. (Recall that for p = 2, P; = Sq¢*.) Note that
deg S; = 2(p* — 1).

The operations S; may be computed on two dimensional classes by means
of the following formula. Let X be a space and y e H*(X; Z,). Then

() Sy = y»t .
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This formula is readily established by induction. The case i = 1 is true by
inspection. For i > 1 we have

Sy = [P*,S; \ly = P?'S;_y — §,_,P"y .
Since i > 1, P?'y = Q. Therefore
S,y = PPiS;_ |y = Priyrit
by our inductive assumption. The Adem relation
PP ZP = (Pr77'Z)?
now yields
Sy = Py =y

as desired.
Proposition 1.1. Let

¢: H*(BU; Z,) -» H*(MU; Z,)
denote the Thom isomorphism. Then up to a unit in Z,,
S,i_(0) = 0715,0(1) .

Proof. To see this recall that H*(MU; Z,) is a coalgebra over the reduced
power algebra and the action of 2*(p) on the counit

P*p) — H*MU; Z,):  a— ad(l)

is a morphism of coalgebras [17]. As S; e Z*(p) is a primitive element, it fol-
lows that S;@(1) e H*(MU; Z,) is also. As @ is an isomorphism of coalgebras,
O'S,0(1) e H*-*BU; Z,) is primitive too. Since up to a unit in Z,,
H*(BU; Z,) contains the unique primitive s,(c) we must have

0718,0(1) = 2s,:_,(c)

for some 2 # 0 ¢ Z, as required.
Theorem 1.2. Let M™ be a closed weakly complex manifold and
ae H**®*-Y(M; Z,). Then

{8,640 U a,IMIy = (—Sia, My e Z,

up to a unit in Z,,.
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Proof. Let
c:S™tr - TM

denote the standard collapse [17, Chap. II] of a sphere onto the stable normal

bundle of M™,
Lemma. Let ac 2#*(p), dega > 0, and suppose x e H*(TM; Z,). Then

(D Nax),[M]) = 0eZ,
where
0: H*(M; Z,) —» H*(TM; Z,)

denotes the Thom isomorphism.
Proof. We have, by definition,

(D-1ax, M1 = <ax, B IM]> = {ax, c,[S™*"]> = {c*ax, [S™T)
= {ac*x, [S™*7] = 0, [S™]> = 0,

since Z*(p) acts trivially on H*(S™*"; Z,). q.e.d.
Applying the lemma to x = S,(a U @(1)) we obtain

D7 '[Sy(a U (1)), [M]> =0.
For odd p, S; e #*(p) is primitive and hence

Si{a U &) = S;aU &1) + a U S,0(1)
=S8aU &1) +a U S, (c) U Q)

by Prop. 1.1. Hence

O~ '(Si(a U &(1)) = S,a + a U sy(c) .
Thus

0 = (Sia, [M]y + <a U s:(0), IM])

yielding the result.
For p = 2 we have

ASi=Si®1 + 1®Si +jz>:0aj®af,_j 5

where 4 is the coproduct in &/ *(2) and «; € (8). Thus
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SaU o) =SaU o0(1) +aU S;0(1) + 2 wa U a;_;0(1) .
But
a,_;®1)=0:j=1,.--.,i—1,
as (B) annihilates @(1). Therefore
S;(a U (1)) = S;a U @(1) + a U S@(1)
and we may proceed as in the case of odd primes.

2. Mapping spaces into spheres I

As noted in the introduction we will be concerned with complexes of the
form cX U ; $** where cX denotes the cone on the complex X and

f: X — 8%

is a continuous map. Our objective is to obtain examples of such complexes
whose complex bordism module is of fairly high homological dimension and to
characterize certain classes of examples where this homological dimension is
not too large. Our approach to this study forces us to examine

Im {f,.: 3%(X) — QU(S™)}
in some detail. Let us therefore suppose that [M, g] e Qg(X). Then
f*[M’ g] = [W]U )

where [W]e 2Y, and o ¢ QZC(S”‘) is the canonical class. The class [W] may be
obtained as follows. Observe that

f«IM, 8] = [M,f-gl,
and we may homotope
f-g: M — S*
to a differentiable map whigh is ¢-regular along a point oo ¢ $?* without chang-
ing the class of [M, f-g] e 24(5**). We let W = (f o g)~'(0). Then W C M is

a submanifold of codimension 2k with trivial normal bundle in M. The stable
normal bundle of W may therefore be taken as

vy = e (-BvM‘
w
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and hence has a natural complex structure. The usual ¢-regularity argument
then yields

1M, g] = [W].0 e DUS™) .

To compute the characteristic numbers of [W] we appeal to the Atiyah-
Hirzebruch RR theorem [3]. To this end we denote by 7 the canonical bundle
over S?* obtained via periodicity. Let ([5], [17Dv*(N) e K*(N) denote the i** K-
theory Chern class of a weakly complex manifold N. Then [3] for any parti-
tion w we have

W), WD) = '@y — Dv(M), [M]) .

Since the integral cohomology Chern numbers are special cases of the K-theory
numbers we obtain in view of the formula [17, p. 119]

W), WD) = <{f*i U c,(M), [M]),

where
ie H*™(S%; Z)

is the canonical class.

Let us fix the following notations to facilitate some computations:

(1) f: X — S$* is a continuous map.

(2) dis the order of the cokernel of the induced map f,: H,(X; Z) —
H,, (S5 Z).

(3) 7 is the canonical bundle over S** obtained via periodicity, so that
7—1le K@S*) = Zisa generator.

Theorem 2.1. With the above notations let ce Z, c+0. Then Im {f,: QZ(X )
— 0U(87)} = cQU(S™) iff f'(y — 1) is divisible by ¢ in K(X)/torsion.

Proof. The proof will make use of the relation between complex bordism
and the Z, graded homology theory associated to the BU-spectrum. There is a
natural epijection 2Y%(-) — K,(-) preserving degrees mod 2. The fundamental
fact relating bordism to K-theory is the isomorphism [5, § 9] (see also [6, § 9])

Zrg Qg0 325(-) = K, (+)
where Z receives a Z,-graded £2%-module structure from the Todd genus
Td: QZ —Z.
With this in mind let us suppose that
Im {f,: Q%X) — GUS™)} = cTYS™) .

From the diagram
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~ 1®f. .
Zrs ®az 310 —2%, 7, @0y F(5%)

=|x =|n

K (X) — R

we see that
(*) Im {f;: K, (X) - K, (§%)} # cK,(5%) .
Consider now the universal coefficient sequences:

0 — TorZ, (Z, K ,(§%)) — K*(§*) — Hom; (Z, K ,(§%)) — 0

l lf‘ lHom @1

0 — Tor?, (Z, K (X)) — K*(X) — Hom, (Z, K, (X)) —0
Recalling that
TorZ, (Z, K ,(§%) = 0,
and
TorZ, (Z, K (X))

is isomorphic to the Torsion subgroup of K*(X) we find that (x) implies
fi(p — 1) e K*(X)/torsion is divisible by c. .

Converseley let us suppose that f'(y — 1) is divisible by ¢ in K*(X)/torsion.
If [W].0eIm (f,: Q%UX) — 2%(S*)}, then

[Wle = f*[M, g] : [M, gl e DUX) ,

and hence by our discussion of K-theory characteristic numbers preceeding we
obtain

vIW] = {g'f'(n — vI[M],[M]) = Omod c,
since f!(p — 1) = c£ + t where t ¢ K*(X) is a torsion class. Therefore [W] e c2¥

by the Hattori-Stong theorem [5], [17], and the result follows.
Corollary 2.2. With the above notations we have

Im {f,: 9%(X) — QU(5*)} = cQUS*)
iff Td[W] = 0 mod ¢ for all [W]-gelImf,.

Proof. The hypotheses trivially implies that



142 P. E. CONNER & LARRY SMITH

Im {f,: K,(X) — K, (§%)} = cK ,(5%).,

and converseley. However as noted above this is equivalent to
f'(p — 1) e K*(X)/torsion being divisible by c¢. The result is thus immediate

from (2.1). q.e.d.
As we shall see in later sections the

Im {f,.: QU(X) — QY(5*)}

can be considerably more complex than indicated in (2.1) and (2.2). One ex-
ample of how this may happen is contained in the following discussion.
Let us write d = mp where p is a prime. We wish to investigate when

Im {f,: 24(X) — F%S*)} > (mlV**'~*] + dyo

where [V??*-*]¢ QU  denotes the Milnor manifold for the prime p, and

2pl—2
d;e pr,-_z is a decomposable class all of whose mod d Chern numbers vanish.

Note that we will always have
pm[V¥ =% e Im {f,.: QUX) — QU(S*)} .
Recall that according to Milnor [10] a manifold [W] has the form
m{v*'=] 4 d; iff s5,,_,(c)[W] = mp mod mp* .

Therefore according to our previous discussion

(m[V*?*-?] 4 dyo) e Im {f,: QUX) — QUS*)}
iff there exists [M, g] e QZ(X ) such that

gFFi U spi_l(c)(M), [M]> = mp mod mp* .

The following theorem is now clear.
Theorem 2.3. Let X be a finite complex and

f: X — §%*
a map. Suppose that
ffi=da:aeH*X; Z),
and d = pm. Then
Im {f,: QUX) — GYUS™)} > (m[V*?*~*] + d,)o

iff there exists [M, gl ¢ QZ(X ) such that
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Sig*@), M) =1eZ,,
where g*(a) denotes the mod p-reduction of g*(a).
Proof. Our preceeding discussion has shown that
Im {f,: 94X) — Q%S™)} > (mIV***~*] + d))o
iff there exists [M, g] ¢ 2%(X) such that
(g*f*i U s,:_(c)(M), [M]y = mp mod mp* .
As we have assumed
*i = da = mpa ,
it is clearly equivalent to show
{f*g*@) U s,:_ (M), [M]) = 1 mod p
or reducing mod p »
{fFgy(@ U s, (M), [M]y =1¢eZ, .

The result is now immediate from (1.1).

Corollary 2.4. Let X be a finite complex with H, (X ; Z) torsion free and
f: X — S*. Let f*i = da,aec H*(X; Z), and d = mp, p a prime. Then

Im {f,: QUX) — FLS*)} s (m[V*»-2] + d)e
iff
Sa# 0e H¥*X; Z,) ,

where we have written a for the mod p reduction of itself.

3. On attaching cells I
Let Y be a finite complex and
h: §%' Y

a continuous map. We may then form the mapping cylinder X =Y U, €** and
obtain the cofibration

Y— X — §% .
8

In [6] we studied the interplay between QZ(Y), QZ(X) and the annihilator
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ideal A(a) C 2% of the bordism element « = [S*~, h] e QZ(Y). This study led
to several interesting examples. In this section we propose to continue this study
with the aid of the results of § 2. To this end we require

Lemma 3.1. With the above notations, the annihilator ideal A(a) C QY of
a is isomorphic with the image of f,.: 3%(X) — QU(S*) by an QY-module iso-
morphism of degree 2k.

Proof. One has the exact triangle

guy) £ gux)

Ny
QZ(S”‘)
from which one sees that the asserted isomorphism is given by

M] — M]-0,

where ¢ ¢ ,,(5%) is the fundamental class. q.e.d.

From Cor. 2.2 we now obtain:

Theorem 3.2. Let h: %' — Y be a continuous map and o =
[S%*-1, h] e BYU(Y). Then A(x) = cQF iff TdA[W] = 0 mod ¢ for all [W]e A(c).
q.e.d.

The results (2.3) and (2.4) may be applied in special cases to determine when
the annihilator ideal A(«) contains multiples of certain Milnor manifolds. Most
such applications are a little difficult to state in terms of properties of Y alone
without the presence of additional structure. We will therefore make the follow-
ing assumptions:

(1) Y is2k — 2 connected;

(2) 7w (Y) = Z,, paprime with generator h: %' - Y;

(3) H(Y; Z)is free abelian, x > 2k.

Under these conditions we obtain:

Theorem 3.3. Under the above hypotheses we let a denote the generator

of H*YY; Z) = Z,. Then

[Veri-2] + d; e A(a)
iff
S.pa+0eH*(Y; Z,) .

Proof. Our hypotheses (1) and (2) readily imply that
(@) X is 2k — 1 connected, and
(b) H.(X; Z) is free abelian.
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From the cofibration sequence
Y— X— §%
2 f
we obtain the exact sequence
£ £ 3
0 H*(Y; 2) Z= Hv(X; 2) < Bse; 2)

I Il
Z+2 @20z

and thus we find f*()) = p-d,de H*(X; Z). From the properties of the
Bockstein homomorphism we find

g*(d) = pla e H*(Y; Z,) .
According to (2.4) and (3.1)
V=] + d, e A(a)
iff
Sid # 0e HX(X; Z,)',
where we have written 4 for its own Z, reduction. However deg S; > 1 and
g*t H¥(X; Z,) —» H*(Y; Z,)
is an isomorphism for * > 2k + 1 we have
Sd+0ecH*X; Z,)
iff
g*(S{@) = Sipla) # 0e H*(Y ; Z,)

as required. q.e.d.
As an application let us consider for Y a 3-cell complex

Y=81U,5%* U,e':1>sk, p an odd prime .
Then the hypotheses of (3.3) are satisfied and we find that
[V**~?] e A(a)
iff

Spa+ 0 HXY; Z,) .
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Now recall that S, = P} and note that for Slﬂ to be non-zero we must have
1 =2k + 2p — 2 and hence Pya = 0e H*(Y ; Z,). Therefore

[V*-2]ec Ala) < Qa + 0e H¥(Y ; Z,) ,
where Q, = [B, P,]. Thus the attaching map
a: Sep-t _, §2k-1 Up S2k

must be the coextension [19, pp. 13-15] of the element «, €=}, _; of Hopf
invariant one mod p. The resulting complex Y has been studied in some detail
in [12], [13] where the same conclusions were reached on the basis of an Adams
spectral sequence argument. As in [13] let us denote the resulting space by
V(1/2) (see [13] for a rationale of the notation). Thus

V(1/2) = $§*71 U, e U, e*+ir?

(Warning: the indexing is slightly different from [13] to conform with our
discussion in §§ 1 and 2.) As in [7], [12] let us pose the question of finding the
spherical bordism classes on ¥ (1/2). In [13] we showed by a long involved
argument that the only such classes are the ones you can see with your naked
eye. A key step in the proof was to show [V?**~*]a could not be spherical for
i > 1. This now drops rather easily out of our previous work. For suppose to
the contrary that [F"??"~*] is a spherical bordism class. Let

h: S¥%-1ei=2 L, P(1/2)
represent it and form the space
Y = V(1/2) U, e¥+2i-2,
Then clearly
Vwi-ig = 0e QUY),

where by abuse of notation we have written « again for canonical generator of
2,5_,(Y). Therefore according to (3.3) we must have

S:pa + 0e HXY; Z,) ,
where a ¢ H*~'(Y ; Z,) is the canonical generator. Now note that

0, i=0,
H(Y;Z,) =1Z,, i=2k—1,2k,2k + 2p — 2,2k + 2p* — 2.
0, otherwise .
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For i > 2 we have
Sipa = P2*"'S,_.pa — S;_,P2"'a,
but

Pgi—lﬁa€H2k+2(pi"‘)(p—l)(Y; Zp) =0 s
Si_;ﬁaHZk”pi_l—z(Y; Zp) =0 s

and hence
Si‘Ba = OGH*(y; Zp) ’
so these cases cannot occur. For i = 2 we find

S,a = P5S,fa — S,P5fa .

Observe
PbBac H****»=Y(Y; Z,) =0,
and hence
S,Ba = P3S,fa .
But since

HI(Y;Z,) =0, 2k +2p —2<j<2k+2p -2,
it follows from [11] that
P3(S,fa) = 0 .
Therefore
S,pa =0e H¥Y ; Z,)

in this case also it too is ruled out.
While not as complete as the results of [13] the above computations do serve
to indicate the utility of the preceeding results.

4. Mapping spaces into spheres II

In this section we wish to specialize somewhat our work of § 3. For the sake
of avoiding too many technicalities we will therefore make the following as-
sumptions throughout the remainder of this section:

(1) Xis2k — 1 connected;
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(2) H.(X; Z) is free abelian;

(3) f: X — S* is a continuous map;

(4) H™X; Z) = Z with generator a and f*i = da, de Z, d + 0.
As before we form the cofibration sequence

X—f»Sz"TY=S”‘ U,cX.
Note that Y is also 2k — 1 connected and H,(Y ;Z) is free abelian for j > 2k.
We again use the common symbol ¢ to denote the generator of the groups
Ofr(s™) = Q5(S™) = Hu(S*: 2) = Z .
we let
hy(o) = ae Hr(V) = F5(V)V = Hu(Y:2) = Z, .

Since H,(Y;Z) is not free abelian we know [6, Cor. 3.11] that
hom. dimgy QZ(Y) > 1. We begin with the analog of (3.1)

Lemma 4.1. With the above notations the annihilator ideal A(e) C QY of
« is isomorphic with the image of f,.: .@Z(X) — QZ(S”‘) by an Q%-module iso-
morphism of degree 2k. Furthermore

hom. dimgy Q(Y) = 1 + hom. dimgy A(«).
Proof. The first assertion is clearly equivalent to (3.1). To obtain the second
assertion we introduce the exact triangle
2200 L1 gy(s)
25
which yields the exact sequence
A) 0 — coker f, — 9%(Y) — ker f, — 0

of QY-modules. As H,(X; Z) is free abelian it follows that QZ(X ) is a free Q%-
module. The exact sequence

(B) 0 —kerf, — Q%(X) - Imf, — 0
therefore shows
© 1 + hom. dimgy ker f, > hom. dimgy Im f,

with equality holding except when the right hand side is 0. From our first iso-
morphism and the exact sequence

(D) 0 — Im f, — Y(5*) — coker f, — 0

we obtain
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(E) hom. dimgy coker f, = 1 4+ hom. dimgy A(a).

Applying [4, Chap. VI, Prop. 2.1] and elementary considerations to (A) yields
in view of (C) and (E) that

hom. dimgy 9%(Y) = 1 + hom. dimgy A(e)

as desired.
Lemma 4.2. With the above notations we have:
(1) the cokernal of the Thom homomorphism

[t: ‘Qgc+m+1(Y) - H2k+7n.+1(Y; Z)

is isomorphic to

[A(e) Qgy Z],-

m > 0;
(2) the kernel of the reduced Thom homomorphism

¢ [Z Qor 25Nk smsr — Hugom (Y5 Z)
is isomorphic to
Tor®, (Z, A(a))

m > 0.
Proof. Recall that we have a cofibration

s My & x.

Thus we may regard X as obtained from Y by attaching a cell by the map A.
In [6, Th. 11.3] we developed an exact sequence for such a situation. Recall-
ing that H, (X ; Z) is free abelian yields the desired conclusion by inspection of
[6, Th. 11.3]. q.e.d.

We are now able to obtain one characterization of the condition
hom. dimgy QY(Y) = 1.

Proposition 4.3. With the above notations we have:

hom. dimgy QY(Y) = 1 2 A(a) = d2] .

Proof. The implication « is a consequence of (4.1) while — is [6, Prop.
5.9].

Notations. 7 is the canonical line bundle over $** obtained via periodicity,
so that  — 1 ¢ K(S?*) = Z is a generator.

From (2.1) and (2.2) we now obtain:
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Theorem 4.4. The value of hom. dimgy 2%(Y) is 1 if and only if the image
fi(p—1) in K(X) is divisible by d.

Theorem 4.5.  The value of hom. dimgy Q%(Y) is 1 if and only if Td[W]=0
mod d for all [W] e A(x).

We proceed now to a characterization of the condition hom. dimgy 27(Y) <2.
This will involve the relation of complex bordism to connective k-theory [6,
§ 10]. ,

Theorem 4.6. The valué of hom. dimgy QY(Y) is at most 2 iff the reduced
Thom homomorphism .

fi: Z Ry Q5(Y) - H(Y; Z)

is a monomorphism.

We ask the reader to refer to [6, § 7]. Also from [13; § 6] we find that there
is a complex V for which hom. dimgy Q%(V) > 2 but the reduced Thom map
A Z Qgqy 25(V) — Hy(V; Z) is a monomorphism. In view of this we might
regard (2.7) as quite unexpected.

There is a natural transformation Q%( )—”» k.( ), the homology theory
based on the connective bu-spectrum. We recall that k,(point) = Z[z], the
integral polynomial ring on a single 2-dimensional generator. There is the
graded 2Y-module structure on Z[¢] given by [M*"] — Td [M**]t* and obtained
by 7 restricted to a point. There is also the natural transformation {: k,( ) —
H,( ; Z) and as established in [15] an exact triangle

t
AL
H,(;2).
Notations. I = ker {u¢: QY — Z}, I(t) = ker {5: ¥ — Z[1]}.
Note that for any 2%-module M,
ZQ®uwM=M[I-M, Z Q@M =M|I(H)-M .
Recall that I = ([CP(1)], I(¢)) and hence
I-M =[CP(D]-M + I(H)-M .

Lemma 4.7. Let the notations be as before. Suppose that y ¢ k, (Y) with
A®) # (0). Then y = nt'y(o)n, ic Z.
Proof. Consider the exact sequence

k. (5*%) - k(YY) - ki (X) .
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Suppose that y e k,(Y) and A(y) # (0). Then A(ixy) # (0). Since £, (ZX) is
a free Z[t]-module this implies i * y=0. Therefore y=j*w for some w e kx(5**).
But since j,[S*] = 5(0) generates the image of j« as a Z[f]-module the result
follows.

Proof of (4.6). Suppose that 7 is monic. In view of [6, Th. 11.2] it will
suffice to show that

7t Z[t] ®gy QYY) — k(Y)

is an isomorphism. This we do in two parts.

(1) 74 is epic. Suppose that ye k,(Y). According to [6, Th. 10.8] there
exists an integer i such that #'y ¢ Im {: 2%(Y) — k,(Y)}, As we wish to show
7 epic we may as well assume i > 0. Let

ty = px: xe Q3(Y) .
Then by naturality,

ux=Cpx =Ctty=20
since i > 0. Therefore

x = [CP(DI + x: x" e (DY) .
Thus
px = p([CP(DIx" + x") = tpx’ + px”" = tpx” .
Therefore we have
ty = tpx’

and hence

(ty —px)=0.
According to Lemma 2.8 this means

1t~y — px’ = ntine
and hence

fily = 5 + n[CP()}o) .

Repeating the above argument shows that y e Im and hence that 3 is epic.
Before proving that 7 is monic we require a lemma.
Lemma. The natural map A(c) — A(yo) is on to.
Proof. Recall that

coker {y: QYY) > H (Y; Z)} = Z Qqy A(o)

and for the same reason
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coker {y: £, (Y) — H*(‘Y; 2)} = Z @ z1nA(0) .
Hence the natural map A(¢) — A(yo) induces an isomorphism
Z Qay A(o) — Z[t] ®oy A(yo) .

As the natural map A(s) — A(ye) is 2% — Z[1] sesquilinear the result follows.
q.e.d.

We are now prepared to show 7 is monic.

(2) 4 is monic. Clearly it will suffice to show that ker 7 = I(¢)- 24(Y).
We will proceed by induction over degree. As 7 is monic in degree 2k we pro-
ceed to the inductive step. Suppose that x ¢ 2{(Y) and 7x = 0e k,(Y). Then
of course ux = 0¢ H, (Y ;Z), and as we have assumed 7 is monic this means
xel-Q%(Y) and hence

x = [CP(DIx" + x": x" eI()- QYY) .
Now either x’ = 0, in which case there is nothing to show, or
0=1nx=tx".
Hence, by (2.8),
px’ = ntiy(a) ,

n, ie Z, and hence t ¢ A(nt'ye), i.e., nt**' ¢ A(yo). Hence there exists [V] e 4(a).
with p[V] = nti*!. Thus we have

p(n[CP)F* — VD) =0,

and hence

[W] = n[CP(D)]**! — [V]el(®) .
But observe

x’ — n[CP(1)]'cekery,

and hence, by our inductive hypotheses,

x’ — n[CP(1))ael(?)-2%(Y) .
Hence of course

[CP(D]x" — nlCP(V)* g e IDQL(Y) ,

and finally, since [V] e 4(a),
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[CP(D]x" — n[CP(D]*'e = [CP(D]x" — n[CP(1)*]o + [V]o ,
and [W] = —n[CP(1)]*** + [V]e I(¥), we conclude
[CP(DIx" e I(HRL(Y) .

Therefore x ¢ I(f) - 2%(Y) completing the inductive step.

Combining (1) and (2) we deduce that 7 is an isomorphism and hence that
hom. dimgy QY(Y) is at most 2.

The converse implication is contained in [6, Th. 4.4]. q.e.d.

To complete our discussion of the cases where the homological dimension of
0L(Y) is small we have

Corollary 4.8. Let the notations be as above. Then the homological dimen-
sion of QY(Y) is at most 2 iff Tor® (Z, A(0)) = 0.

Proof. This follows immediately from (4.6), (4.1) and (4.2)(2).

Remark. Recently Dr. David Johnson has shown (University of Virginia
Thesis, 1970) that for a finite complex X

7t QX)) — ky(X)
is epic implies
71 ZI1) @y QU(X) — k. (X)

is an isomorphism. Thus the proof of (4.6) may be somewhat shortened by
employing his result.

More recently Dr. Johnson and the second author of the present study have
obtained a simplified proof of this result which is to appear shortly.

5. Attaching cells II

Let Y be a finite complex, and A: $*~! — Y a continuous map. As before
we may attach a cell to Y along 4 to obtain X = Y U, €**. We will continue
to study the interplay between QZ(Y), £Y(X) and the annihilator ideal
A(e) C QY of the spherical bordism element « = [S**~, h] € !EE,Z(Y). We will
place ourselves in a situation where the results of § 4 may be applied to advan-
tage. Let us therefore make the following assumptions

(1) Y is2k — 2 connected,

(2) 7y (YY) is finite cyclic with generator [A],

(3) H(Y; Z) is free abelian for i > 2k — 1.

Examples of such spaces abound. For example:

1°. A Moore space $*~! |, €**.

2°. Aspace V(1/2) = §*' U, e* U, e***?~?, where p is an odd prime
and ¢: §#+2P-3 — -1 | e js as in [13, § 1].
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3°. Lety: 3*-'CP(n) — S**! be a map such that y*i = d2**~'c, where
ce H¥(CP(n); Z) is the canonical class. Let Y = C(y) be the mapping cone
of 7.

The third example listed above is what motivated much of our work.

We obtain as previously a cofibration

Y— X— S$% .,
g f

The following facts are now clear:

(5) Xis2k — 1 connected;

(6) Hy(X; Z) is torsion free;

(7) f: X — $* is a continuous map;

(8) H*™(X; Z) = Z with generator a and f*i = da, de Z, d #+ 0, where
d is the order of m,;,_,(Y).

From (4.3) we thus obtain:

Proposition 5.1. With the above notations we have

A(a) = dQY < hom. dimgy 2 (¥) =1 .

Proof. Immediate from (1)-(8) above and (4.3). q.e.d.

Note that (5.1) is really quite surprising as it says that if hom. dimgy 2%(Y)
exceeds 1, then it is possible to detect this fact simply from the study of 4(x).
Of course this “explains” why this was the case in the examples of the above
type we have previously constructed. From (4.6) and (4.1) we now obtain:

Theorem 5.2. The value of hom. dimgy A(c) is at most 1 iff the reduced
Thom homomorphism

f:ZQgu QYY) - H(Y; Z)

is a monomorphism.

Finally from (4.8) we obtain:

Corollary 5.3. With the above notations we have that the homological
dimension of A(a) is at most 1 iff Tor®(Z, A()) = 0.

This is strikingly similar to the condition [6,Cor. 3.11] that Q¥(W) have
projective dimension at most 1, where W is a finite complex. There is also the
following closely related result which generalizes this.

Theorem 5.4. With the above notations we have that the following condi-
tions are equivalent:

(1) hom. dimgy QU(Y) <t + 1,

(2) hom. dimgy A(e) < ¢,

(3) Tor% (Z,A(@)) = O for all j > t,

(4) Tor (Z, Aa) =0,
for all positive integers t.
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Proof. The equivalence of (1) and (2) is a consequence of (4.1). For t = 1
the result then follows from (5.3). However we will not rely on this as we have
a simple argument for the general case.

As usual our basic tool is the cofibration

Y - X - Sk
and the associated U-bordism exact triangle
25Y) — 24X)
N\ /
Q%S™)
from which we obtain the exact sequence

0 — 3*A(a) — PY(S*) — M(a) — 0,
0 — M(a) - QUY) - Cla) - 0,
*

0 — C(a) — 2%(X) —— T*A@ -0,
*

which define the 27-modules M(a) and C(a). As Q%(S*) is a free 2Y-module
the long exact sequence for Torf{ (Z, —) applied to the top exact sequence
gives an isomorphism

Tor%, , (Z, M(a)) —> Tor% (Z, A(@)

for all j > 0.
Now supporse that hom. dimgy 2%(Y) < ¢. Then according to [6, Cor. 3.11]

we have

Tor® (Z,0%(Y) =0 foralli>t+ 1.
Let now j > ¢. Then the middle exact sequence above provides an isomorphism
Tor%, . (Z, C(a)) —> Tor%, . (Z, M(a)) .
Finally we note that condition (6) above and [6, Prop. 3.3] imply that QZ(X )

is a free Q2Y-module. Therefore the last exact sequence above provides in a
similar way an isomorphism

Tor¥,., (Z, A(@) —> Tor¥, ., (Z,C(@)) .



156 P. E. CONNER & LARRY SMITH

Thus, to summarize, we have for any integer j > ¢t — 1 an isomorphism
Tor (Z, A(a)) = Tor%, , (Z, A(w)

and hence an isomorphism
Tor% (Z, A(a)) = Tor%,, , (Z, A(@))

for any nonnegative integer s. But recall that A(e) has finite projective dimen-
sion as an 2Y-module [6, Prop. 5.1] and hence

Tor%,,.(4,A@) =0
for s large. Therefore
Tor% (Z, A(@)) = 0
as desired, showing (1) — (3).

To obtain the reverse implication note (3) — (4) trivially, and we reason as
follows. From the first and last sequences above we have isomorphisms

Tor¥, , (Z, M(@)) = Tor* (Z, A(a)) ,
Tor% (Z,C(w)) = T01'3+1 .(Z,A() .

for all r, s > 0. Therefore the long exact sequence derived from the middle
exact sequence

« — Tor% (Z, M(a)) — Tor (Z, 2U(Y)) — Tor¥ (Z, C(a)) —
may be written
Tor¥, , (Z, A(@)) — Tor% (Z, 3Y(Y)) — Tor¥, , (Z, A(@)) — .
Put now j = ¢ 4+ 1 above and we find
0 — Torf¥, . (Z, 2%(Y)) — 0
and hence
Tor%,,(Z,0%(Y)) = 0.

Therefore according to [6, Cor. 3.11] hom. dimgy Qg(Y) < t + 1 as required.
Thus (4) — (1) and the theorem is established.

Thus for the special complexes Y the homological dimension of $Y(Y) may
be completely determined from studying properties of A(a) akin to ones we
have already investigated for spaces.
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6. A relation to connective k-theory

In the previous two section we have studied in some detail the homological
dimension of the complex bordism module of a restricted class of spaces, name-
ly, those spaces Y such that

(1) Y is2k — 2 connected,

(2) myu_(Y) is finite cyclic,

(3) H.Y; Z) is free abelian for i > 2k — 1.

We have found in (4.6) and (5.4) a satisfactory criteria for hom. dimgy 2%(Y)
= 2. Just as these conditions are related (4.6), (5.2) to the monomorphy of
the Thom map

7 Z Qay 23(Y) > H*(Y; 2) ,

so is the condition hom. dimgy 2%(Y) = 3 related to the monomorphy of the
reduced Thom map

7 ZI1] Qgp Q3(Y) — k(Y) .

The demonstration of this fact will require some preliminary results on annihila-
tor ideals of spherical bordism classes.

We therefore suppose given a finite complex A4 and a spherical bordism class
v € 2Y(A4). Represent y by a map g: S* — A4 by passing to a suitable suspen-
sion of A if necessary. Thus [S”, g] = y e QY(A4).

Theorem 6.1. With the preceeding notations we have for each positive inte-
ger m that

m,: Tor%, (Z[t], A(p) O

is nilpotent, where m, denotes multiplication by t e Z[1].

Proof. We refer the reader to the second proof of [6, Prop. 10.4] for a
detailed discussion of a very similar situation. As noted there it will clearly
suffice to show that

Tor¥, (Z[t, ', A)) =0, m>0.

As usual we introduce the cofibration

Sn"'g—’A'_y;”BzAUgenHa

from which we obtain the exact sequences:
0— 2"4(y) — QZ(S") - M@ -0,

0 — M(y) —» 9%A4) —» C(1) - 0,
0— C(y) —» 9%B) — Z"A(y) - 0.
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Recall that the Z graded version of the relation between QY%( ) and K, ( ) is
equivalent to [6, Prop. 10.4]
Tor,‘,’f* @, ', 2%C) =0, m>0

for any finite complex C. From the bottom exact sequence preceeding and the
long exact sequence for Tor (—, —) we therefore learn that for m > 0

Tor%, (Z[t,t7'], 3" A(y)) = Tor%,, , (Z[t,t1,C(p) .
A similar argument applied to the middle exact sequence gives
Torf¥,. (ZIt, 171, C(p)) = Torfk,. (ZIt, 11, M() ,
and finally appealing to the top exact sequence we find
Tor%, , (Z[t,t7'], M(y)) = Tor%,, , (Z[t,t7'], 3"A(p)) .
Stringing these isomorphisms together then gives
Tor%, (Z[t,17'], 3" A(y)) = Tor®, , (Z[t, t'], 3" A(y))
for any m > 0, and hence for any m > 0
Tor%, (Z[t, t7'], 3 A(y)) = Tor%,,, , (Z[t, t7'], Z"A(;))

for any j > 0. But by [6, Prop. 5.1] 2*A4(y) has finite projective dimension and
hence

Tor%,,,, (ZIt, '], 3" A(y)) = 0

for large j, which yields the result.
Corollary 6 2. With the preceeding notations we have that the conditions
(1) Tor%, (Z[1], A1) = 0, m > g,
(2) Tor% (Z, A7) =0,m>gq+ 1,
are equzvalent for any g > 0.
Proof. Suppose that the second condition holds. Introduce the exact se-

quence of 2F-modules

O——)Z[I]T Z[t] -Z—-0.
Applying the functor Tor * (—, A(7)) then leads to the long exact sequence

(Z,A() N Tor (Z[1], Ap) 2 Torf, (Z[t], A(y))
—_ TOI‘ (Z A(T)) —_— ..

. —— Tor% 1

from which we obtain
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m,: Torfﬁ ZIAG) O {s iso ff)r r>m+1,
is monic for r = m .

In view of (6.1) this-yields (1). The reverse implication follows by reversing
the steps in the above argument.

We now arrive at the promised result relating the condition hom. dimgy 2%(Y)
= 3 to the monomorphy of

72 Z[t] gy QU(Y) — ky(Y) .

We therefore revert to the situation described at the beginning of § 5 with
h: $*~! — Y a map representing a generator of the finite cyclic group n,;_,(Y)
of the 2k — 2 connected finite complex Y whose integral homology groups are
free abelian in dimensions greater than 2k — 1.

Theorem 6.3. The value of hom. dimgy 27(Y) is at most 3 if and if the
reduced Thom homomorphism

7: ZI ®gy Q9(Y) — ky(¥)

is monic.

Proof. Suppose that hom. dimgy 27(Y) < 3. Then according to (4.1)
hom. dimgy A(a) < 2 and hence by (5.4)

Tor® (Z,A@) =0, j>2.
Therefore by (6.2) we obtain
Torf% (Z[1, A@) =0, j>1,
and the result follows from the k,-theoretic analog of [6, Th. 11.3](see the
remarks preceding [6, Th. 11.4]).
Conversely, if
7: ZIt] @qy 24(Y) — ky(Y)
is monic, then as just noted
Tor (Z[#], A(@) =0 .

From the cofibration
h
SZlc—l RN Y N X .

We obtain as usual
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0— 3% '4(a) — 29(S* ") > M(@) -0,
0 - M(a) — QU(Y) > Cla) -0,
0 — Cla) — 2Y(X) — 2*'4(a) - 0 .

The first and last of these sequences yield isomorphisms

Tor, . (ZI1], M(a)) = Tor% (Z[1], 2*~'A(a)) ,

Tor (Z[t], C(@) = Tor, . (ZI1], 3**'A(@)) ,
and thus the middle exact sequence gives
0 = Tor% (ZI1], M(e)) — Torf¥ (Z[1], 2%(Y)) — Torfk (Z1], C@) = 0,
and hence
Tor% (ZI11, 2%(Y)) = 0,

and the result follows from [6, Prop. 10.5].

Finally by analogy with (5.4) we obtain the following result whose proof is
left the reader.

Theorem. 6.4. With the above notations we have that the following condi-
tions are equivalent:

(1) hom. dimgy Q4(Y) <t + 2,

(2) hom. dlmQuA(a) <t+1,

(3) Tor, ¥ (Z[t],A(a)) = O forall j > t,

(4) Tor * (ZIt], A(@)) = 0,
for all posztzve integers t.

While it may seem surprising that a complex of the form Y can have a
hom. dimgy 2Y(Y) = 3, this is indeed the case as is shown in Examples 1 and
20of §7.

7. A relation to ¢;, and the Todd character

To illustrate the relation of hom. dimgy 2%( ) to more familiar invariants
of algebraic topology let us consider the Adams [2]-Toda [20] invariant e;.

Suppose that y € #*,,_, is an element of the stable 2n — 1 stem with my = 0.
Represent y by a map

g: Sek+an-1 _, G2k
Let
m: S%* > §%

represent the map of degree m. Then the composite
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S2k+2n—l > SZk SZk

g m
is null homotopic and so we may extend m to a map
f: SZk qu2k+2n ___)SZIG .

Let us write Y for §* U, €***" and put X = C(f) = §* U ,cY. There is then
the cofibration

Y— S — X .
f h

We see that X is a 3-cell complex and
Hy(X;Z)=2Z,; HyosniX;3 Z) = Z; H(X; Z) = 0, otherwise .

If e 3,,(X) = Z,, = H,.(X; Z) is the generator, then A(x) may be identified
with the image of f,: J%(Y) — £Y%(5*) by an isomorphism of degree 2k
(Lemma 4.1).

Now $Y(Y) has two generators, and one may be selected to be the inclusion
i: 8 — Y while the other [M2"+® g]e Q7 . ..(Y) is characterized by the require-
ment that

I—‘[Mzn”k, ¢] € gznwk(Y; Z)=Z

be the generator!. Denote these generators by 7, € Q5(Y), 7o s2n € 2510 (Y)
(note some choice had to be made for the second one). If y/,;,,, is any other
choice of a generator for 27 .,.(Y), then

MY 2k von — ﬂT,zknn =0.
Since H, (Y ; Z) is free abelian, the reduced Thom map
fe Z ®_og QZ(Y) - H*(Y; Z)

is a monomorphism [6, Lemma 3.1]. Therefore 7,432 — 7’22 Must be decom-
posable, i.e.,

Tok+on — T’2k+2n = [Wzn]nk
for some [W**] e QF,.
Returning now to out cofibration we note that
sl = May: Q5™ = Z-op

and that

1 We assume that a choice of orientation has been made for the cells of ¥, which
imposes one on X, so we may speak of ‘‘the’ generator.



162 P. E. CONNER & LARRY SMITH

f*Tzkun = [V*"low , f*T,2k+2n = [V"*"]on

for unique elements [V**], [F""*"] € A(«). Our previous discussion now shows
that

f*Tzkun - f*T,2k+2n = ([V*] — [V*"Do »
1ulW* lpye = mIW* oy, ,

and hence
Vel — v e (m) .
Thus the class
[Vl e Q%/(m)

is independent of the choice of generator for 2Z,.,.(Y) and is a cobordism e-
invariant of y € z%,,_,. More precisely we have:
Theorem 7.1. With the notations above we have

T, oz .

m

ec(y) = —

Proof. Let
aeH*™(Y; Z) = Z , beH*®+™(Y; Z) = Z

be generators for the indicated cohomology groups. There is an & ¢ K(Y) with

ch(§) = a + eq(g)b .
We also have

ch(f*(p — 1)) = ma,
where 7 ¢ K(5%) is the canonical class. Let

Tomsow = (M2, gl e QF, 5 (Y)

be a generator. Then by the Riemann Roch theorem [3]

{chg!(§) Td™* [M], IM]>

is a K-theory characteristic number of [M, ] and hence is an integer. By natu-
rality of ch

ch@'é = ¢*ché = ¢*a + eq(g)p*(b) .
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Therefore
(¢*(@) Td™" [M], [M]) + <ec(g)¢*(b) Td™* [M], [M]> e Z .
Now observe
degb =2n + 2k =dimM .
Thus
Cec(8)¢p*(b) Td™" [M], [M]) = e (8){¢*(D), [M])
and by choice of [M, ¢]
{p*D), My =1.
Thus
(p*(@) Td™' [M], [M]) = —ec(8)eQ/Z .

But according to our discussion of characteristic numbers preceding (2.1) we
have

and therefore

y = ($*(@) Td" M), [M]y = —e(8) e Q/Z ,

which is the desired conclusion.
Theorem 7.2. With the notations preceding we have that hom. dimgy 2%(X)

=2 iff ex(g) # 0.
Proof. First note that

A(a) = (m,[V*"]) .

Thus according to (2.2) and (4.3) we learn that the homological dimension of
QY%(X) is 1 iff Td [V**]= 0 mod m. From (6.1) we have equivalence

Td[V"] = 0modmey(g) =0eQ/Z .
Therefore we learn that
ec(g) = 0 — hom. dimgy QY(X) =1,
and

ec(g) + 0 — hom. dimgy QU(X) > 1.
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It therefore remains to show that the homological dimension of 2%(X) cannot
exceed 2. To observe that X has a cell structure

X — SZk U'm e2k+l Ug eZk+Z7L+1 ,
that is, the space X may be made as follows. Consider

S2k+2n-1 R SZk N Szk .
I4 m

Since this composition is null homotopic we may choose a co-extension [19,
p- 13]

G: S2k+2n — S2k Um62k+l

of g. The space X is then the same homotopy type as the mapping cone of G,
ie.,

X — SZlc Um eZk+1 UG eZk+2n+1 .

Now clearly the homological dimension of 2%(S* U, e**!) is exactly 1. There-
fore according to [6, Th. 5.4] the homological dimensian of 2%(X) cannot ex-
ceed 2. Combining this with our previous discussion we obtain the equivalences

ec(g) = 0 2 hom. dimgy QY(X) =1,
and
as desired.
The preceding discussions of the invariant e, and the Todd genus can be put
more in the style of [20], [2, § 7] by introducing a natural transformation
th: Q9( )—H,( ; Q)

of Z,-graded homology theories which we will call the Todd character. Its defini-
tion depends on the duality between

H,(4; Q) and Hom (H*(4; Q),0)

whenever A is a finite complex, and runs as follows. Let 4 be a finite complex
and identify H (4 ; Q) with Hom (H*(4; Q), Q) by the natural map

p: Hy(4; Q) — Hom (H*(4;; Q), Q)

given by



COMPLEX BORDISM 165

PO = <y, x>: ye H¥A; Q), xe H(4; Q) .
Define
th: Q{(4) > H.(4; Q)
by
p(thIM, gD(y) = {¢*(») Td"* [M],[M]> e Q .

(Note that if y = ch(¢) for some & € K(A), then the right hand side will actual-
ly be an integer by the RR theorem.)

The relation between the Todd character and the invariant e, may be seen
to be as follows. Suppose that y € z%,,_,. Represent y by a map

g: S2n+2k—1 _)SZk
and form the cofibration

SZk 3 A R S2n+2k: A — SZk UgeZn+2k .
f h

Then 2%(A) is a free 2%-module with two generators, one of which, 7,,, may

be chosen to be [$*, f]. The other, 1,,,,, may be taken to be any class with

Rytonsok = Oonyors WHETE Gy, o € Hyy 0 (82 72F) is the canonical generator. Let

acH,,(A; Z) and beH,,,,.(A; Z) be corresponding homology generators.

Then

th(y;ny) = b + 2a, 10 .

The generator 7,,,,; is not unique of course, but may be altered by adding a
factor of the form [M*]y,,. Thus 2¢ Q is not an invariant of y. But observe

thIM?¥1y,, = Td [M*1a .

Since Td [M?*] e Z, the residue class 2 ¢ Q/Z becomes well defined (for a more
detailed discussion of the ‘“same” phenomena for e, and ch, see [2, § 7]). We
leave to the reader to check that 2 = e,(y) e Q/Z. The proof of (6.1) is now
readily obtained directly from (2.1), etc.

For a further study in the use and application of the Todd character we refer
the reader to [8].

8. Examples

Our objective in this section is to show how certain results from the preced-
ing discussions may be applied to construct some examples of a somewhat new
and different type than those we have considered previously [6], [7], [13].
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of Hopf invariant 1. (These then generate the indicated cyclic groups.) The
composition 7 o v lies in the 4-stem which is zero [19]. Thus we may choose
representative maps

Example 1. Letypen', = Z,andve n*, = Z,, be elements of the stable stem

ekt T g , sekra Y qort

such that the composition

geee Y ser1 T g
is null homotopic. Hence we may obtain a coextension [19, p. 13]

bR S2k+5_>S2k U e2k+2
* 7
of v and hence a space
X — SZIC U e2k+2 U_e2k+6
7 v .

Note that

X/SZIC — S2k+2 UE e2k+6 .
Thus we see that

z, i=2k2k+2,2k+ 6,

H(X; 2) = .
0, otherwise ,

and that
(X5 Z) 2L, mevx; z) 24 me(x; z,)
are isomorphisms. Now as 2y = 0 we may obtain a map
i §% U, et — §%

of degree 2 on the bottom sphere. The composition

Pl T
Sek+5 Y gk u, e+, ek

then represents the Toda bracket {2,7, v} which lies in the 5-stem and hence
must be null homotopic as 7%, = 0 [19]. Thus we may extend ¢ to a map

. X — S

of degree 2 on the bottom sphere.
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Let Y be the mapping cone of #. Then there is the cofibration

X— S —17Y.
T [

Note that
Z,, i=2k,
H(Y;Z)=Z, i=2k+3,2k+7,
0, otherwise ,
and

1 2 4
HZk(Y; ZZ) Sq H2k+l(Y; ZZ) Sq H2k+3(Y; ZZ) Sq H2k+7(Y; ZZ)

are isomorphisms.
Let y = [$*,0] € QY(Y), and b + O0e H*(Y ; Z,). Then

S.pb = Sq*Sq'b + 0, S,pb = Sq'Sq*Sq'b + 0 .
Therefore according to (3.8)
A 22,V + d,, [V°] + 4, ,

where d,, d,; are decomposable elements of degree 2 and 6 respectively, all of
whose mod 2 Chern numbers vanish. From Milnor’s work [10] it follows that

d,e(2), dee 2,[V7) .
Therefore
A2, [V, [V,
and hence the girth of A(y) is at least 3. Inspection shows that
hom. dimgy A(y) > 2
and hence by (4.1) we learn
hom. dimgy Q%(Y) > 3.
The space Y is interesting because
A 22,V [V]

despite the fact that the space V(2) (see [13]) does not exist for the prime 2, that
is, the attaching map
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2: S2k+6 — SZk UZ eZk+1 Ug e2k+2 — V(1/2)
representing the top cell satisfies
[S2k+6’ 2] — [V6]7 .

This is in striking contrast (as perhaps it should be) with the odd primary situ-
ation where [V?#*~*]y is not a spherical bordism class on the space V(1/2)

[6, § 61.
The space Y seems to be the “simplest” example of a space whose complex
bordism module has projective dimension at least 3. Note that the Thom map
wu: QUY) - H(Y; Z)

is onto in dimension 2k and hits twice the generator in dimension 2k 4 2 and
eight times the generator in dimension 2k + 6.

Example 2. The process which we employed in the previous example may be
continued one more time. We let ce %, = Z,; + Z; + Z; be the element of
order 16 with Hopf invariant one [19]. As before we may choose representa-
tive maps

S2k+1 _77) SZk’SZk+4 __y_) S2k+l, S2k+12 _i_) S2k+5
such that the composite
S2k+4_y) S2k+1 _ﬂ) SZII:
is null homotopic. Thus we may consider the composite
S2k+12_0) SZk+5_§) SZk Uﬂ e2k+2 .

Assertion. (S U, €**?) = Z, for k large.
Proof. For k large enough we are in the stable range and we have that the

sequence
o = ok 4 12(8%) — T, 12(S7* U 2 €*?) — o 1o (S* 1) — Ty 1(87F)

is exact and isomorphic to the exact sequence
7
Ty — Ty 11o(S™ U 2 et — phy—— 7y .

According to [19, p. 189] we have

=0, 7w=Zypu+ ZB,, 7w, = &+ Zsa’a.s + Zay,
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and [19, Th. 14.1]
Top=4+0, 79of;=0

and the result follows.
Thus for suitably large k the 2-component of ., ,,(S* U, €***?) is zero. As
the composite

S2k+12 g See+s Y gok U, ex+?

is an element of this 2-component we may conclude that this composite is null
homotopic. Hence we obtain a coextension

ag
S2k+13 S2k U” eZk+2 UF e2k+6
and we may form the complex
A — S2k Uﬂ eZk+2 U;e2k+6 U = eZk+l4 .
note that

I'Ti(A;Z)E{Z’ i=2k32k+2,2k+6,2k+14,
0, otherwise ,

and that

2 4 8
HZk(A ; Zz) 5q H2k+2(A ; Zz) 59 HZk+6(A ; ZZ) 5q H2k+l4(A ; ZZ)

are iomorphisms.
Let now

Z: SZk U e2k+2 U_eZk+6__>S2k
. P by

be the map constructed in the previous example. Observe that the composite

g T
S2k+13 S2k U,, PRI U, erk+e S2k

lies in #*;; = Z, (for k large) and has order a power of 2. Therefore this com-
posite is null homotopic and hence we may extend # to a map

#: A — S

of degree 2 on the bottom cell. Let now B be the cofibre of # so we have the
cofibration
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A—> §*—>B.

4 é
Note that
Z,, i =2k,
0, otherwise ,
and

1 2
H*™(B; ZZ)L H?+\(B; Zz)ﬂ—» H**(B; Z,)
Jse
H™*%B; Z,) (ﬂ H™*+(B; Z,)

are all isomorphisms.
Let 2 = [$%*,0] ¢ 2%(B) and a + 0 e H*(Y; Z,). Then

S\pa = Sq¢°Sq'a #+ 0,
S,8a = 8q'Sq°Sq'a + 0,
Sipa = Sq¢*Sq'Sq*Sq'a #+ O .

Therefore according to (3.3),
AQRQ)22,[V] + 4, [V] + dg, [V¥] + d,y

where d,, d;, d,, are decomposable elements of degree 2, 6, and 14 respectively,
all of whose mod 2 Chern numbers vanish. From Milnor’s work it follows that

d,e(2), dge 2,[V?]), dye 2,[V?],[V°]) .
Therefore
AQ) = 2, [V, V1, [vHD)
and hence the girth of 4(2) is at least 3. Inspection shows that
hom. dimgy A(2) > 3,
and hence from (4.1) we learn

hom. dimgy Y(B) > 4 .
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We believe that the space B is by far the simplest space whose bordism module
has projective dimension at least 4.
Note that according to (6.3) the reduced Thom map

7: ZI1] @y 2U(B) — K, (B)
cannot be a monomorphism. Therefore the spectral sequence [6, Th. 10.2]
E' >k B), E,,= Tor% (Z[1], Q%B))

must be non-trivial, providing an example promised in the paragraph preceding
[6,812].

As these examples exhaust the list of elements of Hopf invariant 1 in the
stable stems [1], [11] we will be unable to proceed further along these lines.

Example 3. Let p be a prime integer and denote by «, , € z%,,_; an element
of the stable p-component whose mod p Hopf invariant is 1 [11],[18]. Fix a
finite set of distinct primes {p,, - - -, p,} and let ¢ = p, - - - p,. Represent each
a,,p; by a map

¢i:SZk+2pi—3_)SZk’ i=],...,n,
Observe that by choosing & large enough each of the compositions
§2k+2pi=3 i 2k q) Sk i=1,.--,n,

may be assumed null homotopic. Let X be the mapping cone of

Sekeami-s L, qekerpn-s 19271 Pn o ,
ie.,
X =8 U, ey, ... U, ertim2,
Note that
I?Ii(X;Z)z{Z’ i=2k,2k +2p, —3,--.,2k + 2p, — 3,
0, otherwise ,
and that

S, = PL: H*(X; Z,)) — H**%(X; Z,)

is an isomorphism fori =1, - .-, n.
Since as noted previously g annihilates each of the ¢; we may obtain an ex-
tension
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P X — St

of the map
q: S2k — SZk

of degree q. Let Y be the mapping cone of + so that we have a cofibration
sequence

X—S%__Y.
¥ 0
Denote by 7e2%,(Y) the bordism class [$%*, §]. Then from (2.4) we obtain
A = (g, L= 4 dy o Ty + 4,
D1 Dn

where d;e 2,7, is a decomposable class all of whose Chern numbers are
divisible by g/p;, i = 1, - - -, n. We may assume that {p,, - - -, p,} is arranged
so that p, < p, < --. < p,. Then assuming » > 1 we have p, < g/p, < gq.
Therefore in order for all the mod g Chern numbers of d, to vanish we must

have according to [10] that d,e(q). More generally we find that

dye (L 2], ... [V“’i-*‘2]> . i>1,
Dy Diy

and thus inductively that

AG) = (q, Ay, . .,i[Vm—z]) )

1 pn

We note also that

Z,, i=2k,
AHY;2) =1z, i=2k+2p,—1;j=1,.-,n,
0, otherwise .

The space Y is closely related to and slightly generalizes the spaces V'(1/2) of
[13].
Example 4. Let a e H(CP(n); Z) be the canonical class. Then for a suita-
ble integer d(n) there exists a map

fo: 2%7CP(n) — S§*

of degree d(n) on the bottom cell, i.e., with
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fa*i = dn)a
for large k. For small values of n one may compute with the aid of [19] that
d) =1, dQR2) =2,d3) = 24, d4) = 24, etc.

Note that according to our computations in § 1 of the value of S; on a 2-dimen-
sional class we will have for any prime p

Sa = a* ¢ HY(CP(n); Z,) ,
and hence
Si(a) + 0e H¥(CP(n); Z,) ,

whenever p < n.
Let now D(n) be the mapping cone of f, so that we have a cofibration se-
quence

HHCP() —— §% — D) -

Let y, = [$*, h] e 2§.(D(n)). Then according to (2.4) we find
A(ra) 2d(n) ,
@[VZ] + dyy - - -,fi%[V“"z] + dysiss 20 -2<2n,

d(?’n) v + Ay -+ s d(g,n) [ij_l)] + dyp6iy » ¥—-1<n,
i(Kll[VZP—Z] + dpopos s @)—[Vﬂp’—n] + d ,2pl-1) » pP—1<n,
p D,2D p D,2(p

where p is the largest prime no greater than n, and the d’s are decomposables
with all Chern numbers divisible by d(n).
For example:

A(r) = @, VD, A(ry) = (24, 12[V7], 6[V*], 12[V°] + d,,4) , etc.

(The arguments needed to eliminate the decomposable tails are similar to that
in Example 3 and left to the reader.)

The computation of d(n) and of a lower bound for the projective dimension
of A(y,) would be of considerable interest. Note that from (4.3) we learn that
we certainly have hom. dimgy 2%(D(n)) > 1.
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