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COUNTING MASSIVE SETS AND DIMENSIONS OF
HARMONIC FUNCTIONS

PETER LI & JIAPING WANG

0. Introduction

In a previous article of the authors [18], they introduced the notion
of d-massive sets. Using this, they proved a structural theorem for poly-
nomial growth harmonic maps into a Cartan-Hadamard manifold with
strongly negative sectional curvature. When d = 0, the maximum num-
ber of disjoint O-massive sets mg(M) admissible on a complete manifold
M is known [6] to be the same as the dimension ho(M) of bounded har-
monic functions on the manifold. This relationship is not established
and it is unclear if it is at all true for d > 0. However, the theory of
estimating mgq(M) has an analogous counterpart in the theory of esti-
mating hg(M). This was first indicated in [18]. The purpose of this
article is to give sharp estimates on both of these quantities in various
situations. Before we outline the main results in this article, let us recall
some definitions and set up the appropriate notation.

Throughout this article, M™ is assumed to be an m-dimensional,
complete, non-compact manifold without boundary. The operator A
denotes the Laplacian with respect to the given Riemannian metric. Let
p € M be a fixed point in M and r,(z) the geodesic distance function
from z € M to the point p.
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Definition 0.1. For each non-negative number d we denote by

Hao(M) = {1 | A = 0 and | ()| = O(rj()) }

the space of polynomial growth harmonic functions of degree at most d.
We also denote the dimension of Hy(M) by

hd(M) = dide(M).

Definition 0.2. A set = C M is a d-massive set if it supports
a non-negative, nonconstant subharmonic function which is of at most
polynomial growth of degree d. In particular, there exists a nonconstant
function v > 0 on = such that v satisfies

v=>0 on J=,

Av >0 on =,

and
lv(z)| = O(rg(x)) for all x € Z.

We say that v is a potential function of =.

Definition 0.3. We denote my to be the maximum number of
disjoint d-massive sets admissible on M.

To motivate some of our results, we would like to give a brief history
on some of these problems. A more detailed account on the subject can
be found in a survey paper of the first author [14].

In 1975, Yau [25] proved a strong Liouville theorem for complete
manifolds with non-negative Ricci curvature. In particular, his theorem
implies that ho(M) = 1 if M has non-negative Ricci curvature. Cheng,
in his 1980 article [3], generalized Yau’s argument and showed that if
M has non-negative Ricci curvature, then hg(M) = 1 for any d < 1.
Observing that on R, the spaces H4(R") are spanned by homogeneous
harmonic polynomials of degree at most d, hence one can compute di-

rectly that
ny _ (n+d-—1 n+d—2
hd(R)‘( d >+( d-1

~— g as d — 00.

(0.1)
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In view of these, Yau conjectured that a manifold with non-negative
Ricci curvature should have hy(M) < oo. This conjecture was partially
confirmed for the case when d = 1 by Tam and the first author [15]. In
fact, they proved that if M has non-negative Ricci curvature, and its
volume growth satisfies

for some k > 0, then

he(M) <k+1
= hq(R").
Note that such & must exist and satisfy 1 < k < n by the Bishop volume

comparison theorem and a theorem of Yau and Cheeger-Gromov-Taylor.
In particular, this implies the estimate

ha(M) < hq(R™).

The theorem of Li-Tam naturally motivated some conjectures.

Conjecture 0.4. Let M be a complete manifold with non-negative
Ricci curvature. Suppose M has volume growth satisfying

for some 1 <k <mn. Then
ha(M) < he(R)

for alld > 0.
A more conservative version of this can be stated as:

Conjecture 0.5. Let M be a complete manifold with non-negative
Ricci curvature. Then
ha(M) < hg(R")

for all d > 0. Moreover, equality holds for some d > 1 if and only if
M =R".

It turns out that Conjecture 0.4 is valid if the manifold is of dimen-
sion 2. This was verified by Li-Tam [16] and Kasue [8]. In fact, they
gave sharp upper bounds on hy(M) for surfaces with finite total curva-

ture. Furthermore, Li-Tam [16] also gave sharp lower bounds for hg(M)
for surfaces with finite total curvature that has quadratic area growth.
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The equality case of Conjecture 0.5 for d = 1 was also proved. In
[12], the first author proved that if M™ is a complex m-dimensional,
complete, Kahler manifold with non-negative Ricci curvature, and

hi(M) = hy (R*™),

then M = C™. This was generalized to the real case in [2], which they
proved the equality statement of Conjecture 0.5 for d = 1.

Recently, Yau’s conjecture of finite dimensionality was proved in [5].
In fact, they proved that if M has non-negative Ricci curvature, then
there exists C' > 0 depending only on n, such that

ha(M) < C d" L.

In view of the formula (0.1) for R™, this estimate is sharp in the order
of d as d — o00. The authors also proved that if a manifold satisfies
a Poincaré inequality and a volume doubling property, then hq(M) is
finite and can be estimated in terms of a constant depending on the
manifold and d. However, in this case, the order in d is not sharp.
Shortly after the announcement of [5], the first author [13] proved
a much general estimate with a substantially simpler proof. He proved
that if M satisfies a mean value inequality and a volume comparison

condition, then
he(M) < C d" L.

Later on in [19], the authors showed that the finiteness of hy(M) is
actually valid in a much bigger class of manifolds. In particular, they
proved that if M satisfies a weak mean value inequality and it has
polynomial volume growth, then hg(M) must be finite for all d > 1.
However, in this case, the estimate on hg(M) is exponential in d as
d — o0.

The aim of the first section is to show that (Theorem 1.6) if M
satisfies a Sobolev inequality S(B,v) (see Definition 1.4), then

ha(M) < C(B,v)d".

As it was previously noted in [18], a slight modification of the same
argument also shows (Theorem 1.7) that

ma(M) < C(B,v)d".

In most known cases, such as, manifolds that are quasi-isometric to
one with non-negative Ricci curvature, and minimal submanifolds with
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Euclidean volume growth in RY | they all satisfy the Sobolev inequality
S(B,n). Hence the estimates given by Theorem 1.6 and Theorem 1.7
are of the order d”. Therefore in these situations we gain in generality
by a substantial amount but sacrifice the sharpness in the order of d.
In §2, we consider the case where M has non-negative sectional

curvature. While we cannot confirm Conjecture 0.5, we are able to
prove that if M also has maximal volume growth with

lim infr=" =

iminfr Vp(r) = ap
for some 0 < ap < wp, where w,, is the volume of the unit ball in R”,
then

d
2
limsupd™" th(M) < ‘040
d—oo i—0 N W
2
< —,
~ nl
Moreover, the equality
d 2
limsupd ™ Y hi(M) = =.
d—00 i—0 n!

holds if and only if M = R".

In §3, we will give sharp pointwise estimates on the maximum num-
ber of d-massive sets, mq(M), for a large class of surfaces. First we
will show that if M is a complete surface with finite total curvature,
then my(M) has a sharp upper bound (Theorem 3.3) for all values of d.
The bound depends only on the area growth at each end of M and d.
Recall that in [18], the authors proved that if u : M — N is a harmonic
map of at most polynomial growth of degree d into a Cartan-Hadamard
manifold with strongly negative curvature, then the image of v must
contained in an ideal polygon of at most mg vertices. Combining the
sharp estimate of mgy in Theorem 3.3, this gives a sharp bound on the
number of vertices in the structural theorem for harmonic maps. In
particular, this recovers the estimate in a formula given by Han-Tam-
Treibergs-Wan [7] for the special case of v : R? — H2. Tt turns out
that for complete surfaces, one only needs to assume that M has at
most quadratic volume growth to give an estimate (Theorem 3.4) on
mg which is sharp in the order of d as d — oo. However, in this case,
the constant in the estimate is not sharp.
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Finally, in the last section §4, we study the space of bounded har-
monic functions in the setting of a discrete group, I', acting discontin-
uously, isometrically on a complete manifold. This point of view was
first taken up by Lyons-Sullivan in [20] for the case where M is a regular
cover of a compact manifold. Using the notion of 0-massive sets, we will
generalize some of the results in [20] and results by subsequent authors.
One of the directions of generalization is that we do not require the
quotient space M/T" to be compact.

The authors would like to thank Luen-fai Tam for his interest in this
work and for suggesting a simplification on the proof of Lemma 2.1.

1. Sobolev inequality and dimension estimates
In this section, we will assume that the complete manifold M satisfies

a Sobolev inequality of a form which is scaling invariant.

Definition 1.1. A complete manifold M is said to satisfy a Sobolev
inequality S(B,v) if there exist a point p € M, and constants B > 0
and v > 2, such that for all 7 > 0, and all f € C°(B,(r)), we have

v—2

(/ m%> sm%%/ (VA2 + 772 7).
By(r) By(r)

v

We will show that for any manifold satisfying S(B,v) the space
Hq4(M) must be finite dimensional and its dimension is bounded from
above by C'd”. Note that when apply to manifolds with non-negative
Ricci curvature, which satisfies S(B,n), the estimate takes the form

ha(M) < Cd"

rather than the sharp order d"~!. However, the assumption S(B,v) is
more general then non-negative Ricci curvature. We will first establish
some preliminary lemmas before we prove this estimate.

Lemma 1.2. Let V be a k-dimensional subspace of a vector space
W. Assume that W is endowed with an inner product L and a bi-
linear form ®. Then for any given linearly independent set of vectors
{wy,...,wg_1} C W, there exists an orthonormal basis {vi,..., v} of
V' with respect to L such that ®(v;,wj) =0 for all1 <j <i<k.

Proof. Since the space spanned by the set {wy,...,w;_1} has di-
mension k — 1, there exists v, € V such that v; has unit length with



MASSIVE SETS AND HARMONIC FUNCTIONS

respect to L and ®(vg,w;) = 0 for all 1 < j < k. Let us denote by
V1 to be the subspace of V' which is orthogonal to v, with respect to
L. Obviously, dimV;, = k — 1. One can then choose vy_1 € V; such
that v;_; has unit length with respect to L and ®(vg_;,w;) = 0 for all
1 <j<k-—1. Since vg_1 € Vi we have L(vg,vg—1) = 0. Inductively,
one can choose {vg,...,v1}, an orthonormal basis of V' with respect to
L such that ®(v;,w;) =0forall1 <j<i<k. qed.

Let ¢ be a positive function defined on a fixed geodesic ball B,(r).
Let us introduce two inner products L and ¢ on the space

W = L*(By(r), dz) N L*(By(r), ¢ dv)

by
L(f.g) = /B REXCE

and

B, (f.9) = /B @0 o) de

For each i = 1,2,..., let A;(r) be the i-th Dirichlet eigenvalue of By(r)
arranged in non-decreasing order. We have the following lemma.

Lemma 1.3. Let V be a k-dimensional subspace of Hd( ). For
any fized number 8 > 1 and any subspace Y of V, let try, L. (Y') be the
trace of the bilinear form L, with respect to the inner product Lg, on
Y. Then for any fixed integer m with 0 < m < k, we have

k

i <
dim Y —h—m trig, Lr(Y) < Z
i=m-+1

4
(8 = 1)?r2Ay(pr)’

where the mintmum is token over all subspaces Y in V with dimY =
k —m. In particular,

k
i 1n(V) £ 32

=1

Proof. Let ¢ be non-negative function defined on By(fr) satisfying
¢ =1o0n By(r), 0 < ¢ <1on By(fr), ¢ =0 on dBy(fr), and

2
V| < m
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Observe that by unique continuation,

V C L*(By(fr),dz) N L*(By(r), ¢ dz)

is a k-dimensional subspace. Applying Lemma 1.2 with {wy,...,w;}
being the Dirichlet eigenfunctions of By (f5r) corresponding to the eigen-
values {A1(087),..., Ak(Br)}, we get an orthonormal basis {vy,...,v;}

of V' with respect to the inner product Lg, and

B (i, w;) = /B PCCIICEERE

for 1 < j <4 < k. Thus, for any 1 < 4 < k, the variation principle
implies that

(B v;)? ;) |2
(1.1) X () /B O /B LT

v

On the other hand, we have

0= / ¢2 (7 Avi
By (Br)

- _ 2 12 _ . X
R L) AT

Bp(fr)

. / V(gu) + / VP2 o2,
By (Br) By(Br)

P

Combining (1.1) and (1.2), we conclude that

/ v < / ($v;)?
BP(T) Bp(ﬁr)

<A1 V(pv)?
<N wr)/Bp(Mr ($0r)

< A7) / Vo o2
Bp(ﬁT)
4

S B_EnGn

Hence, if we let Y to be the space spanned by {vy41,...,v%}, then
dimY =%k —m and

k k 4
B 2
brig, Ln(Y) = Z /Bp(T) s i:;d (B —1)2r2 X(Br)’

i=m-+1
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This completes the proof. q.e.d.
The following result was established by the first author in [13].

Lemma 1.4. Let K be a k-dimensional linear space of functions
defined on o manifold N with polynomial volume growth of order v.
Suppose each function v € K s of polynomial growth of at most degree
d. For any 8 > 1,6 > 0, and ro > 0, there exists r > rg such that if
{u;}_, is an orthonormal basis of K with respect to the inner product

Lg,(u,v) = pr(ﬁr)uv, then

Lemma 1.5. Suppose that M is a complete manifold satisfying the
Sobolev inequality S(B,v). If Ap(r) is the k-th Dirichlet eigenvalue of
By(r), then there exists a positive integer ky depending only on B and
v such thal

Ae(r) > C(B,v)r—2kv

for oll k > kg and r > 0.

Proof. We follow an argument due to S. Y. Cheng and the first
author [4]. Let H(z,y,t) be the Dirichlet heat kernel of B,(r). Then
by the semigroup property of H(z,y,1), the Sobolev inequality, and the
fact that

H(z,y,t)dy <1,
By(r)
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we have
HY (z,z,2t)
vt2
= ( H(z,y,1) dy)
By(r)
v—2 4
< ( RN dy) ( H(z,y.1) dy>
By(r) By(r)
_2
< Br’Y, ”(7")/ (IVH(z,y,0) +r72H(z,y,1)) dy
By(r)
_2
= -Br?V, ”(7“)( H(z,y,t) AH(x,y,t)dy
Byp(r)
—r~2H(z, x, 2t)>
g —2 0 _2
=-BrV, ”(T)EH(x,x,Qt) + BV, "(r)H(z,z,2t).
We may rewrite this into the form
0 .2

2 2
S H F(@,2,20) + =072 (H 3 (0,0,20) 2 BT 72V (0),
14

which is equivalent to
a 2t _2 -1 -9 % 2t
En (exp (V_r2> H u(x,x,?t)) > BT r *Vy (r) exp (V—) .

Integrating this inequality with respect to ¢ and noting that

. 2
lim H™v (z,z,2¢) =0

e—0

by the heat kernel short time asymptotic behavior, we conclude that

2 : 7 t 2
exp (V—T2> H_%(x,x, 2t) Z B_l T_Q ‘/ZUV (’l") /() exp (T;) ds

This implies that

Hx,2,20) < CV(r) (1—exp(—y—))_ ,
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where C > 0 is a constant depending only on B and v. Integrating this
inequality over the ball B,(r), we arrived at the estimate

e 20 \\ 7 *
—2X;
(1.3) Ze t<c (1 — exp <_V_’I”2>) .

=1

For any k > 1, setting ¢ = i in (1.3) gives
Ck 2 E
<{1l- - .
B ( eXp( vAk?"Q))

1 1
(1.4) — <P lh—.
Ak 1-Ck™ v

Hence,

o
By choosing kg such that 1 — Cky” > %, it is easy to conclude from
(1.4) that

Ao > C(B,v) kv 72
for k > kg, where kg depends only on B and v.  q.e.d.

Theorem 1.6. Let M be a complete manifold satisfying the Sobolev
inequality S(B,v). Then the space Hqy(M) is of finite dimensional and
its dimension hq solisfies the estimate

hqg < C(B,v)d”

foralld > 1.

Proof. Tt has been verified in [19] that if M satisfies the Sobolev
inequality S(B,v), then it must have polynomial volume growth of at
most order v. Lemma 1.5 also implies that

Me(r) > C(B,v)r 2 kv

for all k > kg and r > 0, where kg is a constant depending on B and v.
In particular,

k
ST ONHBr) <OB,v) B2k

i=ko+1
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Lemma 1.4 yields that for any k-dimensional subspace V of Hq(M) and
any 3 > 1, there exists R > 0 such that

tTLBRLR(V) 2 kﬁ—(2d+lj+l)

as M has polynomial volume growth of order v. Applying Lemma 1.3
with m = kg, we conclude that there exists a subspace Y of V with
dimY = k — kg such that

k/@—(2d+u+1) —kp < trLBRLR(V) — ko
< t’r‘LBRLR(Y)

k
<4B-1)TRT Y AR

i=ko+1
<C(B,v) (B —1)2k"7.

Choosing 8 =1+ d~', we obtain that k¥ < C'(B,r)d”. This shows that
he < C(B,v)d’, foralld>1. q.ed.

For any k disjoint d-massive sets Z1,...,Z in M, let v1,..., vt be
the corresponding potential functions, and V the k-dimensional space
spanned by v1,...,vx. Then it is not difficult to see Lemma 1.3 also
holds in this case. In particular, one can conclude the same estimate
for k as in Theorem 1.6.

Theorem 1.7. Let M be a complete manifold satisfying the Sobolev
inequality S(B,v). Then for all d > 1, the maximum number of disjoint
d-massive sets mq of M satisfies mqg < C(B,v)d".

2. Sharp asymptotic estimates on the dimensions of
harmonic functions

In this section, we will assume that M has non-negative sectional
curvature. In this case, we will show that if hg(M) = dimHq(M),
then Zgzl h;(M) has an upper bound which is asymptotically sharp as
d — oo.

For a fixed point p € M, let H/ (M) C Hq(M) be the subspace of
harmonic functions f on M of growth order at most d satisfying f(p) =
0. Tt is more convenient for us to work with the spaces H),(M) instead.
Obviously, if we denote hl,(M) = dim H);(M), then h/;(M) = hy(M)—1.

Using polar coordinates in the tangent space T;, M and the exponen-
tial map at p, we can write any point 2z € M in the form x = (0,r)
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where § € S, M, the unit sphere of T,M, and r = r(p, z) is the distance
from p to z. Let us define subsets of S5, M by

t—oo  fn—1

rmg:{ee%Mwﬁdm:nmmrK?”>o}

ool = o 51 [ 20y <}

where J(0,t) is the Jacobian of the exponential map exp, at the point
(0,t). Here we are taking the convention that J(6,¢) is defined to be
0 if (0,t) lies beyond the cut locus of p, which is equivalent to ¢ >
r(p,exp,(0,1)). Tt is clear that the set T'(occ) is nonempty if M has
maximal volume growth. Moreover, if we let

mw:{ee%MwJ@w>o}

and
() = {9 € S,M ‘ J(0,t) > Ttn_l},

then T';(#) monotonically decreases to T';(co) as the function
t~(=1) J(0,1) is non-increasing in {. One easily verifies that the set
I';(00) is compact for any 7 > 0. In particular, for any given ¢ > 0,
there exist § > 7(d) > 0 and Rs > 0, such that, for any ¢ > Ry, in terms
of the standard spherical measure on S, M we have

[T (8) \ Ty (00)] < &

and
IT(00) \ Ty (00)]| < 4.

Moreover, for any 6 € T';(00),
J(0,1) < (14 6) Jo (0)t" L.

Let us fix a rg with 79 > Rj;. Since the set I'7(rg) is open in S,M, we
may choose an open subset I(ry) C T';(rp) such that T(r¢) has only
finitely many components and the boundary 9T(rg) is smooth. Also,
we may arrange to have the spherical measure

T (r0) \ T'(r0)| < .

249
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Let us define
Q'(ro) = {(0,70) € OBy(ro) |0 € T'(ro)}
and
Qt) = {(0,t) € 0B,(t)|0 € T'(1)}.

Also, if we set
Ts(t) = {0 € S,M |rg "™V J(0,70) < (1+ 6)t==1 J(0,4)} N T'(ro),

then we define

Qs(t) = {(0,1) € 0B,(1) [0 € T5(1)}-

Let us denote the induced metric on Q(¢) by ds?(6,t) and list the
Neumann eigenvalues of €(rg) with respect to the metric d3?(6,7g) in
the nondecreasing order by 0 = ny(rg) < n2(rg) < -+ < mi(rg) < ...
First, we prove the following lemma.

Lemma 2.1. Let M be a complete manifold with non-negative sec-
tional curvature of dim M > 3. Assume that M has mazimal volume
growth. Let H be a subspace of H/(M) of dimension k. Then for
r > rg > Ry and any D,-orthonormal basis {fui}f:l of H with respect to
the bilinear form

D,(f,g) = /B (¥

and for any ¢ > 0, we have

B :
20 3 0 (ro) < (14 0)r Z/ Vo2
i=1 =17 0Bp(r)

+C6 (rgme(ro) € +¢") sup Dipan(u,u),
uES(H)

where S(H) denotes the unit sphere of H with respect to the norm D,.

Proof. Let us first remark that the inequality is independent of the
choice of orthonormal basis {v;}%_;. By [9], there exists a Lipschitz map
®, from 0B, (ry) onto dB,(r) with Lipschitz constant at most r/ry and
D,.(0,r9) = (0,7) for 8 € T'(r). So the set of functions

{vi0®,,...,v5 0P}
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are defined on ' (ry). Let {wy,...,wx—1} be the first (k — 1) Neumann
eigenfunctions on Q'(rg) with respect to the eigenvalues

{m(re),...,mk—1(r0)}. Then after arguing as in Lemma 1.2, we get
a D,-orthonormal basis {uy,...,u;} of the space spanned by {v;}, such
that

/ fz Wy = 0
2 (ro)

forall 1 < j <14 <k, where f; = u; o ®,.. Hence by the variational
principle, we conclude that

(2.1) m(ro)/ 2 < / T2
"(ro) ' (ro)

where we denote V to be the tangential gradient of Q'(r). Note that
we did not assume that the functions {f;} are non-zero. In fact, when
that becomes the case, inequality (2.1) is still valid. Summing up over
i and using the harmonicity of u;, (2.1) gives

k k
70 1 o i 2
2 Do) =27 an (o) / Vi
1=

»(7)

The first term on the right-hand side can be written as

(7}—0)2 gnm) /8 . 2= (%“)2 fjmro) /ﬂ 2

(5 > Zm TO/ )\m()uZ2
g(%)?""zni(m) fo 5

7"

(5 > Zm TO/ )\w)u’?’

251
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where we have used the fact that #~= J(6,r) is monotonically non-
increasing. Hence we have

o & ro3—n & ,
27 izzlﬁf (ro) < (7) ;ni(m)/’ /i

(o)

(2.2) + (%)2 im(m)/@B o ug

Applying (2.1) to the first term on the right-hand side of (2.2), we have

_n kK n F _
<T70)3 ;m(m)/'(ro) 5 < <T70)3 ;/mm IV f]?
k

3 ! 2/ ]Vfi\QJ(H,ro)dH

(ro)\T's(r

Z/F IV f:| T (8, 70) 6.

3

Using the facts that r—(=1) J(@,r) < 1 and 2 0|V fi] < |Vug|, the first
term on the right-hand side can be estimated by

3—

7"0 ! Z/ ]Vfi\QJ(H,ro)dH
7‘0 \F5

<" (rg) \ Ts(r) max Zywz\?

< U, (o) \ T ( max Z |Vug)?

max Z |V |%,
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and the second term on the right-hand side can be estimated by
r0>3_” i/ = .12 i = 12
ro AP sa+0)Y [ [
" i=1 /Ta(r) 1 Jas(r)
k
< (1+0) / 2.
z':zl OBy (1)

Putting all these into (2.2), we conclude that

To estimate the second term on the right-hand side of (2.3), we observe
that

Z/ uz2 < A(aBp('r') \ Q(S(’I")) max U,ZQ
9By (r)\Qs(r 9By (r) 4=
(2.4) k

< Cor"~ ! max U,Q

OBp(r) <

Since the term Zle u? is independent of the choice of orthonormal
basis, we may assume that for a fixed point € 0B, (r) we have u;(z) =
0 for all # > 1, and hence

k
(2.5) Y uilz) =
i=1
On the other hand, since u1(p) = 0, if v is a minimizing geodesic joining

x to p, then
s ()] < / V.
Y

253
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To estimate the line integral, we use the fact that |Vu;|? is subharmonic
because M has non-negative sectional curvature. The mean value in-
equality implies that

/\VU1\<C/ ( 1+6)7“—t)/ ]Vu1]2> dt
B,Y(t)((1+6)7‘—t)
<0/ V3 (L+e)r —t)dt (/ ywﬁ) :
Bp((1+€)r)

Using the assumption that M has maximal volume growth, we have

/0 Vw(t

N[

vwh—‘

vtvl»—‘

(1 +e)r —t)dt

< O/OT((l +e)r—1)"2dt

(I+e)r
=C s72ds

€r

20 n n n
= <61_7 - (14 6)1_7> rl=z.

We now conclude that
W2(z) < C(er)2_"/ V2.
((L+e)r)

Combining with (2.4) and (2.5), we have

k
(2.6) Z/  wl<Coréd™ sup / |Vul?,
i=1 7 9Bp(r\Qs(r) )/ Byp((1+e)r)

ueS(H

where S(H) is the unit sphere of H with respect to the inner product
D,.
Similarly, by an orthonormal transformation if necessary, we have

n

max ; Vi = [Vuil*(x)

=1

for some point € dBy(r). Indeed, if z € 0B,(r) is the maximum
point for the function Zle |Vu;)?, then we may consider the subspace
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H, = {u € H|Vu(z) = 0}. Obviously H, is of at most codimension n
because Vu(z) € T, M which is of dimension n.

Again, by the subharmonicity of |Vu;|? from the mean value inequal-
ity we conclude that

n n
S VuiP @) < 0V (5r) Z/ Veil?
i=1 i=1 v Bz(57)

(2.7) < 0(67«)—"2/ V2
= I

1+€)r)

<Cl(er)™n sup / |Vul?.
u€S(H) J By((1+e)r)

Substituting the estimates (2.6) and (2.7) into (2.3), we have

k k
r 1
22 S i <10y [ v
L— i=1 Y 0Bp(r)
+C6rt (7“(2) n(ro) €7 + ™) sup D140 (uyu),
uES(H)
and our proof is complete.  q.e.d.

Theorem 2.2. Let M™ be o complete manifold with non-negative
sectional curvature. Let 0 < oy < wy, be a constant such that

s —n _
hglolgfr Vp(r) = ay.

If hg = dimHy4(M) denotes the dimension of the space of polynomial
growth harmonic functions of at most degree d, then for any sequence
of positive numbers

{0=ay<ar<---<a;<--}
satisfying a; — o0, hq satisfies
J

lim sup aj_” Z(ai — aj—1) he;_, < o

Jj—o0 i—1

In particular, by taking a; = 1, we have

d
. _ 20
limsup d~" Zhi_l < = 0
d—o0 im1 n: Wy
2
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Moreover, the equality

d
2
limsup d=" E hi—1 = —
n:

d—o0 i—1
holds if and only if M = R™.

Proof. The case n = 1 is trivial, and the result was proved in [16]
for n = 2. Hence we may assume that n > 3. The theorem clearly holds
if

J
lim sup aj_” Z(ai — aj—1) hg;_, = 0.
J=oo i=1

So we assume that there exists a sequence of b; — oo such that

J
limsup b;" Z(bz —bi—1) hy,_, >0,

J—0 =1

which implies
limsup d~™ Yk, > 0.
d—o0
Hence, M has maximal volume growth by [5] and ag > 0.

Using the sequence 0 = ag < a1 < az--- < a; = d, we can de-
compose the space H);(M) with respect to the inner product D; into a
direct sum

HY(M) = Hy @ @ Hj,

where each H; C H[;(M) is the subspace consisting of harmonic func-
tions of growth order between a;_1 and «;. Let us denote the dimension
of H; by dim H; = k;. According to the growth assumption and the
definition of H;, we have

detp, D, < C'r?®,

where s = >27_ (2(a; — 1) +n) k;. Let us set 8 =1+d~1. Then for any

i

rg > 0, there exists a R > ry such that
(2.8) detp, Dpr < SUE+D,
For any 0 < 7 < 1, since

detp D144-1(1-r)r < detp, Dgr
< gl
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which can be written as
detp, Di14g-1(1-r))r < A+ detp, Dp,
the mean value theorem implies that there exists a r satisfying
R<r<(1+(1-7)dHR

such that
(Indetp,D,) < (1 +27) (s +1)r~"

for d sufficiently large. Note that in terms of a D,-orthonormal basis
{v;}, this inequality can be written as

2
(2.9) Z/ Voif2 < (14 27) (s + 1) L.
i=1 OBp(r)

On the other hand, if we choose {uz}?il to be a Dg-orthonormal
basis of H/,(M) that diagonalizes Dgp, then (2.8) implies that

Mg
(2.10) 58-1-1 > HDBR(U'ian)-

=1

For a fixed constant A4 > 1, let

r={i

and k be the cardinality of I. We now claim that k& > (h,d)(#. Indeed,
since Dgg(u;u;) > 1 for all 7, we have

A(s+1)

B ta ZDﬁR(Uian)}

R, A(s+1)(hly—k)

HDBR(UiaUz’) >pB M

i=1
Combining with (2.10), we conclude that

(5+1)> A(s + 1})Li(lh’d — k;))

which yields the claim.
Let H be the subspace of H/,(M) spanned by the set {u;} withi € I.
Without loss of generality, we may assume that I = {1,2,...,k}. For
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any u € H, we can write u = Zle bu; for some set of constants {b;}.
Using the assumption that v € H, we have

D, (u,u) > Dr(u,u)

k
= Z b; D (ui,u;)
i=1

A+ K
_AlFD

>8 " Y b} Darlus, )
i=1
_A(s+1)

= /8 K DﬂR(Ua U)
In particular, this implies that

Alst1)
(2.11) sup Dgp(u,u) < g "
uES(H)

where S(H) is the unit sphere of H with respect to D,. For a small
d > 0, choose 1y > Rg, where Rs > 0 is as in Lemma 2.1. We now apply
Lemma 2.1 to H with this particular choice of r with € chosen to satisfy
(14 ¢)r = BR. Then using (2.9) and (2.11), we obtain

1

k k
20 3t (r0) < (14 8) 7 Z/ Vo2
i=1 i=1 7 0Byp(r)

+C6 (r% k(o) €7 + 6_”) sup Dyyeyr(u,u)

u€S(H)
<(L40)(1+27) (s+1)
A(s/—&-l)
(2.12) +C5 (rgmk(ro) ™" +e") B "

<(14274+20)(s+1)
A(s+1)

+Cérd" (r% nk(ro) T2 d™2 + 1) (14+d7Y) ™

On the other hand, the Weyl’s asymptotic behavior of the eigenvalues
of ¥ (rg) gives

n—1

;% (ro) ~ Cne1i A7H( (rg)),
where
@em)" !t nlw,

C,._1=
n—1 W1 2
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Hence combining with (2.12), we conclude that for £ > 0 sufficiently
small, there exists ky(6, &) such that for ¢ > kg,
2 2 2
ni(ro) = (1 &) Gy in=T A77=T (2 (ry))
2
> (1= €) C] v 15 (n a8, o))",

where a.(8,79) = o as § — 0 and ry — oo since lim inf,_, oo ™! Ay(r) =
n ag according to the hypothesis on the volume growth. Similarly, we
have
=2 2 _2
Mk(ro) < (1+8) Cpmy k™1 g (na(d,r0)) 7
< O (hy) ™ 15,

In particular, this implies that

S L ok
ro 07 (o) > (1= €3 O (na(d,rg)) "1 Y it
=1 =

213 > (1- &} O (nafs,r) "7

n

ol (k?—kﬁ)

[N

Note that since

it follows that
s+1

hy
for d sufficiently large. Also note that, we already have the estimate
hq < Cd*!. Combining (2.12) and (2.13) yields

<2d—-2+4n<3d

1 n+ __1_ n—l n n%
(1-8)% C;71 (na(0,10)) 7 — (kn_l K] >

j
§(1+27+25)Z(ai—1+g)/€i
=1

1
+o T+ CorTdN (1 +d7hy3Ad,
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Using the fact that k; = hy, — hj_ and the estimate k > hyA-l) (’2_1), we

can rewrite this inequality into the form

J
(1 + 27 + 2(5) Z(az - ai—l) h;i_1

=1
< (1 427 + 26) (d—1+%) B
(2.14) + O O (14 d A

1

—(1-€)3 C7] (na(s,r) ™7

n—1 (A—1\"=T ,
(A

where C is a constant independent of d. As a function of A/, the right-
hand side of (2.14) achieves its maximum when h/; satisfies

R - 1 [A-1 T L
(1-¢)2 Cg__i (na(d,rg)) n-T (T) (h,d) L

=(1+2r+20) (d-1+73).

Plugging this value of A}, into (2.14) and simplifying we obtain

J
(1 + 27 + 2(5) Z(az - ai—l) h’;i_l

i=1
nA\"
<(a+2r+20) (a-1+3))
1= T ¢l ald,ro) (%) B
+C +CoT " (14 d7 1)
Dividing both sides by d" and letting d — oo, we conclude that
J

(1427 + 26) limsupd—" Z(ai —a;—1) h.

aj—1
d—o i—1

<(1427425)"(1— f)_nT_l Cn__ll a(d,rg) (%) B

+ O,
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Now letting § — 0, rg — oo, and then A — oo, we are led to

J
(1 +27)limsupd™" Z(az’ —a;—1) h';,,'_l
d—o00 i=1

<(+20)"(1-97F O .

n

Finally, we let ¢ and 7 both tend to 0 and obtain that

J
limsupd™" Z(az’ —a;—1) hi”_l < 077—11 -

d—o0 i—1
Substituting the value of C),_1 implies
J

limsupd™" Z(az’ —ai—1) he;_, <

nlw
d— o0 =1 n

as to be proved. q.e.d.
Corollary 2.3. Let M™ be a complete manifold with non-negative

sectional curvature. Let 0 < oy < wy, be a constant such that

lig(i)lgfr_" Vp(r) = ay.

If hg = dimHq(M) denotes the dimension of the space of polynomial
growth harmonic functions of at most degree d, then

2
liminfd= =D py < — 220
d—o0 (TL — 1)! Wh,
Moreover, the equality
lim infd~ D hy = — 2>
d-300 T =)
holds if and only if M = R".
Proof. Assume the contrary that
2
liminfd= =D p, > — 0
d—o0 (TL — 1)! Wh,

In particular, there exists an € > 0 such that

2040 -1
hg> | ————— d"
‘= ((n_l)!wn+€>
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for d sufficiently large. This implies that
d
2
Zhj > ( '040 +6) dr.
= nlwy

for d sufficiently large, which contradicts with Theorem 2.2.
The equality case occurs when oy = wj, and the conclusion that M =
R* follows from the equality case of the Bishop comparison theorem.
q.e.d.

Theorem 2.4. Let M be a two-dimensional complete manifold with
finite topological type. Assume that M has at most quadratic volume
growth and there exists a constant A > 0 satisfying

r2 Vp(r) < Am

as v — oo. Then the space Hq(M) is finite dimensional. Moreover, if £
denotes the number of the ends of M, then

hg < £(8Ad +1) + 1.

Proof. The finite topological type assumption implies that M has
finitely many ends and the first Betti number of M is finite. Let
Eq, ..., E; be the ends of M. Define for each F; the space Hy(FE;) con-
sisting of all the harmonic functions on F; of growth order at most d and
vanishing identically on dF;. We will show that dim Hq(E;) < 8Ad + 1
for each 7. The theorem then follows from a theorem in [21]. We will
write F as a generic end from now on. For r sufficiently large, denote
E(r) to be the unbounded component of E'\ B,(r). Then the boundary
OF(r) is connected by a result in [17]. Let n;(r) be the i-th Neumann
eigenvalue of dFE(r) and w; the corresponding eigenfunction. Let us
denote k = dimHy4(F), and by Lemma 1.2 then we can choose an or-
thonormal basis {uy,...,ux} of the space H4(F) with respect to the
inner product

D,(f,9) = / (Vf,Vg)
By(r)NE

/ Ug wj =0
OE(r)

such that
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for all 1 < 57 < ¢ < k. Hence by the variational principle, we conclude

that
7710”)/ U?S/ IVau)?,
OE(r) OE(r)

where V is the tangential gradient of 9F(r). Thus we have

k 1 k 1
23 0 (r) =23 nF () / Vil
i:zl z—zl B,(r)nE

. = i=1 (m(r) /BE(r) uf) 5 </8E(r) (83?)2> 5

If L(r) is the length of OF(r) , then 71 (r) = 0 and

m2i (1) = M2ia (1) = (%)2

for 4 > 1. Substituting into (2.15) gives that

w(k—1)(k+1)
L(r)

S (ln detDlDr),-

Integrating both sides and noting that detp, D, < Cr?*? as M has at
most quadratic volume growth, we obtain

R dr
k-1)(k+1 —— <Indetp, D
w(k=1)(k+1) [ 5 < ndet, D

<2dkIn R+ C.

(2.16)
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If V(R) denotes the volume of the set B,(R) N E, then

(r=3) < Jy o, 1

R
< V(R)/E %.

Using the volume growth assumption, for any € > 0 and for R sufficiently
large, this inequality implies

/R dt . 1
5 L{t) = 4r(A+e¢)

and hence

/R i _log R

1 Lt) T 4Ar(A+¢)

Substituting into (2.16) and letting R — oo after dividing both sides
by In R, we conclude that k < 8(A 4+ €)d + 1. Since € is arbitrary this
completes the proof. q.e.d.

When M has only one end and has subquadratic volume growth, we
have the following corollary.

Corollary 2.5. Let M be a two-dimensional complete Riemannian
surface with finite topological type. If M has only one end and the
volume growth of M is subquadratic, that is, Vy(r) = o(r?), then for all
d >0, dimHy (M) = 1.

3. Sharp estimates on the number of massive sets

In this section, we will assume that M is a complete manifold with
finite first Betti number. Let K C M be a compact subset of M, and
{E1,...,Fy ...} the set of unbounded components of M \ K. We say
that each F; is an end of M with respect to K. Let Z be a connected
d-massive set of M, and v the corresponding potential function which
is non-constant. Let ¢ = supg v. Then the set

Ela)={z €= v(z)>a}

is disjoint from K. Also, the sets Z(a) N F; are mutually disjoint with
each other. Since v is subharmonic, the maximum principle implies that
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sup= v > a. Hence at least one Z(a) N E; # ). Obviously Z(a) N E; C F;
is also a d-massive set because v — @ is the corresponding potential
function. This observation implies that for the purpose of getting an
upper bound of the maximum number of disjoint d-massive sets on M,
we may assume that each of the d-massive sets is contained in some
end F;. Hence the maximum number of disjoint d-massive sets on M is
given by the sum of the maximum number of disjoint d-massive sets on
each end.

Without loss of generality, we assume now M has finitely many
ends. For a fixed end E of M, if we denote E(r) to be the unbounded
component of E \ By(r), then by the result of the first author and
Tam [17], the assumption that M has finite first Betti number implies
that the set dE(r) is connected for r sufficiently large. In this case, if
Ei,..., 2 in E, k > 2, are disjoint d-massive sets with vy, ...,v; being
the corresponding potential functions, then the set S;(r) = Z; N OE(r)
must be nonempty and open in E(r) for sufficiently large r. Note that
since the sets Si(r), i = 1,...,k, are disjoint and F(r) is connected,
the boundary 95;(r) # (. Let A\1(S;(r)) be the first nonzero Dirichlet
eigenvalue of S;(r) with respect to the Laplacian on 0B,(r). Denote

D, (v, v;) = /H . )‘VUi‘Q-
fumiS 7

Then we have the following lemma.

Lemma 3.1. Under the preceding notation, we have

o=

(Si(r))-

k
1=

k
(In Dy (vz,9)) > 2> A
1 =1

Proof. Let {S;;(r)};es be the connected components of S;(r). Then
v; = 0 on 05;;(r) for j € J. So we have for j € J,

/\1(5‘@-]-(7"))/ v} S/ Vo,
Sij(r) Sij(r)

where V denotes the gradient on the sphere dB,(r). Note that for each
Jjed,
AL(Si(r) < Au(Si5(r))-

>\1(Sz’(7"))/ v; S/ V.
Siz(r) Sij(r)

Hence,
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Summing over j € J, we conclude that

A (Si(r)) / 02 < / S,
Si(r) Si(r)

K3

So for each ¢, using the fact that v; is nonnegative and subharmonic, we
get

- 2 8/01/ 2
< \Vvi\ + —_—
Si(r) Siry \ O

< / Vorl?
OBy (r)

= D, (v, v;).

So we have )
(In D, (v, v;)) > 2/\15(Si(7"))

for all 1 <1 <k, and the proof is complete.  q.e.d.

Lemma 3.2. Let M be o two-dimensional complete manifold of
finite topological type. Suppose that M has finitely many ends given by
{FE1,...,E¢} and is of al most quadratic volume growth. Then for any
fized point p € M, the number of disjoint d-massive sets mg of M is
bounded by

12
dlnr
< _
mg < E_ max{l,hggg)lf—ﬂfr i}
i=1 1 T;(0)

where L;(t) is the length of the curve given by 0B,(t) N E; for each
1<) <L

Proof. By our previous observation, it suffices to prove the formula
for £ = 1. Hence, let us assume FE is the only end of M. We may
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also assume that M has at least two disjoint d-massive sets. Since M
has finite topological type, the first Betti number of M is finite. In
this case, the sets S;(r) will have 9S;(r) # (0 for all sufficiently large

r. For any collection of disjoint d-massive sets {Z1,...,E;} of M with
corresponding potential functions {v1,...,v;}, we apply Lemma 3.1 and
obtain

’—‘wl»—A

k k
(3.1) Z (In Dy (v4, v;)) Z
1=1 =1

where S;(r) = Z; N JFE(r), and E(r) is the unbounded component of
M\ B,(r). Since M is two dimensional, each set S;(r) consists of disjoint
open segments in 0B, (r). Let us denote the length of the sets dBy(r)
and S;(r) by L(r) and s;(r) respectively. Then clearly,

k
Zsi(r) < L(r
i=1

as {S;(r)} are mutually disjoint. Applying the fact that

7T2

(s:(r))”

o (3.1) and the Schwarz inequality, we have

A1(Si(r)) >

k k

Z(lnD vi,v5)) > 2 Z

(3.2) i=1 i=1
S o2 k?

~ L(r)’

For a fixed 79 > 0 such that each D, (v;,v;) is positive, we integrate the
inequality (3.2) from rg to a sufficiently large r. Notice that for each 4,

D, (v, v;) < C

as v; is a nonnegative subharmonic function of polynomial growth of
order at most d and M has at most quadratic volume growth. Hence,

k
2dk Inr 4+ C > Z (In Dy (v4,v;) — In Dy (s, v;))

"odt
[
o L(t)

v
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Thus,
dl
k < lim inf ————
r—o0  qr Tom

and the lemma is proved. q.e.d.

Now we can prove the following results concerning the number of dis-
joint d-massive sets in a two-dimensional manifold. First, recall that a
complete surface M with finite total curvature must have finite topolog-
ical type with finitely many ends {E\,..., Ey}. Moreover, if we denote
Vj(r) for 1 < j < /£ to be the volume of the set E; N B,(r), then the
limit

lim lz) =«
r—o0 AT

exists.
Theorem 3.3. Let M be a complete surface of finite total curvature.

Then the number of disjoint d-massive subsets my in M is bounded above

by
£

mq <Y max{l,2da;}.
j=1

In particular, for the case where M = R?, we have mg < max{1,2d}.

Proof. Since M has finite total curvature, if we denote the length of
the set 0B, (r) N E; by L;(r), then it is known that [16]

tim 220 _ g iy Y0
r—=o00 T r=o00 T
== 20@'.

This implies that for any € > 0, and for sufficiently large r,
Li(r) <27 (a;+€)r.

Applying Lemma 3.2, we conclude that mgy satisfies

4

my < Zmax{l,Qd(aj +e)}.
j=1

Since € > 0 is arbitrary, this proves the first part of the theorem. For
the case where M is the Euclidean plane, there is only one end and
a=1. So

mg < max{1,2d},
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and the proof is complete.  q.e.d.

We would like to remark that this estimate on my is sharp. In fact,
for the case of R?, my = 2d for any positive integer d by counting the
number of nodal domains of a degree d homogeneous harmonic polyno-
mial of the type r¢ cos(df).

Theorem 3.4. Let M be a two-dimensional complete manifold with
finite topological type and of at most quadratic volume growth. Let A > 0
be a constant satisfying

r2Vp(r) < Am

as r — 00. First of oll, the number of disjoint d-massive sets mq of M
must be finite. In fact, if £ is the number of ends of M, then

mg < £ max{4Ad,1}.

In particular, mg < £ if M has subquadratic volume growth.

Proof. Since M has finite topological type, M has finitely many ends
and the first Betti number of M is finite. Again, it suffices to prove the
estimate for the case where M has only one end and that the number
of d-massive sets is at least 2. For any set of disjoint d-massive sets
{E1,..., 2} in M with {v1,..., v} being their corresponding potential
functions, Lemma 3.2 implies that

dl
(3.3) k< lim inf ——
r—o0  qr 1 m

where L(r) is the length of 9B, (r). Since V,(r) < Amr?, the argument
in Theorem 2.4 implies
/T dt logy T
—_— > .

Substituting into (3.3), we conclude

k<4AdIn2 <4Ad.
Thus, in general, if M has £ number of ends, then
mg < ¢ max{4Ad, 1},

and the proof is complete.  q.e.d.

269
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Combining Theorems 3.3 and 3.4 with a result in [18], we have the
following structural result concerning the image of harmonic maps.

Corollary 3.5. Let M be a complete surface and N either o strongly
negatively curved Cartan Hadamard manifold or o two-dimensional visi-
bility manifold. Suppose v : M — N is a harmonic map from M into N
of at most polynomial growth of degree d > 1. If M has finite topological
type with at most quadratic volume growth, then the image u(M) is con-
tained in an ideal polygon in N with finitely many vertices at infinity.
In fact, if Ey, ..., Ep are the ends of M and

limsupr~2V,(r) < 4,
=00
then the number of vertices are at most £ max{4Ad,1}. In particular,
of M has only one end and is of subquadratic area growth, then u must
be constant.
If, in addition, M has finite total curvature and
Vi(r) _

lim = oy
r—0o0 ’]'("]"2 J

where V;(r) is the volume of E; N By(r) for 1 < j </, then the number
of vertices are at most Z§:1 max{1,2d o }. In particular, if M has non-
negative curvature and u(M) is non-constant and of linear growth, then
u(M) must be a geodesic line in N.

Note that by a result of S. Y. Cheng, for the case d < 1, the harmonic
map is actually constant if M has nonnegative curvature. Also, for the
case that the domain manifold is the Euclidean plane, let ¢ dz? be the
Hopf differential of an orientation preserving harmonic diffeomorphism
u from R? into N, where N is a strongly negatively curved surface.
Then ¢ being a polynomial of degree m implies that u is actually of
polynomial growth of order % + 1 provided that the pull-back metric
by u is complete on R2. We refer to [24] and [22] for the details. With
this in mind, Corollary 3.6 gives a generalization of a result in [7].

4. Bounded harmonic functions on a covering space

In this section, we will study the space of bounded harmonic func-
tions on a manifold M with a group I acting as isometries. In particular,
as a confirmation to the belief that there are many bounded harmonic
functions on the manifold if the group is large in a suitable sense, we
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shall show that the dimension of the space of bounded harmonic func-
tions must be infinite on any regular covering space with the covering
group being nonamenable. This was first studied by T. Lyons and D.
Sullivan [20] for the case when M /T is compact where they show that
Ho(M) > 2 if T' is nonamenable. Later, Kifer [10] and Toledo [23]
showed that Ho(M) = oo. Our approach give a similar type result but
without the assumption that M/T" is compact. We will begin with the
following lemma of Grigor’yan [6].

Lemma 4.1. Suppose dimHo(M) = k < oo. Then there exists
a basis f1,..., fx for Ho(M) such that 0 < f; < 1, supy, fi = 1, and

k
Yim Ji=1
The following lemma was established in [18]. We include a sketch of
proof here for convenience.

Lemma 4.2. Let M be a complete Riemannian manifold with
dimHo(M) = k < oo. Let M be the Stone-Céch compactification
of M. Then there exist disjoint subsets S;, 1 = 1,...,k, in M such
that for every bounded continuous subharmonic function v on M with
S={#€M|v(&)=supy v}, S; CS for somei, and either S;NS =
or 85 C S for each 1 < j <k.

Proof. A result in [6] implies that dimHy(M) = k if and only
if M has exactly k disjoint massive subsets =Zq,...,Z;. For each ¢ €
{1,...,k}, define the set

S;=n{3 € M| f(2) =sup [},

where the intersection is taken over all the potential functions f of =;.
Then S; is nonempty. See [18].
For a bounded continuous subharmonic function v on M and the set

§ = {i (@) = sup},

we check that S must contain some S;. Moreover, for each j, either
SNS;=0orS; CS. First observe that for an arbitrary open set U in
M such that S; c U , there exists a potential function gy of Z; satisfying
{Z | gu (&) =supgy} C U. In fact, note that

M\UCM\S;=U{eM|f(&) <supf},

where the union is over all potential functions f of Z;. The compactness
of M \ U implies that there exists finitely many potential functions
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fis--oy [ of 25 such that
MU C U {&] f;(2) < sup f;}.

Let us define gy = f1 + -+ + fm. Then it is clear that {Z|gy(Z) =
supgr} C U.

Now we argue that SN S; # § for some 7. If this is not the case,
then there are disjoint open sets U; in M with S; C U; such that for
€ > 0 sufficiently small the set

E={x € M|v(z) >supv — €}
must satisfy 2N U; = (). Then
{E,UnM,.... U N M}

are k + 1 disjoint massive sets of M, which is impossible. Therefore,
SnNS; # ( for some i. To see that S; C S, for any open set U with
Si CUand UNM C ZE;, let gy be the corresponding function gy
constructed above, and define the function w = gy + v. Note that

{Z|w(@) =supw} CUNS.
Thus, for sufficiently small € > 0, the set
W = {z|w(z) >supw — ¢} C E,,

and f = w — supw + € is a potential function of this massive set W.
In particular, by extending f to be zero outside W, f is a potential
function of Z; with

S; C{z|f(&) =sup f} ={2|w(&) =supw} CUNS.

Since U is arbitrary, we conclude that S; C 5. This argument also
shows that for any j, either SN .S; =@ or S; C S. This completes the
proof.  q.e.d.

Lemma 4.3. Suppose dimHo(M) =k < 0o and f1,..., fr form a
basis for Ho(M) such that 0 < f; < 1, supy; fi = 1, and Zle fi=1.
Then for any v an isometry of M, there exists a permutation o of
{1,2,...,k} such that v(fi) = fou) for 1 < i <k, where v(fi)(z) =
fily(z)).

Proof. Let M be the Stone-Céch compactification of M. Then
Lemma 4.2 implies that there exist subsets S; C M, 1 <4 < E, such
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that fi(£) = supf; = 1 for ¢ € S;, and f;(2) = 0 for z € S; with
i # j. Also, for any bounded continuous subharmonic function f on M,
the set {Z : f(#) = sup f} contains some S;. In particular, there is a
permutation o of {1,...,k} such that

Y(fi) (@) = foy(2) =1
for & € Sy(;)- Notice that we also have Zle v(f;) = 1 on M. Therefore,
v(fi)(#) = 0for & € Sj with j # o(i). Now the function g; = v(f;) — f,()
is bounded harmonic and g;() = 0 for all £ € Sj and 1 < j < k. One

concludes then that infg; = supg; = 0, or g; = 0. Thus, v(f;) = fo()-
q.e.d.

Theorem 4.4. Lei T’ be a group acting discontinuously and iso-
metrically on a complete manifold M. If dimHo(M) < oo, then there
exists a bounded linear functional F on L (M) such that F(1) = 1,
F(f) >0 for f >0, and F is T invariant. That is, for any f € L=°(M)

and v €T, F(f) = F(y(f)), where v(f)(z) = f(y(x)). In particular, T
must be amenable.

Proof. Let {f1,..., fx} be the basis of Ho(M) as in Lemma 4.3. For
any f € Ho(M), write f = Zle ¢; fi, where ¢; are constants. Tt is clear
that for f >0, ¢; > 0, 1 < i < k. Define L(f) = k' 3% ¢;. Then
L(1) =1 and L(f) > 0 for f > 0. Note that

k
() = ev(fi)
i=1
k
= Z ¢ fo(i)
i=1
k
= d; fi
i=1
with ¢; = d, ;). In particular, we have

k
doa=d
=1

=1
and

k
L) = L) =k Y e
=1

273
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On the other hand, by a result of Lyons and Sullivan [20], there exists
a bounded linear map P from L>*°(M) into Ho(M) such that P(1) =1
and P(f) > 0 for f > 0. Moreover, P(y(f)) = v(P(f)) for any v € T.
We now define a linear functional F' on L*°(M) by F(f) = L(P(f)). It
is clear that F' is bounded and F(1) = 1. Also, for f > 0, F(f) > 0.
For any v €T,

F(y()) = LP((f))) = LOy(P(f))) = L(P(f)) = F(/f).
This completes the proof. q.e.d.

Corollary 4.5.Under the same notation as above, if I' is o nona-
menable group, then dimHo(M) = oo. In particular, the dimension of
the space of bounded harmonic functions on a nonamenable covering of
any Riemannian manifold must be infinite.

Corollary 4.6. Let Jff be the universal covering space of complete
manifold M. If dimHy(M) is finite, then the fundamental group of M
15 amenable.

We remark that R. Brooks [1] has shown that in the case where M is
compact, then the fundamental group of M is nonamenable if and only
if the L? spectrum of the Laplacian on M does not contain 0. Thus, we
can conclude that on the universal covering space of a compact manifold
the finite dimensionality of the space of bounded harmonic functions
implies that 0 is in the L? spectrum of the Laplacian.

Theorem 4.7. Let M be a Riemannian covering over N, where N is
a parabolic manifold. Then either dimHo(M) =1 or dimHy(M) = oc.

Proof. Denote by I' the covering group. Then I acts on M as isome-
tries. If dimHo(M) =k < o0, let {f1,..., fx} be the basis of Ho(M) as
in Lemma 4.1. By Lemma 4.3, T acts on {f1,..., fx} as permutations.
In particular, the function F(x) = Zle f2(z) is T invariant, and F
may be viewed as a function on N. However,

k
(4.1) AF =2 "|Vf?>0

i=1
and F is bounded. Since N is assumed to be parabolic, F' must be a
constant function. In particular, by (4.1), Vf; = 0 and f; is constant.
Then we must have &k = 1. This finishes the proof. q.e.d.

H. Donnelly has pointed out to us that the preceeding theorem was
first proved by Larusson [11] using a different method. However, our
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argument has the advantage of unifying all these results using the point
of view of massive sets.

Theorem 4.8. Let I{(M) be the group of the isometries on a com-
plete manifold M. If the quotient space M /I(M) is compact, then either
dimHo(M) =1 or dimHy(M) = oc.

Proof. Suppose that dimHy(M) = k < oo. Then as in the proof of
Theorem 4.7, for the ba81s {;Cfl, ooy Ji} of Ho(M) specified by Lemma
4.1, the function F(x | J? is I(M) invariant. Hence, F(z) can
be viewed as a functlon on M /I (M). In particular, F must attain its
maximum at some point on the compact set M/I(M). That is, F/(z) as
a function on M attains its maximum at some interior point. Since F
is subharmonic, F must be constant and k£ = 1 as before.  q.e.d.

Second Proof. Suppose that dimHo(M) =k and 1 < k < c0. Let f
be a nonconstant bounded harmonic function such that sup f = 1. Then
there exists a sequence of points {z,,} such that limy,_, f(zm) = 1.
Since M/I(M) is compact, one finds a sequence of isometries vy, and
points ¢, € Bp(R) with vy, (ym) = ©m, where By(R) is a fixed geodesic
ball. Consider the sequence of bounded harmonic functions h,,(z) =
f(ym(z)). Since dimHy(M) < oo, there exists a subsequence, denoted
by {hm} again, such that h,, converges uniformly on M to a bounded
harmonic function h. By choosing a subsequence if necessary, we may
assume ¥, converges to some point y € M. Now

h(y) = mlgnoo h(ym)
= lm {hn (ym) + 1(ym) = hom ()}
= Jim, S(e)

=1.

Thus, h = 1 on M as obviously suph = 1. So for any given ¢ > 0 and
sufficiently large m,

sup | hm — h| = sup | f(ym(2)) — 1] <e.

This implies that inf f > 1 — €. Since € > 0 is arbitrary, we conclude
that f = 1. However, this is a contradiction. So &k = 1 or k = oco.
g.e.d.

The preceding theorem generalizes a result by Kifer [10] and Toledo
[23]. The argument here also seems simpler.
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Finally, we prove a result concerning the dimension of the space of
bounded harmonic functions with finite Dirichlet energy.

Theorem 4.9. Let M be a complete Riemannian manifold. Suppose
that an infinite group I acts discontinuously and isometrically on M.
Then dimHop(M) is either 1 or oo, where Hop(M) is the space of
bounded harmonic functions on M with finite Dirichlet energy.

Proof. Let V be the space of all bounded nonconstant harmonic
functions with finite Dirichlet energy on M endowed with the inner
product D(f,g) = [,,{Vf,Vg). Choose an orthonormal basis { f1,... [}
of V. For any element v € T', let h;(z) = fi(v(x)). Then {hi,..., hy} is
also an orthonormal basis of V. In particular, there exists an orthogonal
kE x k matrix A = (a;;) such that h; = Z?Zl a;j f;. One verifies that

k k

Y Vhi@)? =Y [V i)

i=1 i=1
Now if we let N = M/T, then

k
_ ()2
’“‘;/M‘W’( )
k
-y / e

i=1 yerl

k
_ ()2
=> /N;:1 [Vhi()]

€l

k
— '152
=% [ X i)

yeT
k
_ . 2
1| /N;\wn |

Since |T'| = oo, this implies that either £ = oo or k = 0. The theorem
is proved by observing that in the latter case, the space Hop(M) only
contains the constant function. q.e.d.
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