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A RIGIDITY THEOREM FOR STABLE MINIMAL
HYPERCONES

NESHAN WICKRAMASEKERA

Abstract

We prove that any cone having vertex density strictly between
1 and 3, occurring as the weak limit of a sequence of oriented,
immersed, stable minimal hypersurfaces and lying near a pair of
hyperplanes must itself be a pair of hyperplanes.

1. Introduction

Our goal in this paper is to prove a rigidity theorem (Theorem il 1)
for certain cones that arise as weak (i.e., varifold) limits of oriented,
smooth, immersed, stable, minimal hypersurfaces in B;‘H(O), the open
ball in the (n + 1)-dimensional Euclidean space R"™! (n > 2) with
radius 2 and center the origin. In order to state the theorem precisely,
we introduce the following notation and terminology.

Let Z denote the family of oriented, smooth, immersed, stable, mini-
mal hypersurfaces in By *1(0) of finite volume. Let Z be the closure of
7 in varifold topology. (See Section & for a brief discussion of varifolds.)
By a pair of hyperplanes, we mean either the sum (as varifolds) of two
transversely intersecting hyperplanes of R"*! or a single hyperplane of
R"*! with multiplicity 2.

The theorem we shall prove is the following.

Theorem 1.1. Let o € (0,2). There exists a number ey = €p(n, o) >
0, depending only on n and «, such that the following is true. Suppose
C €7 isacone with1l <©O(]|C|,0) <3 —« and

disty, (spt [|C[| N By T (0),spt [P N By (0)) < e

for some pair of hyperplanes P; namely, P is either

(a) a multiplicity two hyperplane or
(b) the sum of two transverse hyperplanes.

Received 06/09/2003.

433



434 N. WICKRAMASEKERA

Then C is equal to a pair of hyperplanes. Here O(||CJ,0) denotes the
density of C at the origin and disty (S,T) denotes the Hausdorff dis-
tance between the sets S and T'.

It is well known by Allard’s regularity theorem ([], Section 8; [10],
Theorem 23.1; [B], Theorem 2.1) that if a stationary n-varifold (of ar-
bitrary codimension) is a cone having vertex density greater than or
equal to 1 and less than or equal to 2 — «, where o € (0,1] is a given
number, and if it is weakly sufficiently close (depending on «) to an
n-dimensional plane, then it must be equal to an n-dimensional plane.
Thus, for cones in Z, our theorem is an extension of this result.

Theorem iI.1 can be applied to understanding the local behavior of
certain stable varifolds. It gives results concerning the types of tangent
cones at low density singularities (i.e., those with density not much
greater than 2) of an arbitrary varifold V € Z. These and other appli-
cations of the theorem will appear in [13].

Remark. We shall first prove case (a) of the theorem; i.e., case when
P is a multiplicity 2 hyperplane. Case (b), in which P is a transverse
pair of hyperplanes, will follow from case (a) and (slightly modified)
results of Section €. Section i will provide a detailed account of the
proof of case (b).

In view of the preceding remark, until the end of Section & of the pa-
per, we assume that P is a multiplicity two hyperplane, and without loss
of generality, we take P = v(R",2), multiplicity 2 varifold associated
with R™, the hyperplane {2""! = 0} of R**1.

The proof of Theorem il 1 is based on two separate “blow-up” processes.
The idea is as follows. Suppose the theorem is false. Then, we can sat-
isfy the following.

HYPOTHESES (x)

1) ae(0,2).

(

(2) Cy € T is a sequence of cones with 1 < O(||Cy|,0) < 3 — a.

(3) Cy # a pair of hyperplanes for each k.

(4) spt||Ck|IN B2 (0) converges to the ball B, (0) C R” in the sense
of Hausdorff distance.

(5) For each k, there exists a smooth, immersed, stable, hypersurface
M, in BSH(O) approximating Cy, sufficiently closely. (This means
that My = M,Ej) for any j > jo(k), where for each k, {M,ij)} is
a sequence of immersed, stable hypersurfaces converging as vari-
folds to Cy, and jo(k) is chosen sufficiently large depending on the
requirements to be specified during the course of the proof. In par-

ticular, we require that dy (spt ||Cg]| ﬂBnH(O), M,g]) ﬂBgH(O)) <
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d(k) for all j > jo(k) where 6(k) N\, 0 as k — oo sufficiently rapidly.
By (4) above, this of course implies that M} N ESH(O) converge
to By (0) € R” in Hausdorff distance. Such M), exist by the defi-
nition of Z.)

We shall prove that under HYPOTHESES (%), for infinitely many k,
M), must be equal to a pair of transverse hyperplanes. This means that
for infinitely many k, Cy is the varifold limit of a sequence of pairs of
hyperplanes, and hence, Cp must itself be a pair of hyperplanes, giving
the contradiction necessary to prove the theorem.

The first step of the proof involves obtaining a two-valued approxi-
mate graphical decomposition of M}, over the unit ball B}(0) of R™. We
do this in Section B, following exactly the methods used by Schoen and
Simon in [§], and often just quoting the relevant results from [g].

We then obtain, in Section 4, a (two-valued) blow-up of these graphs
by blowing them up by the tilt-excess of M;N (B} (0) x R) relative to the
hyperplane R". In Section 4, we also establish several key properties
satisfied by the blow-up.

In Section 5, we prove that this blow-up is equal to the union of two
transverse hyperplanes of R"*!. Our analysis uses a dimension reducing
argument based on the monotonicity of a frequency function, a tech-
nique first used by F. J. Almgren, Jr. in [2] in his work on multi-valued
functions minimizing the Dirichlet integral. Our setting, however, dif-
fers from that of 2] in two important aspects. On the one hand, we are
in codimension 1, which is much simpler than the arbitrary codimension
dealt with in [2]. On the other hand, we do not have the minimizing
hypothesis. Our arguments demonstrate that a frequency function can
nevertheless be used under the weaker hypothesis of stability.

In Section 6, we blow up the Mj’s again, but this time by their
(finer) excess measured relative to the (appropriately vertically scaled)
hyperplanes of the first blow up. This is done following very closely the
work of Simon in [11}], and we show that this second blow-up is also
equal to a pair of hyperplanes. This leads to a contradiction unless the
M, are pairs of hyperplanes for infinitely many k, completing the proof
of the theorem in case (a).

Finally, in Section i, we indicate how case (b) of the theorem follows.

2. Notation and varifold preliminaries

We shall adopt the following notation and conventions throughout
the paper.

R"! denotes the (n + 1)-dimensional Euclidean space and (z?,. ..,

2"*1) denotes a general point in R"*!. We shall identify R™ with
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the hyperplane {#"*! = 0} of R"*! (except in Section %, where
we choose notation to be consistent with that of [11}].)

B (x) denotes the open ball in R"*! with radius p and center z.
We shall often use the abbreviation B,(z) for B} (z).

wy, denotes the volume of a ball in R™ with radius 1.

For compact sets S, T C R"!, disty (S, T) denotes the Hausdorff dis-
tance between S and T

H" (S) denotes the n-dimensional Hausdorff measure of the set S
and L" (S) the n-dimensional Lebesgue measure of S.

7 denotes the collection of smooth, immersed, stable, minimal hy-
persurfaces M C BY(0) with H™ (M) < oo.

T denotes the closure of T taken in the varifold topology. (See the
discussion on varifolds below.)

© (V,x) denotes the n-dimensional density of the n-varifold V in
R at the point x € R"*! and ||V || denotes the weight measure
associated with V.

spt . denotes the support of the measure p.

v (M, 0) denotes the rectifiable n-varifold associated to the smooth
n-manifold taken with multiplicity §. We shall abbreviate v (M, 1)
as v(M).

D, VM denote the gradient operators on R™ and the smooth mani-
fold M respectively. A denotes the Laplacian on M.

For y € R"™! and p > 0, the map 7, ,: R"" — R""! is defined by
My.p(2) = x_;y'
p : R*" — R"™ denotes the orthogonal projection. For a subspace
S, ps denotes the orthogonal projection of R"*! onto S.

All constants ¢ depend only on n and « unless stated otherwise.

Next we briefly record, following [10], the notions and theorems in the
theory of varifolds relevant for the purposes of this paper. We refer the
reader to [10], Chapter 8 or [1] for a detailed exposition of the theory.

Let G(n) denote the set of hyperplanes of R"™! equipped with the
metric given by

p(Sl,SQ) — |p51 - p52| = Z (pgl - pg2)2 9
i,5=1

where pg denotes the orthogonal projection of R"*! onto S and pgj =
ei - ps(ej), 1 <, j <n+1 gives the matrix of pg with respect to the
standard orthonormal basis {ex }71] of R"L.
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For U C R"™™! open, let G,(U) = U x G(n), equipped with the
product metric. Thus, G,,(U) is a locally compact metric space—indeed
it is the countable union of the compact subsets G, (K;), where K; are
compact subsets of U with U = Uj2, K.

Let V,(U) denote the set of m-varifolds on U; i.e. the collection
of (non-negative) Radon measures on G, (U) topologized by the weak™
topology. Thus, if V, V; € V,,(U), j = 1,2, ..., then V; — V if and
only if
(2.1) / f(z,S)dVj(x,S) — f(x,8)dV (z,95)

Gn(U) Gn(U)

for each fixed continuous function f: G,(U) — R with compact sup-
port.

Each given V € V,,(U) defines a Radon measure ||[V|| on U, called
the weight measure associated with V| via

VII(4) = V({(z,5) € Gu(U) : z € A}).
The mass M(V') of V' is defined by M(V') = ||[V||(U).
If U, U are open subsets of R"! and f: U — Uis a proper C!
function, then, given V' € V,(U), we define the image varifold f; V' €
Vn(ﬁ ) by the mapping formula

v = [ Isi@aves

for each Borel set E C G,,(U). Here, F : G/ (U) — G,(U) is defined
by F(z,8) = (£(2), dfa(3)), Js F(z) = (det((dfs]s)* o (dfsls)))"/? where
(df:|s)* denotes the adjoint of df,|s and G} (U) = {(z,5) € G,(U) :
Js () 0},

The first and the second variations of V' € V,,(U), denoted ¢ V' and
62V respectively, are the linear functionals on the set of C! vector fields
X:U — R™! with compact support defined by

(2.2) SV(X) = % » M(psy V| Gn(K))
and

2
(2.3) 52 V(X) = a2 o M(pis V| Gn(K)),

where K is a compact subset of U and ¢, t € (—1,1) is a family of
diffeomorphisms of U onto U such that

(i) ¢i(z) = p(t, ) where ¢ : (—=1,1) x U — U is C?,
(ii) ¢o(x) = =z,
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(iii) ¢¢(x) = for each t € (—1,1) whenever z € U \ K and

(iV) %‘tzo (,D(t,.ilf) - X(.CI?)
A computation involving the above mapping formula for varifolds and
differentiation under the integral sign then yields

(2.4) SV(X) = /G s X@ Y (2.9)

where for S € G(n) and X = (X!,..., X)) divgX = Z;Lill ej - VIXI
with Vo f(z) = ps D f(x).

A varifold V' € V,,(U) is said to be stationary in U if
(2.5) V(X)=0

for every C! vector field X : U — R™! with compact support. Station-
ary varifolds satisfy the following monotonicity identity:

IVIBE () IVIIB ™ (y))

P on

(2.6)

s (z —y)P?

/Gn<Bﬁ+1<y>\Bg+1<y>> |z — y[* 2

= av(z,S)

fory € U and 0 < 0 < p < dist(y,0U). In particular, this means

n+1
that the quantity W

therefore, the density

is monotonically non-decreasing in p and

VB ()
O(IV.y) = lim

exists and is finite.

A varifold C € V,,(R"™!) is a cone if g y4 C = C for all A > 0. If C
is a cone, then O(||C||,0) = W for every p > 0.

Given a countably n-rectifiable H"™-measurable subset M of U and a
non-negative, locally H™-integrable function § on M, we can define an
n-varifold v (M, 0) € V,,(U) (called a countably n-rectifiable varifold or

rectifiable n-varifold) by setting

(2.7) v (M,0)(F) :/ 0dH"

m(TMNE)
for each £ C G, (U), where TM = {(x,T,M) : x € M,} and M, is
the set of points x € M where M has an approximate tangent space
T, M with respect to # and 7: G,,(U) — U is the projection map. When
0 = 1, we simply write v(M) for v(M,1). The function € is referred to
as the multiplicity of the varifold (M, ).
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Thus, we may regard each smooth minimal hypersurface M C U (in
particular, each M € 7) as a rectifiable n-varifold v(M) on U with
multiplicity 1 via

v(M)(E)=H"(r(TMNE))

for E C G,(U), where TM = {(z,T,M) : x € M} and T, M is the
(classical) tangent space to M at the point x € M. Notice that then,
|[v(M)||(A) = H*(M N A) for A C R""!. Then, Z is the closure of Z C
V,.(By11(0)) taken with respect to the weak* topology on V,,(By(0)).
Note that by the well known compactness theorem of Allard ([10], The-
orem 42.7), every sequence M; € T with sup;~; H"(M;) < oo has a
subsequence converging as varifolds to an integer multiplicity, station-
ary, rectifiable n-varifold.

For a smooth minimal hypersurface M C U, the first variation iden-
tity (2.7) says that

(2.8) / divas X dH" =0
M

for every C! vector field X : U — R™! with compact support in U,
and the monotonicity formula (2.6) says that

R (MO BFTY))  H (M0 Bpt(Y))
pr - on
/ [Pry s (X —Y)P?
MABEH N\BEt vy X =Y
forY € M and 0 < 0 < p with EZH(Y) C U. The minimal hypersurface
M is stable if the second variation in identity (2.3) (with V = v(M))
is non-negative for every C'! vector field X with compact support in U.

A standard computation ([10], Remark 9.8) shows that stability of M
implies that

(2.10) / AP < / M P
M M

for every C' function ¢ with compact support in M, where A is the
second fundamental form of M and |A| the length of A.

(2.9)

dH™(X)

3. Approximate decomposition into graphs

Suppose HYPOTHESES () of Section 1, hold, and fix a k, chosen suf-
ficiently large. In this section we use the argument in Section 3 of [§]
to show that a “large” part G of M, N (B;/2(0) x R) can be written
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as the union of graphs (not necessarily disjoint) of two Lipschitz func-
tions over an open, connected sub-domain € C By /5(0) in such a way
that the gradients of the graphs are controlled £" almost everywhere in
their domain. Gy, is large in the sense that the n-dimensional Hausdorff
measure of (M \ Gy) N (By/2(0) X R) is of lower order than the square
of the “tilt-excess” € of M N (B1(0) x R) relative to R™. The definition
of €, appears below.

We shall begin by giving the statement of an integral curvature es-
timate proved in [8]. This result was first proved by Schoen in his
thesis [@]. Tt is a key ingredient in obtaining the approximate graphical
decomposition as well as in both our subsequent blow-up procedures.

Lemma 3.2 ([8, Lemma 1]). For every bounded, locally Lipschitz
function ¢ vanishing in a neighborhood of My N (0B1(0) x R), we have

Gy [ AR e[ (1= e i) [TV,
My, My,

where ¢ is a constant depending only on n, Ay is the second fundamental
form of My and vy, is the unit normal to My.

Proof. See Lemma 1 of [8]. q.e.d.

Definitions. Let gx(X) =1 — (v4(X).€p41)? for X € M. Define a
tilt-excess € by

= — \V, .€ 2
€k = (/Mkﬂ(Bl(O)XR) (1 ( k:(X) n+1) ))

Remark. Since My N By™(0) converge to B(0) in Hausdorff dis-
tance, it follows that

1
2

n+1
SUP X e My,N(B3/2(0)xR) |z" =0

as k — oo, where X = (z,2"!). By the first variation formula, this

implies that e, — 0. To see this implication, repeat the argument
leading to inequality (#.18) of Section & with an appropriate choice of
the cut off function (.

Lemma 3.3 ([8]). For each k sufficiently large such that e, < 6,
where 6 = §(n,a) € (0,1) is a fized constant depending only on n and
«, there exist a regular value 0y € (1/4,1/2) of gr and a unique open,
connected component Q. of By 5(0)\ 'y with 0Qx N By /9(0) € T, where
L =p{ X € MpN(By/2(0)xR) : gr(X) = Ok }, such that the following
18 true:

(a) H"'({ X € M N (By2(0) x R) : gp(X) = 0i}) < ce;.
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(b) H(Byya(0)\ ) < .
(c) For every x € Qy, there exists a ball B.(x) C Q, r = r(x), and
two C%(B,(x)) functions uz’(l), uy’ @ (depending on x) such that

|Duk’(1)|2, |Duk’(2)|2 < ﬁ in B,(x) and
— Uk

{XeMy:g(X)<0p} N (B(z)xR) = graphuz’(l) Ugraphui’@).
(We emphasize here our hypothesis that My is smooth with no
branch points.)

(d) H™ (M N (Bi/2(0) x R) \ ({X € My, : gp(X) < Op} N (2 x R)))
< ce%.

Here, ¢ = c(n).

Remark. graph ui’(l) and graph ui’m) are not necessarily disjoint.

Remark. For notational convenience, we shall often suppress the
(4) (4)

dependence of ui on x and simply write u,.’, ¢ = 1,2 instead.

Proof. The proofs of parts (a), (b) and (c) are essentially the same as
the proof of Lemma 2 of [8] and (d) follows exactly by the corresponding
argument on pp. 755-756 of [8]. We do not repeat the entire argument
here, except to justify that in part (c), the set {X € My : gp(X) <
0} N (By(x) x R) is the union of exactly two graphs.

For each sufficiently large k, the argument of [§] gives an integer
m(k) > 0 and locally defined C? functions ui’(l), e ,ui’(m(k)) for each
x € Q. with the properties as in part (c). ie., [Du®®| < 6,/(1 — ;)
fori=1,...,m(k) and

(X € My : go(X) < 6} 0 (Bu(z) x R) = U Pgraphud @)

To show that m(k) = 2, we proceed as follows.

First, notice that it is clear from part (d) that m(k) > 1.

For each k and each z € i, we may order the numbers ui x),
i =1,...,m(k), in a non-decreasing sequence. Define functions wuy ; :
2, — R by setting uy ;(z) = the i¢th term of this sequence, where
ug, 1(x) is the smallest. Let G}, = graphuy ;.

By part (b),

(i)(

(3.2) o <§> el < L) < H(GY)

for each 7. Summing over 7 in inequalities (3.2) gives
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33 (wn(3) —ed)m®) < MR B0 <),

1
Now, My, N (By/2(0) x R) € My N BE(0), where Ry, = ((3)* + 67)2,

0 = SUD (4, zn+1) € MyN(Bs 2 (0) xR) |z"*1|. By the definition of Z, we may

choose M, such that

(3.4) H" (M N B (0) <1+ ) ICklI(BRH(0))
(1 > a)wp Ry
Hence
(3.5) m(k) < (H%)l(gn a)wQ"Rk
Wn(i) — O

for sufficiently large k£ depending on n, a.

On the other hand, if m(k) = 1 for infinitely many k, then {X €
My @ gr(X) < 0,3 N (% x R) is the graph of a single C%(Qy,) function
uy, for infinitely many k. A standard single valued blow up argument
(e.g. first extending uy, to all of By /»(0) by multiplying u, by the cut-off
function v, of Section 4, and then following the argument leading to the
identity ({.30), making use of part (d) of Lemma 3.3) shows then that
M., and hence Cj, must be equal to a (multiplicity 1) hyperplane for
infinitely many k. But this contradicts the hypothesis ©(||Ck||,0) > 1.

We thus conclude that

(3.6) m(k) =2
for all sufficiently large k. q.e.d.

Definitions. Let G = {X € My : gi(X) <6, } N (2 x R).
For x € Q, define

ujt (z) = max {uj D (z), ud P (2)}

and
up (z) = min {uj’ Y (@), up @ (2)},

where u;’ M and uy @) are as in Lemma 3.3, part (c¢). The functions
u; and u;, are Lipschitz with u;” > u, and |DuZ| |Duy, | < 0;/(1—0%)
L"-a.e. in Q. Furthermore, G, = graph uk U graphu, .
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Let GZ = graph UZ and G, = graphu, .
We will need the following result later in the paper.

Lemma 3.4. For every locally Lipschitz function ¢ with compact
support in My,

/ Ale? < ¢ / AL T P,
M, M,

where ¢ = c¢(n).

Proof. The lemma follows from (i) the stability inequality (2.10) and
(ii) the following pointwise estimate proved in []:

If A is the second fundamental form of a smooth, stable, minimal
hypersurface M immersed in R™*! then,

(3.7) Al Apr Al + [A[* > e[V 4],

where ¢ depends only on n. The proof of the lemma is as follows.

Let ¢ be a locally Lipschitz function with compact support in Mj.
Using the stability inequality (2.10) with My, in place of M and |Ag|e
in place of ¢ (a valid choice by approximation), we obtain that

(3.8)

/ |Ag|* o
My,

= / (VM| AR 12 % + 20| Ay | VME @ - VME | Ay |+ | Ag [P VMR,
M,

Multiplying inequality (3.7) by ¢? and integrating the resulting inequal-
ity over M}, we have

G9) o[ VaPR < [ - [ v
Mk Mk Mk
—2/ | Ay T o M Ay |
My,
The inequalities (3.8) and (8.9) imply that
Gy [ VPR <e [ JAPetp
My, My,

and the lemma follows from this, the inequality (3.8) and the fact that
2| A | VME o - VME | AL < [V AL|20? + APV ]2, qe.d.
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Next, we reproduce from [§] the construction of two important cut-
off functions, which will play a crucial role in the blow up argument of
Section 4.

For the first of these, we begin with a C? function ~: [0,1] — R with
the properties that y(t) =t if 0 <t <2/3, y(t) =01if ¢t > 3/4, v(t) >0
and |y/(t)] < 12 for all ¢, and set gQ(X) = v((gx(X))2) for X € M.

1 1 1

Then gf(X) = g2 (X) if g7 (X) < 1/2 and |[VMk g)| < 12|VMe g2] <
12|Ak| on Mk.
Define ¢?: B1(0) — R by

0 if M, Np~(z) =0,
sup {g)(X): X € MyNp '(z)} otherwise.

¢Y is locally Lipschitz in By(0). The proof of this is the same as in [§],
p. 758, except { graphw; } are not disjoint (notation as in [8]),but this
does not cause a problem.

We also have the following key estimate for all z € B;(0). (See [8],
p. 758.)

(3.11) |D ()| < 24max {|Ag|(X): X € M Nnp *(2)}.

Extend ¢{ to B1(0) x R by setting ¢ (z, z,41) = p(z).

Our second cut off function is a locally Lipschitz function on My
that separates My \ Gy from most of Gi. To construct this, first let
n € (0,1/4], and B,: [0,00) — R be a C? function such that

0 ift<n/2,
t) = _

and 0 < ) (t) < 4/n for all t. Then, define the required cut-off function
w,i") : M, — R by setting

0 vy _ ) Ba(@R(X)) if X € Gy,
i (X)_{1 if X € My, \ Gy

,87) is locally Lipschitz and

(3.12) (DY (2, uf (2))] < 960~ max {|A|(X) : X € My np ()}

for all z € Q. (See 8], p. 759.)

We use these cut-off functions just as they were used in [§] to show
that the non-graphical part (Mg \ Gx)N(B1/2(0) x R) as well as the part
of G, where the unit normal to M}, deviates from the e, i-direction by
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a “large” amount (i.e., the part where ¢ assumes “large” values) has
lower order measure.
For o € (0,1/2] and X € (0,1/4], let
(313) LY =(My N (Bs(0) x R) \ Gy)
U (Mg N (By(0) x R)N G, N{X : g (X) > A}).
Lemma 3.5 ([8]). If o € (0,1/2] and X € (0,1/4], then
(314) HTL(LZ/Qv)‘) S 60-7(24’#) )\*(2+M)€z+/$’

where = (n%

5y and ¢ = c(n).

Proof. This is a coarser version of Lemma 3 of [8§], sufficient for our
purposes. All of the steps of its proof are contained in [§], but we include
here a complete proof since the lemma does not appear in a quotable
form in [8].

If 2 € QN By (0) N {¢) > A}, we have that
(3.15)

X < (dhi)®
= sup{ (g,g(X )2 X eM,np Yx)}
< g, uf (2)) + gr (2, uy; () + Xp(vn B, (0)xR)\G) ()
_ Dy (@) | Dy, ()2
L+ Dyl (@) 14 [Duy ()
Integrating both sides of the above inequality, we obtain
(3.16)  AL™(% N By(0) N {g) > A})
</ Duf (@)
— JounB ({22 1+ |Duyf (z)]?
| Dy ()2
(
)

2t Xp(MinBo (0)xR)\Gi) ()

o D@
QUnBo(O)N{e) >y 1+ [Duy ()2

+H" (M N (Bs(0) x R) \ Gg
< /M (1 (vens1)?) + H(Me 1 (Bo(0) x R)\ Gy)
k
< ei —|—cei < cei.
Thus,
(3.17) L N By (0) N {e) > A}) < eX e

and therefore, since uf have bounded gradient, we get
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(3.18) H™ (Mg N (B, (0) x R)N G N {p} > A}) < c A 26
In view of Lemma 8.3 (d), it follows from inequality (8.18) that
(3.19) H(LYY) < ex™2el.

Next, we use the Sobolev inequality of [§] to show that the n-dimen-

sional Hausdorff measure of (LZ”\) is in fact of lower order than €.
The Sobolev inequality on M) says that

(3.20) (/M |f|2“dH”)K < c/M |V M £|2 dH™

for every locally Lipschitz function f with compact support in My, where
K= (n"fQ)

Let ¢ : [0,00) — R be a Lipschitz function satisfying 0 < ¢ < 1,
((r)y=1for 0 <r <o0/2,(=0forr > o and [('| < 3/o. Set
FX) = (X)) (X) in inequality (5.20), where r(X) = [p(X)| for
X € M. This yields

1

B21) (M) <o [ Qe 0P
My,

+eo2 / (N (X)),
M,N(By (0)xR)

Since VMkzb,(;\) = 0 on My, \ Gy, this implies that
(3.22)

1

(™) <en? [ AR(X) ¢ (r(X)

Mkﬂ(Bo-(O)XR)
+eo P H (M N (Bo(0) x R)) N {pp = A/2})

<er? /M (1= () ens1)?) [T (r (X))

+c J_2H”(LZ’)‘/2).

The last inequality of the above follows from Lemma 8.2. Observing
that |[VMer(X)| < 1 and |¢'| < 3/0, we conclude from inequalities
(8.22), (3.19) and the definition of € that

(3.23) H" (LZ/ 2*) < comMATIRE2R,

This completes the proof of the lemma. q.e.d.



A RIGIDITY THEOREM 447

Remark. In particular, choosing o = 1/2 and A = 1/4, we have
(3.24) H"™ (My, N (By4(0) x R)\ G) < cep™
where p = %.

Next, we define a third cut off function 1, on By /2(0) by setting

7 1 B(gp(x) it p~(z) N My # 0 and p~'(z) N M), C Gy
V() = 0 .
otherwise,

where 3: [0,00) — R is a C? function such that

. Jo if t<1y8,
ﬂ(t)_{1 if t>1/4

and 0 < '(t) < 16 for all t. B B
Extend 9, to By /2(0) x R by setting 1y (z, 7,41) = ¥y (x). Since 0y, €

[1/4,1/2], it follows from the definition of ¥ that ¥, (X) = 1—y{/* (X)
for X € M.

Also, 1y, is locally Lipschitz in B s (0) (since ¢Y is locally Lipschitz)
and, by inequality (3.11), we have that

(3.25) |Diy(2)| < 384max {|Ax|(X) : X € My np ()}

Furthermore, 9, (X) = 0 for X € M, \ Gy and ¢, (X) = 1 for X €
Gr N {X : o)(X) < 1/8}. By Lemma 3.5, H"({X € M}, : p)(X) >
1/8}) < ce?“ and therefore,

(3.26) H™ (B12(0) \ {2 : Pp(ax) =1}) < ceg™

So, in particular, 1 (z) — 1 for L -a.e. x € Bi/5(0).
Two more important properties of v, are that

(3.27) / DYy < ceo
B1/2(0)

and

(3.28) / 1D |2 < et
B1/2(0)

To see estimate (3.27), first observe that S, = spt (Dv;) C {z €

B1/5(0) : O (x) > 1/8-}. Therefore, writing M7 = My N (B,(0) x R),
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we see that
(3.29)

[ wwd= [ o
B12(0) Sk

<c /
{XeM,*: ) (X)>1/8}

| A

1/2
<e (X e My 0 2 17sp) </M1/2 w)

k
T+4p/2 2441/2
Scelju/ ek:cekJr“/.

Here, we have used Lemma (8.2), the definition of ¢, and the fact that

H'{X € M,i/?_: eI (X) > 1/8}) < cez+”. This last assertion follows
from Lemma 8.5 with o = 1/2 and A = 1/8.
To see estimate (3.28), we proceed similarly.

(3.30)

[ k= [ 105
B12(0) Sk

<c / | Ag/?
{XeM?:)(X)>1/8}

k

1/2
<o (X e M 00 2 1/sp) </M1/2 rAkr‘*)

k

1/2
1/2
<c (Hn({X € Mg/Q LX) > 1/8})) (/ » ’Ak’2>
Mk
S C€i+u/2 € = C€i+u/2.

Note that here we have used Lemma 8.4 with a choice of ¢ that satisfies
e.g., ¢ =1 on My N (By2(0) x R), ¢ = 0 outside My N (Bs4(0) x R)
and |VMr o < 8.

4. First blow-up
Let C: BSH(O) — R be a C! function with compact support. Taking
X = (epyq in the identity (2.8) gives

(4.1) VM gntl . gMe ¢ = 0.
My,
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Our goal in this section is to use the identity ({.1) and the results
of Section J to obtain convergence in a suitable sense as k — oo of the
sequences of functions obtained by blowing up (i.e., dividing) Ekug and
Ypu;, by the tilt excess e;. Here, 1), is the cut-off function defined in
Section 8. (Notice that we have ¢, > 0 for all k because if ¢, = 0, then
M}, must obviously be a (multiplicity 1) hyperplane which is impossible
by (8.6).) We shall also establish a number of important properties of
the limit functions, among which is a symmetry property between them.
(See part (e) of Lemma #.8.) This symmetry will be very useful for our
later analysis because it will enable us to avoid having to address the
complexities that would otherwise arise from the two-valued nature of
the problem.

Extend u; and uy to be zero in By/5(0) \ Q, and set v = uf /e,
v, = uy /€. Also, set v,(cl) = u,(cl)/ek and v,(f) = u,(f)/ek. (Recall that

ug) and u,(f) are our respective abbreviations for the C? functions u,’ M

and ui @ of Lemma 3.3 defined locally in €. Thus, v,(:) and v,(f) are
C? functions defined locally in €2;.)
We shall also use the following notation:

(4.2) |Dug| = |Duf |+ |Duy | and |Dug| = |Dvj| + |Dvy |.

Lemma 4.6. There exist functions vt, v= € WH2(By4(0)) with
vt > v~ such that, after passing to a subsequence,

(a) ¥y vy — vt strongly in L*(By4(0)) and weakly in W2(By 4(0)).
(b) ¥y v, — v~ strongly in L2(B1/4(0)) and weakly in W1’2(31/4(0)).
(c) v and v~ are not both identically equal to zero on By4(0).

(d) vt #£v.

(e) vT+v~ is a linear function. Hence, by rotation, we assume without
loss of generality that vt 4+ =0.

(f) %k |Dvlj| — |Dv™| strongly in L2(Bl/4(0)).

(8) Yy, |[Dvy | — |Dv~| strongly in LQ(B1/4_(O)).

(h) [DvF|, [Dv™| € WH(By4(0)) and 4| Dv| — [Dv*| + [Dv~|
weakly in W1’2(31/4(0)).

Terminology. The functions v and v~ (and their graphs) will
be referred to as the (first) blow-up of the sequence of hypersurfaces
Mj; N (By5(0) x R) (or of the sequences of functions ¥yu; and ¢ u;; )

Before giving the proof of Lemma #.f, we derive an estimate (inequal-
ity (4.6)) for the energy of v v,f in the region where ¢}, v,jﬂ is small.
We will need this estimate in the proof of Lemma #.6. To obtain this
estimate, we proceed as follows.
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Let § > 0 be arbitrary and ¢ € CL(B1(0)). There exists a C}(B1(0) x
R) cut-off function ¢ that agrees with ¢y in a neighborhood of My, where
C1(z, 2™ = ((x). Replace ¢ in identity (4.1) by Fs(z"1)(?, where Fj
is defined by

—0 if t < =6,
Fs(ty=<{t if |t| <,
o if t>4.

This yields

(4.3) / 7M1 262
Min(len 1 1<8)

o [ Bam TG g
My,

<20 [ [CI[VMEC|[VMEzm T
My,

N B 1/2
< [ e winanp)
My,

Now, choose (¢ such that ( =1 on By /4(0), ¢ = 0 outside B /5(0) and
|DC| < 4 everywhere. Writing the integral on the left-hand side of the
above as the sum of integrals over Gjf N{|z" ™| < 6}, G, N{|z" "] < &}
and (M \ Gi) N {|z"*!| < 6} and using the fact that |VMegn+12 =
1 — (V) - ent1)? on the right hand side, we obtain from inequality (4.3)
that

\Du,j\Q

/S:kaBl/4(0)n{u¥|§5} 71+ |Du;|2

]Du,;]Q

+ / _1Du
QNBy /4 (0)N{|uy, [<6} 71+ |Du,;|2

< cep.

(4.4)

Setting & = €€, in the above inequality, we deduce that for arbitrary
e >0,

(4.5) |Dv, |* < ce.

I D+
QrNBy 4 (0)N{|v; [<e} Q,NBy /4 (0)N{|vy, [<e}
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In view of inequality (3.28), estimate (4.5) implies that
(4.6)

D (wkvk )‘2 D(Ekvlz)P <ce

/;1/4(0)0{|Ekv2_§5} /31/4(0)ﬂ{|ik%_|§€}
for sufficiently large k depending on e. This is the desired energy esti-

mate.

Proof of Lemma }1.§. To prove parts (a) and (b) of the lemma, we first
show that {1, v; } and {t; v} } are bounded in L*(Bj /4(0)). Note that
this is equivalent to proving that the “height-excess” of M) relative
to R" (= \/kamB;l/gl(o) |zn*+1]2) is bounded from above by a constant

times the tilt-excess €;. We first establish this bound (in a varifold set-

ting) for the cones Cy. The statement for M}, (chosen sufficiently close

to Cg) then follows directly from the definition of varifold convergence.
The monotonicity formula (2.6) applied to the cone Cy says that

Ipgt X[°
(47) / oy T AOHE.S) =0,
where G(n) denotes the set of hyperplanes in R"*!.

On the other hand, writing X = (2, 2"*!) and letting vg = (v, ve™)
denote the unit normal to the hyperplane S and noting that pg1 X =
X vg =1 v+ 2"t we obtain using (a + b)? > 1a? — b? with
a= 2" it and b= (v - 2') that

IpsL X[
48 / Psi X1 ho (X, 8
4.8 Bl 0)xGm) | X[ (%.5)

> ont2 / Ipgr X|? dCL(X, S)
By;;l (0)xG(n)

n+1 n+1 n+1
=t [ ™ OB O

_ on+2 /o2
2 /B %I(O)XG(R)(VS )2 dCx(X, S)

Z 2n+1/ (anrl) ( n+1) de(X S)
BY5H(0)xG(n)

=3 V4l dCk(X. 9)
B4 (0)xG(n)

_ on+1 n+1 n+1
—9 /anl( o GO, 8)
1/2
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[ (1 — WE)?) dCy(X, 5)
BY5H(0)xG(n)

> gntl / (2" )2 dCL (X, S)
B (0)xG(n)
_3.9n-1 / (1— (2H2) dCy(X, S).
BY5H(0)xG(n)

Combining equation (4.7) and inequality (4.8), we obtain that

(4.9) 0< / (2" )2 dCL (X, S)
BN (0)xG(n)
3
< (- (EMP)ACUX.S)
B] 5 (0)xG(n)

The first inequality of the above follows from item (3) of HYPOTHE-
sis (%), Section I, By the definition of varifold convergence (.1, we
then have that for M}, chosen sufficiently close to Cj, (depending on k),

(4.10) / (z"t1)? < / 1— (vpth2
M,NB™1(0) M,nB™t1(0)

1/2 1/2

This implies in particular that for sufficiently large k,

(4.11) /B o it G <
1/4

or, equivalently, that

(4.12) / @ )? + @vp)? < 1
B1/4(0)

as required.
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Next, we show that D(Ekv,f) are bounded in L?(Bj4(0)), by esti-
mating as follows:

(4.13) / D@y v + [D@yop)?
B14(0)

2 — _
<2 / DT (fuf 2 + )
k 7 B1/4(0)

2 —92 _
L2 / D2(|Dui|? + |Duz ?)
By/4(0

k
2, A GilDuf? Gl Dug
SceZ -|——2/ b + b
%8O 14 Duf 214 | Dug 2
4
SCEZ/Q—F—Q/ 1— (- eny1)?
€k J Gy

<ced? 44,

where we have used inequality (8.28) and the fact that [Duif| < 1.

In view of inequalities (1.12) and (#.13), Rellich’s compactness lemma
implies that there exist functions v*, v~ € WhH2(B; /4(0)) such that,
after passing to a subsequence,

(4.14)
v — T strongly in L2(B1/4(0)) and weakly in W1’2(B1/4(0))

and

(4.15)
Y v, — v~ strongly in LQ(Bl/4(0)) and weakly in W1’2(B1/4(0)).

This proves parts (a) and (b) of the Lemma .§.

To prove part (c), we first show that the tilt-excess € is bounded from
above by a constant times the height-excess. To do this, first notice that
replacing ¢ in identity (4.1) with 2”2, where ¢ € C}(B51(0)), and
using the Cauchy—Schwarz inequality, we obtain that

(4.16) / |V Mk gnt112 02
My,

S e
My,

N\ 1/2 N 1/2
<2 </ |kaxn+1|2C2) </ |xn+1|2|ka<|2) )
My, My,
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Hence,

(417) / ‘kaxn—l—l‘QgQ < 4/ ‘xn+1’2’kaC~’2‘
M, My,

Now, let ¢ € C(R™) be such that ¢ = 1 on By/3(0), ¢ = 0 outside
B1,4(0) and |D¢| < 16, and let (3 be the extension of ¢ to R"*! such
that ¢ is constant in e, direction. i.e., ¢; (2, 2"*!) = ((2’). Choosing
¢ in inequality (.17) to be a C}(B;(0) x R) function such that { = ¢
in a neighborhood of M} N (B1(0) x R), we obtain that

(4.18) |V Migntl2 < 128/ |z L2,

/Mkﬂ(Bl/g(O) xR) MpN(B1/4(0)xR)

Notice that since Cy, is a cone (i.e., since 9,y Ci, = Cy, for every A > 0),
we have that

(4.19) / |V 2" 2 dCy(X, 9)
BN (0)xG(n)
_y /BW VS 22 dCL(X, S).

3/2 (0)xG(n)

Therefore, for M) chosen to approximate Cy sufficiently closely (de-
pending on k) we have, by the definition of varifold convergence and
the fact that

(VS 2" 2 dCL(X, ) > 0
+1
BIFL(0)xG(n)

(which follows from HYPOTHESES (%), item (3)), that

(4.20) / |V Megnt12 > c/ |V Mgt 2,
MyN(B, 8(0)xR) MN(B1(0)xR)

Since |[VMrzn 12 = 1 — (1, - €,41)?, we obtain from inequalities ({.18)
and (£.20) that

(4.21) e < c/ |z L2
MN(By/4(0)xR)

as required. Here, ¢ = ¢(n).
Now, expressing the integral on the right-hand side of inequality
(#.21) as the sum of integrals over G N (By4(0) x R) and (M \ Gx) N
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B14(0) x R), we have that
4.22)

2 <c ( / (W) + (u)? + / | ) |
QNBy/4(0) (Mp\Gr)N(B1/4(0)xR)

Using inequalities (3.24) and (3.28), we then have that

—~~

(423) @ <@ te / (Bt + (T
B1/4(0)

For sufficiently large k (depending only on n), we may absorb the first
term on the right-hand side of the above into the left-hand side, and
the resulting inequality yields

(4.24) / @vi)? + (Fop)? = ¢ > 0,
B1/4(0)

where ¢ = ¢(n). Letting k — oo in this gives

v)? v >e
(4.25) /31/4@)( P (020

proving part (c) of Lemma .0,

To see part (d), notice that if v = v~ then geometrically, we have
a single hyperplane as the blow-up, and it is standard, then, that for
sufficiently large k, each M} must itself be a hyperplane. (To see why,
repeat the blow-up argument with the tilt-excess of each of M;N(B1(0)x
R) measured relative to the “optimal” reference hyperplane; i.e., the
hyperplane with respect to which the tilt-excess is the minimum among
all tilt-excesses with respect to hyperplanes.) By (3.3), however, it is
not possible that My, is a hyperplane, proving part (d).

For part (e), by identity (4.1), we have that

(4.26) vmm“?vmf_—/ VMi gntl g Mil,
Gy M \Gr

Let ¢ be an arbitrary function in CZ(By,4(0)) and set ¢ (2, 2"t!) =

¢(z). Taking ¢ in identity (4.28) to be a C! (B1/4(0) x R) function that

agrees with (7 in a neighborhood of M}, N (B;,4(0) x R) and using also

that |VMrzn 1| < 1, we obtain that
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(4.27) VM gl g Mee)

/Gkﬂ(Bl/4(0)><R)
< sup | D¢ H™ ((My \ Gi) N (By4(0) x R))
< ¢sup |D¢| eZJr“,

where we have used estimate (3.24).
Now, observe that for any two C'! functions ¢, 1 on By(0), if we let

P(T, Tny1) = (p(x) and J(xvxn-l-l) = ¢(x)7 then
VMg = pr,a, Do
= D¢ — (v - DY)y,
= D¢ — (v — (k- ens1)ent1) - D)y

and hence,

(428)  [VM- VMG - DJ - DJ| < (1 - (v - ens1)?)| DD

equalities (#.27) and (#.28), we then estimate as follows:

Letting @ (2, 2" ™) = wl (), @ (z,2"*") = wu; (z) and using in-
2

(4.29)

D - D¢+ / Dy - DG
G

+
Gk

< / VMkﬂ—k'—'kaGI‘i'/ VM’“ﬂ,;-VM’“Q
i Ci

+ / (1— (v - ens1)?)) [DEF|IDC |+
6

e[ e ) D10

k

<

/ Mgt VM’“Q‘ + sup [ D(] / (1= (v - en1)?)
G Gy
< 2csup |DC| e

Dividing both sides of the above inequality by €, and using the area
formula to express each of the integrals on the left-hand side as an

integral over Q, and noting that \/1 + |Duf |2, \/1 + |Duy |2 < 2, we
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obtain, by letting k — oo (and using inequalities (3.26) and (3.28)) that

(4.30) / (D(* +v7))- D¢ =
B14(0)

e

Since ( is an arbitrary C! function with compact support in B, /4(0),
it follows from Weyl’s lemma that v + v~ is smooth and harmonic in
B1,4(0). Also, v and v~ are homogeneous of degree one (and hence
defined everywhere in R™), because, by item (5) of HYPOTHESES (%),
Section 1}, graph U, Fugraph u,, approximates a cone. Applying the max-
imum principle in By /4(0) to each of the partial derivatives D;(v T4o7)
(which are homogeneous of degree zero), we conclude that v +v~ is lin-
ear. By rotation, we assume without loss of generality that v™+v~ = 0.
This completes the proof of parts (e).

To prove parts (f), (g) and (h) of the lemma, we first show that the
sequence {¢;, |Dug|} is bounded in W'2(By 4(0)). Note that ¢y, |Duy|
is locally Lipschitz, and hence is in W,2>°(B)4(0)). (Indeed, |Dv;| +
|Dv, | = |Dv,i1)| + |Dv,(€2)| is a O2 function in ; even though indi-

vidually Dv,(:) and Dv,(f) are only locally defined, their sum has an

unambiguous meaning everywhere in € and is in C?(Q4).) Note also
that spt v, C Q. We estimate as follows:

(4.31) / (| Do)’
B14(0)

2 —9 _
<2 / P2 (IDuf 2+ |Dur )
By

- i/ |Dujf |2 |Dug, |2
=2
€k f%/4(0 1/],%—‘])2L ‘2 \/],%—lljlt ’2
4
= —2/ (1= (vk-€ns1)?)
€k JGy,
< 4.

@) [ D@Dl
B1/4(0)

2 — —2
< 3 | Dy |* | Dug|* + ¥y, | D(| Dug|) |2
B1/4(0)

9 _
<swlDuf 5 [ DG
1/4(0
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2 —2
2 [ Bip(Du)P
€k B14(0

2
<efe2y 2 / Ay
€k JMpN(B1/4(0)xR)

<ec.
We have used inequality (3.28) and Lemma g.1.
Thus, by Rellich’s compactness lemma, there exists w € W2(By 4(0))
such that, after passing to a subsequence,

(4.33) Py, |Dvg| — w

weakly in W1’2(31/4(0)), strongly in L2(31/4(0)) and pointwise a.e. in
By4(0).

For parts (f) and (g), we want to establish the L? convergence of
Py, Dv,ir and )y, Duv, separately; thus, we would like to get L? bounds
on the gradients of these functions. However, 1, Dv,ir and 1y, Duv, do
not belong to the Sobolev space W2(Bj/4(0)) because the functions
v,": and v, have “corners.” To get around this difficulty, we work with
a suitable symmetric combination of v,j and v, . Then, corners would
not cause a problem because our symmetric expression in v,j and v,
will always be smooth (in fact, real analytic) as can be seen by re-

writing it in terms of the real analytic functions v,(gl) and v,(f). Notice

that even though the functions v,(:) and v,g) are only defined locally, the

unordered pair {v,j, vy } is the same as the unordered pair {v,gl),v,g2)},
and hence any symmetric expression in v,j and v, will continue to have
an unambiguous meaning when v,j and v, are replaced by v,(gl) and v,(f)
respectively. The explicit technique we adopt is as follows.

Take € > 0 and let 7.: R — R be a C! cut-off function with ~.(t) =
0if t < € () = 1if t > 2, v(t) > 0 and ~.(t) < 2/e for all
t. Let V£ = (ve(v)Dv;f + ve(vy, ) Dy, ). Notice that V¢ is locally
Lipschitz, and hence is in I/Vé:o(Bl /4(0)). (This is because, as indicated
in the preceding paragraph, the unordered pair {v,j, v, } is the same as
the unordered pair {v,(gl),v,f)} and therefore, V¢ = Ek'ye(v,il))Dv,(:) +

Ve (v,iQ))Dv,(f).) It follows from inequality (#.311) that:

/ Ve < e
By /4(0)
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and, by inequalities (3.27), (1.31), (8.I) and the fact that |[DDu; | +

DDu; | < |Ag| pointwise, that
k

/ IDVE| < <.
By/4(0) €

Therefore, by the compactness of the embedding Wh! (B, (0)) —
L'(By,4(0)), there exists V¢ € L*(By,4(0)) such that, after passing to
a subsequence, V)¢ — V¢ in Ll(Bl/4(0)) and pointwise a.e. in By 4(0).
Now, notice that since we may write V¢ = ¢, D(Le(v} )+ T¢(v;,)), where

I''(t) = 7(t), we have, for an arbitrary vector-valued C! function ¢ on
B1/4(0), that

(4.34) / ¢ V= / ¢ TpD(Ce(v) + Te(vp)
B1/4(0) B1/4(0)

- / ¢ DBLTL(f) +Tev)
B1/4(0)

- / div ¢ B (Ce() + Te(wp)).
B14(0)

Taking the limit as k — oo on both sides of the above, and using
inequality (3.28) to conclude that the first of the integrals on the right-
hand side converges to zero, we obtain that

) CVeE=— div¢(Te(vh) 4+ Te(v™
(4.35) /B o /B | B )

:/ ¢ D(Te(vt) + Te(v))
B1/4(0)

for every C}(By/4(0)) vector field ¢. Therefore, V¢ = D(Tc(v?) +
Te(v7)) = (vT)Dvt+ve(v™)Dv™ = 7. (vT)Dv*. Thus, we have shown
that, after passing to a subsequence,

(4.36) r(ve(v)) Dv + ey, ) D) — Ye(v™) Do™

in L'(Bj,4(0)) and pointwise a.e. in By 4(0).
Similarly, we obtain that

(431 Tlrl—v)) Do+ ve(—vg) D) — ve(—v")Du”

in L'(B;,4(0)) and pointwise a.e. in By 4(0).
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However, ¢ ve(v;, ) Dvy, , ¥pye(—v} ) Dv)f — 0 in L% in fact
@) [ @I [ @) o,
{v; >e} {v;rge}

This follows from (the generalized) Lebesgue Dominated Convergence
Theorem because |, ve(vy )Dv; |2 and [¢h,7.(—v;f ) Dv; |? are bounded
by (¢|Du])? and, by (433), the latter converges pointwise a.e. and
in L' to w?. Also, the pointwise a.e. limits of X (v e} Yy, Dv,, and
X {of <c} ¥, Dv}t are both zero because Wk.kaﬂ are bounded by 2|w|,
Py, v, — v <0, Uy v,j — vt >0and ¢, — 1 a.e. in B ,4(0).

We, therefore, have that

(4'39) Ek’YG(U]Jgr)DUIj - ’YG(U+)DU+
and
(4.40) Ek%(—vk_)ka__ — Ye(—v")Dv~

in L'(By4(0)) and pointwise a.e. in By 4(0).
Now, it follows by letting & — oo in the estimate (4.6) and using the
lower semi-continuity of energy that

(4.41) / |Dut|? +/ |Dv™ |2 < ce.
By 4 (0Nt |<e} By 4 (0)nfJv~|<e}

In view of inequalities (4.6), (.41), (4.38) (all with 2¢ in place of
¢) and the Cauchy—Schwarz inequality, we may let ¢ — 0 in (4.39) and
(4.40) to conclude that

(4.42) Y Dv — Dov™
and
(4.43) Y, Dv, — Dv~

in Ll(B1/4(O)) and pointwise a.e. in By 4(0).
This in particular shows that the function w in (4.33) must be equal
to |DvT| + |Dv~|, and therefore that

(4.44) Yy | Dvg| — |Dvt |+ |Dv |
strongly in L2(B1/4(0)), weakly in W1’2(31/4(0)) and pointwise a.e. in
Bi,4(0). Since w € W1’2(31/4(0)), part (h) of the lemma follows.

To complete the proof of parts (f) and (g), we show that the con-
vergence in ({.38) and (1.37) is indeed in L?(Bj4(0)). This would fol-
low immediately if we could prove that DV are uniformly bounded in
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L*(B; /4(0)), but the terms resulting from differentiating the 7. factor
of V¢ are of degree 4 in the partial derivatives of v; and hence are not
in L2 uniformly. Therefore, we modify V)¢ further by cutting off re-
gions where |Duyg| is large. Thus, we let Vke’K = ok (|Dvg|)V}$, where
K > 0 is a (large) fixed number and ¢ € C'(R) with ok (t) = 1 for
t < K/2, o(t) = 0 for t > K and |Dyk(t)| < 4/K for all ¢t. It is
easy to see then, by inequalities (.31, (3.28), (8.1 and the fact that
|DDuj | 4+ |DDuy | < ¢|Ag| pointwise, that

[omRpse
B1/4(0)

/ IDVER2 < cK*
P < .
By /4(0) €

Therefore, there exists a function V&5 ¢ Wh2(B, /4(0)) such that

and

L

in L?(Bj4(0)), weakly in W2(B; 4(0)) and pointwise a.e. in By ,(0)
as k — oo. However, by (4.36) and ({.44), we know that
Vet = er(IDv*| + [Do™]) ye(v™) Dot

pointwise a.e., and therefore, we have that

(4.45) Vit = or(IDv] + [Du™ ) ye(vF) Dot

in L?(Bj4(0)), weakly in W2(B; 4(0)) and pointwise a.e. in By 4(0)
as k — oo.

Now, L™{z € By/4(0) : [Dvg(x)| = K/2} — 0 uniformly in k as
K — 00 because by (4.44), |Dvy| converge in L'(By/4(0)). Therefore,

in view of the fact that V;¢ converge in L'(By,4(0)) (by (£.30)), we have
by Lebesgue Dominated Convergence theorem that

(4.46) VPP —0

x/Bl/4(O)ﬂ{:t | Dug|>K/2}
uniformly in k as K — oo. In view of (4.44) and (4.45), letting k — oo
in (1.48), we also have that

(4.47) Ve(vT)Dvt|? — 0

/]31/4(0)ﬂ{x:Dv+ |[+|Dv—|>K/2}

as K — oo.
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By (£.48) and (4.47), we may let K — oo in (.48) to conclude
that the convergence in (4.38) is in L?*(By/4(0)). A similar argument
shows that the convergence in (4.37) is in L?(B; /4(0)). In view of (4.38),
this implies that the convergence in (4.39) and (1.40) is in L*(By4(0)).
Finally, in view of inequalities (4.6) and (£.41), we may let ¢ — 0 in
(4.39) and (£.40) to conclude that the convergence in (£.42) and ({.43)
is in L?(Bj /4(0)). This completes the proof of parts (f) and (g). q.e.d.

Remark. We have that
(4.48) vt #£0.
This follows from parts (d) and (e) of Lemma 4.6.

In the following lemma, we prove several integral identities and esti-
mates involving v+ which we will use in the next section. Notice that
since v~ = —v™T, these identities and estimates also hold with v~ in
place of vT.

Lemma 4.7. Let ¢ € (0,1/2), y € By3(0) and o € (0,1/8] be arbi-
trary. Then

fBl/4 (0) |DvtP¢=— fBl/ (0) v Dvt-D( for every (€CH(By/4(0)).
vt vt z—
(ii) fB (y) |DU ?= faB U+%—R where %—R(:c) = Dv*(z) - ==
- 2
111) I3 2(0) |Dvt|? < 8o 2fB W) (vH)2.

+2 -2 vH)?
) fBU/Q(y yN{z:wt (z)<eo™ ”/2||v+||L2(B }’D’U ’ < ceo fB ) .

Here, ¢ = c(n).

Proof. We begin by replacing ¢ with z1¢ in identity (4.1) to deduce
that

(449) / |ka xn+1|2§ — _/ anrlka anrl . ka é:
My, My,

for every ¢ € CH(R"™).

Let ¢ € 01(31/4(0)) be arbitrary. There exists a ¢ € C(B1/4(0) xR)
such that ¢ = (¥,,)2¢; in a neighborhood of Mj, where ¢ (z, 2"t =
((x). (Here again, 1, is the cut-off function defined in Section B.)

Therefore, identity (4.49) holds with (i;,)2¢; in place of ¢, and we obtain
that
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(4.50)
/G Tk 2,02,

- ‘/ IV () )
G
- /M o [T PG+ am Va9 (%),

Since VM ((50)21) = pruw, D((T0)%6) = D()%0) — (D(()2G)
vi)vp and VMgt = e 1 — (vg.eny1)vk, we have that (since (; is
independent of 2" *1), VMr((1,)2¢1)-VMra™tt = —(D((1;,)%¢1) v ) (v
ent1) and [VMregn 12 = 1 — (1 - e,41)%. Substituting these expressions
into the identity (.50), and using also the fact that vy = (—Du;,1)/(1+
|Duz|2)1/2 on Gf and vy = (—Du;,1)/(1 + |Du/,;|2)1/2 on G, , we
deduce, after dividing both sides of (.50) by €7, that

(4.51)
/ (Vx| Dvff])? N (Vx| Dy |)?
B1,4(0) \/1 + ]Du+]2 \/1 + ‘DUIZP
_ _/ Ypop ¥ Do - D¢ Vv ¥ Doy - DC
Biya(0) /1 + |Duk |2 Biya(0) /1 + | Duy, |2
1 / ¢kCuzDuk ¢kCuk Duy; e
_ . D,
B1/4(0 \/1 |Dut |2 \/1 + | Dug |2
1 _ _
—a VA2 2 (1) 2TV 2 T ()26
Mp\Gg

Smce |Du | — 0 a.e. (because e.g., EkDuf = ekEva,f and Evaki —
Dv*, 4, — 1 a.e.), the integral on the left-hand side of the above
converges by Lemma 4.6 (e) and (f), to fBl/4(0)(‘DU+‘2 + |Dv~]2)¢.
On the right-hand side, the first and the second integrals converge
to fB1/4(0) vTDvt - D¢ and fB1/4(0) v~ Dv~ - DC, respectively, because

/14 |Duf 2 — 1 ae., ¥pof — ot in L?(By,4(0)) and ¥ Dvf — Dot
in L*(B;/4(0)) by Lemma 4.G. The third integral on the right-hand side

converges to zero by estimate (3.27) because u%, Duf, 1, and ( are
bounded. And by estimate (3.24), the last integral on the right-hand
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side converges to zero also because the integrand is bounded. Thus, tak-
ing the limit as k¥ — oo on both sides and using v~ = —v™, we obtain
from (£.51) that

(4.52) / |Dvt*¢ = —/ vt Dvt . D¢
B1/4(0) B1/4(0)

for every ¢ € C}(Bjy;4(0)). This is part (i) of the lemma.

Parts (ii) and (iii) of the lemma are direct consequences of part (i).
To see (ii), first observe that by approximation, we may take ¢ in the
identity in (i) to be Lipschitz. For 0 < o, 7 < 1/8, let v: [0,1] — R be
defined by y(s) =1for 0 < s <o, y(s) =0 for o +7 < s <1 and linear
elsewhere. Taking ((z) = y(|x — y|) in (i) and letting 7 — 0, we obtain
that

+2 + vt
(4.53) |Dv™ " = v —
Bo(y) oB,(y) OR

for all y € By/g(0) and all o € (0,1/8], where 9% (x) = Dv*(x). %Y,
proving part (ii).
To see (iii), first replace ¢ in the identity in part (i) by ¢? to get

(4.54) / |Dvt|2¢% = —2/ v ¢Dvt - DC.
B1/4(0) B1/4(0)

Using Cauchy—Schwarz inequality on the right-hand side of ({.54) yields

(4.55) / P s [ @ik

B1/4(0)

Now, choose the cut-off function ¢ such that ( =1 in B,/3(y), ( =0 in
B1,4(0) \ B5(y) and |D¢| < 2/0. This gives the required estimate that

(4.56) / IDut? < 802 / ()2
By(v) Ba()

for all y € By/5(0) and o € (0,1/8].

Finally, to prove part (iv), we recall the inequality (4.3). Choosing
¢ € CL(B(0)) to be a standard cut-off function satisfying ((¢t) = 1 on
B,/2(y), ¢ = 0 outside Bs,/4(y) and [D¢| < 8/0, and taking ¢ in (4.3)
to be the extension of ¢ to R"! that is constant in the ™t direction,
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we obtain from (4.3) that

(4.57) VMgt 2

/J\/fkﬁ(Ba/z(y)><R)ﬁ{iU"Jr1 |<d}

< 65071 / ‘kaanrl‘
M (Bss/4(y)xR)

<cdo ! / \VM’“JU”H\ + ezﬂi ,
MpNGrN(Bss/4(y) xR)

where we have used inequality (3.2%). Since |[Dui| < 1, it follows that

M NG N (Bsya(y) x R) C ng/lg(yﬂ and My N G N (Bssa(y) x

R) C Bg:/;(y*) for suitable y™, y~ € R""!, and therefore by the
monotonicity inequality for M} and the Cauchy—Schwarz inequality, it

follows from (#.57) that

(4.58)

/ kaxn+1’2
M0 (Bg 2 (y) xR)N{ |z 1<}

1/2
<cdo ' [ o™? / |V Mk gL 2 + e,{f”a”
MpNGN(Bss/4(y) xR)

for sufficiently large k depending on o.
By making an appropriate choice of ¢ in inequality (#.17), we have
on the other hand that

(4.59) VMg < g2 / (2" )2,
MNBg2(y) xR

/MkﬂBsa/4(y)XR

Combining inequalities (.58) and (4.59), we have that

(4.60) |V Mgl 2

/Mkﬂ(Ba/z(y) xR)N{[z" 1<}

1/2
<cdo 2 | o™? / (212 + 6,?“0”
MkﬂBo-(y)XR

It follows from this, the boundedness of |Duf| and inequality (3.26)
that
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(4.61)
%IDu;iI? + EIJDU;;F

/Ba/Q(y)ﬂ{lkaﬂS(S} /Ba/Q(y)ﬂ{lbk|u;:S5}

1/2
<cdo" 2 [ og/2 (/B ( )(Ek u;:)Q + (y, u,;)2> + €]1€+H/2
AV

_ _ 1/2 ,
Choosing § = 0 = 3¢ (0"/ ? (de(w (Wpu)? + (Ppuy, )2) + et 2)

(I 61) and dividing both sides by €2, and using also inequalities (.28
£ k P

61
(3_ d), we obtain from inequality (4.61) that

(4.62) / o WDUN”/ WDy
Bopa ) 1<) By )y 1<)

<ceog? (/ ( )(@kv;)Q + (Ek”}?)Q +€Z> :
AV}

The estimate in part (iv) now follows by letting & — oo in this and
observing that g—: — ea‘”/2||v+||L2(Ba(y)). This completes the proof of

the lemma. q.e.d.

We also have the following important lemma. We will use this lemma
to prove monotonicity of the “frequency function” of Section 5, a key
ingredient in the proof of Theorem [.1.

Lemma 4.8. v™ satisfies the following harmonic identity:

(4.63) Z / (6;|DvT > — 2Dt DjwT)Di¢7 = 0
tj=1
for all y € By5(0), o € (0,1/8] and ¢/ € CH(Bs(y)), j=1,....n

Proof. Let y € Bl/s( ), o € (0,1/8] be arbitrary and suppose ¢/ €
CYBy(y)), i =1,2 ..., n. First, extend each ¢’ to B,(y) x R by set-
ting ¢J(z,2"t1) = CJ( ) and then let ¢/ be a C!(By(y) x R) function
that agrees with ¢/ in a neighborhood of Mj, N (By ( ) x R). Let Zj be
the locally Lipschitz vector field defined by Z; = wk (¢, ¢3, ..., ¢ 0),
where 1), is the cut-off function defined in Section 3. Notice that
spt Z, CC By(y) N Q. We shall use identity (2.8) with Z; in place
of X. First, we compute divys, Z.
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Let v, = (V]i, V,%, R VZH) denote the unit normal on Mj,. Then,
n+1 o
(4.64) divarg, Zk =Y e VM (¢

i=1
n+1

= Z €; PTka wk Cl)
n+1 9

=2 e (DLCD) — (DG - vme)
n+1 . n+1 n41 . o

= Z D¢y C1) — Z Z D (v, (Vv
i=1 i=1 j=1

=) (%‘ - VZVi) D;(0 ¢h).
ij=1
Using (4.64) in (2.8), we then obtain

(4.65) Z / — i) D@1 ¢h) =

1,j=1

This can be written as

(4.66) Z /G vkvk j@ici)=Fk,

i,7=1
n i ,J 72 i
where Fj, = /', ka\Gk <5ij - l/kV]]C) Dj(¢y ¢1)- Now
i J -2

(4.67) / (037 — v, V) D (¥, GO

Mi\Gy

< / 185 — vivi I[P Ds<ll
M\G
2 [ 1y = ol BDsRI
M \Gy

The integrand of the first integral on the right-hand side of inequality
(1.67) is bounded, and by inequality (3.24),

H™ (Mg \ Gi,) N (By2(0) x R)) < ce; .
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Since |6;; — v}, ui!\({@k is bounded, we also have by inequality ( __-2_)

that the second integral on the right-hand side of inequality (.67) is

bounded by ceiﬂ‘m. Therefore, Fy,/ez — 0 as k — oo.

Dt . D
Divy _ on G and v, = Dity

k —
\/1+|Duf |2 /14| Dug |2

from Equation ({.66) and the area formula that

Since 1/;'€ = on G, , we obtain

(4.68)
+12 -2 B2
Z/ (¢1+rDukr T D) 5 Dy )
i,7=1
Dy Diut Diu, Dju, —2
51w \ 14 1Duf 2 1+ |Dug 2

By the divergence theorem, we also trivially have that

(4.69) 3 / 26,5 D;(F2¢7) =

t,j=1

Now, subtract (4.69) from (4.68) and divide both sides by €;. The

left-hand side of the resulting identity is then the sum over ¢, j of the
integrals

1 2| Duf|? N
(I1) —2/ b 055 C b Dby,
€ JBo(y) 1+ (/1 + |Du;|2

DU+ 2
Bo(w) 14 4/1+ |Duf|?

1 2D Djuf \ —  —
) & [ PR (0
Bcr(y)

\/1+\Du;ﬂ2

DZ"U+D"U+ —2 i
oy [ (R e
Bs(y)

\/ 1+ |Duj |?

and similar integrals with u, in place of ug Since Div,j — DjvT,

—9 i

|Dujf| — 0 and ¢, — 1 pointwise a.e. in By/4(0), we see by the
generalized Lebesgue Dominated Convergence Theorem that the
integrals in (Iy) and (I4) converge to %fBa(y) |Dvt|26;;D;¢" and
fB,,(y) D;jvt DjvT D;C", respectively. (The integrands in (Iy) and (I4)
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are bounded by c@i!Dv,ﬂQ which converges a.e. and in L! to ¢|DvT]|.)
The integrals in (I1) and (I3) converge to zero by estimate (3.27) because
_IDwl? nd Duu Dy are bounded. Thus, the lemma follows by
144 /1+|Duf |2 \/1+|Duf |2 '

subtracting (4.69) from (4.68) and letting k& — oo in the resulting iden-
tity after dividing it through by 2. q.e.d.

Next, we establish boundedness of the gradient of v, a result that
will play a very important role in Section 5, where we uncover the
geometry of the blow-up.

Lemma 4.9. [Dv*|? is sub-harmonic in By4(0), and hence, by the
mean value property, |Dv*| is bounded in By s(0).

Proof. We use the identity
(470) AMk (1 — Vg en+1) = (l/k . €n+1)’Ak‘2-

Let ¢ be a smooth, non-negative function with compact support in
B1,4(0). Extend ¢ to By/4(0) x R by @(x, 2n11) = () and let @1 be
any smooth function with compact support in B ,4(0) x R that agrees
with ¢ in a neighborhood of My N (By,4(0) x R).

Multiplying both sides of identity ({£.70) by ¥,¢1 and integrating over
M. gives

(4.71) U1 A, (1 — (Vg - ent1)) = Dep1 (Vg - ens1) | Al
My, My,

Integrating by parts on the left-hand side of Equation (1.71) and de-
composing the integral on the right-hand side as integrals over Gy, and
My \ Gy, we obtain that

(4.72)
/M VM (1) - V(1 = (g - €ng1))

- / Beor (U - ensn) Al / Dot (k- enin) | AW,
G Mk\Gk

The first integral on the right-hand side of (4.72) is non-negative
because the integrand is non-negative on Gj. Therefore, we have that
(4.73)

VM (T o) VM (1 (g -eni1)) < — / B o1 (Vh-ens )| AWl

My, M \Gy,
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We estimate the integral on the right-hand side of inequality (#.73)
as follows:

(4.74) '/M » o1 (Vg - eng1) | Ag|?

< sup |1 |Ar[?
(Mp\Gr)N(B1/4(0)xR)

< sup|p1] (H™((My \ Gi) 1 (B1/4(0) x R)))*

1
2
' </ |Ak:|4)
(Mp\Gr)N(B1/4(0)xR)

< csup 1] "7 ( / \Aﬁ)
MN(B1(0)xR)

2+;L/2

S

< csupp1] €,

Note that we have used Lemmas 8.4 and 8.1 here. Inequality ({.74)
implies that

1 _
(4.75) ) / U1 (Vg - eng1) |[Ap” — 0
€ J M\Gy

as k — oo.

Now, we split the integral on the left-hand side of inequality (4.73)
in the usual way as follows:

(4.76) VM @) V(L= (- eni))

= | VM @) VL= () +

s ) V(L )
Mi\Gy,

Since VM ;1 is bounded and [V (1 — (v - e,11))] < Ay, Cauchy—
Schwarz inequality, Lemma 8.1, inequalities (8.24) and (3.28) imply that
the second integral on the rlght hand side of Equation (4.76) is bounded

from above by 062+“ /2 Thus,

1 _
(4.77) 2 / VM (hrpr) - V(1 = (v - eng1)) — 0
€ JML\Gy,

as k — oo.
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Using the area formula and the fact that
VMg VMG = D¢y - DG — (DG - v) (DG - v

the first integral on the right-hand side of Equation ({.78) can be ex-
pressed as follows:

) | VM (1) - VM (L = v - 1)
k
_1/ D(¢yp) - D(|Duf[?)  D(¥pe) - D(|Duy [?)
2 JB,,4(0) 1+ |Dujf |2 1+ |Duj, |
_1/ (D) - Duf )(D(|Duyf [?) - Duj)
By /4(0)

2 (L+|Duf 252

(D(yp) - Dug )(D(|Duy |?) - Duyy)
(1 + |Duy, [2)5/2

We remark here that even though the individual terms D|Du; | and
D|Du;;| may not belong to the Sobolev space W2(B,4(0)), the in-
tegrands of both integrals on the right hand side of the above are in
wWh2(B, /4(0)), because they are symmetric expressions in u,": and
and hence can be expressed unambiguously in terms of the smooth func-
tions u,(cl), uf) and the derivatives of ug) and u,(f) (since the unordered
pair {u}, u; } is the same as the unordered pair {u,(:),ugf)}).

Since |Dujf| — 0 a.e., after dividing by €7, the second integral on the
right-hand side of Equation ({1.78) converges to zero. Using inequality
(3.27) and integration by parts, we also see that, after dividing by €7,
the first integral on the right-hand side of Equation ({.78) converges to

1

—= . vt)? v ).
5/ o D (BUDYTR) + (D)

Since v~ = —v™, it follows that fBl/4(0) Dy - D(|Dv*|?) <0. q.e.d.

Corollary 4.10. v™ is smooth and harmonic everywhere in By g(0)\
Zyt, where Z, = {z € By5(0) : v (2) = 0}.

Proof. The identity of Lemma #.7, part (i) says that v satisfies
A(vT)? = 2|Dvt|? weakly in By /4(0). By Lemmad.9, |[Dv*|is bounded
in By/g(0). Therefore, by elliptic regularity theory [4], (vF)? is in
Clvo‘(Bl/g(O)) for every o < 1. Hence, vT is Ob* everywhere in (B1/s(0)\
Zy+). Therefore, |DvT| is C%* everywhere in (Bj/g(0) \ Z,+) and by el-
liptic regularity again, v* is in C>* everywhere in (B, 8(0)\ Z,+). By
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Lemma 4.7, part (i) again, we then have that vAv = 0, and hence,
Av(z) = 0, at every point x € Byg(0) \ Z,+. q.e.d.

Preparatory to the analysis of Section 5, we next want to describe
how we can blow up v* iteratively. In Section B, we shall prove that
the graph of v+ is equal to the union of two n-dimensional half spaces
of R"! intersecting along an (n — 1)-dimensional subspace of R™. The
key step there will be a dimension reducing process which will be used
to prove that the zero set Z,+ of v is an (n — 1)-dimensional subspace
of R™"*!. This involves blowing up v* at a point z € Z,+; by that, we
mean choosing an arbitrary sequence of radii p; | 0 and taking a sub-
sequential limit (wq, say) of the sequence of functions obtained by re-
scaling v at z, where the domain variables of v (i.e., the R™ variables)
are translated and scaled so that the ball B, (z) becomes the unit ball
centered at the origin, and the dependent variable is scaled by dividing
by the (scale invariant) L? norm of v over B,,(z) (provided of course
this quantity is non-zero, a fact that will be proved in Section b). See
the Definition (4.79). The dimension reducing argument of Section h
relies on being able to repeat this process—i.e., being able to blow up
the blow-up wy at a zero of wy and then blow up the second blow-up (ws,
say) at a zero of we and so on—preserving each time all of the regularity
properties of v, we have established so far in Lemmas {.7-4.9. This
can indeed be done, and we conclude the present section with a detailed
discussion of this iterative blow-up procedure including a proof of the
fact that each blow-up does indeed inherit all of the properties of v™
established in Lemmas {.7-4.9.

Since it is convenient to prove this claim as an abstract result usable
iteratively with each blow-up, we switch notation at this point and
introduce an abstract function v in place of v™.

So, suppose v is a Lipschitz function in By 4(0), v does not identically
vanish in any ball B,(z) C B;4(0) and that Lemmas 4.7-4.9 hold with
v in place of v™.

Let z € By 5(0) and p € (0,1/8] be arbitrary. (In Section 8, where we
take v to be, in turn, v+ and its subsequent blow-ups, we shall choose
z to be a zero of v, but here it is an arbitrary point.) For z € By(0),
define

v(z + px)

P20 208, (2))

(4.79) V. p(x) =

U, is well defined by hypothesis. (In Section b, once we have more
tools at our disposal, we shall prove that v as well as its subsequent



A RIGIDITY THEOREM 473

blow-ups do not identically vanish on any ball B,(z) C Bj/4(0). See
Lemma 5.15.) L
It follows directly from the definition (4.79) that

(4.80) / v ,<1
B12(0)

and part (iii) of Lemma 4.7 with z, p in place of y, o implies that

(4.81) ‘/ |Dv, > < 8.
B1/2(0)

Now let {p;} be a sequence of positive numbers with p; | 0 as i — oo
and write v; = U, ,. The inequalities (1.80) and ({.81) imply that there
exists a function w € W'?(By 5(0)) such that, for a subsequence of {i}
(which we also denote {i}), ¥; — w strongly in L?(B; /2(0)), weakly
in WH2(Bj 2(0)) and pointwise a.e. in By/5(0). This convergence is
in fact strong in WH2(B, /4(0)). Equivalently, the energy convergence
fBl/4(0) |Dv; |2 — fB1/4(0) |Dw|? holds. To prove this, we shall first use
the technique employed in the proof of parts (e) and (f) of Lemma 4.6
to obtain L' convergence of the gradients.

Take € > 0 and let v, be a non-negative C*(R) cut-off function with
Ye(t) =0 for t <€, v (t) =1 for t > 2¢€ and |7.| < 4/e. The sequence
Ye(v;)Dv; is uniformly bounded in W' (By 5(0)), and hence converges
to some vector valued function V¢ in LY(B; /2(0)) and pointwise a.e.
in By/5(0). Since we may write 7 (v;)Dv; = DI'c(v;), where T',(t) =
Ye(t), we can integrate by parts to get [ (-7 (0;)Dv; = — [ div( Te(;).
Letting i — oo in this shows that V¢ = ~.(w)Dw. Thus,

(4.82) e (0;) DV — e (w)Dw
in L'(By5(0)) and pointwise a.e. in By /5(0).
By the definition of ¥; and part (iv) of Lemma 4.7, we know that

(4.83) |Dv;| < ce.

mémmmmme}

Letting i — oo in ({.83) and using Fatou’s Lemma, we also have that

(4.84) |Dw| < ce.

Ammmwme}
Hence, we can let € — 0 in (4.82) to conclude that

(4.85) Dv; — Dw
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in L'(B;/2(0)) and pointwise a.e. in By /5(0).

Next, observe that |Dv;|? are weakly subharmonic in By (0) because
by Lemma 4.9, |Dv|? is weakly subharmonic in B /4(0). By the mean
value property and inequality (4.81), we then have that |Dv;| are uni-
formly (i.e., independently of i) bounded in By/4(0). This and (.85)
imply that

(4.86) / D2 — / | Duwl?
B1/4(0) By /4(0)

giving the required energy convergence. We have thus shown that

(4.87) 0; — w strongly in W2(B4(0)).

It also follows from (1.87) and the fact that | Dv;| are uniformly bounded
that |Dw| is bounded in B /4(0) and therefore, that w is Lipschitz and
the convergence in (§.87) is uniform on compact subsets of By /4(0).
We also have that Lemmas 4.7-+4.9 all hold with w in place of v. This
is easily seen in view of (4.87) and the fact that these lemmas hold with
v; in place of v.
We have thus established the following abstract implication.

Lemma 4.11. Suppose v is Lipschitz in Bil_/4(0), not identical to 0 on
any ball B,(z) C By,4(0) and that Lemmas %.%+.9 hold with v in place
of vt and with arbitrary y € By5(0) and o € (0,1/8]. Let z € By5(0),
pi € (0,1/8] be arbitrary with p; | 0. Then,

(a) after passing to a subsequence, {vz,,} converge in W2(By,4(0))
to a function w. Here, U,, is as in (1.79). w is Lipschitz in
B1,4(0) and the convergence is uniform on compact subsets of
By 4(0)
and

(b) Lemmas .7-{.9 hold with w in place of v* and with arbitrary
y € By3(0) and o € (0,1/8].

5. Geometric picture of the first blow-up

In this section, we complete the analysis of the blow-up v™ by proving
that the graph of v is equal to the union of two n-dimensional half
spaces of R™*! intersecting along an (n—1)-dimensional subspace of R".
Central to the argument here is a dimension reducing procedure using
a frequency function (defined below), a method first used by Almgren,
Jr. [2] to study multi-valued Dirichlet energy minimizing functions.
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Definition. Let f be a Lipschitz function on a domain 2 C R™.
For z € Q and 0 < p < dist (2,0 Q) for which faBp(z) f? # 0, we define

the frequency function Ny .(.) of f at z by

p g, IDIP
5.1 Ny (p) = —2el&) —
(5:1) #:(P) faB,J(z) f?

We shall use the frequency function of v™ at points of its zero set
Zy+ ={2z € R" : v (2) = 0} to show that Z,+ is an (n—1)-dimensional
subspace of R™ and that v™ is invariant under translation by any ele-
ment of Z,+; from this, it will follow that the the graph of v+ consists
of two half spaces. Proposition p.18 at the end of this section gives the
proof of these claims.

In order to prove Proposition p.18, we need to establish several key
properties of the frequency functions associated with v™ and its succes-
sive blow-ups and some consequences of these properties. We obtain
these results in Lemmas 5.12-p.17. The proof of Proposition §.18 will
be based on these lemmas, and will require us to use the lemmas itera-
tively with successive blow-ups of v™. In view of this, we will establish
Lemmas 5.13-5.17 for an abstract function v, which we can replace v+
and its blow-ups in the applications of the lemmas. So, suppose

(5.2) (i) wis a Lipschitz function with domain B/, = B?M(O).
(ii) Lemmas 7.9 hold with v in place of v™.
Lemma 5.12. Suppose hypotheses (5.2) hold. Then,
pdip fSnfl ’U,ap
No:(p) = —F—5—
2 fS"—l vz,p
for z € By5(0) and p € (0,1/8) with [g, -, v, # 0.

Proof. This is a direct consequence of Lemma 4.7, part (ii). q.e.d.

Lemma 5.13. Suppose hypotheses (5.2) hold. Let z € Bys(0),
p1, p2 € (0,1/8) with 0 < p1 < p2. Suppose faB,J(z) v? £ 0 for every
p € (p1, p2). Then, N, .(p) is a monotonically non-decreasing function
of p for p € (p1, p2)-

Proof. The harmonic identity (4.63) implies that

d -n -n
(5.3) - <p2 / |Dv|2> = 2p° /
p BP(Z) aBP(Z)

ov |2

IR
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for almost all p € (0,1/8), where %(:c) = Dv(z) - =37 is the radial
derivative. This follows by taking (27 — 27) (; in place of ¢/ in identity
(1.63) and letting [ — oo, where ¢ is a sequence of C2°(B,(z)) functions
converging to the characteristic function of the ball B,(z). (We omit the
details here. This is exactly the argument used to derive the standard
monotonicity formula for stationary harmonic maps, and can be found
e.g., in [12], Chapter 2.)

Now, by a change of variables in the denominator of (5.1), we have
that N,.(p) = M

el fsnfl ”g,ﬂ

Equations (5.3), (4.53) and the fact that (Bg;{) (w) = pa%v(z + pw),
we compute as follows:

, where v, ,(x) = v(z + pz). Using this,

(5.4)
d
p Ny,2(p)
d 2— 2 _ s,
d_p (p nfBP(Z) |D/U| ) N 2[)1 npr(z) ‘DU‘Q fSnfl Uz,p%
fS"*l Uz,p (fsw—l Ug,p)2

_ 2 )
B 2p' " (P Jgn—1 “g,p faB,,(z) |% - faB,,(z) “% Jgn—1 Uz,p%)
(fS"—l Ug,p)2
2 dv. 2
- (fsw—l Uz,pa—fép>
5 .
(fS"—l vg,p)

The lemma follows from the above and the Cauchy—Schwarz inequal-
ity. q.e.d.

Ovz p
OR

2p~" (fsn—l Ug,p fS"—l

Lemma 5.14. Suppose hypotheses (5.2) hold. Let z € By5(0),
p1, p2 € (0,1/8) with 0 < p1 < pa. Suppose that faB,J(z) v? £ 0 for
every p € (p1, p2|. Then, for T, o with p1 < 7 < 0 < py, we have that

(5.5)

2 2

fSn—l UZ,T fSn—l Uz,a

> ,
N2 = oN2

where Ny = 2N, ,(p2).

Proof. By monotonicity of N, .(p) and Lemma 5.12, we have that
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d 2
pd_p fsnfl Vz,p

(5.6) < N

fSn—l /U,;p
for p € (p1,p2). The lemma follows by integrating this differential in-
equality over [r, o). q.e.d.

Lemma 5.15. Suppose hypotheses (5.2) hold and that v is homoge-
neous (of any degree) from the origin. (Thus, v is defined everywhere
in R" and v(rx) = r*v(z) for some a and all r > 0, x € R"™.) Then,
either v =0 in R" or faBp(Z) v #£ 0 for every z € R™ and every p > 0.

Proof. Let z € R™ be arbitrary. If v is not identically equal to zero,

there exists pp > 0 such that fa By () v? # 0. By continuity, there
PO

exist p1, p2 with 0 < p; < po < po such that faBp(z) v? # 0 for every

p € (p1, p2). Applying Lemma 5.14 with o = pa, 7 = 7;, where {7;} is a

sequence with p; < 7; < pg and 7; | p1, and taking the limit as j — oo,

we then have that [}, By, (2) v? # 0. (Note that since the domain of v is all

of R", the restrictions z € By 5(0) and p1, pp € (0,1/8) in Lemma §.14
are unnecessary.) This argument then shows that | 9B, (2) v? #£ 0 for all
p € (0, po]. Homogeneity of v obviously implies that [ By(2) v? # 0 for
all p > po. q.e.d.

Definition. Write NV, (z) = lim, .o N, .(p) whenever the limit exists.
Note that by Lemmas p.15 and 5.13, if hypotheses (5.2) hold and v is
homogeneous (of any degree) from the origin, this limit exists for every
point z € R™.

Lemma 5.16. Suppose hypotheses (5.2) hold. Then, v is homoge-
neous of degree o from a point z € Byg(0) (that is, v(z + rw) =

(63
(T—1> v(z + row) for all r1,m9 € (0,1/8) and all w € S"~ 1) if and only

T2

if Ny (p) is constant for p € (0,1/8) and o = Ny(z) = Ny .(p).

Proof. Suppose v is homogeneous of degree a from z € By 3(0) and
let po € (0,1/8) be fixed. By Lemma 5.12, we have that for p € (0,1/8),

Pis Jgn1 V(2 + pw)dH" ()
(57) Nv,z(p) - 2f5’n—1 ’U2(Z + pw)danl(w)

piL (ﬁ)mf V(2 4 pow)dHH(w)
_ Tdp \ po Sn—1

2(2 )M Jnos 02(2 + pow)dHm=1(w)

Po
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~ p20 7 [y 02 (2 + pow)dH T (w)
202 [eu1 V2 (2 + pow)dH (W)

Conversely, suppose N, .(p) is independent of p for p € (0,1/8). Then,
dip N, .(p) = 0. By Equation (5.4), this means that

v, ,

(5.8) o

(W) = Bvzp(w)
for some constant 3, all p € (0,1/8) and all w € S"~!. (This is pre-
cisely the condition under which equality holds in the Cauchy—Schwarz

inequality.) Using (832’” ) (W) = pa%v(z—k pw) in Equation (5.8) and in-

tegrating the resulting differential identity from 7y to 9, where r1,7ry €
(0,1/8), we obtain that

(5.9) v(z+riw) = (:—;)ﬁv(z—i—rg w).

Applying the first part of the lemma, we conclude that 5 = N, .(p) =
Ny(2). q.e.d.

Remark. Since vT is homogeneous of degree 1 from the origin,
Lemma .16 implies that N+ (0) = 1.

Lemma 5.17. Suppose hypotheses (5.2) hold and that v is homo-
geneous from the origin. (Note that the degree of homogeneity then
is Ny(0) by Lemma 5.16.) Then, Ny(z) < Ny(0) for every z € R™.
The equality holds if and only if v is homogeneous of degree N, (0)
from z, which holds if and only if v is cylindrical in the direction of
z. (Cylindrical in the direction of z means v(x) = v(z + tz) for all
z€R" and all t € R.)

Proof. For arbitrary o, p with 0 < o < p, Ny.(p) — Ny (o) =

)

[ %z g5, Letting o | 0 in this, we get
? dN, .
(5.10) Ny2(p) = Ny(2) +/ Az g,
0 ds

On the other hand, using homogeneity of v from the origin, we have
that
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B pr,,(z) | Dol?
f@BP(z) v

(o )< om0 2) <<p+rz\>f3,,+z(0) !DvP)
~\p+ |7 faB,J(z) faBsz\(O) v?

Jo v?
o P Ber\z\(O)
B (P‘i' M) < faB,J(z) v? >NU(0)'

Observe that as p T co

, P+L|Z| — 1 and, since v is homogeneous of de-
Joz Bp+12/(©) v _ (pl)n O fo 02 (2)
Jopyy v® TN [y 22 4a)
1, so combining Equations (5. 1(]) and (5.11) and letting p T oo, we
obtaln that
 dN, ,

(5.12) No(2) + / Vs s < N(0),

0 S

gree N, (0) from the origin,

Thus, N, (0) > N,(2). If the equality holds, then dN“ =%z = (. By Lemma
.16, this means that

(5.13) v(z+rz) = rNOy(z +2) forall  and r > 0.

Conversely, if (5.13) holds, then by Lemma 5.16, N, (z) = N,(0).
That v is cylindrical in z-direction when N, (z) = N, (0) follows read-
ily from the fact that v is homogeneous of the same degree from the
origin and from z. To see this, let x € R™ and ¢t € R be arbitrary, and
choose A > 0 such that t = A — A~!. Then, writing NV,(0) = N,(2) =
we have that
(5.14) v(z) = A" %v(Ax) = A" %(z 4+ Az — 2))
=Xz + 220z —2) = oAz + 22Nz — 2)))
=wv(z+1tz), as required.
Finally, if (5.14) holds for all z € R™ and all ¢t € R, then for 7 > 0,
v(z +rz) = virz) = NOy(z) = M Oy(z + ), and therefore by
Lemma 5.16, N, (z) = N,(0). This completes the proof of the lemma.
q.e.d.

Using the results of the preceding lemmas, we are now ready to prove
the following.
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Proposition 5.18.

(1) The zero set Zy+ = {x € R™ : v (z) = 0} of vT is an (n —1)-
dimensional subspace of R™.

(2) graphot = HY U H® where HY and H? are n-dimensional
half-spaces of R" with HY nR®* = HA NnR» = HO nHO =
Zr.

Remark. Since v~ = —v™, Proposition 5.1§ implies that graph v U
graphv™ is equal to the union of four n-dimensional half spaces of
R™"! meeting along an (n — 1)-dimensional subspace of R". In fact,

since [Dvt| € W2(By4(0)) (by Lemma 4.G (h)), H® and H® must
make equal angles with R"™, and therefore, graph v Ugraph v~ must be
equal to a pair of hyperplanes intersecting transversely along an (n—1)-

dimensional subspace of R". ]

Proof of Proposition 5.18. By continuity of v, Z,

o+ 1s closed. First, we
claim that

(5.15) H" "N (Zy+ N Byj16(0)) > 0.

If this is not true, then for any € > 0, there exists a finite collection
of balls By, (yi) € By16(0), i = 1, ..., N, such that Z,+ N By,4(0) C
UN | By, (y;) and sz\il rl <e For 1 <i<N,let(: Bi,16(0) — R
be a C! cut off function satisfying ¢;(z) = 0 if z € B, (v:), Gi(x) = 1
if # € By16(0) \ Bar, (4:), 0 < ¢ < 1 and |D¢;| < 2/r; everywhere in
B116(0). Define ¢ : By;16(0) — R by ¢(x) = [, ¢i(x). It is clear
from this definition that ¢, is a C'' function with compact support in
Bi/16(0) \ Zy+.

Let ¢ be an arbitrary C' function with compact support in B, /16(0).
By Corollary .10, v* is smooth and harmonic in By16(0) \ Z,+ and
therefore, we have that

(5.16) / AvT(C=0.
B1/16(0)
Integrating by parts in the above equation, we obtain that

+.D¢ = — +. Dc..
(5.17) /B o ¢.Dvt - D¢ / ¢Dvt - DC.

B1/16(0)

On the other hand, since |[Dv™| is bounded (by Lemma {.9), we may
estimate as follows:
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(5.18) < sup [¢|| Dv| | D¢

By /16(0)

/ ¢Dv" - DC.
By /16(0)

< cpl¢iDat| 3 2

=1

" (Bar: (yi)

Z

N

< esup || Dut| 3 7!
=1

< csup|¢|| D .

In view of inequality (5.18), letting ¢ — 0 in Equation (.
noting that ¢, — 1, we conclude that v is harmonic in B /16(0). Since
T is homogeneous of degree one, v must be linear (by the maximum
principle applied to each D;v™), and therefore, since v™ is non-negative
with v (0) = 0, v must be identically equal to zero, which is a contra-
diction. This proves (5.15).

We shall prove shortly that for every z € Z,+ N (By/16(0) \ {0}),
v' is cylindrical in the direction of z. Since, by (p.15), there exist
(n — 1) points 21,...,2,-1 € Zy+ N (B116(0) \ {0}) that are linearly
independent as vectors in R™, we shall then have that v*(z) = 0 for
all x € span {z;}. Because v" is not identically equal to zero, this must
mean that Z,+ = span{z}, establishing the first part of the proposition.

So to complete the proof of the first part, consider an arbitrary point
z € Zy+r N (B116(0) \ {0}). Let {p;} be a sequence of positive num-

17) and
)-

bers with p; | 0 as i@ — oo. Let v+, ,, be the blow-up sequence as in

(A.79) with v™ in place of v and p; in place of p. By Lemma 5.1§, v7,
are well defined. By Lemma @.11, ;IZ% converge (after passing to a
subsequence) to a Lipschitz function w; strongly in Wh2(B; /4(0)) and
uniformly on compact subsets of B;,4(0), and Lemmas #.7-4.9 hold with
wy in place of vT.
We next establish the following key properties of w;:
(a1) wi is not identically equal to zero on any ball B,(0), 0 < p < 1/4.
(b1) wy is homogeneous of degree N+ (z) from the origin. Hence w;q
extends to all of R™ as a homogeneous function.
(€1) Jan, (@ w? > 0 for all ¢ € R™ and all o > 0.
(dy) w; is cylindrical in the direction of z.
(e1) {tz:t € R} C Zy,, where Z,,, is the zero set of w;.
(f1) w; is harmonic where it is non-zero.
)

(g1) H" 1 (Zw,) > 0.
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Proof of (a1). Let po € (0,dist (2,0 By/4(0))) be fixed. Taking 7 =
op, p2 = po and v = vT in Lemma 5.14, we have that

—_ N, 2 2
(5.19) o[,z [
Sn—l Sn—l

for all o € (0, po], where Ng = 2N+ ,(po). Now, for sufficiently large 4,
pi < po, so for each such ¢, multiply both sides of the above inequality
by 0"~! and integrate over [0, p;] to obtain

Pi
G20y g [Tyt [ () dH @) do
0 gn—1

Pi
> / o1 / o2 (@) dH N (z) do.
0 gn—1 ’

This is the same as

(5.21) e [ s [,
B,(0) B1(0)
or
—~2
(5.22) / vt 2 pNotm,
B,(0)

Passing to the limit as ¢ — oo, we conclude that

(5.23) / w? > pNotn,
B, (0)

Proof of (b1). For arbitrary p € (0,1/8], we have that
prp(O) | Dtz 2 PP prpZ.(z) | Dvt?

(524) ) 2
Jr
Jos, 0 e Jos, 2y ¥
Letting ¢ — oo in this, we obtain that
PfB 0 | D |?
(5.25) Nurolp) = =720 = N (2).

f&BP(O) wy

In view of (a), this shows that faB,J(o) w? > 0 for all p € (0,1/8],
and that Ny, o(p) is independent of p for p € (0,1/8]. Therefore, we
have that Ny, (0) = Ny+(2). By Lemma .11, the identities (4.53)
and (4.63) hold with w; in place of v™, and therefore, the identity (5.4)
holds with w; in place of v, z = 0 and p € (0,1/8]. (We do not however
have this for general z yet because we do not know if Ny, .(p) is well
defined at a general point z.) Constancy of Ny, o(p) then implies, by
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the argument of the “if” direction of Lemma §.1§ with w; in place of v
and z = 0, that w; is homogeneous from the origin. Notice that since w;
is technically not defined on all of R"™ at this point, homogeneity means

(67
that wy(r w) = (T—l) w1 (row) for some a > 0 and all r1,r € (0,1/8]

T2
and all w € S" 1. We then extend w; to all of R™ so that w; is
homogeneous of degree « from the origin, and thus wy (r w) = r%w; (w)
for all r > 0 and all w € S"~1. By Lemma $.1§ with w; in place of v
and z = 0, it follows that the degree of homogeneity « is then equal to

N+ (2)-

Proof of (¢1). By Lemma 4.1T, the hypotheses (5.2) hold with w;
in place of v. By (a;) and (by) above, faB,,(o) w} > 0 for every p > 0.
Hence, Lemma §.15 applies with wy in place of v. In view of (a;), this
proves (cy).

Proof of (d1). Let x € By/4(0) and ¢t € [~1,1]. Using the homo-
geneity of v* from the origin, we have

vt (z + pi(x + t2))
—-n/2
i / HUJFHB(B,)Z.(Z))
+ i(1+tp)~"
(14 )] (znzﬁ)( +tpi) " x)
11— 00 pz

5.26) wi(x+tz)= limvN+z (x+tz)= lim
. »Pi

i—00 i—00 p

vtz )
= i o7, (1+ 1) ™) = wn(a),

where we have used the uniform convergence of v, ), to wy in By 5(0).
The result for arbitrary z € R™ and ¢t € R follows from this and the
homogeneity of w; from the origin.

Proof of (e1). Since v (z) = 0, it follows that wy(0) = 0 because w; is
the pointwise limit of vt ), in By /5(0). The result follows immediately
from this by taking x = 0 in Equation (5.26).

Proof of (f1). First, observe that since |[Dv*|? is subharmonic in
B1/2(0) and hence bounded in By /4(0), so is every ‘DQ/}:&MP. Passing
to the limit, we obtain that |Dw;|* is weakly sub-harmonic in By 4(0)
and hence bounded in By/s(0). Also, since v™ satisfies vt Avt = 0
weakly (i.e. A(vt?) = 2|Dvt|? weakly), so do all U~+Z7p“ and again
passing to the limit, we see that A(w?) = 2|Dw1|? weakly. By elliptic
regularity [4], boundedness of |Dw;|? implies that wi € C7(By5(0))
so that wy is C*7, where it is non-zero. Thus, |Dw;| is C%7, where w;
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is non-zero, and this in turn implies w% is C%7, where w; is non-zero.
Thus, we have that wq is smooth and harmonic where it is non-zero.

Proof of (e1). If H""1(Z,,) = 0, then the argument used to establish
(p.15) implies wy is harmonic in By/g(0). Since wy; > 0 with w1 (0) =
0, by the maximum principle, w; must be identically equal to zero,
contradicting (ay).

Now, we repeat the above blow up procedure; first with w; in place
of v* and a point q1 € Zy, N By/16(0) \ {tz : t € R} in place of z
to obtain a limit ws in place of wy, and then with ws in place of v™
and a point g2 € Zy, N By/16(0) \ span{z,q1} in place of z to obtain
a limit ws in place of wi and so on. Proceeding this way, we obtain a
sequence of functions {wi}?;f, corresponding to a sequence {g; ?;02 of
linearly independent blow up points in By ,16(0). Here, go = 2. Apply-
ing Lemma .11 with w;_1, w;, gi—1 in place of v™, w and z, we see
inductively that Lemmas .74.9 hold with w; in place of vt for each
i, 1 < i < (n—2). Here, wg = v*. This in turn enables us to use

w; satisfies the following properties:

(a;) w; is not identical to zero.

(b;) w; is homogeneous of degree Ny, ,(¢;—1) from the origin.
(CZ; faBg(q) w? > 0 for all ¢ € R and all & > 0.

(d;) w; is cylindrical in the directions of qo, q1, g2, - - ., gi—1. Hence, wj is
invariant under translations by the elements of span {qo, ¢1, q2,. ..,
¢i-1}-

(ei) span {QO7 q1, 92, - - - 7Qi—1} - Zwi-
(f;) w; is harmonic where it is non-zero.

(gi) Hnil(Zwi) > 0.

Furthermore, repeated application of Lemma 5.17 yields that

(5:27) 1= N,+(0) = N+ (2) = N, (0)
zNwl(Ch) :N’LUQ(O) > = wn—l(o)’

Since by the property (d(,—1)), w,—1 is invariant under translations
by the elements of an (n — 1)-dimensional subspace L (= the subspace
spanned by {qo, q1, ..., ¢gn—2}) contained in its zero set and since wy,_1
is not identically equal to zero and harmonic where it is non-zero, it
follows that w,—_; is linear in each of the two components of R™ \ L.
This then readily implies that w,_1 is homogeneous of degree one from
the origin and therefore, by Lemma 5.16, we have that

(5.28) Nuw,_,(0) = 1.
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The resulting equality in (5.27) yields
(5'29) Nv+ (0) - Nv+ (Z)

Lemma 5.17 then readily implies that v™ is cylindrical in z-direction,
as was required.

The second assertion of the proposition follows readily. Since v™ is
non-negative and invariant under translation by the elements of its zero
set Z,+ which is an (n—1)-dimensional subspace, vt = v 7L is a non-
negative function of a single variable whose zero set consists of the origin.
Furthermore, vt is harmonic away from the origin since vT is harmonic
away from Z,+. Thus the graph of v must consists of two rays. (Alter-

natively, we may use the homogeneity of ot here.) This means that the
graph of v must consist of two n-dimensional half-spaces meeting along
Z,+, completing the proof of the proposition. q.e.d.

6. Second Blow-up

In this section, we complete the proof of case (a) of Theorem i’
by using a second blow-up argument. Since the first blow-up of the
hypersurfaces M}, off hyperplanes (taken to be R"™) is equal to the
union of two hyperplanes intersecting along an (n — 1)-dimensional
subspace (see Proposition 5.18 and the remark thereafter), for suf-
ficiently large k, M) is closer to the union Hj of two hyperplanes
(Hy = graph e, vt U grapheg v, see notation below) than it is to R™.
More precisely, the L? height excess (i (see definition (5.9) below) of
M, relative to Hy (in a suitable ball) is of lower order than its excess
€x relative to R™. The idea now is to blow up My by (. Following
the work of L. Simon in [11]], we will show in the present section that
this second blow-up too is the union of four half-spaces meeting along a
common (n — 1)-dimensional axis, which gives a contradiction implying
that M), are pairs of transverse hyperplanes for infinitely many k. (See
paragraph entitled Completion of the Proof of Theorem .1 in
Case (a) at the end of the present section.) We note here that in [11],
Simon shows how to blow up a sequence of multiplicity one minimal
submanifolds off a sequence of multiplicity one cones converging to a
multiplicity one cone. Our setting differs from his in that the sequence
Hj converges to a multiplicity two hyperplane, and hence modification
and replacement of some of the arguments of Simon is necessary here.

For notational convenience, we assume in this section that conver-
gence in Lemma {I.{ of the sequences ¥, vy is in WH2(B?(0)) (rather
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. 1,2
than in W+ (B?M(O))).
We now introduce some further notation.

Let H = graphv™ Ugraphv™, where v+ and v~ are the first blow-up
as in Sections ¥, and §. By Proposition p.18, H is equal to the union of
two hyperplanes intersecting along an (n — 1)-dimensional subspace T
of R™. Without loss of generality, we take T to be {0} x R"~L.

In the present section, our notation for points in various Euclidean
spaces is chosen to be consistent with that of [IT]. Thus, (z!,22,y!,...,
y" 1) will denote a general point in R"*! and ey, es,. .., e, 1 the stan-
dard orthonormal basis vectors in R"*!. We identify R" with the hy-
perplane {z! = 0} of R"™! and R"~!, R? with the subspaces {z! =
22 = 0}, {yt = ... = y"1 = 0} respectively. If we write (z,vy)
to denote a point in R"™, we are thinking of R" as R x R"™!, with
r € Rand y € R"!. If (z,y) denotes a point in R"*!, we are taking
R"!' =R? x R" ! with x € R? and y € R

Let
R""={(z,y) €R" : 2>0} and R" " ={(z,y) eR" : 2 <0}.
Let

H;{l) = graphep v |gn+,

H,(f) = graph ey v |gn

Hl(:’) = graph e, v |gn—,

Hgl) = graph e, v |Rrn+,

where €, is the tilt-excess defined in Section i, L,(:) = Hg) N R? for
i=1,...,4, H,=U" HY and L, = Ut LY.

The fact that the first blow-up H, away from R"! consists of
smooth, disjoint pieces suggests that for sufficiently large k, the two
“sheets” of M}, are well separated (i.e. their union is embedded) at
least in the graphical region G} away from a small tubular neighbor-
hood of R"~!. This is indeed the case. Precisely, we claim that for every
7€ (0,1/8],

(6.1) Gy NGO\ T =1
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for sufficiently large k& (depending on 7), where

T ={(",€) eR?: () + ()’ <} xR
To see (6.1), we use an argument of R. Hardt and L. Simon [&], based
on the monotonicity formula (2.9). If the claim is false, then for every
k in a subsequence of the indices {k} (which we also denote {k}), there
exists a point yj, € (G} NG},)\T}. Since this implies that Oy, (yx) > 2,

we have by the monotonicity formula (2.9) with o | 0 and p < 7/2 that

(6.2)

n/ ((z — ) -v)?
Wnp _ n+2
MynBE  (yy) 1% — Ykl
where ¢ = ¢(n). (The last inequality in (6.2) is easily seen by writing
H" (M N Byt (y)) = H™(Gr N By (y)) + H™ (Mg \ Gi) 0 By (yg)
and expressing H"(Gy N Bg“(yk)) as the sum of integrals of
\/ 1+ |D(¢,uif)|? plus a term which is of lower order (by (8.26)) and

noting that by inequality (5.24), H™((Mj, \ Gy) N B2 (yx)) < cei ™)

= H"(MkﬂBngl(yk))—anp" <cept

The integral on the left hand side of (6.2) can be estimated from
below as follows.

2
r—Yi)- vV
MpNBI T (yg) |7 — Yl

- / (@' = yi) - D) — Wyl — yp))”
BOR) (|2 — g2 + [ — y}2) 2 /1 + D@y )

+/ (2" —y3) - D(Wuy) — (ruy, —yp))?
B (2! — g2 + [y — yb2)"3 /1 + [ D@y )2

where we used the notation 2/ = (22,...,2" ) and y|, = (y3, ... ,yZH).

Since uf,Du,f — 0 a.e. and y; — 0, Fatou’s lemma and (f.3) imply
that

2

1 — ) -
(6.4) liminf — / (& —ye) )7 fQ)
k—oo € JMpnBR T (yr) |z — el
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where % denotes the radial derivative, R = |2/ — ¢/|, ¥/ = limy;, is
such that dist (¢, R"™') > 7 > 0 and u* = lime_ ' (uif —y}) (ie.
ut = vt — y! where y' = lim eglyi) having distinct values at 3'. Thus

we finally conclude from (5.2) that

(6.5) /B ) R*™ (%)2 + R*" (%)2 dr’ < e < oo

which of course cannot be true, because at least one of the two smooth
functions u™ has value # 0 at y’. This proves (§.1).

n
P

Now let 7 | 0 be a given sequence of positive numbers. In view
of (6.1, we have that for an appropriately chosen subsequence of the
hypersurfaces M}, (which we denote M), again),

(6.6) (GENG)\T, =0

for all k, where

6.7)  T={(E"€)eR?: (€ + () <mei} xR

We may now use Schoen-Simon regularity theorem (Theorem 1 of
[8], applied in fixed sized balls in B}'(0) away from R"!) to conclude
that for all sufficiently large k, My N (B (0) \ T) is the union of four
disjoint smooth hypersurfaces. (Notice that even though Schoen-Simon
regularity theorem as it is stated in [8] assumes embeddedness of the
hypersurfaces everywhere, the proof of it only requires embeddedness
of the graphical part, which we now have by (6.6).) Applying Allard’s
regularity theorem ([, }[10]) to each of these hypersurfaces, we obtain
that for sufficiently large k, My N (BI(0) \ Ty) = UL, graph g,iz) with
g,(;) € CQ(U,EZ),HECZ)L) satisfying

i (@)
(6.8) supgo oy | + 197 6| < e B,

where U = HY 1 (BI1(0) \ Ty) for i = 1,...,4 and

1/2
(6.9) B = / dist? (z, Hy) dH"(2) | .
MpnB? 1 (0)

Observe that by writing M} N B?/zl (0) as the union of G} N B?;ll (0)

and (M \ Gg) N B?/'ZI(O) and using (6.9), the definition of Hy, parts
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(a), (b) of Lemma 4.6 and inequalities (3.24) and (3.28), it is easy to
see that

(6.10) B/ € — 0.

Now,‘for i = 1,4, Hl(;) = granphl/,g)\RnJr and for i = 2, 3, Hg) =
graph l](CZ)’Rn— where l,(;), 1 < i < 4, are linear functions over R"™ with
IDIY| < ce. Thus, letting g\ (X) = g\ (17(X), X), where X €
BHO)N(R* T\ pTy) ifi=1,4and X € BP(0)N(R"\pTy) ifi =2, 3
(where p is the orthogonal projection of R"*! onto R™), we obtain that

(6.11) M. 01 (ByH(0) \ Ty) = UL, graph g{”
with f],(:) satisfying
(6.12) SUD ) |§,(€Z)| + |D§,(€Z)| < cfB.
Let w,(j) = B 157,&“. By elliptic estimates for g,(:), we have that for
j < 3 and for every compact K C B1(0) \ ({0} x R"71),

(6.13) SUP K AR»+ |Djw,g)| <c

fori =1, 4, and

(6.14) supgors - |Diwl’| < c

for i = 2, 3, where ¢ = ¢(K). This implies that there exist functions
w, 1 < i <4, with w®, w® € C2(R"* N BY0)) and w?, w® ¢
C?(R"™~ N BY(0)) such that

(6.15) w™ is homogeneous of degree one,
(6.16) Aw® =0
and

(6.17) w]@ — @
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in the C2-norm on each compact subset of the domain of w®. Note
that (6.15) is a consequence of item (5) of HYPOTHESES (x) of Sec-
tion if. The functions w® collectively are the “second blow-up”. We
intend to prove, following [11], that for each i, the graph of w(®) is an
n-dimensional half-space of R"*! and that these four half spaces meet
along a common (n — 1)-dimensional axis.

Except in two dimensions, (i.e. when n = 2), just the conditions
(6.17) and (5.18) need not imply that each w(® is linear in its domain.
However, as in [11], we can show that the w(?) satisfy certain additional
properties (given below by the L? estimates of (6.53), (5.54), (5.5%) and
(6.58)) which, together with (6.15) and (.18), do indeed guarantee that
the w® are linear, and furthermore, that the graphs of w(® form a pair
of hyperplanes. Lemma §.23 below will establish this assertion.

Before discussing the aforementioned additional properties of the
w®, we want to make one more important point here; namely, that
in [11], the L? estimates analogous to our estimates (p.53)— (6.54) are
proved under a certain “no-large-gaps” assumption (hypothesis (xx) of
Remark 1.14 therein) regarding sing Mp,; (See Lemma .19 below for a
precise statement of this. sing M} in our case means the set of points
of self-intersection of the immersion Mj. These are the points z where
O, (2) > 2.) In our setting where we assume co-dimension one stabil-
ity (unlike in [11}]), My do indeed satisfy this hypothesis for sufficiently
large k. This is a consequence of Lemma 8.2. We precisely state and
prove this assertion in the following lemma.

Lemma 6.19. If k is sufficiently large, there are no “large gaps” in
the set { z € My N B}1(0) : Oy, (2) > 2}, Precisely,
{0} x{ye R : |y <1/2} C ({z e M N B?H(O) : O (2) > 2})5k

for sufficiently large k, where (S)s means the d-neighborhood of the set
S, 6k = c\/Tk (1 as in (6.1) and c = c(n).

Proof. It suffices to show that
(6.18) H* N (Er) < ¢/,

where ¢ = ¢(n) and

E,={y¢ B?/_QI(O) DO, (2) <2Vz e MipN pfl(y) N B?H(O)}.
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Since M}, is smooth, we have that

Ey = {y € B/, 0) : Ou(2) =1Vz € Mpnp~'(y) N BiTH(0)}.

By Sard’s theorem,

H" ' ({y € BY},'(0) : O, (2) = 1Vz € Mynp~'(y) N BIH(0)})

= 1" (E}),
where
By ={ye B3 0) : Mynp~(y) N BIH(0)
is a smooth, 1-dim manifold}.

For y € Ej, let ¥f = M, np~'(y) n (B2, (0) x {(0,y)}). By the

definition of E’k, Ely“ is the union of two disjoint, smooth curves of finite

length. Suppose ’y]y“ (s),0 < s < L]zj is the arc length parameterization
of one of them. Here Lly€ is the length of this curve.

Since the two curves that make up Ely“ are disjoint, the two end points
’y]y“ (0) and *y]y“(L) cannot lie in the 15% and the 3'¢ quadrants, or in the
274 and the 4th‘quadrants. This means that dist (' (0), H,(;)) < ¢ B and
dist (V#(L),HY)) < ¢y, where {i,j} = {1,2}, {2,3}, {3,4} or {4.1}.

Therefore, since the angle between Hg) and H,S.j ) is > cey, for such {1, 5},

we have that

(6.19) k(v (L)) = vi(75(0))] > cep.
We also have that

L
(620) m(fL) = nGEO) = [ Znthe)ds

L .
= [ Db e ds

L
= —/0 (Ak)q(s) ds

where (Ak)'yfj(s) = Ak(VI?j(S),’yl?j(S))

Combining inequality (.19) and equation (.2Q), we get that
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L
(6.21) /0 |(Ak:)%§(s)| ds > ceg,

which gives

N L
(6.22) ceH V() < /~ / (Ao ds dH ().
E, JO

Using the co-area formula and the Cauchy-Schwarz inequality (and

(
observing that the Jacobian Jp < 1), we obtain from inequality (.22)
that

(6.23) cepyH" M (Ey)

IN

/ |Ag| dH™
MN(B2_ (0)xB".1(0))

27 1/2

< (H”(Mk; N (B3, (0) x B?/’Ql(())))m

1/2
x / ARl )
M;N(B3,, (0)xB}/5!(0))

1/2
Now, by the monotonicity formula (2.9), we have that, for every
p € (0, 1/2] and every o € My N B} 51(0),

H(My, N Bi+ (x)) M (Mg 0 By ()

6.24 <
(6:24) W p™ - wp(1/2)n
n n+1
Wn

for sufficiently large k.

Using the above inequality in each of the balls of a (finite) collection of

balls of radius e covering B3, (0)x B?71(0), and noting that the number
vol (B3, (0)x B ~1(0)) _ Cn)

vol (B1:F1(0)) o

of such balls required is < we obtain that

(6.25) H™ (My, N (B3, (0) x By ,H(0)) < e

Since Bj,, (0) x B?/;l 0)) C Bg/zl(O), using Lemma 3.2 with a choice
of ¢ that satisfies p =1 in By4(0), ¢ = 0 outside By/3(0) and [Dyp| <
16, we have that
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(6.26) / Al < céf.
MN(B3,, (0)xBy ;' (0))

1/2

It follows from inequalities (§.23), (6.28) and (5.28) that H"1(E},) <
1
c7;?. This completes the proof of the lemma. q.e.d.

Lemma 6.20. [[11], Lemma 3.4] For sufficiently large k, if Z €
M N B?/zl(()) is such that Oy, (Z) > 2, then,

- (v ((z9)~2)) ‘ot 2
(i) kamBml(Z) Gz < ¢ Janpri (o) dist” (2, y), 72Hy),
(it) fMWB?/Zl(@ Z?;ll(yk ’ 62+j)2 <c kamB?Jrl(o) dist? ((z,y), 72 Hg)
and

i dist” ((z.9).72Hs) dist? H
) Janspit ) Jea—zp e < € Jannpprie) dst (2,y), 7zHy)

where ¢ depends only on n and Tz is the translation X — X — Z.

Proof. By translation and scaling, we may assume Z = 0. The proof is
essentially as in the proof of Lemma 3.4 of [11]. The only change is that
the definition of the function uy and the graphical part Gy (= graph uy)
(which correspond to u and G respectively in the proof of Lemma 3.4
of [L1]) have to be different here. In [11], uj, G} together with the
estimate

(6.27) / r? + / (Jug|® + r?|Dug|?) < CB;
MN(BY L (0\G) UxNBY 5 (0)

1/2 1/2

are obtained via the regularity result (1.8) there. (c.f. Lemma 2.6 of
[11].) Since (1.8) of [11] depends on the assumption that M belongs to
a multiplicity 1 class (the crucial point being 1.3(b) of [11] holds) we
cannot use the same approach here. Instead, we proceed differently to
argue that (p.27) holds for a suitable two valued graph Gy, over a domain
Uy in the plane {0} x R™. (Thus u; will be a two valued function over
a domain U C B?(0) which satisfies (6.27).)

To see this we use the notation that, for p < 1/2 and |y| < 1, A,(y) =
{(rwn2)  (r— p/2° + |2 — yl? < p/16,w € S}, Ayly) = {(rw,2) -
(r—p/2)? + |2 —y|? < p?/32, w € S'}.

Take any p € (0,1/2) and for § = d(n) and ¢ = ¢(n, o) small (to be
chosen) consider the alternatives:

@hmww@<wi?mﬁm@@@>“Mmmﬁa

(0) Jarna, ) Mk = " and Jyp 0z ) 4k > 0 Jana, ) P
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(©) Jannapw) B < 0™ and [u 03 o) G <0 fina, 0 i and

(D) faryn, ) G 2 ™ and [y 050 4k <0 Jagna, ) i
where hj, is the distance to the plane x1 = 0 and d is the distance to
the pair of planes Hy.

In case of alternative (a), provided ¢ = ¢(n, «) is sufficiently small, we
can use the Schoen-Simon approximate graphical decomposition (as in
Lemma 3.3 above) relative to the single plane z; = 0 to get a 2-valued
graph Gf)k) (y) = graph ugk?)J of small gradient over a domain U,gk) (y) in
the z1 = 0 plane such that (see (3.24))

(6.28)
H (Mg N A, () \ GP () < Cp2 / B < o5 / @
MpNAp(y) MpNAp(y)
and
(6.29) / (|ug’f)y|2 + r2|Du];,y|2> <C d
U () My A, (y)
Note that (5.28) implies
(6.30) / ~ r?<C dz.
MNA,(y\GS () M;NAp(y)

In case of alternative (c) note that we have [, A hi > Cp"+2es

(since by definition of alternative (c), it follows that there is a subset
of My, N Ay(y) of measure > Cp", C = C(n), on which hy, > Le?p?)
and so, for small enough § depending only on n, by the argument lead-
ing to the estiamte (6.53), (which shows that we can’t have two sheets
joining up when the L? distance from x; = 0 is much bigger than the
L? distance to a pair of almost parallel planes) we conclude that either
(i) M N /Tp(y) decomposes into two regular graphs over the respective
planes Hy, 1, Hy 2 of Hy, or else (ii) the whole M, N gp(y) is contained
in an dexp/2 neighborhood of one of the planes, and we can apply an
argument similar to that for alternative (a), except that it is done rela-
tive to the plane Hy, ; or Hy, » instead of the plane x1 = 0. In either of
the cases (i) and (ii), by composing the defining functions of the graphs
thus obtained with the functions that express the planes Hy, 1, Hy 2 as

graphs over 1 = 0, we get a 2 valued function ugk?)J with small gradient

over a domain U, ék) (y) in 21 = 0 satisfying (6.29) and (6.30).
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The alternatives (b) and (d) give trivially that kamTp(y) 2 < C

kanAp(y) d?, so we take G( )( ) =0 in these cases. L

Thus all alternatives lead to the conclusions (6.29) and (5.30). Defin-
ing Uk = U c(0.1/9).4 Bn—l(O)U,(,k) (y) and the (2-valued) function uy over
Uy by setting uk| ®) () = ugf)y, an elementary covering argument com-
pletes the proof of (6-27) Note that uy is well defined by unique contin-
uation of solutions to the minimal surface equation. With the estimate
(5.27), the proof of the lemma can be completed as in Lemma 3.4 of

[11)]. q.e.d.

Lemma 6.21. [[11], Theorem 3.1 with minor modification]
For sufficiently large k, if Z = (§,m) € M N B?/ng(()) is such that
O, (Z) > 2, then,

(i) |80 + e [* < e B¢, ]

(i1) kamB?/tj(Z) Z;:ll (Vk'62+j)2+kamB;‘/'zl(Z) \(I,y)fd% <cfi
and

93" (@) =€k (2.9) 2
(i#) it Jyg OB @ Tew-zrr - S Ok
where X0 means the orthogonal projection of (£,0) onto (R™)L, €1+ (x, y)

means the orthogonal projection of (£,0) onto (T(gc/y)Hk)l where 7' is
the nearest poz’nt projection of x onto Ly, (T(x y)Hk = subspace con-

taining H if (2,y) € H’ )) di(z,y) = dist ((z,y), Hy) and ¢ depends
only on n.

Proof. To prove (i), notice that since Z € Tk, there exist 0 > 0 with
01 "\, 0 such that for

X = (z,y) € Wi, = My, 0 (ByFH(0)\ (B3 (0) x R™™Y))

(6.31) dist (X, 72Hy) = |(z,y) — (2, y) — §J‘k]

where 7z is the translation X — X — Z. (This is because for X € Wy,
the nearest of the four half spaces of Hy to X and X + Z are the same.)
Since

(632) \(:r,y) - (xlvy)’ = dk(X)v
it follows that

(6.33) etr| < dist (X, 72Hy) + dip(X)
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for X € Wj. We also have that for each py € (0,1/8] and all sufficiently
large k (depending on py),

030 0P GP s [ e
MkﬂWkﬂBgo (Z)

and that

(6.35) 1| < c(lere] + e [€))-

The inequality (b.35) holds because for each i, the angle between H,(j)
and R is < ce¢;, and hence

(6.36) & — o) < cepl.

To see estimate (6.34), first notice that for sufficiently large k,

e <en | jenp,
MkﬂWkﬂB;lg_ (Z2)

This is true because for sufficiently large k, Z € T) and therefore,
for any given py, there exists kg = ko(po) such that for each k > ko
there exists a subset S (depending on Z) of M, N W), N B,,(Z) with
H™(Sk) > 2wy, pl such that for every X = (z,y) € Sy, the angle between
(£,0) and the nearest of {L,(;) *_ | to (z,0) is > cey, or, equivalently,
|€1R(X)| > cepl€|. Integrating this last inequality over S, yields that
e1¢? < epy” kakamB%rl(Z) |€+#]2. Inequality (6.34) then follows
from this and inequality (5.3G) because |¢10]2 < 2|¢t0 —gLr 242 |¢1x)2,

By inequalities (6.34) and (§.33), we have that

(6.37)

€02 tef |17 < epp” / dist? (X, 77Hy) + / di
MNByt (2) MNBY(0)

where ¢ is independent of k£ and pg.

By Lemma p.20, we have that
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(6.38) pg" 2 dist? (X, 7 H})

/ MNBp ™ (2)

<c / diSt2 (X, Tsz)
MpNBL(0)

Sc/ di—kc/ I3k
MpNBT(0) MpNBIL(0)

and in view of inequality (6.38), this implies that

(6.39)  py" / dist? (X, 72Hy)
MynBp(2)
3/2 3/2
<enl” [ &+ ep)® (169P + G IeP) .
MpnBFHL(0)
Combining inequalities (6.37) and (.39) and choosing py = po(n)
sufficiently small, we obtain that

(6.40) P+ eP <c [ 2.
MpnBFH(0)

This is part (7) of the lemma.

To prove part (i7), first notice that we have by the triangle inequality
that

(6.41) |dist ((z,y), 7zHy) — dist ((z,y), Hg)| < |§L§c|

for some i, 1 < i < 4, where fl}% denotes the orthogonal projection of
(&,0) onto the direction normal to H,(;). Since €152 < c(J€to|2+E21¢)%)
for each i, it follows from part (i) that

(6.42) |dist ((z,y), 7zHy) — dist ((z, y), Hg)| < ¢ fk.
By Lemma 6.20 (together with the obvious fact that |(z,y)—Z|"3/2 <

|(z,y) — Z|"~Y4 for (z,y) € B14(Z)) we have that

(6.43)

dist? H
/ is ((957?/)=Ti/f) < C/ dist® ((z,y), 72 Hg).
MkﬂB"+1(Z) |(CC, y) - Z|n MkmBIH_I(O)

1/4
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By inequalities (8.42), (6.43) and the fact that [y, ABI2) | X —

Z|7"+t1/4 < ¢(n) (which is a consequence of the volume growth estimate
H™ (M), N BM(Z)) < er™), we conclude that

d2
6.44 / k <cp
(6.44) MunBr L (z) (2 y) — Z |14 g

1/4
which, together with Lemma .20, gives part (ii).

Finally, for part (iii), observe that by part (¢), equation (§.31) holds
for (z,y) € U, so we have by (6.31) that

(6.45)  dist ((z,9) + 9 (x, ), 72Hy) = |g1 (2, y) — (2, ).

The estimate of part (iiz) follows from Lemma §§.20), the area formula,
inequality (§.42), equation (f.4%) and the estimate of part (i). This
completes the proof of the lemma. q.e.d.

Lemma 6.22. [[11], Corollary 3.2] For sufficiently large k,

()(x 2

Z y) — (ki e1 KR e ) (z,y)] 2

/ (g 3/2 < Cﬁk
NB rk

1/8

and

i | Go<ent
17 I C .
MﬂBn+1() ]1‘/4_ k

1/8
Here ¢ depends only on n, ri(x,y) = max {r,or} (r = |z|) with §; as in
Lemma b.19, ejl’“(x,y), Jj =1, 2, means the orthogonal projection of e;
onto (T(xyy)Hk)J- where eq, ex are the standard basis vectors of R? and
ky(z,y) = R)(r,y) with
k’i :Dp={(r,y) : >0,y c R" (rwi,y) €U} fori=1,...,4} - R
(where wi, = Li N SY) satisfying

sup( en, (FR) + i (FL)? + (Rp)?)) < cfB.
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Proof. To prove (ii), let z € Bl/2 (0) and p € (0, 1/8) be arbitrary.
Here 6, is as in Lemma .19. By Lemma .19, there exists Z € M), with
O, (Z) > 2 such that [Z — (0,2)| < . Thus if X € B)71(0,z) then
|X — Z| < 2p and therefore, using part (ii) of Lemma B.21, we obtain
that

—nt1/4 2 ~1/4 _di
(6.46) p /MkmBg“(o B} dp <27 kamB;;ﬂ(o,z) | X—2Z|n=1/4

< 2n—1/4 di

kamB?/tj(Z) [X—Z|n—17/4

< ¢

We can cover B?/ng(O) (32/2(0) x R"™1) by a collection of balls
B0, 2) with z; € B?/QI(O) such that the number of balls in the
ofn)

. Using such a covering, we obtain from inequality

collection is <

(5.48) that

(6.47) p 3/ /M . a2 < cp?
k

PN ON(B2,(0)xRr—1)

for p € (01,1/8).

The required inequa_li_ty now follows from Fubini’s theorem by multi-
plying both sides of (§.47) by p~/? and integrating with respect to p
over (dg,1/8).

To prove (i), for p € (dx,1/8), let {ByT1(0, z;)} be the same covering
as the one used in the proof of (i7) above As before, for each j, there
exists by Lemma 6.19 Z; = (§;,n,) € M}, w1th Om,(Z;) > 2 and |Z; —
(0, 2j)] < bg- Furthermore writing &; = (¢! i 5]2)(6 R2) and noting that

£]l° = (&},0), we have by part (i) of Lemma .21 that

(6.48) (1617 + ek (117 +1€5) < ey

and by part (iii) of Lemma p.21} that

(6 49)

Z o2 / 190 (2, 9) — (€L el + €2 el) (o, < c 6},

DABET(0,2))
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For each k and each (r,y) € (0, 1/8] x B!,'(0), choose 7 (r,y) and

1/4
k4 (r,y) such that

(6.50) B (r ) + & ([RL(ry)” + R (ry)?) < ey

and
(6.51) > |g (r why) — Rh(r,y) et* (rwh,y) + 72 y) ea* (rwh, )
1=1

4
=inf Y gt (rwhyy) — (e (rwh y) + Ao et (r wh, y))I?
=1

where w,’; = L,(f) N S! and the inf is taken over all A = (A1, \2) € R?
such that A? + €2 (A\? 4+ A\3) < ¢ 82, with ¢ = ¢(n) as in inequality (6.48).

It follows from inequality ($.49) then that
4

Z P " 3/2/(i) 1 ’gl(;)(xvy) - (K:llc elk +“i er)(x,y)P
P U nBpt(0,25)

< cf.
Summing over j, we obtain from this that
4
_ ' 1 i
S 9 2.9) = (sl e + i ) ()P
=1 U, N(B2 5 (0)xR"~1)
< cf

and the inequality of part (i) of the lemma follows from this by inte-
grating it with respect to p over (dy,1/8). This completes the proof of
the lemma. q.e.d.

We now return to our second blow-up w®, i =1, ... 4, as in (6.15),
(6.18) and (6.17). The estimate of Lemma .22 (i) in particular implies
that for i =1,...,4,

G 601 < col/ 2.
Ui nBy, (o)m(ng (o)an—l)
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This means that the convergence in (6.17) is strong in L?(R"* N
By 16(0)) for i = 1, 4 and in L*(R™ ~ N By 16(0)) for i = 2, 3. Therefore,
by part (i) of Lemma $.22, we have that

(6.53) / o / [wD(?,y) = (ra(r.y) = ra(r )2
B

< 00,
e ri/?
1/16 [w®(—22,y) — (k1 (r,y) + ka(r,y))|?
(6.54) / /B . i < o0,
1/16
1/16 a2 ) — B 2
s y) (Hl (Tv y) R2 (Tv y))’
6 55 / / 372 < 00
BI/IG(O
and
1/16 [w® (22, y) — (k1 (r,y) + Ka(r,y))|?
(6.56) / /. ) o .
B1/16 "

for bounded functions k1 , k2 : (0,1/16] x B?/lé(O) — R.

Lemma 6.23. The part of the union of the closures of the graphs of
functions w and w®) in B1/16(0) x R is equal to the graph of a single
harmonic function over B 16(0). Similarly, the part of the union of the
closures of the graphs of w® and w™® in Bi/16(0) x R is equal to the
graph of a single harmonic function over B 15(0).

Hence in particular, since w® are homogeneous of degree 1, the sec-
ond blow-up consists of two intersecting hyperplanes.

Proof. Here we shall assume that H = graphvt U graphv™ is the
union of the two hyperplanes given by x! = +2. Thus H}, is given by
r! = +¢,2%. (We may arrange this by replacing ¢, by ce;, for a suitable
fixed constant ¢ independent of k.) Let ¢ : R — R be a C? cut-off
function with ¢(t) = 1if ¢t < 1/8, ¢ (t) = 0if t > 1/4, |¢/(t)] < 16 and
|9"(t)] < 128 for all t. For each k, let ¢ : R — R be a C? cut-off
function with . (t) = 1 if t € (—oo, —%], ¥i(t) = 0if t € [F,00),
[ ()| < 26" and |9 ()| < 4e,? for all ¢.

Let 7 € (0,1/16°) be arbitrary and ¢ € CZ(By14(0)) with Dy ¢ =0
in By 16(0) N{|z?| < 7}. By the first variation formula, we have that
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(6.57) V(@' = epa?) - V(C (P )en(v) = 0

My,

where C is a C2(B1/16(0) x R) function which agrees with ¢;(z', 2%, ...,

") = ((a?,...,2") in a neighborhood of My N (By/16(0) x R),
v, = (I/kl:, V,%, .. VZ'H) is the unit normal vector field to M}, and we use
the notation v, = (v2,...,vp™H).

Now

658) [ V(@' —ea®) VCO(2)ewd) = I +1F + 1P 4 1)

M,
where
k -
1= [ PR ! - ) 98
M\T
B = [ wPyned)v @ - aa?)- v
M,NT
0 n+1 )
I( —22/ (¢k v (v} v (e — exe?) -V
and
19 = [ CoPyiod)e! - ach) - Vit
k
Here T = BE/Q(O) x R 1. We estimate each of I{k), . ,Iik) as fol-
lows:

For Iék) and [ ik), first note that the support of the integrand is con-
tained in the set My N {|v}|*> < 1/4}, and hence, v) can locally be
written as a function of just the variables xo and y. Hence, by direct

computation, the integrand Fg(k) of Iék) can locally be written as

k n+1 ) n+1
= -2 Z AU AAR i <ekD21/k (v} — epvf Z viD; Vk>
=2

(6.59)= —wk(uk) (V)0 (e + (v} — e o) Davit + S5
where S:gk) is the sum of all the terms of F3(k)

j=3,...,(n+1). Thus

having a factor vj,
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k
(6.60) 15| < Cl¢|| Akl
Now
n+1 ‘
(6.61) Dyvip = =Y Divj,
1=3

which is the minimal surface equation for minimal graphs over the xo,y
plane. Using this in (B.59) and integrating by parts (which can be jus-
tified using a suitable partition of unity), we conclude that, in view of
the fact that for all sufficiently large k, the supports of ¢/(|v}|?) and
¥"(Jv}|?) are contained in My NT,

|]§k)| < Csup [(] | Ag|
M;NTNBYE (0)
+C'sup | D(|
MNTNBY 5 (0)
(6.62) < Csup (¢ + [DCHVT B

Here we have used the fact that [¢},| < Ce, ', that [v2| < Cey at every

point in the support of ¢} (v7), that H™(M; N1 N B?/'EI(O)) < C7 and

the estimate [ MBIEN(0) Z;‘;LSI(VJ)Q < Cp?. This last estimate follows
from Lemma 6.21, part (i7).

To estimate I, ik), note that by (.61) and direct computation as be-

fore, the integrand F4(k) of I ik) can locally be written as

n+1
(6.63) F4(k) = V(v 0L (7) (e + (g — exvi)V}) Z Djv] — sikz)
j=3
where
. " n+1 )
(6.64) ST = Collvh Py v — ) Y DR,
j=3

Thus
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(6.65) 15| < Cl¢lwh ()] Al

Using this and integrating the terms involving D1y, j = 3,...,(n +
1), by parts (which again can be justified using a partition of unity)
we see that since for all sufficiently large k, the support of ¢} (v2) is
contained in My, N T N {[v}| < e},

1P < Csup (] + D¢ /

MNTN{|vE|<§ex}NBY 5 (0)

(6.66) +e / | Al
MNTN{|vE|<ienB]E(0)

1/8

Note that here we have used the fact that [¢}| < Ce. !, [¢}| < Ce,?
and that |vZ| < Ce at every point of the support of ¢k(1/k)

Using Cauchy-Schwarz inequality and Lemma .24 below, we con-
clude from this that

(6.67) 1171 < Csup (I¢] + D)7/ By
k), note that since Eis independent of x; everywhere

k)

To estimate .72(
and independent of x5 in T', we have that on M; NT, the integrand FQ(
of Iék) is given by

n+1
k
(6.68) B = —p(v Py R vk — ) Z D;¢v]
and hence
(6.69) 1187 < C'sup |DC|V/T B
Finally, note that for all sufficiently large k, ¥(|v}|*) =1 on My \ T,

Yr(vE) = 0 on (graph g,(f)Ugraph gk4 )\T and 1 (v#) = 1 on (graph g,(gl)U

graphgk ) \ 7. Thus, since 2! = e,z? + g() el on graphg,(j), i=1,3,
we have that
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(6.70)

lim 51;1[£k) = / DuwY 'DC-I-/ Dw® . Dc.
ko0 R H\{|z?|<7/2} R =\{|z?|<7/2}

Integrating by parts in this keeping in mind that D¢ = 0 in {|2?| < 7},
we see that

6.71)  lim g1 :/ (WD (@2, y) + w® (a2, y))A¢
hee R7H\{Ja2|<7/2}

for any Cg(Bl/w(O)) function with Ds( = 0 in a neighborhood of

22 = 0 and which is even in the z? variable. Hence, in view of the

estimates (§.62), (6.67) and (£.69) together with the fact that the func-

tion w) (22, y) + w® (=22, y) is in L2(R"* N By 4(0)), we conclude by

dividing (§.57) by 0 and first letting & — oo and then letting 7 — 0 that

(6.72) / (WM (@?,y) + w® (—2?, ) AC = 0
R"+tNB1/16(0)

for any ¢ € 03(31/16(0)) with D¢ = 0 in some neighborhood of
22 = 0 which is even in the z? variable. By approximation, (p.72)
holds for every C2(Bj16(0)) function which is even in the z? variable.

Now let wgl 3) be the even reflection in the 22 variable of the function

w® (22, y) + w® (22, y). Then by (5.72),

(6.73) / wlAC =0

B1/16(0)
for every ¢ € CZ(Bj/16(0)) even in the 22 variable. Also, since wi?
is even in the z? variable, (§.73) trivially holds for any C?(Bj;16(0))
function which is odd in the 2 variable. Hence we conclude that (.73)
holds for arbitrary ¢ € CZ(By/16(0)) and therefore that w is har-
monic in By /14(0).

Next note that the conditions (6.53) and (6.53) imply that
p
ery  twp [0 ety - e ) ~o
p—07F 0 B?/—lé(o)

Thus, if wgl % is the odd reflection in the z2 variable of the func-
tion w® (22, y) — w® (=22, y) (which is harmonic in Bi16(0) N {z2 >
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0}), then (6.74) implies that wi'® extends to a harmonic function in
B,16(0). Now define a function w3 on Bi16(0) \ {z2 = 0} by set-
ting w3 (22, y) = w (22, y) if 22 > 0 and w3 (22, y) = w® (22, y) if
2?2 < 0. Then w*® = %(wgl Dl %) everywhere in By 16(0)\{z2 = 0}
and hence we have shown that w(!3) extends to all of B, /16(0) as a har-
monic function. i.e. that the union of the closures of the graphs of w(®)
and w® in B 116(0) x R is equal to the graph of a single harmonic
function over B /14(0).

Repeating the entire argument with (1 — 1) in place of 13, and using
(6.52), (6.56) in place of (6.53), (5.55), we also conclude that the union
of the closures of the graphs of w® and w® in B, /16(0) X R is equal
to the graph of a single harmonic function over By 4(0).

Finally, since w® are homogeneous of degree 1, we conclude that the
second blow-up consists of 2 intersecting hyperplanes. q.e.d.

Lemma 6.24. For each 7 € (0,1/16%), if T, = {(x,y) € R? xR :
|z| < 7}, then we have

n+1 )
/ 1 n+1 Z(Vljc)2 = 071/3@3’
M {vR|<5e}nT-NBY g (0) 53

for all sufficiently larg k depending on 1. Here C' = C(n).

Proof. Let a® = gz — 145. For each (0,7) € B,(0) N {0} x R"~! such
that there is at least one & € R? with Oy, (£,7) > 2, let £(n) be any
one of the points £ € R? with Oy (£,7) > 2. By (b.18), for large
enough k the set Sy of such 7 has (n — 1)-dimensional measure close to
full measure on B,(0) N {0} x R"~! and by Lemma .20 and inequality
(6.42), for each n € Sy,

(6.75)
/ (@ —&m) - vi(@,y) + (y —n) - vl (z,y))°
MNBy /s

@ —cm)y— P A" (@) < CB,

where v (z,y) = (v} (2,9), vi(2,y)) and vl(z,y) = Vi (z,y),.. .0 H

(z,y)). Sk is a closed set, and we can integrate with respect to n € Sy,
and use Fubini’s theorem, whence
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x—&(n),y —n)|n+?
dndH" (z,y) < CB}.

((x— €M) - vi(z,y) + (y — 1) - v (z,y)?
(6.76) /MWBI/B /s I

Using the change of variable ¢ = y —n € y — S in the inner integral,
we have

(=€ —v) v y) + o viy)’
(6:77) /Mm/g L. @ = €(y— ), D)

dpdH" (z,y) < CE,

and so, making the change of variable 1) — 2¢ in (6.77)

|(z = &y — 2¢), 2¢9)["+2
dpdH" (z,y) < CBE,

(= &y — 20)) - vi (2, y) + 20 - V()
(678 /MkﬂBl/s /%(ysk)

which evidently implies

(2 — &y — 20)) - vi(z,y) + 20 - v (z,y))
(6.79) /Mm/g /;ww (@ — &(y — 20), D)+

dypdH" (z,y) < CB7.

For any 7 € (0,1/16) we know that |{(n)| < 7/2 for all  such that £(n)
);

is defined, so (5.77), (6.79) evidently imply

(@ — &y — ) - vi(z,y) + v vi(z,y)’
(6:30) /MkﬂBl/s /Sk(y)

(27, 9)["+2
dypdH" (z,y) < CBE,

and

((z — &y — 20)) - vi(z,y) + 20 - Y (z,y))
(6:81) /MWBUB /sk(w @, $)

dypdH" (z,y) < CBE,
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respectively, for all sufficiently large k& (depending on 7), where Sk (y)
(y — Sk) N 3(y — Sk) and z, is defined by z, = z if |z| > 7 and z, =
7lo| e if 2] < 7.

Taking differences we conclude

(6.82)

[ ((etw—20) — £lw— ) - i) + - (aw)
MyNBys 7 Sk(y) |(x77¢)|n+2
dipdH" (x,y) < CB2.

Now by Lemma .21, sup |£1(n)|+€x[€2(n)| < vk for some v = y(n) >
1. Lettlng MkHr = {(xvy) € MkmBl/S : ‘VZ’ Z 47—717/8197 ’V]%’ S %ek}a we
have | (&(y —2¢) — €E(y =) - vii(z,y) + ¢ v (2, 9)] = 3[[[v} (2, y)| for
all (z,y) € My, ¢ and all ¢ € (y — Sg) with ¢ - v/ (z,y) > 5[¢| [V (z,y)]
and [¢| € (1,1/8), and hence

(6.83)
/ / (27, sw)| 7" 2% VY (z,y)|? 8" 2 ds dw dH (z,y) < OB,
My, 4 JQ(zy)

where Q(z,y) is the region in {0} x R"~! given by Q(x,3) = (y — Sk) N
Ty —Sk)N{sw:s e (r,1/8), w € S(z,y)}, with X(z,y) = {w e S"2:
w-vi(@y) = 5lv{(z,y)l}. Thus

(6.84)
[ banP([ G2y R ds ) ana,y) < OO
Mk,+ Q(ac,y)

where 7, = |z;|.

Now since S; has almost full measure for sufficiently large k, we
deduce that there is a fixed constant C' > 0, independent of 7 €
(0,1/16) and (x,y) € My, 4+, such that, for k large enough, fQ(Ly)(T?_ +

s2)~(n+2)/26n ds dw > Cr=1 for each (z,y) € MM B s, and hence (B.8%)
implies

(6.85) / W () Prs A () < OB,
My, ¢

SO
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(6.86) / W ()2 dH" (2, y) < OB,
My NT>

and hence in particular

(6.87) / W ()2 A" 2, y) < CBR.
My (T3

Of course since we trivially have

688 v [ WY (o, )2 dH () < OB,
(Mkﬂ{h/g|§%6k}ﬂ31/8\Mk,+)r‘lT7_3

C = C(n), (by the definition of M}, ; and the fact that H" (M N7, N
Byg) < Co for any o € (0,1/16)), we then deduce that

(6.89) T—l/ W (2, y)|* dH"(z,y) < CB;.
My {|vE|<$ex}NT, 3NBy s

Replacing 7 with 71/3, we deduce that for any 7 € (0,1/16%) and k
suffciently large

(6.90) WY (x,y) | dH (z,y) < OTY/3 62

/Mkﬂ{ll]%<é6k}ﬂT-,—r‘lBl/8
with C' = C(n) as claimed. q.e.d.

Completion of the Proof of Theorem [i.1: in Case (a): First observe
that the entire analysis in the present section can be carried out with
the sequence {Hy }72 | replaced by an arbitrary sequence {Hj}32, with

dr (Fe N BIH(0), By 0 BETH0)) < e,

where, for each k, I:ik is a pair of hyperplanes and c is any fixed posi-
tive constant independent of k. Now let 5,(!”) be the infimum of the L?
height-excesses of M N B{LH(O) over all pairs of hyperplanes. To prove
Theorem il I, we want to show that under HYPOTHESES (%), ﬂ,im) =0
for infinitely many k. So suppose ﬂ,im) > 0 for all sufficiently large
k. For each such k, choose I:Ik, such that the L? height-excess Bk of
M, N B{LH(O) relative to Hj, satisfies ﬁ,(gm) < Ek < Qﬁ,im). For each k,
choose an orthogonal transformation ¢ so that g I:Ik has axis coinciding
with {0} x R""!, is symmetric about {0} x R™ and ¢, Hy — {0} x R™.
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Repeating the analysis of the present section with ¢ Hk, qr My, 5k in
place of Hy, My, Bk, we obtain blow-ups @® in place of w( (w(z) as
in $.17). By Lemma [.23, the closures of graph @w®, i =1,...,4 form
a pair of hyperplanes. In view of the estimate (6,52) (with Gy, dj in
place of (i, dj, where Jk(x,y) = dist ((x, ), ¢x ﬁk)), this implies that
the excess of M N B"H(O) relative to a new pair of hyperplanes (given

by qlzl 4, graph (ﬁkw NG )) where h() are the functions whose
graphs are the four half-spaces of g Hk) is of lower order than ﬂk For
sufficiently large k, this contradicts the definition of ﬁk since we chose
Iflg) such that Ek < QBIgm).

This concludes the proof of case (a) of Theorem .1 q.e.d.

7. Transverse Case

In this section, we indicate how case (b) of Theorem il .1 follows from
case (a) and the work in Section ©.

Suppose the theorem is false in case (b). Then we would have a se-
quence {C}} of cones in 7 and a sequence {P}} of transverse pairs of hy-
perplanes for k = 1, 2, ..., such that dy (spt ||Ci||N By (0), spt |Px|| N
BIT(0)) — 0 as k — oo and Cy # a pair of hyperplanes for every k.
After passing to a subsequence, P, — Pg for some pair of hyperplanes
Py and so dy (spt ||Ci|| N ByT(0),spt | Po|| N BYT1(0)) — 0. If Py is
a multiplicity 2 hyperplane, case (a) of the theorem implies that Cy is
equal to a pair of hyperplanes for each sufficiently large k, giving a con-
tradiction. Thus Py must be a transverse pair of hyperplanes. We may
assume without loss of generality that the axis of Py is {0} x R"!
and let us label Pf), i =1,...,4, the four half-spaces whose union is
Po \ ({0} x R"1). We claim that in this case, for sufficiently large k,
Cj must be a transverse pair of hyperplanes, giving the necessary con-
tradiction again.

To prove this claim, we only need to see that, the blow up argument,
with appropriate changes, of Section B (up to the estimates (§.53)-
(6.50)), can be carried out in the present setting with a suitably chosen
sequence of smooth, stable immersions M}, approximating Cj (in the
sense described in item (5) of HYPOTHESES (%), Section i), with the
sequence Hj replaced by a sequence Fj. Here, for each k, Fj is the
union of any four distinct, n-dimensional half-spaces F};, i=1,...,4,
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(which respectively replace H:, i = 1,...,4, of Section §}) meeting along
a common (n — 1)-dimensional axis, with

dy (FNBy™1(0), PoNBy™H(0)) < edy (spt||Cr[INB3 7 (0), Pon B3 (0))

where ¢ is an arbitrary, fixed, positive constant independent of k. By
repeating the argument of Section § after making the necessary modi-
fications (listed below), we then see that by Lemma 4.2 (case [ = 1) of
[:‘l:]}], the blow-up of the M}’s, where the blow up constants 3 are now
given by

B = / dist (:Ca Fk)dHn(‘T)?
MpNBIT(0)

is the union of four distinct n-dimensional half spaces meeting along
a common axis. This is a contradiction, implying that for sufficiently
large k, each M is itself a union of four half spaces meeting along a
common axis, and hence, by stationarity, a pair of hyperplanes. This
contradiction follows by exactly the argument in the paragraph entitled
“Completion of the Proof of Theorem {.1 in Case (a)” at the
end of Section &.

Thus, to complete the proof of case (b) of the theorem, we only need
to observe the necessary modifications to various lemmas of Section &
in order to be able to carry out the blow up argument in the current
setting. We list them below:

(1) First notice that since My — Py, (e.g. in the sense of Hausdorff
distance), it follows that for sufficiently large k, MyN (B} (0)\T})
is equal to four disjoint, embedded sheets smoothly converging, re-
spectively, to the four half-spaces P%, i=1,...,4, that make up
Py. Here T, = Bg(/@k)(O) x R"~! where v is a function satisfying

v(t) | 0ast]O.

(2) Observe the necessary notational differences. The Fj are a se-
quence converging to Py, whereas previously, the H; were con-
verging to a hyperplane which we took to be R™. Thus, anything
that was written as a graph over R"* or R"~ before (e.g. graph
of each of the functions §,i., w};. and w', i = 1,...,4) must now be
written as a graph over the appropriate half space of Py.
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(6)
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In the statement of Lemma B.13, 7, must be replaced by v(3),
where v is as in item (1) above. In the proof of this lemma, in
place of equation (6.19), we now have

i (v (L)) = (74 (0))] = ¢(Po)
where ¢(Py) is a fixed positive constant independent of k£ and de-
pending only on the angle between the two hyperplanes of Py. The
rest of the proof needs to be modified accordingly. The right hand
side of equation (p.26) becomes an absolute constant independent
of k. This follows from the stability inequality (2.10).

The inequality in part (i) of Lemma §.21 should be replaced by

€]* < e -

To see this, observe that the reason there is a factor of ei multi-
plying the term [£|? in that inequality is that the angle between
H}C and R, for each i, is equal to ceg, which is converging to
0. However, in the present setting, the angles between Fi- and
R” remain bounded away from zero by a constant depending only
on Py, allowing the modification indicated. (This modification
in fact amounts to “undoing” the modification already made to
the corresponding result of 11} in obtaining Lemma §.21. Thus,
the version of the lemma needed for the present section is exactly
Theorem 3.1 of [11].)

In Lemma §.22, the inequality

sup ((k4)° + € ((k1)* + (857)%)) < ¢
must be replaced by
sup ((k3)” + (k7)%) < ¢ 37
This is a direct consequence of the modification in (3) above.

(Again, this means that we are simply reverting to the exact ver-
sion of corollary 3.2 of [11].)

In place of the L? conditions (§.53)(5.58), we have in the present
setting the conditions

1/16
/0' /Bn—l

1/16

@) (rr ) — (] L 2 1|2
”U) (rwza y) (’% (Ta y)el + K (Ta y)62 )‘ < 00
(0)

r3/2

for i =1,...,4, where w; is such that P} = {(rw;,y) : r >0, y €

R" 1}, k!, k? are bounded functions and ejl, 7 =1,2, means the
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orthogonal projection of e; onto the direction normal to Pi. We
also have that

o
lim ——— @ (rwi,y) =0
RN e
foreach j =1,...
is exactly as in [

, (n—1), uniformly for |y| < 1. The proof of this
1, pp. 635-639.

(7) The proof that graphw’ are four n-dimensional half-spaces meet-

ing along a common axis is now completed as in Lemma 4.2, case

[=1of [11).
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