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THE TOPOLOGY OF TAUT RIEMANNIAN MANIFOLDS
WITH POSITIVE RISEC PINCHING

NATHANIEL GROSSMAN

0. Introduction

Suppose N is a smooth compact Riemannian manifold of dimension n.
Geometers have long known that innocuous-appearing restrictions on the set
K(N) of sectional curvatures of N can lead to strong implications for the
topology of N. For example, if n = 2 and K(N) > 0, then the classical Gauss-
Bonnet theorem [9] leads to the conclusion that N is homeomorphic to the
2-sphere $? or the real projective plane P?. Bishop and Goldberg [2] show how
to derive further information from the generalized Gauss-Bonnet formula in
higher dimensions. Again, if n is even, N is orientable, and K(N) > 0, then
the fundamental group =,(N) is trivial [14]. A most remarkable series of
advances have recently culminated in the Sphere Theorem [5]: if K(N)C (k, 1]
where k>1/4, and #,(N) is trivial, then N is homeomorphic to the n-sphere S.

Berger and Bott [1] have studied the sums of the Betti numbers (over an
arbitrary coefficient field) of the loop space of N, assuming that the sectional
curvatures are k-pinched. They show that the sum of the Betti numbers of
dimension at most 4 is majorized by an exponential-polynomial expression in A.
Under certain conditions causing the vanishing of lower-order Betti numbers
of N, it is possible to derive estimates for sums of the Betti numbers of N
itself.

We consider here the possibility that the sectional curvatures of N can take
on negative values, but with the proviso that the Ricci curvatures are always
positive. This leads us to replace the concept of pinching by two new
numerical characters of the metric, namely, the tautness and risec pinching;
these numbers are defined precisely in §1. It is then possible to alter the
method of [1] to get new estimates for sums of Betti numbers, given below in
Theorem 5.3. We apply this estimate to examine y-holomorphically pinched
Kihler manifolds M in the case where ¢, <y<2/3 (c, is some constant
depending on the complex dimension d of M). In this range for y, M will have
positive Ricci curvatures and may have negative sectional curvatures. Known
information about y-holomorphically pinched Kéhler manifolds is scarce and
typically restricted to the case when 7 is closer to 1 (e.g. ¥ > 4/5 in [3]).
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We also consider a new situation in which a pair (M, N) is given, where N
is a closed embedded totally-geodesic hypersurface of M, both manifolds being
orientable. We study the space £2(x, N) of paths in M from a fixed point to N,
obtaining in Theorem 5.2 a majorization of the sum up to dimension 2 of the
Betti numbers of 2(x, N) in terms of tautness and risec pinching. In case that
M is a homology sphere, we derive in Corollary 6.3 a majorization for the
Euler characteristic y(N). Currently, it is not known whether the exotic sphere-
structures admit Riemannian metrics of strictly positive curvature.

1. Notation and preliminary matters

All manifolds to be considered will be smooth and connected, and all
Riemannian metrics will be smooth and complete. Let M be a compact
manifold of dimension m carrying a Riemannian metric <., -)> with associated
norm | -||. Let N be a compact orientable embedded hypersurface in M with
normal bundle | (N) which carries the induced Riemannian and norm
structures, again denoted by (-, -> and || -|. Let exp be the exponential map
of the Levi-Civita connection V/ of (-, -> on M, and denote the restriction of
exp to | (N) by expt. Let

LN ={re LWyl <s}.

An element y e | (N) is called focal for N if it is a critical point of expt:
there is an element z in the tangent space | (N), such that d expi(z) = 0.
The point p = exply is also called focal for N, and there are two focal loci

Foct(N) and Foc*(N)

consisting of those points in | (N) and M, respectively, which are focal for N.
There is an alternate way to describe the focal points, which we will find
indispensible. Any point pe Foc¥(N) can be obtained as follows. Let

RX,Y) =Wy Vyl = Vixny

be the curvature transformation of V/, and ¢ an N-geodesic from N to p, that
is, a: [0, s] — M be a geodesic parametrized by arc-length with ¢,(0) € | (N)
and o(s) = p. A Jacobi field along ¢ is a vector field Y along ¢ and orthogonal
to ¢ satisfying the Jacobi differential equation

Y’ + R(oy, V)oy, = 0,

the primes denoting two successive covariant differentiations along ¢. Let S, ,,,
represent the second fundamental form of N in the direction ¢,(0), operating
as a symmetric linear endomorphism on the tangent space N,,,. Then p e M
is focal for N if and only if there is an N-geodesic ¢: [0, s] — M from N to p
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and a Jacobi field Y along ¢ satisfying the initial condition
S,.0Y(0) —Y(0) =0

and the terminal condition Y(s) = 0.

If M is an orientable manifold, it bears a distinguished exterior m-form v
called the Riemannian volume element (with respect to a chosen fixed orien-
tation). In fact v may be uniquely determined as follows: if y,, ---, y, € M,
are orthonormal and form a positively-oriented frame, then v(y,, - - -, y,) = 1.
Trivially,

Iv(yu A} ym)l S”yl” e ”ym”

for any m-tuple (y,, - - -, Y»). We set w = (expt)*v, the pullback of v to
| (N) by the map exp*.
The sectional curvature K is defined by the equation

K(x, y)||x A |2 = (R(x, Y)x, y>

for each linearly independent pair x, y € M,. If x and y are linearly dependent,
define K(x,y) = 0. The value of K(x,y) depends only upon the two-dimensional
subspace of M, determined by x and y. The symbol K(M) will denote the set
of values taken by K in R as its argument runs through all two-planes tangent
to M. Suppose that —a*> < K(M) < b. Then the ratio p* = a’/b* will be called
the tautness of the metric, and M will be said to be p*-taut.

For each x € M,, with |x|| = 1, there is a linear endomorphism L, of M,
defined by L.(y) = R(x, y)x. The Ricci curvature in the direction x is the
number Ri(x) = (trace L,)/(m — 1). It may be simply expressed in terms of
sectional curvatures. Extend x to an orthonormal basis (x, x,, X, - - -, x,,) of
M,. Then
1 m

2 K(x, x)) .

m—1 j=2

The symbol Ri(M) will denote the set of values taken by Ri in R as its
argument runs through the set of unit vectors tangent to M. It is clear that
A < K(M) < B implies that 4 < Ri(M) < B. We shall be interested in the
case that —a® < K(M) < b? and Ri(M) > ¢* > 0. In this case, we define the
risec pinching of M to be the number k* = §?/b?.

2. Morse Theory for totally-geodesic hypersurfaces

We now specialize to the case where N is a compact totally-geodesic
hypersurface of M. (For typographical convenience, let n = dimension N. It is
to be understood always that n = m — 1.) The second fundamental forms of
N vanish identically. Let ¢: [0, s] — M be an N-geodesic with o(s) = p e M,
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and % the linear space of continuous piecewise-smooth vector fields along o
and orthogonal to it and satisfying the end conditions Y’(0) = 0 and Y(s) = 0.
The index form I on ¢ is the quadratic form whose value on Y ¢ & is

1Y) = f’{”Y'uz — (R(oy, Yoy, Y>}|u du .

The index of ¢ is the dimension of a maximal subspace of & on which I is
negative definite.

Notice that if y moves in | (N) without encountering the focal locus
Foc(N), the index of the geodesic exp ([0, y]) does not change.

Let i+(p; 2) be the number of N-geodesics terminating at p and having index
. Denote by 2(p, N) the space of paths in M originating at p and terminating
on N, topologizing £2(p, N) by the Frechet topology (which is equivalent to
the compact-open topology). Let b,(2(p, N)) be the pth Betti number of
2(p, N) over a fixed (commutative) field. It will follow from the results of § 3
that each b,(2(p, N)) is finite. Then we have the following Morse inequalities
[11] valid if p ¢ Foc¥(N):

2.1 it(p; ) > b(2(p, N))
for every integer 2 > 0. Set
2
2.2) ¢, = Z}o b.(2(p, N)) ,
=
2
(2.3 gtp; D) = Zo it(p; 2) .

Then gi(p; 2) will be the number of N-geodesics of index < 1 terminating at p.
From the Morse inequalities (2.1), we have immediately

gtp; A > ¢,

for each integer 2 > 0, so long as p ¢ Foc”(N).

Proposition 2.1. Let M be a Riemannian manifold of dimensionm = n + 1
such that Ri(M) > 8> > 0, N a compact totally-geodesic embedded hypersurface
of M, and ¢: [0, s] - M an N-geodesic of M of length s terminating at p € M,
where p ¢ Foc”(N). If

s> +hT
28 + 5
then the index of ¢ > h + 1.
Proof. It is enough to construct a subspace ¢ of & of dimension & + 1
on which I is negative semi-definite. The restriction that p ¢ Foc*(N) will then
imply that I is negative definite on J¢".
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By a well-known theorem of Myers [12], every segment of ¢ of length >x/5
contains a pair of mutually conjugate points. Also, by an obvious modification
of the proof of Myers’ theorem, the segment o((0, z/248]) contains a point focal
to N. Therefore, we may find Jacobi fields Z,, Z,, ---, Z, in & with Z(t) =0
for ¢ [0, x/26] and Z,(t) = O for t¢ [x/26 + (i — 1)n/6, /26 + ix/d] and
1 < i < h, and we will have I(Z;) < O for 0 < j < h. The desired subspace
X is generated by Z,, Z,, - - -, Z,.

3. Two integrals

From this point on, we assume that M and N are oriented. The Riemannian
volume element v of M induces a measure on M. Since M is compact its total
measure will be a finite number to be denoted by | M |. Moreover, the induced
Riemannian structure on the hypersurface N leads to a measure on N. Since
N is compact, the measure of N will be a finite number to be denoted by |N|.
The symbol |-| applied to various sets will always denote the appropriate
measure. Each ray in | (N) (properly, in a fiber of ! (N})} meets the focal
locus Focl(N) in isolated points only, so that |Foct(N)| = 0 in | ¢N). Since
expt is smooth and dim | (N) = dim M, the image Foc*(N) = exp*[Foc+(N)]
again has zero measure as a subset of M.

We now give two propositions whose proofs are mutatis mutandis the same
as the proofs of Propositions (4.1) and (4.2) of [1]. Therefore the proofs are
omitted.

Suppose N, =exp[],(N)], O = | ,(N) — (L ,(N)NFoct (N)), and
Q¥ = exp Q. Finally, let exp; denote the restriction of expt to Q+.

Proposition 3.1. The set Q; (resp. Q) is open in | (N) (resp. in M), and
|Q¥|=|N,]|.

Proposition 3.2. The mapping exp: — Q¥ is a covering having everywhere
a finite number of sheets.

Now we can define the first of the two integrals. Since QX is open in M, it
is measurable, as is each of its connected components. On each of its
components U, (where Q) = U, U, is the decomposition of Q¥ into connected
components) the number of sheets of the covering exp}: O — QX is finite
and constant. Denote the number of sheets above p by fL(p; s). It is important
to notice that fi(p;s) is just the number of N-geodesics of length < s
terminating at p. Therefore the integral

1) = [r@; 90

o

exists. Moreover, Q; is open in | (N), so measurable, and the integral f |w|
exists (where w = (expt)*v). ot
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Proposition 3.3. I(s) = f Iw].
ot

Proof. Each connected component U, of Q) is measurable and the number
of sheets g(B) above U, is finite and equal to f1(p; s) for any p € U,. Therefore

ffi(p;s)-v = q®|U,|
Ug

and

[IRCEEES W OIUAR

Q¥ ’
On the other hand, {Q; N (expi)~'(U,)} defines a partition of Q} by open,
therefore measurable, sets. Further, exp; restricted to a connected component
U, and to (exp;)~'(U,) is a covering with g(B) sheets. Since w = (exp)*v, we
have

Wl =a® [v=a@U,l ,
expl)-1(Up) Us
whence

fwi== [ mwi=za®u
ot expby-1wp
= ffl(p; 8)-v = I(s) . q.e.d.
o

Now define the second of our integrals by

J(2) = fgl(p, v,

M

Proposition 3.4. Let M be an oriented Riemannian manifold of dimension
m = n + 1 such that RilM) > 6* >0, and N a compact totally-geodesic
oriented embedded hypersurface of M. For each integer 2 > 0, let ¢, be
defined by (2.2), and suppose

Az
.

S =

T
25 +
Then

¢ < |M|-1f 1w .
Ls(N)



TAUT RIEMANNIAN MANIFOLDS 399

Proof. By Proposition 2.1, each N-geodesic of length > s = 7/26 + An/d
has index > 2 + 1 > 2, whence any N-geodesic of index < 4 has length <s.
Therefore, the definition (2.3) of g+(p; 1) leads immediately to

3.1 gtp; D < fHp;s) forallpe Q¥.

We have alrcady remarked that gl(p; 2) is constant on each connected
component U, of QF, so the integral

It = fgi(p; D-v
o
exists. As a direct consequence of the Morse inequalities, J1(1) > c,|Q¥|.
From Proposition 3.1, J1(2) > ¢,|N,|.

Let CLL(N) be the cut-locus of N in | (N), that is, CLL(N) be the set of
points y € | (N) such that the N-geodesic (1) = expL(ty) does not absolutely
minimize distance to N for ¢ > 1, but does absolutely minimize for 0 <t < 1.
Let CL¥(N) = exp+[CLL(N)]. Since CL*(N) intersects each ray of | (N) at
most once, |CLA(N)| =0 in | (N). Since expt is smooth and dim | (N)
= dim M, |CL¥(N)| = 0. But each point of M is joined to N by a minimal
N-geodesic, which must have index 0. Therefore,

IM| >0 >|M — CL¥(N)| = M|,
so we have
L) = ¢, | M| .
But (3.1) implies that I+(s) > J+(4), and Proposition 3.3 shows that

IA(s) = f|w|.
o

Further, QL C | ,(N) so that

oM < [ 1wl
1,0

4. Estimation of Jacobi fields

We now suppose that —a* < K(M) < b?, and let p* = a?/b? be the tautness
of M (we do not assume that p* has the best possible value for the given
metrization of M). Let D = n/2b. The proof of the first of the following two
theorems may be found in [5] and the proof of the second is similar.
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Rauch comparison theorem. Let Y be a Jacobi field with Y(0) = 0. Then
for0 <t < 2D,

@.1) sin bt yio) < Y@ < SaBat

5 ——IIY O

Berger comparison theorem. Let Y be a Jacobi field with Y’(0) = 0.
Then for 0 < t < D,

4.2) cos br- || Y(0)[| < [ Y ()]| < cosh ar- [[¥(0)] .

Lemma 4.1. For any Jacobi field Y, we have
“.3) IY@)| < coshaD- [ Y@ + 22y,

@.49) IYD)] 2 - 1¥'©)] — cosh aD- [¥(O)] ,

and, for any t € [0, D],

sinh aD
a

4.5) 1Y) <coshaD- | Y(O)]| + 1Y) .

Proof. Given Y, define Jacobi fields Y, and Y, by Y,(0) = 0, Y7(0) = Y’(0)
and Y,(0) = Y(0), Y;(0)=0. ThenY =Y, + Y,. For 0< ¢ < D, (4.1) yields

1Y) < Sinhat-[Y'O
a

and (4.2) yields
1Y, (0]l < cosh ar-[|Y(0)] .
Since ||[Y(®| < ||Y(D|| + |Y,(®)||, and cosh at and sinh at/a are monotone in

t, (4.5) and (4.3) follow from putting ¢ = D in (4.5).
From (4.1),

YD) > SbD-IY' Q| _ Y
- b

b
From (4.2),
IYD)|| < coshaD-||Y(O)] .

Since | Y())) > | Y, — | ¥,
YD) > %nY'm)n— cosh aD - [ Y(0)],

which is (4.4).
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Lemma 4.2. Suppose Y,(0) = 0. Then
1Y.(D)|| < 2 cosh aD sinh aD- | Y1(0))] .
a

Suppose Y3(0) = 0. Then
IYAD)|| < b(1 + cosh® aD)|Y(0)] .
Proof. Define Y by Y(x) = Y (D — x) for all x. From (4.4),

1Y, = YD) > L”;—‘”L — coshaD- | Y(0)] .

But ||Y,(0)|| = 0 by hypothesis, so
1Yi(D)|| < bcoshaD-|Y(D)]| .
From (4.1),

1Y.(D)|l <

sinh aD -{|Y1(0)]
a

YD) < 2 cosh aD sinh aD- | YO},

which is the first inequality.
Next, define Y by Y(x) = Y,(D — x) for all x. From (4.4),

1Y 0 = YD) > —Il)—IIY’(O)ll—COSh aD- || Y (0)|
= %nyg(u)n — cosh aD- |Y,(D)| .

Therefore,
1Y:(D)|| < b||Y(0)|| + bcoshaD-||Y,(D)| .
From (4.2), |Y,(D)| < cosh aD-|Y,0)||, whence
1YAD)|| < b(1 + cosh®aD)||Y ()] ,

which is the second inequality.
Let us note that for any Jacobi field Y,

(4.6) 1Y D) <IYID) |+ YD) -
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Using Lemma 4.2,

1Y(D)|| < b(1 + cosh® aD)|| Y (0)]|

4.7 b
+ — cosh aD sinh aD- || Y’(0)|| .
a

Lemma 4.3. Let a,, a,,, a,, a,, be non-negative real numbers, and x, y,
be defined recursively by

4.8) Xpe1 = QX + Q)i Yirr = X + GYy 5

with initial values x,, y, both non-negative real numbers. Suppose that
A = max (a,, + ay,, a4, + ay). Then

4.9 max (x,, y,) < A* max (x,, y,) .

Proof. Introduce a norm in R? by |(x, y)|| = max (|x|, |y]). Equations
(4.8) come from a linear endomorphism T: R* — R* which is easily seen to
have operator norm ||T|| < A. The inequality (4.9) is just a translation of the
inequality

T (x, Y| < A*||(x5, Y| -

Lemma 4.4. Let Y be a Jacobi field such that Y'(0) = 0. Then, for any
t>0,

T 1 ..«
1Y@ < YO (coship + - sinh 5())

1

(¢/D]
{1 + cosh* Zp + = cosh = psinh = )
( Pt s esimge

where [w] stands for the greatest integer < w.

Proof. For any integer kK > 0, put f, = | Y(kD)| and g, = ||Y'(kD)||/b.
Apply (4.3) to the Jacobi field Z defined by Z(x) = Y(x + kD) for all x.
Then

|Z(D)|| < cosh aD- | Z(O)] + ﬂ“’;—“” 1z .

But Z(D) = Y((k + 1)D), Z(0) = Y(kD), and Z’(0) = Y'(kD), so

(4.10) feo < coshaD.f, + 2 sinhaD.g, .
a
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Next, apply (4.7) to Z, using Z'(D) = Y'((k + 1)D):

IZ(D)|| < b(1 + cosh’® aD)||Z(0)||

+ %cosh aD sinh aD- || Z'(0)|| ,

)
4.11) 8i.1 < (1 + cosh?aD)f, + %cosh aD sinhaD-g, .
Now we can apply Lemma 4.3 with
A =1+ cosh*aD + %cosh aD sinh aD
and f, = ||Y(0)||, & = O to find

(4.12) fo 8 < YO (1 + cosh? aD + %cosh aD sinh aD)" .
For any ¢, t =[t/DID + x, 0 < x < D. Apply (4.5) to Z defined by
Z(v) = Y(v + [t/DID) for all v. Then Z(x) = Y (), so

sinh aD
a

1Y@l = IZ®)|| < coshaD-[|Z(0)] + 1z’ -

Therefore, we find

1Y(®| < cosh aDfy,py + —Sl—néaﬂgtz/m .

Using (4.12),
1Y@l < YO (cosh aD + _S'_M)
a
b . (¢/D]
. (1 + cosh®aD + — sinh aD cosh aD) .
a

The substitutions p = a/b and D =-x/2b yield the claimed inequality.

5. Majorization of Betti numbers of 2(p, N)

In this section, we will assume that M is a compact oriented Riemannian
manifold of dimension m = n + 1 with —a* < K(M) < b* and Ri(M) > 4* > 0.
We will let the tautness of M be denoted by p* = a?/b* and the risec pinching
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of M by k* = §*/b%. As in the previous section D = =/2b. For brevity, we
will set

1 .. =
A = cosh ~ — sinh Zp,
p = CO 2.0+p 5P

1 T . T
B, =1 + cosht™ — cosh —psinh —p .
p + 2Pt p 14 5P

Proposition 5.1. Let N be a compact orientable smoothly-embedded
totally-geodesic hypersurface of M. Then, for every s > 0,
2|N|DA:B/P

w| <
nlog B,

Lg(N)

Proof. Let x be any vector of | (N) and complete x to a positively-oriented
orthonormal frame {x/|x||, y;, - - -, ¥,} in the tangent space | (N), (which has
a Euclidean metric). By the definition of w,

wx/||1x]l, Y15 « - <5 ¥a)
= v(||x||"' d expt(x), d exp(y,), - - -, d expi(y,)) .
But
i exp~ (oIl = 1 Y:(lxIDIl »
where Y, is the Jacobi field along o(f) = expt(zx/||x||) such that Y,(0) =y,

and y/(0) = 0. From Lemma 4.4, we can obtain an estimate for || Y,(]|x||)|| and
so give an estimate for |w,|:

[w.| < ApBpU=vEl |

Let w, be the Euclidean volume in fibers of | (N). Then

lw‘ _<_ f A;‘B;‘["""/”]- ,WI, .
Ls(N) L)

Now let ¥ be the volume element induced on N by the embedding. Since N
is totally-geodesic we may write

lwl gf APBrU=VD). | dt N )
Ls(N) [-3,8]xN

By Fubini’s theorem and the inequality [#] < u,

|w| < 2|N|A* f’B;:wdz
Ls(N) 0
2|N|DABrP
= . .e.d.
nlog B, -
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It is convenient to use the notation

Q, = f‘sin"edo.
0
It is easy to get an asymptotic estimate for £, by expressing it in terms of the
Euler I'-function:
1
ri2+1)
Qn=J7_____2 2 ~J2i’ as n— o .
ey

Theorem 5.2. Let N be a compact orientable smoothly-embedded totally-
geodesic hypersurface of M, and c, be defined by (2.2). Then

n R22+1)n/k
nA}B;

5.1 <
G- “ =730, 102 B,

Proof. Apply Proposition 3.4 with § = kb. We will have

o< 1wl
Ls(N)

with s = 7/26 + Ax/d. Then ns/D = (24 + 1)n/k and this is the smallest
exponent we may use in applying Proposition 5.1, obtaining

2 ' NlDA:B;ZH»l)n/k
n|M|logB,

From the calculations on p. 261 of [8], we have 2|N|D/|M| < =/2,, which
and (5.2) hence imply (5.1). q.e.d.

We remark that our hypotheses lead to an estimate for the sum of Betti
numbers of dimension at most 1 of the loop space of M. Following Berger
and Bott [1], we define

5.2 <

al = go bp(Q(M)) ’

where 2(M) is the loop space of M, and the Betti numbers are taken over a
fixed, but arbitrary, field of coefficients. Our assumptions are that M is p>-taut
and k-risec pinched. Since Ri(M) is strictly positive, the fundamental group
of M has order |z,(M)| < o by a theorem of Myers [12]. Denote by w; the
volume of the unit sphere S’/ in R/*'. Then we note the relation

Op_y _ ML,
O 2r
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The following estimate is derived in a fashion similar to the derivation of
Theorem (6.2) of [1].

Theorem 5.3. Under the hypothesis that M is complete, p*-taut, k*-risec
pinched, and of dimension m,

) S m(l + l).Qm A;n,—-lB:(m—l)(li-l)/k )
2k |z,(M)|

The preceding estimates of this section remain valid when K(M) is to be

non-negative. This is the same as setting a = 0, whence p = 0. We have

1imA,=1+%,

p—0

and

limB, =2 + = .
p—0 ° +2

The following estimates now follow.

Corollary 5.4. Suppose that K(M) C [0, b] and Ri(M) > & > 0, so that
the risec pinching of M is k* = 6*/b*, and let N be a totally-geodesic hyper-
surface of M, as before. Then

m- 2m-1Q+D/k
o) < MAE DB (14 7)™ g 1) :
(M) < 2k|x,(M)| 3 T3

and

1 £>"(2 z
x( + + >

2,1 (2 l)
nQ, log +2

) (2Q2+Ln/k

c(N) <

We close this section by explaining why we have replaced the condition of
pinched sectional curvatures used in [1] and in common use in current
investigations into the relation between curvature and topology by the condition
of taut sectional curvatures. It was, in fact, the sectional pinching condition,
which we had in mind when first considering the case of totally-geodesic
hypersurfaces and bounds for c,, which can be obtained under this assumption.
But more can be said in this case. If K(M) is strictly positive, and N is a
totally-geodesic hypersurface of M separating M — N into two components
U, and U,, then each pair (U; U N, N) is diffeomorphic with the disc-sphere
pair (D™, S™~') in all dimensions where the h-cobordism theorem is valid.
The method of proof is implicit in [7] and has been developed independently
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and explicitly by Gromoll and Meyer [6]. Thus, the pair (M, N) is
homeomorphic with the pair (S™, S*~') for m > 5. So, in particular, for
n>5,yN)=0or?2.

6. Application: hypersurfaces of spheres

We again assume that M is a compact orientable Riemannian mannifold of
dimension m = n + 1, leaving the curvature unrestricted for the present. We
consider a compact orientable manifold N of dimension » and seek topological
consequences of the assumption that N can be embedded into M as a totally-
geodesic hypersurface. The basic topological framework is a certain fibration
whose structure we now describe.

We have already described in § 2 the space £2(p, N) of paths in M starting
at p ¢ Foc®(N) and terminating in N. There is a natural projection 2(p, N) - N
taking each path to its terminus. Therefore, we get a Serre Fibration

Q(P, *) _—> Q(p) N)

©1 |
N

where 2(p, *) is the space of paths from p to a fixed point in M. The homotopy
type of 2(p, *) is independent of the choice of the fixed point and, in fact, is
the same as that of 2(M), the loop space of M.

We have the following lemma, in which the homology groups and Betti
numbers are taken over a fixed field.

Lemma 6.1. Let the homology of M be that of an m-sphere: H (M)
~ H,(S™), and N be any compact hypersurface of M. Then

b(2(x,N)) =bN), pu<m—1.

Proof. 1t is well-known (cf. [13]) that b,(2(M)) = O for 1 < ¢ < n. By
the Hurewicz isomorphism, z,(£2(M)) = 0 for ¢ < n — 1. The homotopy
sequence of (6.1) yields

7, (2(, N)) = #n,(N) , p<n—1.

An argument based on the mapping cylinder of 2(p, N) — N and the relative
Hurewicz theorem [10, prob. V.D.] show that

H@Q*,N) =H(N) for p<n—-1,

whence the lemma.
Theorem 6.2. Let M be a complete orientable Riemannian manifold of
dimension m = n 4 1, which is p’-taut and k’-risec pinched. Suppose the
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homology of M over a fixed field is that of an m-sphere: H, (M) = H, (S™),
and let N be a compact orientable totally-geodesic hypersurface of M. Then

n-1 An—an(Zn—l)/k
6.2 b(N) < 20
€2 ,,é, AN < (n— 1)2,_,logB,

Proof. Lemma 6.1 and Theorem 5.2.

Corollary 6.3. Let C be the bound obtained in (6.2), and n be even. Then
the Euler characteristic of N has the same bound: |y(N)| < C.

It is interesting to compare the results of this and the preceding section with
results obtained by Flaherty. We have considered a manifold-hypersurface pair
(M, N) in which M is relatively loosely restricted while N is tightly restricted,
being totally geodesic. We obtain information about the Betti numbers of
(x, N) and subsequently (in Theorem 6.2) about the Betti numbers of N
itself in dimensions less than that of N. It would be pleasing to be able to
conclude that some of those Betti numbers vanish, as we could if the bound
in (6.2) were less than n — 1. But within the limits set for the parameters p
and k, there seems to be no way to force this conclusion.

Flaherty [4] deals with assumptions which are in a sense dual to our
assumptions. He allows N to bend in M, but not too severely, requiring that
N be locally convex and that its principal curvatures lie in some fixed interval
[0, b]. To balance the freedom of N, M is required to have Riemannian
pinching at least 6° > 1/4, so that it is a sphere [5]. If b < cot z/44, Flaherty
concludes that

n-1
b =1,
p=1

so that N is a homotopy sphere (a standard sphere if dim N # 3, 4).

It is tempting to try to blend our assumptions on (M, N) with assumptions
resembling those used by Flaherty, and it is easy to visualize the forms of
theorems one might hope to derive from such assumptions. But there are
difficulties of a technical nature between the hope and the realization. We shall
develop this situation further in a subsequent paper.

7. Application: holomorphically-pinched Kihler manifolds

Let M be a compact Kihler manifold of complex dimension d, so m = 2d
is the real dimension. Suppose that M is y-holomorphically pinched (cf. [2] for
the relevant definitions.) We may normalize the metric and assume that
v < H(x) < 1 for all tangent vectors x. We will determine restrictions on y so
that M is taut and risec pinched. The basic inequalities we use are given on
p. 519 of [2], where we note that the definition of Ricci curvature differs
from ours by a constant divisor. There are two cases to be distinguished,
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according as d < 5 or not. We have

Bdt+ Dy —d—1) it d<5
(6.1) Ri(M) > 424 -1 ’ T
. ] >
22—y —@d—3) 4 456,
22d — 1) ’ =
Therefore,
_i:l_ , for d<5,
) 3d + 1
RiM) >0 if 7> od
_2d-3 s d>6.
22d - 1)
We know from [2] that
374'23K(M)gl.

Being interested only in the case where negative sectional curvatures can occur,
we may as well assume y < 2/3. Since K(M) < 1, we find that M is k’risec
pinched, where k* is given in each case by the right-hand side of the inequality
6.1):

(Gd+Dr—@=1D 4 g

b

6.2 K =504 4(12)‘1 _ (lz)d 3)
— T — ——
22d — 1) ,  d26

Next we calculate the tautness, which is at most (2 — 3y)/4, finding that
M is p’-taut, where

3d+5 iy a<s
43d + 1)’ =7
2d + 5

82d—-1)"

(6.3) o=
if d>6.

We are now in a position to apply Theorem 5.3 to estimate for the loop
space £2(M) the quantity

a, = zo b(2M)) .

Theorem 7.1. Let M be a compact Kéhler manifold of complex dimension
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d whose curvatures are y-holomorphically pinched with

d=1" 4% a<s,

3d+1

%>T> 2d — 3
_2d-3 i i>6.
202d — 1)

Then

< d(l + 1)Q2d AZd—lB:(Zd—l)()+l)/k y

al_
k 4

where k and p are given by (6.2) and (6.3), and A, and B, are defined at the
beginning of § 5.

The proof follows by substitution in Theorem 5.3 with the additional remark
that z,(M) is trivial ([2, p. 528]).
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