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_EINSTEIN HYPERSURFACES IN A
KAHLERIAN MANIFOLD OF CONSTANT
HOLOMORPHIC CURVATURE

SHIING-SHEN CHERN

Introduction

In his dissertation Brian Smyth studied the complete hypersurfaces
in a complex space-form whose induced metric is einsteinian and proved
that these are either totally geodesic or certain hyperquadrics of the
complex projective space. We wish to show in this note that the corre-
sponding local theorem is true:

Theorem. Let V be a kihlerian manifold of dimension > 3 with
constant holomorphic sectional curvature K. Let f: M — V be a holo-
morphically immersed hypersurface such that the induced metric is ein-
steinian. Then, if K < 0, M is totally geodesic. If K > 0 and V is
identified with the complex projective space, M is either totally geodesic
or a hypersphere (cf. §3 for definition).

1. Preliminaries on kihlerian geometry

We will summarize the basic formulas of kdhlerian geometry. For details
cf. [1].

In order to avoid repetitions it will be agreed that our indices have
the following ranges throughout this paper:

1<4,5,k1<n,
(1) 1<o,B3,70<n+1,
0<ABC,D<n+1.

Let V be a kdhlerian manifold of complex dimension n + 1. The
metric defines an hermitian scalar product in the tangent spaces of
V and a connection of type (1, 0) under whose parallelism the scalar
product is preserved. More precisely, let e, (z) be a field of unitary
frames, defined for z in a neighborhood of V. Its dual coframe field
consists of n + 1 complex-valued linear differential forms 6, of type (1,
0) such that the hermitian metric can be written
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(2) ds? = Z 6000
o7
The connection forms 6,4 are characterized by the conditions
®) Oap + Opa = 0,
(4) o = 65 A Opa,
8

and they can be interpreted geometrically as defining the covariant dif-
ferential

(5) Dea = Zeaﬂ®eﬁ
B
The curvature forms O,z are then defined by
(6) 0ap = oy AOys + Ougs,
vy

and we have

(7) Qag = — éga = Z Raﬁvg&, A 55.
v,6

The skew-hermitian symmetry of ©,3 expressed by the first equation
of (7) is equivalent to the symmetry conditions

(8) Rapys = Rpasy-

The Bianchi identities, which are relations obtained by exterior differ-
entiation of (4) and (6), give the further symmetry relations

9) Ropys = Rygas = Ra&vﬁ’

and the equation

(10) dCap+ D oy Abyg— Y oy AOqyp =0.
v ¥

The metric on V is called einsteinian, if

R _
(11) d(zeaa) :Zeaa = mzoa/\ea,
[e3 [e3 [0
where

(12) R=) Raaps=R
o,

is the scalar curvature.
The quantities R,g,5 define the holomorphic sectional curvature to
every tangent vector of V. In fact, let

(13) £€=) €ata #0



EINSTEIN HYPERSURFACES 23

be a tangent vector at . Then the holomorphic sectional curvature is
defined to be

2
(14) R(.’L‘,{) =2 Z Raﬁ’véfa&’yéﬂé&/ <Z§a€a> .

a8

Because of the symmetry relation (8), R(z,§) is real.
V is said to be of constant holomorphic sectional curvature K if
R(z,¢) = K for all (z,€£). This is expressed by the condition

1
(15) Ropys = 2(5055.,5 + 5as5g7)K
or
1 - _
(16) Oas = 7K(05 N ba +0ap Y _ 0y AGy).
il

The above treatment depends on the choice of a frame field. As is
well-known, the geometrical results which follow are independent of this
choice. However, it is useful to know explicitly the effect of a change of
the frame field on the various quantities. Let

(17) € =) Uages
B

be a new frame field defined in the neighborhood in question, where
Uqp are complex-valued C*°-functions such that (uqg) is a unitary ma-
trix. Let 07,675 be the forms relative to the frame field ej,. Then, by
definition and by (5), we have

(18) b = Zaaﬁeﬁ
B
and
v ~¥,8

2. Hypersurfaces in a kdhlerian manifold

Let f : M — V be a holomorphic immersion, with dim M = n, dim
V =n+ 1. In a neighborhood of M we can choose a frame field in V
such that e,1(z),x € M, is orthogonal to the tangent hyperplane to
M at z. This is expressed analytically by the condition

(20) 6rs1 = 0.

Since M is an immersed hypersurface, the 0; are linearly independent.
Using (4), we get
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0=dfns1 =) 0 Abins.
7

It follows by Cartan’s lemma that

(21) Oini1 =) aixbk,
%

where

(22) Qik = Gki.

M is totally geodesic if a;;, = 0.
The e; define a unitary frame field in the tangent bundle of M, with
6;; as the connection forms. Equation (6) gives

deij = Z eik A akj - 0’i,n+1§',n+1 + Qij,
k

so that
(23) 6ij = 04 — bims1 ABjnia

are the curvature forms of the induced metric on M.
Suppose now that V is of constant holomorphic sectional curvature,
K, so that the equation (16) holds. Then

Z@u = %(n+ 1)K20z/\éz
% i

The condition that the induced metric on M is einsteinian can be ex-
pressed as

(24) Z Oint1 A Oiny1 = pz 6; A 0;.

i i
Using (21) this condition is equivalent to
(25) > anaa = pox,

i
which gives
(26) np=>_lail*>0.
i,k

From now on suppose n > 2. We wish to show that p is constant.
In fact, we have by (6),

d (Z Oiny1 A O_i,n+1) =0,

()

so that it follows by exterior differentiation of (24) that

dp/\ (291/\9_@> =0.
%
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Put

dp = Z (pkO% + Prb)
k

and substitute into the above; we get immediately

dp =0.

If p = 0, we have by (26), a;x = 0 and M is totally geodesic. From
now on suppose that p is a positive constant.

We take the exterior derivative of the equation (21) and make use
of (4) and (6). This gives

(27) Z dax, — Z a0k — Zajkeij + @ikbnti,nt1 | A =0.
k J J

It follows that we can put
daik — Y aij0k; — Y kb + GikBnitn1 = 3 aiksb;,
J J J

where a;;; are symmetric in all its indices. The complex conjugate
of this equation will give a formula for da,;. Differentiating (25) and
substituting these expressions for da;x, da;x, we get

Z(dilaikjej + aik@i0;) = 0,
%7

from which it follows that
Z dilaikj =0.
i

Since p > 0, we get from the last equation
a5 = 0.
We have therefore the equation
(28) dag — Z a;i0k; — Z 0jk0i; + QikOnt+1,ny1 = 0.
J J

Equation (28) is valid for a holomorphically immersed hypersurface of
dimension 2 2 in a kihlerian manifold of constant holomorphic sectional
curvature such that its induced metric is einsteinian. Notice that (28)
is still valid if M is totally geodesic, for then a;, = 0.

We now take the exterior derivative of (28). This gives, after sim-
plification,

1
(29) (p— ZK)(%'akz + Ogjaq + 0jia:) = 0.

Ifp— EK # 0, we have
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dijakt + Okjaq + dja:, = 0.

Putting j = ! and summing, we get (n + 2)a;r = 0, so that a;; = 0 and

M is totally geodesic. Hence M is not totally geodesic only if p = K/4,

which implies K > 0 since p > 0. We have thus proved the first half of

the theorem stated in the Introduction. Our next problem is to study
o . K

the hypersurfaces satisfying the condition p = T > 0.

3. The complex projective space

For K > 0,V can be realized locally as the complex projective space
P, of dimension n + 1 with the Study-Fubini metric. We proceed to
give a description of this metric.

Let V42 be the complex vector space of dimension n + 2, whose
points are the ordered ennuples of complex numbers: Z = (zq,- -+ , 2p+1)-
In V42 we introduce the hermitian scalar product

(30)  (W,Z2)=(W,2)=)_ Zaba, W= (wo,  ,Wns1)-
A

The unitary group U(n + 2) in n + 2 variables is the group of all linear
homogeneous transformations on z,4 leaving the scalar product (30)
invariant. Let V., be the subset of V.2 obtained by the deletion of
the zero vector. Then P,y is the orbit space of V7, , under the action
of the group Z — AZ, A being a complex number # 0. We have thus the
projection 7 : V¥, 5 — Pny1. To a point p € P,41 a vector Z € 7~ (p)
is called a homogeneous coordinate vector of p, and we will frequently
identify p with Z. We put

(31) Zo=Z/(Z,Z)%.
so that (Zy, Zp) = 1. Then the Study-Fubini metric is given by
(32) ds® = (dZy,dZy) — (dZo, Zo)(Zo,dZy)-

To study this metric let Z4 be a unitary frame in V,, 2, so that
(33) (Za,ZB) =éaB.

In the space of all unitary frames in V45 let wap be defined by

(34) dZA :ZwABZB,
B

so that we have
(35) wap = —wpa = (dZa, Zg).

Then wyp are the Maurer-Cartan forms of U(n + 2) and satisfy the
structure equations
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(36) deB=ZwAC ANwcB.
C

The same equations remain valid if we restrict ourselves to a frame field
defined over a submanifold of V,,12. The metric (32) can then be written

(37) ds? = ZwOQGJOa.
«

It is of the form (2) if we set

(38) 00 = Woo-

Equations (3) and (4) will be satisfied, provided that we choose
(39) 60 = wpa — dpawoo-

These are therefore the connection forms of the metric (32). By (36)
we find the curvature forms of this metric to be

(40) Oup =03 NOo+5ag D _ 0y N,

~

Comparing with (16), we see that the metric (32) has constant holomor-
phic sectional curvature equal to 4. From the definition of the metric it
is clear that U(n + 2) acts on P,4+1 as a group of isometries.

Consider in P,,; a hyperquadric defined by the equation

(41) > bapZaZp =0, bap=bpa.
A,B

Under a unitary transformation

(42) Za=Y uapZp
B

this goes into the hyperquadric

> bapZiZy =0.
A,B

By introducing the matrices

(43) B='B=(bag), B*='B*= (), U=1'T '=(usn),

we can express the relation between the coefficients b4 p and b% g by the
matrix equation

(44) B* = 'UBU.

It follows that B
B*B* = 'UBBU.
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Thus the eigenvalues of BB are invariant under the unitary transfor-
mation. In particular, the invariance of the trace of BB gives

(45) > lbasl* = [bhgl*
A,B A,B

We will establish the following lemma:

Given a symmetric matriz B with complex elements, there exists a
unitary matriz U such that *UBU is diagonal.

For n = 0, i.e., for a (2 X 2)-matrix B this can be verified by an
elementary calculation, and we suppose the lemma true in this case.
Let

(46) ¢(B)=)_ |bagl,

A#B

i.e., p(B) is the sum of the squares of the absolute values of the non-
diagonal elements of B. Suppose |bo1| > |bag|, A # B; this can always
be achieved by interchanging the rows and columns when necessary. Let
Up be a (2 x 2)-unitary matrix such that *UyBUj is diagonal, where

Bl = (b"“ b‘”) and let
Uy O
U= ,

bio b1
where I is the (n X n)-unit matrix. Then we have

D baal? =D lbaal® + 2/bor|?

A A

and
@(B*) = ¢(B) — 2|bo1|*.

Under the assumption that |bo1| > |bag|, A # B, we have
©(B) < (n+1)(n+2)lbn %,
from which it follows that

o n(n+3)
(47) p(B¥) < msﬂ

(B).
Notice that the factor at the right-hand side before ¢(B) is < 1. We can
therefore find a sequence of unitary matrices Uy,--- , Uy, --- , such that
©(tU, BU,) is strictly monotone decreasing and tends to zero. Since the
unitary group is compact, there exists a unitary matrix Uy such that
@(tUsBUy) = 0 and Uy BU,, is diagonal. This proves the lemma.
It follows that the equation of the hyperquadric can be by unitary
transformations brought to the normal form



EINSTEIN HYPERSURFACES 29

(48) boZg + -+ +bpp1Z2,, =0.

We can further suppose that b4 are real and > 0. The ratios of by
are invariants of the hyperquadric under U(n + 2). In particular, the
hyperquadric

(49) Z34+-+22,,=0

will be called a hypersphere.
A one-one mapping T : V12 — V42 is called antilinear, if

T(Z1 + Z2) = T(Zl) + T(ZQ),
(50) T(\Z)=\T(Z), Z, Z1,Z3 € Vpyio,
A being a complex number. It induces a one-one mapping in F,,1. By

the properties (50) an anti-linear mapping is completely determined by
its effect on a frame.

4. Completion of the proof of the theorem

We wish to prove the second part of the theorem stated in the Intro-
duction by showing that a hypersurface in P, 11 (with the Study-Fubini
metric) whose induced metric is einsteinian and which is not totally
geodesic is necessarily a hypersphere.

Continuing the proof of §2, we have K =4 and p = 1. We apply a
change of the frame field as defined by (17) with

(51) Uint1 =0, Upti,nt1 =1,

so that the normal vector e,41 to M remains unchanged. By (18) and
(19) we have respectively

0: = Z ﬁijﬁj,
J

* —_— .. .
i,n+l — Z uzjej,n+l-
J

If we set

(52) 1 = ij HUS

we get

(53) ‘ aj, = Zuilaljukj.
L,j

Our lemma in §3 implies that unitary matrices (u;;) can be so chosen
that the matrix (a},) is diagonal. Moreover, since p = 1, we can even
make it the unit matrix.
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Suppose such a change of the frame field be already carried out. By
dropping the asterisks, we have a;x = d;; and

(54) Oi,n+1 = 0;.
Equation (28) becomes
(55) ik + Oki — SikOnt1,n41 = 0.
By (39) this gives
(56) Wik + Wki — O3k (woo + Wnt1,n+1) = 0.
We now modify Z,; by setting
7

] = €°Z,11, ¢ real.

Then
Wnttnt1 = (AZp 415 Zp 1) = 1do + Wnt1, nt1-

and we have
W00 + Why1,nt1 = 1dO + Woo + Wni1,nt1-
Since i(woo + Wn+1,n+1) is real-valued and
d(iweo + iwnt1,n+1) =0,
we can determine ¢ so that
woo + Wrt1,n41 = 0

Dropping the asterisks again, we have
(57) woo + Wnt1,n+1 =0
and (56) gives
(58) Wik + wgi = 0.

Let T be an anti-linear transformation in P,;, so that

(59) d(T(Z4)) = Y _@apT(Zp).
B

By using (57), (58) and (59), we find

(60) ,
d(Zo + T(Zn+1)) = woo(Zo + T(Zn+1)) + Y_woi(Z: — T(Z:)),

AT (Z0) + Zusr) = — wooT(Z0) + Zusr) — Y Gui(Zi - T(2),
d(Z: — T(2:)) = woi(T(Zo) + Zns1) — @0i(Zo + T(Zns1))
+3 " win(Zk — T(Z)).
k
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This is a differential system which is linear and homogeneous in the
vectors Zo+T(Zn+1), T(Zo) + Zn+1, Z; — T(Z;). It follows that if these
vectors are zero at a point of M, they are identically zero. We choose
the anti-linear transformation T so that they are zero at po € M and
we have

(61) T(Zo) = —Znt1, T(Zpy1) = —20, T(Zi)=2;
everywhere on M. As a consequence we get
(62) (Zo, T(Zo)) = 0.

We put
(63)
a0 = (Zo(po) — Zn+1(P0))/V2, ant1 = i(Zo(po) + Znt1(p0))/V2,

a; = Z;(po)-
Then a4 is a unitary frame having the property
(64) Tas =aa.

Let
Zo(p) =) Zaas, pEM.
A

Then B
T(Zo(p)) = Y Zaaa,
A

and equation (62) can be written
Y zi=o.
A
This proves that M is a hypersphere.
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