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GREEN FUNCTIONS AND CONFORMAL
GEOMETRY

LUTZ HABERMANN & JURGEN JOST

Abstract

We use the Green function of the Yamabe operator (conformal Laplacian)
to construct a canonical metric on each locally conformally flat manifold
different from the standard sphere that supports a Riemannian metric of
positive scalar curvature. In dimension 3, the assumption of local conformal
flatness is not needed. The construction depends on the positive mass the-
orem of Schoen-Yau. The resulting metric is different from those obtained
earlier by other methods. In particular, it is smooth and distance nonde-
creasing under conformal maps. We analyze the behavior of our metric if
the scalar curvature tends to 0. We demonstrate that the canonical met-
rics converge under surgery-type degenerations to the corresponding metric
on the limit space. As a consequence, the L?—metric on the moduli space
of scalar positive locally conformally flat structures is not complete. The
example of S! x S? as underlying manifold is studied in detail.

Introduction

For the sake of simplicity, we assume throughout this introduction
that all occurring manifolds are compact.

In understanding spaces of complex structures, it has proved to be
useful to construct “canonical” metrics on complex manifolds. Such
a “canonical” metric ideally is uniquely determined by the underlying
complex structure, depends smoothly on that structure, and has an ana-
lyzable behavior as the underlying structure degenerates in some explicit
manner. Such a metric on each complex structure then gives rise to a
metric on the corresponding moduli space' by taking the L?-product of
tangent vectors to the moduli space — which can be expressed as har-
monic sections of a certain bundle on the underlying complex manifold
— w.r.t. the canonical metric.
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The best known example is the hyperbolic metric on a compact
Riemann surface of genus greater than 1 that gives rise to the Weil-
Petersson metric on the moduli space. Here, the existence of the hyper-
bolic metric follows from the Poincaré uniformization theorem, unique-
ness and smooth dependence are common knowledge of researchers, and
the asymptotic behavior was analyzed by H. Masur [19]. There also exist
other canonical metrics on compact Riemann surfaces that enjoy sim-
ilar properties, for example the Bergman and Arakelov metrics, resp.
The Arakelov metric is defined in terms of the asymptotic behavior of
a Green function near its singularity, see [1], and this construction will
serve as a paradigm for us below.

In higher dimensions, such canonical metrics include the Kobayashi
metric which however typically lacks certain smoothness properties, as
well as the Kahler-Einstein metrics constructed by Yau [31], Aubin [3],
and others. In particular, Yau’s solution of the Calabi conjecture and
the resulting construction of Kahler-Einstein metrics on K3 surfaces
and Calabi-Yau manifolds were decisive for understanding the moduli
spaces of such complex manifolds.

In the present paper, we start to investigate moduli spaces of con-
formal structures on the basis of a similar principle, i.e., by introducing
and studying canonical metrics associated to conformal structures. Our
metric is not the first such metric associated to a conformal structure.
For example, by the solution of the Yamabe problem achieved through
the work of Trudinger [29], Aubin [4], and Schoen [22], each conformal
structure on a compact manifold supports a metric of constant scalar
curvature. In the case of positive scalar curvature, however, that met-
ric in general is not unique. See Schoen [23] for a detailed example.
Other examples that, however, only work for locally conformally flat
structures, include a Kobayashi type metric introduced by Apanasov [2]
and Kulkarni-Pinkall [16], as well as Nayatani’s metric [20] using the
Green function on S™ via the developing map for locally conformally
flat structures (see Schoen-Yau [27]).

The construction of a canonical metric typically starts with some
Riemannian metric in a given conformal class, but in order for the re-
sulting metric to be canonical it should not depend on the choice of that
metric in the conformal class. In this sense, the construction should be
conformally invariant.

Our construction will employ the Green function of the Yamabe
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operator (conformal Laplacian)

n—1
A
9 + S

L=4

where n is the dimension of the underlying manifold (supposed to be
> 3 here and in the sequel), A is the Laplace-Beltrami operator (with
the sign convention that makes it a positive operator), and S is the
scalar curvature of some metric ¢ in a given conformal class. Since L is
conformally invariant (up to some conformal factor), so are correspond-
ing “harmonic” functions and Green functions. (A Green function for L
exists if L is invertible which is the case if we assume that S is positive.)
Such functions can therefore be used to construct conformally invariant
metrics.

If g is our starting Riemannian metric, with distance function d(-, -),
and if G(-,-) is the Green function for L, the idea is to put

a(p) = i (G(p, q) — and(p, 9)>~") 7
q—p

(with a, some constant depending on n), and

g:=a’g

then is our new metric.

As indicated above, this construction is similar to Arakelov’s con-
struction for a metric on a compact Riemann surface. Arakelov utilized
the Green function of the Bergman metric, and d(p,¢)>™" in dimen-
sion 2 of course has to be replaced by the logarithm of the distance
function. In a context different from Arakelov’s setting however, such
a construction arose independently. Namely, for domains in Euclidean
space, Hersch [13] introduced the conformal radius by such a device, and
Hersch’s idea was turned into the construction of a metric by Leutwiler
[18] by a similar formula as displayed above. For more recent advances
in this direction, see the survey article of Bandle-Flucher [8]. It should
be noted, however, that our construction goes considerably deeper than
the one of Hersch and Leutwiler, because their construction is only in-
variant under the finite dimensional group of conformal automorphisms
of Euclidean space whereas ours is invariant under conformal changes
of a Riemannian metric, i.e., under an infinite dimensional group.

We should also note that the réle of the Green function for the
Yamabe problem was discovered by Bahri-Coron [7] and Schoen [22].
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A crucial point in Schoen’s final solution of the Yamabe problem for a
conformally flat manifold [22] is to use a Green function with pole at
p to convert a given conformally flat metric into an asymptotically flat
one for which p corresponds to infinity. By way of constrast, our metric
will be a compact one.

Our construction succeeds if either the dimension is 3 and the con-
formal class is arbitrary, or if the dimension is arbitrary, and we have
a locally conformally flat class. This has to do with the existence and
the properties of the above limit defining «, and for that purpose we
need to invoke the positive mass theorem of Schoen-Yau [24],[25],[26]
(a different proof of the theorem was found by Witten [30], with de-
tails developed by Parker-Taubes [21], see also the survey of Lee-Parker
[17]), as does Schoen’s final solution of the Yamabe problem. The posi-
tive mass theorem in its presently known form does not give sufficiently
precise estimates for carrying our construction through for not locally
conformally flat conformal structures in dimensions bigger than 3.

As mentioned however, at least in dimension 3, the construction is
not restricted to locally conformal flat structures, in contrast to the ones
of Apanasov, Kulkarni-Pinkall, and Nayatani. On the other hand, those
constructions also work in certain scalar negative cases.

It turns out that the above limit « is 0 if and only if our manifold
is conformally equivalent to the sphere S™ (with its standard confor-
mal structure). Thus, the resulting metric is trivial if and only if the
manifold is conformally equivalent to S$”. This is in fact needed for
the Hausdorff property of the moduli space of (locally conformally flat)
conformal structures, because the conformal group of §” is noncompact,
and one may locally “bubble off” a sphere from any conformal manifold.

Our metric is always smooth (of class C*°) in the locally conformally
flat case, in contrast to the Kobayashi type metrics of Apanasov and
Kulkarni-Pinkall that in general are only of class C'>!. Again in contrast
to Kobayashi type metrics that are distance nonincreasing under con-
formal maps, our metric is (locally) distance nondecreasing under such
maps. This fits together with the vanishing of the metric for S™ and the
fact that there do not exist branched coverings in conformal geometry
in dimension at least 3.

We already mentioned that we need a metric of positive scalar cur-
vature in the given conformal class, in order for the Green function to
exist. Of course, by the solution of the Yamabe problem, there exists
a metric of constant positive scalar curvature in such a class. As men-
tioned however, the latter in general is not unique, not even up to a
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scaling factor. By way of contrast, our metric is unique in its conformal
class, and therefore, in particular, it fixes a scaling factor. For a se-
quence of compact conformal structures with scalar curvature going to
zero, our metric then tends to a noncompact metric of infinite diameter
and vanishing scalar curvature. It is clear that this must be so, because
in the zero curvature case, there can be no natural scaling factor.

Because of its various properties as described in the first part of
the present paper, this canonical metric seems to be a good tool for
investigating the moduli space of locally conformally flat structures. It
is the purpose of the second part of the paper to start exploring this idea.
More precisely, we investigate the behavior of the canonical metric under
surgery type degenerations. Our main result (Theorem I1.2.7) says that
the limit of the canonical metrics yields the canonical metric of the limit
space. In other words, we can follow our canonical metric through a
change of topological type. In analogy with the investigations of Masur
[19] about the geometry of the Mumford-Deligne compactification of the
space of stable Riemann surfaces, we view our analysis as a first step
towards understanding a natural compactification of the moduli space
of locally conformally flat structures on a given compact differentiable
manifold. We obtain asymptotics for the L?—metric on this moduli
space (see Theorem I1.3.1). In particular, as in Masur’s work, this
L?—metric is not complete (Corollary 11.3.2).

We thank Arthur E. Fischer and Hubert Goldschmidt for answering
some of our initial questions about moduli spaces of conformal structures
and the referees for their comments.

Our research was supported by the Leibniz program and SFB 237
of the DFG.

Part I: Definitions and elementary properties

I.1 A canonical metric for locally conformally flat mani-
folds with positive scalar curvature

Let (M, g) be a closed, connected, smooth Riemannian n-manifold, n >
3. The Yamabe operator L of (M, g) is defined by

-1
D Au+Su for ue C*(M)

Lu=4
Y n—2
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where A = —V'V;, is the Laplacian and S the scalar curvature of g. A

4
basic fact about L is that for a metric g = ¢7=?g the scalar curvature
S is given by

(I.1.1) S = @_%Lgo.

L is conformally invariant in the sense that if § = wﬁ g, then
nt2 ~

(I1.1.2) L(pu) = ¢n—2L(u) for any wu € C®(M)

where L is the Yamabe operator w.r.t. §. A consequence of (I.1.1) and
(I.1.2) is the following well-known result.

Lemma I.1.1. Let C be a conformal class of Riemannian metrics
on M. Then one and only one of the following cases holds: C contains
a metric of (i) positive, (i) negative, or (ii1) identically zero scalar
curvature.  gq.e.d.

Referring to the cases (i), (ii), (iii) of Lemma I.1.1, we will say that
the conformal class C' is scalar positive, scalar negative, or scalar flat,
resp.

If C is scalar positive, then for any metric g € C' the Yamabe op-
erator L admits a unique Green function, i.e., a function G(p, q) which
satisfies

/MG@,q)Lu(q)du(q):u(p) for any u € C™(M)

where dp = du(g) is the volume element of (M,g). This function is
4
strictly positive. Further, if g = p»-2¢, then

(I.1.3) G(p,q) = G(p,q)

1
e(p)elq)

is the Green function of the Yamabe operator L w.r.t. §.

Now we assume that the conformal class C' on M is locally con-
formally flat and scalar positive. In the following, we use the Green
function for the Yamabe operator to construct a canonical Riemannian
metric in C, proceeding in a similar way as Leutwiler [18] for Euclidean
domains and Arakelov [1] for Riemann surfaces.

Let g € C such that

g=v*gg on UCM
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for a chart ¢ : U — V C R", where gg is the Euclidean metric on R”.
By elliptic theory, G(p,q) — an|4(p) — ¢ (q)[*~" with

1

"7 An — Dwnes

where w,_1 denotes the volume of the unit sphere S”7!, is a smooth
function on U x U. For p € U, we set
2

Q’(p) = 1im(G(p,q) — anlth(p) — p(g)* ") 7=

q—p

2
= 1im(G(p,q) — a,d(p,q)*> ") 7.
q—p

Here d denotes the distance function w.r.t. g. We define the symmetric
rank—2 tensor field g on M by setting

g=c%¢ on U.

We have to verify that g does not depend on the choice of g. Let
4
J = ¢n=2g be another metric in C' with

g=1*gr on U

for a chart ¢ : U — V. Since 9 o ¢~1 is the restriction of a Mobius
transformation on S,

1

(L14)  [§(p) — P(a)] = ()2 0(q) T2 [b(p) — (q)| for p,q € U.
By (I.1.3) and (1.1.4),

@(p) = m(Glpq) — anl(p) — Pla)* )7

-p
2

n—2

) 1 —n
~ lim M(G(p,q)—an!¢(p)—¢(q)\2 )

__4_
= p(p) "2a’(p).
Hence,
~2~ 2
a’g=a"g on U.

We note that it follows from the construction that the tensor g is
smooth. Further, by means of (I.1.3), for an arbitrary Riemannian
metric g € C

g=ayg
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with
2

(L15) @) = 9017 lin (— LGl ) — ando )

4
where d,(p, ¢) is the distance function w.r.t. the metric ¢»=2g which is
assumed to be Euclidean near p.

Remark 1.1.2. If n = 3, we can choose any metric g € C' for the
construction of g, i.e., we do not have to suppose that ¢ is Euclidean
on U. Moreover, in that case we obtain a symmetric rank—2 tensor
field for any scalar positive conformal class C'. Namely, if g € C, then
elliptic theory yields that G(p,q) — a,d(p,q)~! is continuous. Further,

if § = g, then
hm(@(}?)w(q) _ 1 ) 0
a—=pr\ d(p,q) d(p, q)

where d is the distance function w.r.t. §.  q.e.d.

Proposition 1.1.3. Let C' be a scalar positive conformal class on
M, where C is locally conformally flat or M is three-dimensional. If
(M, C) is conformally equivalent to the standard sphere S™, then g van-
1shes identically. In all other cases, g is o Riemannian metric in C.

Proof. One has to verify that if a(p) = 0 for some p € M, then
(M, C) is conformally equivalent to the standard sphere S™. But this
(and

lim(G(p, ) — and(p,q)*>~™) > 0)
q—p

was shown by Schoen and Yau (cf. [28], Theorem V.3.6) by consider-

4
ing the Riemannian metric G(p, -)»—2 g of vanishing scalar curvature on
M \ {p} to which the positive mass theorem can be applied. q.e.d.

For simplicity, we will refer to g in any case as the canonical metric.

I.2 Basic properties of the canonical metric

First, we state

Proposition 1.2.1. Let C;, i = 1,2, be a scalar positive conformal
class on a closed, connected n-manifold M;, n > 3, suppose C; is locally
conformally flat or n. = 3, and let g; be the canonical metric of (M;, C;).

(i) If [ : (My,C1) — (Ma,Cs) is a conformal diffeomorphism, then
[re2 = gu.
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(i) A conformal covering f : (My,C1) — (Ms,C5) is length nonde-
creasing w.r.t. the respective canonical metrics.

Proof. (i) This is proven straightforwardly.

(ii) Let go € Cy. If n > 3, choose g9 such that go is Euclidean on an
open set U C M. Set g1 = f*g2 € (1. Let GG; denote the Green function
for the Yamabe operator and d; the distance function of (M;, g;). Using
that the covering transformation group I' of f : My — My consists of
isometries of (M, g1), one sees that

Ga(f(p), F(@) = >_ Gi(p,7(q))-

€l

It follows that for p € f~1(U)

ax(f(P)" = Tm(Ga(f(p), f(a)) — anda(f(p), f(0))™")
= Im(Gi(p,0) —adi(p.)* ™)+ D Gilpy(p))
yel\{id}

> lim(G1(p,q) — andi(p,9)*™")
q—p

= ai(p)"

Since go = a3ge on U and g1 = afgr on f~1(U), the assertion follows.

q.e.d.

Remark 1.2.2.

(i) In particular, Proposition 1.2.1(i) yields that in the considered
cases the group Conf(M, C') of conformal transformations of (M, C)
coincides with the group Isom(M,g) of isometries of (M,g), if
(M, C) is not conformally equivalent to the standard sphere.

(ii)) Proposition 1.2.1(ii) is one of the reasons why our canonical met-
ric differs from that of Apanasov [2] and Kulkarni-Pinkall [16].
Namely, the distance function defined by their canonical met-
ric coincides with the distance obtained by applying Kobayashi’s
construction in the Mdébius context. Thus, a conformal map is
distance nonincreasing w.r.t. the canonical metrics defined by
Apanasov and Kulkarni-Pinkall.  g.e.d.

If one looks for a canonical metric in a scalar negative or scalar flat
conformal class C on a closed, connected manifold, one can choose a
conveniently normalized Yamabe metric, i.e., a constant scalar curvature
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metric. Namely, in these cases there is only one such Riemannian metric
in C' up to multiplication by a positive constant. If C' is scalar positive,
this is no longer true in general.

The next proposition shows that the choice of our canonical metric
fits with the choice of the normalized Yamabe metric as the canonical
metric for a scalar flat conformal class.

Proposition 1.2.3. Let g, k € N, be locally conformally flat Rie-
mannian metrics on a closed, connected n—manifold M, n > 3, with
constant scalar curvature Sy > 0 and unit volume and let g be o Rie-
mannian metric on M with vanishing scalar curvature. Assume that

3n+2
5

g —g i C™(M) for m>

Then
3n+2
2
where g denotes the canonical metric of the conformal class of gy.

2
Spigr — g in CHM) for 0<Il<m-—

Proof. First observe that the assumptions imply that ¢ is also locally
conformally flat.
Let L; be the Yamabe operator of (M, g;.), i.e

-1
(121) Ly = 4n A + Sk
n—2

where Ay is the Laplacian w.r.t. gg, and let Gk(p,q) be the Green
function for Lj. Let 0 = Ao < A < Ao < ... denote the eigenvalues
of Aj. Because of (I1.2.1), the eigenvalues of Ly, are

-1
22N+ Sk §=0,1,2,... .
n—2
Hence,
1 2
Gr(p, q) 5
k L2(MxM,gk@gk)
o] -2

- z( s+ )

2
i,k

)
) (

n —

2
( — ITe (P, D72 nrx v g, 000)
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where T'x(p,q) is the Green function of Ag. Since g tends to g in
C™(M), there exists a ¢; > 0 such that

IT%(p, Q)||L2(MXM,g@g) <c¢ forall keN
(cf. [5]). Consequently, there exists a ¢ca > 0 such that

1

- — <¢cg forall k€N
Sk,

(12.2) HGk«p, 2
L2(M x M,9®g)

Now, let m : M — M denote the universal covering map and let
B : M — S" be a developing map w.r.t. the conformal class of gg. If
®;, would be surjective for some k € N, then M would be diffeomorphic
to a quotient of S™ by a finite subgroup of O(n + 1) (cf. [27]); such a
quotient, however, does not admit a scalar flat locally conformally flat
structure. Therefore, we may assume that

& (M) C R C S

Fix po € M. Let Uy be a simply connected neighborhood of pg and
choose a connected component Uy of 771 (Up). Then

7T0:7T|[~]01U0—>U0

is a diffeomorphism and

4

(m5 ") Phgr = o5 " gx
for a positive function ¢y € C*(M). We set

4

gk = ;. °gr on M.
Composing @ with a scaling of R” if necessary, we may assume that
(1.2.3) or(po) =1 forall keN
Since g is flat on Uy, by (I.1.1)
(I.2.4) Lo, =0 on Uy.

Let U} and U be neighborhoods of py such that U} cC U} cc Uy
and such that U}l has a smooth boundary. The Harnack inequality says
that there exists ¢3 > 0 such that

(1.2.5) sup g < czinfy, forall ke N
o3 Uo
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Because of (1.2.3), it follows that

(I.2.6) sup p < c3.
Us

Let (k') be any subsequence of (k) and let m' € Z with 0 < m’ < m—2.
Using (1.2.4) and (1.2.6), elliptic theory (cf. e.g. [9]) implies that there
exists a subsequence (k") of (k') such that

(1.2.7) o —p in C™(TY).

By (I.2.3) and (1.2.5),

infy, > —
U c3
Thus, also
1 1 . m/ —”
(I.2.8) — = — in C™(U}).
P! ®

Let expy, : Ty, M — M be the exponential map w.r.t. g;. Since gj is
flat on Uy and

4 } —
gy — @r—2g in C™ (Uy)

we may choose a neighborhood U; C U{ of py such that for all £” there
exists a neighborhood Vi» C T,y M of 0 such that

expyry,, + Vi = Un
is a diffeomorphism. Then, setting
G = (exppoy, )"
and identifying (T, M, gy, ’100) with (R*, gg),
VingE = Gir-

~ Now, let G (p, q) denote the Green function for the Yamabe operator
Ly of (M, g). We consider

1
o (P) @i (q) Sy

Fyr(p,q) = Gy (p,q) — — an |t (p) — P (@) P

for p,q € Uy. According to (I.1.1),

L1 — o2
Lk_ == (Pk " Sk
Pk
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Thus,
(1.2.9)
- . na2 1 n+2 1
(Lk”, + Lk”, )Fk” (pa Q) = Qg (p)_m — — Pk (Q)_”T
S ) i ()

Since by (I.1.3)

N 1 1 1
Cilpq) - k@) ee( @Sk or(P)er(a) (Gk(p’ 9= S_k)

by elliptic theory we obtain from (1.2.2), (1.2.7), (1.2.8), and (1.2.9) that
for any subdomain Us CC Uj and for any m” € Z with0 < m” <m/—n
there exists ¢4 > 0 such that

(1.2.10) 15 (P, )| oo )y S €4 for all K.

Recall that g, = @i,,gk// with

e (p) = (G (p,4) — sulte () — o (g) ") 72
for p € U;. Since by assumption
S, —0
and 2 .
S (p)7 = Sy B o) + or (p)?

(I.2.8) and (1.2.10) imply that
L 2 " o—

S]://_Z&k// =@ 2 in C™ (Usy)

and consequently
2= 2 5, 2 "o—
S]:,,_ng// = S]:,,_2 @ku(p]:,,_zgk// —g in C™ (Us).
Since the subsequence (k') may be chosen arbitrarily, this concludes the
proof.  q.e.d.
We mention that one can similarly verify

Proposition 1.2.4. Let g, k € N, be Riemannian metrics on a
closed, connected manifold M of dimension 8 with constant scalar cur-
vature S, > 0 and unit volume and denote by g the canonical metric
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of the conformal class of gx. If the sequence (gx) tends to a Riemannian
melric g with vanishing scalar curvature in C2(M), then

S}%gk—>g in CY(M).
q.e.d.

A complete proof of the last proposition will be given in a forthcom-
ing paper of the first author.

I.3 The geometry of the moduli space of locally confor-
mally flat structures on S! x S?

We first recall how the choice of a canonical metric in every conformal
class yields a Riemannian L?—metric on the moduli space of conformal
structures.

Let M be a closed, connected n—manifold. Let M(M) denote the
space of smooth Riemannian metrics on M and pr : M(M) — C(M) the
natural projection onto the space C(M) of conformal structures on M.
Of course, to be precise, we have to complete M(M) w.r.t. a convenient
Sobolev norm, but we shall suppress here the analytical details. On
M(M) we have a natural Riemannian metric that is invariant under
the action of the diffeomorphism group Diff(M) of M. This metric is
given by the L?—product (, )2¢y on TeM(M) = S*(M) wrt. g,
where S?(M) is the space of symmetric rank—2 tensor fields on M. We
recall that for hy, hy € S2(M)

(h1,h2)r2(g) = /M<h1,h2>gdu(9)

with .
<h'15 h2>g = Z ha (eia ej)hQ(eia €j)
4,j=1
for an orthonormal frame eq,...,e, w.r.t. g.

Now, let ¢ : C(M) — M(M) be a section of pr : M(M) — C(M)
which is equivariant w.r.t. the action of Diff(M) and set B(M) =
C(M)/Diff(M). Then we can identify the tangent space Tjc1B(M) with
the L2(.(C))—orthogonal complement of

Ty (CZ (M) - (C)) + Ty oy (Diff (M) - (C))

in $*(M). Here C°(M) is the set of positive, smooth functions on M.
It is clear that the L?(:(C))—orthogonal complement of T,y (C°(M) -
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1(C)) = C°(M) - 1(C) is the space S3(M,1(C)) of traceless symmetric
rank—2 tensor fields on M w.r.t. ¢+(C). Further, since

Ty (DIE(M) - 1(C)) = {Lx0(C) : X € X(M)}

where £ denotes the Lie derivative, and X' (M) denotes the space of vec-
tor fields on M, the L?(¢(C'))—orthogonal complement of T, (¢ (Diff (M)-
1(C)) is the kernel ker(ngc) of the divergence operator §,(¢y : S2(M) —
QL (M) into the space Q'(M) of 1-forms on M. Thus,

T[C}B(M) = keI‘(SL(C) N SS(M, 1(C))

and the restrictions of (, )72,y onto kerd,(cy N S2(M,.(C)) yield a
Riemannian metric on B(M).

Analogously, if «f : Cg (M) — M(M) is an equivariant section
over the space Cj (M) of scalar positive locally conformally flat struc-
tures, we get a Riemannian metric b on the moduli space Bf (M) =
Cy (M) /Diff(M).

In general, the spaces B(M) and By (M) have singularities.

In the following, we shall examine the Riemannian metric § on
Bf (M) for the case where M = S' x $? and where the section ¢f
is given by the canonical metric defined in §I.1. For this, we identify
5% = CU {oc} and denote by gg» the standard metric of S2.

First, we describe the moduli space By (S x §2).

Proposition 1.3.1. Let
M)\,G = (R X SQ)/(t,z)N(t—i—)\,ewz) for A>0 and 0¢€ [0,7’(]

be equipped with the conformal class of g9, where gy g is the Rieman-
nian metric induced from the product metric dt’ @ gg2 on R x S2. Then
(X, 0) € RT x [0,7] — M) g yields a parametrization of By (St x S?).

Proof. By [27], Theorem 4.5, for any scalar flat or scalar positive
locally conformally flat structure C on S x S? there exists a Kleinian
subgroup ' C Conf(S3), ' = Z, of the conformal group Conf(S5?) of the
standard sphere S? such that (S x $2,C) is conformally equivalent to
Q) /T, where Q(T') C 53 is the domain of discontinuity of T'. More-
over, two such structures €'y and Cs are equivalent iff the corresponding
Kleinian groups I'; and T's are conjugate in Conf(S?). Observing that
each Kleinian group T' C Conf(S?) for which Q(T")/T is diffeomorphic to
S' x §? is generated by a hyperbolic element of Conf(S?3), the assertion
now follows from the classification of the conjugacy classes in Conf(S?)
(cf. [15]). q.e.d.
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Remark 1.3.2. Since 71(S' x $?) = 7 is abelian and therefore
amenable, by [27], Proposition 1.2, there do not exist scalar negative
locally conformally flat structures on S x S2. Further, the proof of the
last proposition excludes the existence of scalar flat locally conformally
flat structures on S* x S2. Hence, By (S x S?) coincides with the moduli
space By(S' x S?) of all locally conformally flat structures on S' x S2.
g.e.d.

In the remainder of this section we want to prove

Proposition 1.3.3. For the Riemannian melric h on the moduli
space By(S' x §2) induced by the choice of our canonical metric, we
have

b= ui (A 0)dN? + us(), 0)d6?

with
ui(X, 0) > const. ™ on (0,1) x [0, 7]

and N
ui( M, 0) < const\le™2  on  (1,00) x [0,7]

where const. means a positive real number independent of X\ and 6.

Remark 1.3.4. As a consequence of the last proposition, the metric
completion of (By(S* x §2), ) differs from By(S* x S2) by a point which
corresponds to A = oc. This point can be interpreted as the unique
element of the moduli space of locally conformally flat structures on S*
with two punctures. q.e.d.

For the proof of Proposition 1.3.3 we shall use the following two
lemmas. In the first lemma, we give explicit expressions for the canonical
metrics gyg on M) g; in the second one, we compare the divergence
operators w.r.t. conformally equivalent Riemannian metrics.

Lemma 1.3.5. We have g)g = 0&709)\’9 with

axg(t, z) = axg(|z])

2 o0
= 8£ [cosh(k/\) -1+
w2 D

4]z|?
w(l — cos(k0))

N

Proof. Since the translations in {—direction and rotations on CU{oo}
with centre 0 are isometries of (M) g, gy ), we have

axg(t, z) = ay9(|2]).
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The Green function G ¢(p, q) for the Yamabe operator of (M) g,gx0)
which we identify with its pull-back onto R x §? is given by

Go((to, 20), (1,2)) = Y G((to, 20), (t + kA, €"72))
K€z

where é’(p, g) is the Green function for the Yamabe operator of
(R x S%,di? © gg2). One verifies that

G((0, 20), (1, 7)) = %(cosh(t) — (20, 2)ps)”

where { , )ps is the canonical product in R?. Using the identification of
5% with C U {oc} via stereographic projection,

SIS

(0, 2ygs = ABE0D) + (1= |20)(1 — J2?)
o (1+ [20/?) (1 +[2[%)

for 29,2 € CcC 52

Since

(t,z)li%,zo)(é((o,ZO)’ (,2)) — asdrys2((0, 20), (£,2)) ") =0

where d, > is the distance function on R x 2 w.r.t. dt?> @ gg2, we
obtain that

arel(lzo]) = axp(0,20)
= Z G((OazO)a(kAankazO))
keZ\{0}
\/§ ad 4‘20’2 _%
v 2 [cos (kA) + i+ \20!2)2( cos(k0))

q.e.d.

Lemma 1.8.6. For the divergence operators 8,,6; : S*(M) —
QY M) w.r.t. conformally equivalent Riemannian metrics g and § =
a?g, a € C(M), on M we have

(i) (050°R)(X) = (6,h)(X) — na~th(grada, X) + o~ tda(X)Tryh
for h € S?(M) and X € X(M), where the gradient is w.r.t. g.

(ii) o>~ - (kerd, N S3(M,g)) = kerdz N S5(M, §).
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Proof. (i) Recall that
(Bh)(X) = = (Veh) (e, X)
[
= =Y leilh(es X)) — M(Veei, X) — h(ei, Ve, X))

[

for h € S2(M) and X € X(M), where e1, ..., e, is an orthonormal frame

w.r.t. g. Then (i) follows from (cf. [6], Theorem 1.159)

VxY = VxY 4+ o [da(X)Y +da(Y)X — g(X,Y )grada]

for X,Y € X(M), where V and V are the Levi-Civita connections w.r.t.
g and g, respectively.

(ii) Let h € kerd, N SF(M,g). Tt suffices to show that o> ™"h €
kerd;NSF(M, §). Clearly, o®~"h € S3(M, g). The relation d3(c*~™h) = 0
is a consequence of (i). q.e.d.

Proof of Proposition 1.3.3. Define f,;: R X S? 5 R x S2 by
Jei(t,2) = (st,z) and fs2(t,2) = (4, ez’stz).

Then f,1 and f, 2 project to diffeomorphisms fAs’l : Mg — Mgy p and
fs2: My g — M) g1sx. Therefore, for the canonical frame on By(S! x .S?)
given by the parametrization described in Proposition 1.3.1, we have

7 )
a/\ s=1
1 d .
= <P (0&0 — [519s06 )
)\ gx,6 5 dS s,198 o1
(00) A ds s:()>
1

d -
_ 2 *
= XPE)\,O (00\,0 &fs,ggx\,ﬂs/\

1 d ,
= ngw (&fs,ws)\,e

(A.0)

and

1 d
= —PgAﬁ( J5.200,0+5)

s:(])
where Py, , denotes the L2(g,\,9)—orthogonal projection onto

kerdg, , N Sg(M, gx,0). One computes that

d

— = 2d¢?
ds

s=1

fs*,lgs)\,&
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and

d . 8r?
~p = dpdt
dsfs,2g)\,0+s)\ o (1 +T‘2)2 14
using polar coordinates (r,¢) on C C S?. Hence,
0 2
(1.3.1) — = =Py, (a2 ,dt?).
Moy AT
On the other hand, observe that
8r?
mdwdt € S5(Myg,80)-

Moreover, since

Ogx.6 (B(r)dedt) = /B(T)(Sg,\,g (dedt) =0

for any smooth function 3(r), applying Lemma 1.3.6(i) and the fact that

@) ¢ depends only on r = |z|, we get

2

r 2

2 _ T
Ogx.6 (%,emdwdt) = lgy, (mdwdt)

= 0.
Thus,
d Xy o
1.3.2 — =8 dpdt.
( ) 89 ()\70) A (1+7"2)2 80
Since
2 2
Gf)\’adt s ) = 0,
( B00)/ 12g, )
also

gy 90

9 B B
wsy o[ 2] 2 >:<_
Mg Pl oA

From (1.3.2), we further get that

o[ 2 9 _ H 9 ‘2
901 (n0)" 991 (x0) 90 |(,0) 12°(92.0)
8 r?
(1.3.4) = /MM ﬁmdﬂ(w\,a)

8 5 1’
= 1 [, el mntas)

(1472

W’)> L2(gy 9)

423
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(I.3.1) implies that

0 0 4 1 2
3 < _HOK2 dt2 — = ‘
’ (ax SN (A,0)> = w50l
8
Now, set

—1 u ith sl (dt2 19 )
€ = pW’ W A0 = — =90 ) -
A lun0llz2(gy 0) A8 3

From Lemma 1.3.6(ii), we know that
erg € kerégw M Sg(M)\,g, g)\ﬁ).

By means of (1.3.1), it follows that

0 ‘ 2, 2
- > H (—04 dt”,exg €0
H aA ()\,9) L2(g)\,9) A A0 LQ(g,\,e) L2(9A,9)
2
— ‘ (Xa§70dt2,e)\,6) ‘
L2(gx0)
 2)(0d A 1 )isge )
A ||u)\,0||L2(gA79)
Since
1
(a%\’adt2yu)\,0)L2(gAﬁ) = / <dt2adt2—§9>\,9> dps(gx,6)
Myo gx,0
2
= =X
372
and

1
2 _ 2 22 1 -3
lurollzo(g, ) = /Mm<dt ,dt 39>\,6>g oy pdia(ga,0)
> A0

22

= 3 ayo(r) " du(gse)
SQ

we arrive at

w5

() OA
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Because of (1.3.3), (1.3.4), (I.3.5), and (1.3.6), it remains to estimate
ayp(r). Since

o0

> [cosh(kX) — 1]_%
(1.3.7) lim A= x =2
A—00 e” 2
we have
V2 & 1
are(r) < 8o kz [cosh(kA) P

A
< const. e 2

for A € (1,00). We conclude the proof by the observation that

\/§OO

ang(r) > % leosh(k) + +1]73
> h(s)+1 3ds
> 8w2 / cosh(s) +1]72
> const. A\~ 1

for A€ (0,1). q.ed.

Remark 1.3.7. Using the above considerations, in particular (1.3.5),

(I.3.6), and (I1.3.7), one can show that )\_le_%K(/\,O) tends to a nega-
tive constant as A — oo and

lim K(A,0) =
A—=0
where K is the curvature of .  q.e.d.

Part II: Surgery type degenerations of conformally structures

II.1 Preparations

Let My be a closed and connected n—manifold with two punctures
p1,po or the disjoint union of two closed and connected n—manifolds
M', M? with one puncture p; € M? each, n > 3, and let Cy be a
scalar positive locally conformally flat structure on My. Let Uy, Us be
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disjoint neighborhoods of the punctures p;, ps with local coordinates
z; : U; = B(2) = {x € R” : |z| < 2} such that the pull-back gg; of the
Euclidean metric gg via x; is contained in the restriction of Cy onto Us;.
We set

Viii={pe My:t<|z;(p)| <1} for i=1,2

and
My = Mo \ {p1,p2}-
For t € (0,1) and A € SO(n), we form an n—manifold M; 4 by
removing the balls {|z;| < ¢}, i = 1,2, from My and identifying V;
with Vi o via fy 4 : Vi1 — V; 2 given by

220 fra(p) = mml(p»

If K C M is compact, for small £ we shall consider K as a compact
subset of M, 4 via the canonical inclusion of My 4\ {|z;| = t%} into M.
Further, z; will also serve as local coordinates on M; 4.

The conformal class Cy induces a locally conformally flat structure
Cra on My 4. As shown by O. Kobayashi [14] (cf. also [10]), Cy 4 is
scalar positive at least for small ¢. For our purposes, it will be useful to
proceed more explicitly. To do so, we first prove the following lemma. It
says that we may locally interpolate between any locally conformally flat
metric of positive scalar curvature and a cylindrical one within the class
of locally conformally flat metrics with positive scalar curvature. (Note
that in contrast to this result, in the interpolation lemma of Gromov-
Lawson [11], the conformal class may change.)

Lemma II.1.1. Let ¢ be a positive, smooth function on B = {z €
4

R™ : |z| < 1} such that the Riemannian metric ¢"—2ggr has posilive
scalar curvature. Then for each g9 € (0,1), there exist real numbers
a > 0 and €1 € (0,e0) and a positive, smooth function ¢ on B\ {0}
such that

(i) $(x) = ap(z)  for |z|>eq
(i) P(z) = 2|75 for || <e

4
(14i) The Riemannian melric »=2gg has positive scalar curvature on
B\ {0}.

Proof. Let n1,m2 be nonnegative, smooth functions on (0, 1) such
that for 0 < g1 < g9 < &g,
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(a) m(t) =1for t < ey and m(£) =0 for ¢ > &o.
(b) na(t) =0 for t < ey and na(t) = 1 for £ > £o.

We set

(IL1.1) P(z) = m(|z))e) T+ ane(|z]) ().

Now we fix €9 and 71 and show that we can choose a,¢1, and 79 such
4
that ¢¥»=2 gr has positive scalar curvature on B\ {0}, i.e., by (I.1.1)

Ay >0 on B\ {0}

where Ag denotes the Laplacian w.r.t. the Euclidean metric gg.
With the ansatz (IT.1.1), we get

2—n
Aptp = Ap(m(|z))z]2") + aApp  on {ey <z <1}
Hence, since <pn%2 gr has positive scalar curvature, i.e.,
(11.1.2) Agp >0 on B

we can choose a > 0 such that Agy > 0 on {e3 < |z| < 1}.
Recall that

02 n—1424 1

Ap=——s — —— —Agn-
E Or? r 87“+7"2 st

with 7 = |z|, where Agn—1 is the Laplacian on the unit sphere S .
Setting p = logr, we obtain

2
Ag = 6_2p (—8— — (n — 2)% —I—Asn—l) .

Because of (I.1.2) and

b =e" Lain(p)e on {0<|z| < e}
with 72(p) = n2(e”), we obtain

(2 _ n)2 QTTnp _ a2ﬁ2

da ¢ dp? v

Oz
TRI¥ (), _ LR < el
9 O (n ) op ) on {0 < |z| <eg}

Ay > e_2pa<
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Thus, since the functions ¢ and % = r% are bounded, we can choose
g1 and 79 such that Agy > 0 on fO <|z| <eg}.  qeed.

Let gg be a Riemannian metric in the conformal class Cy with pos-
itive scalar curvature Sy. By the lemma, we may assume without loss
of generality that there exists a positive function ¢y € C*°(My) such

4

n—

that the Riemannian metric §o = ¢j " go on My has positive scalar
curvature, and

1 3
Jo = —39E; On {0 < ’(IIZ’ < —} for +=1,2
| 4] 2

i.e., (My, o) has cylindrical ends. Since the gluing map ft.4 is isometric
w.r.t. go, the metric go induces a Riemannian metric g; 4 on My 4, which
is the cylinder metric ﬁgE,i on {t < |z;| < 2} and coincides with gy
on some compact K C My for small £. In particular, there exists a

positive real number ¢y such that

(11.1.3) Aijnf Sia>cy forall te€(0,1) and A€ SO(n)
t,A

where S; 4 is the scalar curvature of g; 4.
Before ending this section, we need to introduce some further nota-
tions. For 0 <t < 1, we set

My =M1, gt=gi1, S;=5 and Cp=Cyg

where T denotes the unit element in SO(n). Let g; for 0 < ¢ < 1 and
gt,a for 0 <t < 1 and A € SO(n) be the canonical metrics of C; and
C},4, respectively. We write

o = O‘%gt

with a positive function oy € C°°(M;). The volume elements of g; and
go are denoted by du; and dfig, respectively. Let Gi(p,q) for 0 < ¢ <
1 denote the Green function for the Yamabe operator L; of (M, g).
Finally, we set

R 1

Gol(p,q) = mGO(Z% q)

which is the Green function of the Yamabe operator Lg of (MO, do)-
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II.2 The asymptotic behavior of the Green functions and
canonical metrics

In this section, we shall investigate the asymptotic behavior of the Green
functions G4 as ¢ tends to 0. From that, we shall deduce the behavior
of the canonical metrics g;.

We start with

Proposition I1.2.1. For any domain U CC Mg,
Gi—Gy—0 in C®(UXU) as t— 0.
Proof. We consider domains
Ucc UV ccu® cc U® cc M.
Recall that U®) is embedded in M; for small ¢. By construction,
gr=4¢o and Ly=1Ly on U®.

We denote the Green function of the Dirichlet problem for Ly on U®)
by Gp, (P, q) and define Fy, Fy € C°(UB) x UB)) by

Fi(p,q) = Gi(p,q) — Gpye (P, q)

and X X

Ft(pa q) = Gt(p7 q) - GO(pa q)
Then
(I1.2.1) (Lop+ Lo )Fr =0

where IAzo,p and f)qu are the actions of ﬁo w.r.t. the first and second
argument, respectively. Since the scalar curvature Sy of gy is positive,
we can apply the maximum principle to (I1.2.1) to obtain that

(11.2.2) F, > 0.
Using (I1.1.3), we see that
1= [ G oL@
My

(11.2.3) = / Gi(p, 9)Se(q)dp(q)

My

> Co/Gt(P,Q)th(Q)-
My

429
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It follows that there exists some ¢; > 0 such that

/ / Fi(p, a)dfio(p)diin(q) < 1 for all ¢ € (0,¢).
U2 g2

Hence,

(I1.2.4) inf o

Fo< — 9 forall te(0,e).
e LS volU®, g2 (0,¢)

By means of the Harnack inequality (cf. [9], Corollary 8.21), we get
from (I1.2.1) and (I1.2.2) that there exists a ¢co > 0 such that

(11.2.5) sup Fy<c¢o inf F, forall ¢e€(0,¢).
U xu2) U xu2)

Combining (I1.2.4) and (I1.2.5),

C1C2
(I1.2.6) U(zs)lill)](z) Fi < VOI(U(Q) ,G0)? '

By standard arguments, (I1.2.1), (I1.2.2) and (I1.2.6) imply that the
family (F})e(0,1) is bounded in the Sobolev space XU <UD, go@do)
for each p > 1. Now elliptic theory yields that for each sequence t;, — 0
in (0,1) and for each m € N, there exists a subsequence (tx) of (¢)
such that (Fy,,) converges in C™(U x U) and therefore

F, —F, in C™(U xU).

Since U cC My is chosen arbitrarily, Fy can be extended to a smooth
function on My x My with

(11.2.7) (Log + Log) By = 0.

It remains to show that Fy vanishes identically. For this, we fix

2
g€ Mo\ [ J{lzil <ao},  0<ap<1
i=1

and set
ve(p) = Gi(p,q) for small ¢

and

A~
~

io(p) = Fo(p, q).
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Since Lyvy = 0 on M \ {g} and since g; is the cylinder metric on {¢ <
|z;| < 1}, by the Harnack inequality, there exists some ¢3 > 0 such that

sup{vt(p) : £ < |zi(p)| < a1€} < ezinf{ve(p) : € < |zi(p)| < aré}
for all t and all £ € [ . “0]. On the other hand, because of (I11.2.3) and

ag? a1

vol({¢& < |zi| < a1}, gt) = wn—1logas

we have
inf{un(p) : € < [(p)] < 016} < —— [ wa
11 : ; _— v
Ut\p ZTi\p a1 = nilogar t\D)d
{E<]zi(p)|<a1€}
1
< -
T cowp—1logay
Consequently,

C3

t
sup{ve(p) : w0 <|zi(p)| < ap} < for small .

cown—1logay

Recalling that

~

G()(p,Q)—>O as p—rp; 7':172

the above considerations show that the function g € C°°(My) is bounded.
Now observe that by (I.1.2) and (I1.2.7)

Lo(potig) =0 on  My.
Further, since 4y is bounded and
2-n
wo=0(lzi|2) as p—p

we have
(p()’ll() € Lm(M()).

Applying a result of Harvey and Polking (see [12], Theorem 4.1), it
follows that Lg(potg) = 0 in the weak sense on M. Then elliptic theory
implies potiy € C°(Mp). Finally, since the operator Lg is invertible,
wotig and therefore iy have to vanish identically. q.e.d.
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The following lemma says that the family (G;) is monotonically in-
creasing in ¢. More precisely, setting

2
. 1
My = Mo \ | {Ja| < t7}
=1

and using the canonical identification of M; with M, \ {|z;] = t%}, we
have

Lemma I1.2.2. For p,q € Mt,

d
—G > 0.
m t(prq) >

Proof. We fix ¢t € (0,1), p € My, and ug € C°(M,). For —t < 7 < 0,
let upy, € C°(Myy,) such that

Ui+ = U ON Mt.
Because of ¢;+; = ¢, on M,

ug(p) = / Gitr(Py @) L r s (@) dpes-(q)
My r

= /Gt+r(p, q) Liwi(q)dpe(q)

M,
+> / Giir (P, q) Lirrutrr (@) dpes-(q)-
=1
T E <<
Further,

d
1 / Gitr(Py @) L r s (@) dpes-(q)

1 1
{(+7)E < <t3) =0

1
= — 2_t / Gt (p7 q)LtUt (q)dl/t (q)
{lzs|=t7}

where dult is the volume form induced from the restriction of g; onto
{lz;| =tz }. Thus,

[ G atm@in@ = [ GlroLadn).

Y 1
My {lwil=t2)
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Since L; : C°(M;) — C°(My) is surjectiv, we obtain that
dG
[ G @) / Clp. ula)dun o)
M {\m 4}

for each v € C*°(My). Since G; > 0, this yields the assertion.  q.e.d.

As a consequence of Proposition 11.2.1 and Lemma I1.2.2, we get

Corollary I1.2.3. For all t € (0,1) and for all p,q € M,

Gi(p,q) > Golp, q).

g.e.d.

In the next step, we want to derive unliform estimates from above
for the Green functions Gy near {|z;| = t2}. For this, we need some
preparations.

Let Zyp = {z € R” : % < |z| < Ab} and S7 ' ={z € R" : || = A}
for b > 1 and A > 0. Let Gnp(z,y) denote the Green function of
the Neumann problem on Zy; for the Yamabe operator Lz w.r.t. the
cylinder metric gz = #gE. We extend Gy p(z,y) by reflections to
(R™\ {0}) x (R™ \ {0}) and set

mp,+(0) = sup{Gn (20, y) : [y] = Ao}

and
mb’_(O') = inf{GN,)\,b(any) : ‘y’ = )\O’}

for o > 0, where 2o € Sy~'. Clearly, my (0) and my,_ (o) do not
depend on A and the choice of zy, and

1
(I1.2.8) mpx (=) = mp(0)-
Lemma I1.2.4. For each ¢ > 1, there exists a éy > 1 such that
mp,+(b) < mp_(cb) for all b > d.

Proof. One verifies that the Green function Gz (x,y) for the Yamabe
operator Lz of (R" \ {0}, gz) is given by

2—n
z—yl2\ 2
Gz(z,y) = ay (&>

|z]ly]
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and that for zg € Sz\z_l,

Grnap(T0,Yy) = Z Gz (z0, % y).

keZ
It follows that
2—n
(1 _ b2k0)2 =
and
(1 + b )2 e
14+ b0 2
mb,—(d) = GN’)\J;(:EO, —O’xo) = aTL kEZZ (W)
Therefore,
) 2-n
(1- b2k+1)2 5
mb,+(b) = 2Cln Z (W
k=0
and
oo 2-n 2n
(1+ Cb2k+1)2 3 1+ c—1b2k+1)2 5
mp,—(cb) = ay, kz_o (W + gy

One concludes the proof by verifying that for each ¢ > 1, there exists a
dp > 1 such that

2—n 2— 2

G+ T (o) T (0= T
cb b - b

for all b > 8. q.e.d.

Lemma I1.2.5. Let G(p,q) be the Green function for the Yamabe
operator L on a closed Riemannian n—manifold (M, g), n > 3, with pos-
itive scalar curvature S. Suppose that a cylinder (Zy o, g7) for ¢,b > 1,
A > 0 is isometrically embedded in (M, g) and that my () < myp,—(cb).
Then

Gnap(pa) > Gp,q)

for each p € S;L_l C Zxep and for all g € Z) 4.
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Proof. Fix p € S~ and assume that

min{Gnxs(p,q) — G(p,q) 1 q € Zy ) < 0.

By the maximum principle for L, this minimum is attained at a bound-
ary point qg of Z) . Because of (I1.2.8) and myp . (b) < my —(cb), we
obtain that

G(p, qo) Grap(P,q0) — Guap(pq) + G(p,q)
my,—(cb) — my 1 (b) + G(p, q)

G(p,q)

AV VARV

(11.2.9)

for each ¢ in the boundary of Z, ;. Consequently, G(p, -) has a maximum
in the open set M \ Z) 3, which contradicts the maximum principle.
q.e.d.

Now we are able to estimate GG; in the following way:
Proposition I1.2.6. There ezists a 61 € (0,1) such that for all
t € (0,62) and for all p,q € U;, i = 1,2, satisfying t3 < |zi(p)| < 01 and
|z (p)|* < |zi(a)| < 1,
1
|zi ()]

Gi(p,q) < Guap(zi(p), 7i(q)) with A= |zi(p)] and b=

Proof. By construction, (My,g;) contains the cylinder {t < |z1] <
3} U{t < |zo| < 2}. Thus, the statement follows from Lemma I1.2.4
and Lemma I1.2.5. q.e.d.

We now study the behavior of the canonical metrics g;. Let the
positive functions ¢;; for 0 <¢ <1 and ¢ = 1,2 be defined by

N 1
g = oz?,igEyi on Wi; ={t2 < |z] <1}

Since gy = a7 gy,

at,i:ﬂ for 0<t<1.
|z
Theorem I1.2.7.
(i) For any domain U CC Mg,

g — g0 i C¥U) as t—0.

435
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(1i) There exists a constant ¢, > 0 such that for each t € (0,1),

oo <y <y oon Wy

Proof (i) We have to show that for U cC Mj
ap —r oy in COWU) as t—0.
4
Let ¢ be a positive, smooth function on My such that the metric ¢»=2 gy

is Euclidean on a neighborhood U’ C U and let p € U'. Then, by (1.1.5),

1

ag(p) = w(p)%;ig;( (p)l(p(q 0(Ps )—ando,w(p,Q)Q‘”>m

= p(p)™ hm( Ep;(p

0
—p \ @(p)elq

)
(?)Go(p, q) — andO,w(p7Q)2_n)_

n—2

and, for small ¢ > 0,

oulp) = olp) 7t (LD G, ) — 0,0 )

4
where dy ,(p, ¢) is the distance w.r.t. ¢»=2gg. Therefore,

1

r(p) ~ a0(p) = o(p) =7 lim(Gi(p,q) — Golp, @)™

Now Proposition I1.2.1 implies the claim.

(ii) Since
9gi = |zil®gr  on Wiy
for £ > 0 and
gE |2; |2 90 on Wy,
by (I.1.5),

1

G14(p) = Tim (|2(p) 5" 2(0) T Gulp @) = anlas(p) — i) ) ™

for t > 0 and

1

Goi(p) = lim ("”Z’(p)‘%n [i(a) 2" Go(p, 4) — anlai(p) — xi(Q)’2_n> "

Hence, the first inequality in (ii) is a consequence of Corollary 11.2.3.
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To prove the second inequality, we make use of Proposition I1.2.6.
Then, with A = |z;(p)| < d; and b= W‘_b?)l’ we have

ari(p) < Jim (o) 7 (@) 7 Graplei(p). 7i(a)

—anlmi(p) — wi(q) ") 7.

Since, for A and b as above,

z;(p) — |z;(p)|**2:(q)|? =t
GN,A,bm(p),mi(q)):anz(' () — |z (p)| <>r>

(cp. the proof of Lemma I1.2.4), we arrive at
n

G (p) < 20|z ()P (Jzi(p) ™" = |za(p)[F)* ™"

k=1

for 13 < |z;(p)| < 01. Observing that for |z;(p)| < d1,

i ()P ()| F = | (p)F)* "
k=1

< e Y (2 ) |7 = dufai(p)7F) "
k=1

— (1_51)2—71‘:52 ’2 nz‘ z; ’kn 2)

. (1 — 51)2—71

1= fa(p)n?

(1 — 51)2—n
B R L

and using that by (i),
Qri — ap; in CFH{o <ml <1}) as t—0

the second inequality of (ii) follows. q.e.d.
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I1.3 Consequences for the L?—geometry of the moduli
space By

In this section, we shall study implications of the asymptotic behavior
of the canonical metric g; for the geometry of the moduli space BJ of
scalar positive locally conformally flat structures w.r.t. the L?—metric
b induced by our canonical metrics (cf. §1.3).

We consider the locally conformally flat structures Cy and C; 4 given
in §IL.1 and define the tangent vectors X; and X,y at [C}] on BJ for
t€(0,1) and Y € so(n), where so(n) is the Lie algebra of SO(n), by

d d

X Ct] and X;y = e [Ct,exp(’rY)]

' E[ 7=0

We are going to estimate the length of the vectors X; and X;y w.r.t.
h.
Theorem I1.3.1. As it — 0,

(i) H(Xy, Xy) = O(3) and

(it) H(Xey, Xey) = O(m) Jor each' Y € so(n).

Proof. (i) Let the homeomorphisms ®; . : M; — M., be given by

[ — (¢ +7) 2w (p)] + [(¢ 4+ 7)7 —¢7]

z;0 By - (p) = z;(p)

forpe Wy; C My, 1 =1,2, and

Oy -(p)=p for pe M\ | J{lzi| <1}.

i=1
We set
Xt = g
t = %04
d ! 7=0
One checks that on Wy ;,
1
Xt = dry

and therefore
1

2 2
<OEX Xt 2 =< Xty Xt Zg= — 1
1 s 8t ’ gt t(l —t%)QTZ-Q
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with r; = |z;]. Clearly,

2
xe=0 on M\ U{\xz\ <1}
i=1

Using Theorem I1.2.7(ii), it follows that

2
1 1
lodxilZag = ——3 [ Sardus;
t L2(g¢) t(l B t%)g Z:ZI ,r,i2 t,i %
Wi
1
< 2 wan_ll /7“”_3 7
t(1—12)%J
i3
1
= O(=
)

as t — 0, where dug; is the volume element of gr ;. Now, choosing
convenient diffeomorphism ®;, : My — M; ., near ®;,, we conclude

that
TZO) L2(g¢)

) 2
7=0

2

2

d Ik
h(Xt, Xe) = || Py (E(Dt,rgt-w

d T, *
= || P (04? E(Dt,rgtw

L2(g¢)

d -
2 *
Qy E(I)t,TgH—T

IA

T=011L2(g¢)

< 2l xill7z g
— o=
()
ast — 0, where Py, : S?(M) — kerdy,NS3 (M, g;) denotes the L?(g;)—orthogonal
projection.
(ii) We fix Y € so(n) and define the homeomorphisms ¥y . : My —
Mt,exp(TY) by
log|z1(p)|
) = —Y
w10 Wy r(p) = exp (T ogt| z1(p)
for p € {t < |z;] < 1} C M; and
2

U, (p) =p for pe M\ U{\xz\ < 1}
i=1
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One checks that

log|z2(p
220 W10 (p) = exp (%Y) 22(p)

for p € {t < |z;] < 1}. Thus, ¥, is indeed a homeomorphism. We set

= —U g
Xty : t, 79t exp(TY
dr p(rY)

and assume without loss of generality that
Y = (Yz) with Yz'j = 52i51j — 51i(52j.

Then, on {t < |z;] < 1},

2

2
Xty = Ld7"1(19
’ [logt|ry

where r; = |z1| and 21 = (z11,...,21,) with 213 = &cosf and 15 =
&sind, and

<OXLY, XLy Dg = < XLV XLY Sg
2¢2

|logt|?r?
2

[logt|?”

Using again Theorem I11.2.7(ii), we arrive at

1
| log ¢|?

)

||a?Xt,Y||%2(gt) = O(

as t — 0, from which we derive the claim as in the proof of (i). q.e.d.
An immediate consequence of the last theorem is

Corollary 11.3.2. The curvet € (0,1) — [Cy] € By on the moduli
space BJ of scalar positive locally conformally flat structures has finite
length w.r.t. . In particular, (By,h) is not complete. g.e.d.
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