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Abstract

We prove that a finite topology properly embedded Bryant surface in a
complete hyperbolic 3-manifold has finite total curvature. This permits
us to describe the geometry of the ends of such a Bryant surface. Our
theory applies to a larger class of Bryant surfaces, which we call quasi-
embedded. We give many examples of these surfaces and we show their end
structure is modelled on the quotient of a ruled Bryant catenoid end by a
parabolic isometry. When the ambient hyperbolic 3-manifold is hyperbolic
3-space, the theorems we prove here were established by Collin, Hauswirth
and Rosenberg, 2001.

1. Introduction

We are interested in Bryant (mean curvature one) surfaces M prop-
erly immersed in a hyperbolic manifold N3.

Our main result is that Bryant surfaces M with finite topology prop-
erly embedded in N 3 have finite total curvature. To prove this we
will study the lift M of M to the universal cover H3. We know that
N3 = H3/I" where T is a discrete subgroup of isometries of H? acting
properly and discontinuously on H3, and M,v is invariant under the ac-
tion of I". We shall prove that each end of M is an annulus and by the
work of P. Collin, L. Hauswirth and H. Rosenberg [5], we know that
such an end is regular, asymptotic to a catenoid cousin and has finite
total curvature.
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We extend this result to a larger class of properly immersed Bryant
surfaces which we define as the quasi-embedded ones. In this class we
have, for example the immersed catenoid cousin (nodoids). It is a nat-
ural class of surfaces in this theory. These surfaces satisfy, by the def-
inition given below, a separating property analogous to the embedded
ones. But in contrast with the latter, they admit “ends” that are topo-
logically half-planes. We describe the geometry of these ends, showing
that they are asymptotic to a ruled catenoid example in H3. Moreover
we shall prove that a quasi-embedded Bryant surface has finite total
curvature.

Definition 1. A Bryant surface properly immersed in a hyperbolic
manifold N3 is quasi-embedded if there exists a compact domain K such
that M is properly embedded outside K and M — K separates N° — K
in a collection of n connected components (W})i1<k<y; and each W, can
be oriented so that the orientation of M NOW} is by the mean curvature
vector of M.

) )OO

Figure 1-a. Figure 1-b.

=

Figure 2-a. Figure 2-b.
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In Section 3 we will prove that except for flat surfaces, properly
embedded Bryant surfaces are quasi-embedded.

An important consequence of the work of P. Collin, L. Hauswirth
and H. Rosenberg [5] is: there is no properly embedded helicoid Bryant
surface in hyperbolic space. Our first motivation in this work was: Does
there exist a properly embedded Scherk-type Bryant surface? The an-
swer is no. Recently F. Pacard and F. Pimentel gave new examples of
properly embedded Bryant surfaces with finite topology by desingular-
izing a finite set of tangent horospheres [9]. In particular, consider a
finite set of disjoint horospheres in hyperbolic space as in Figure 1-a, all
represented by spheres of the same radius in the upper half-space model
and consider a horosphere tangent to each of them with end point at
infinity i.e., a horizontal plane in this model. The theorem of F. Pacard
and F. Pimentel applies. One can desingularize this situation, and all
horospheres become asymptotic to catenoid ends (cf. Figure 1-b). Now
we consider an infinite number of spheres with the same Euclidean ra-
dius and not intersecting each other, distributed in a periodic way and
tangent along a straight line at the plane at infinity. We also consider
the horizontal plane tangent to all these spheres (See Figure 2-a). If
we try to desingularize this example, the horizontal horosphere gives
rise to two ends homeomorphic to two periodic half-planes (actually,
the horizontal horosphere becomes one topological end in the desingu-
larized surface. It is in the quotient by the parabolic translation, that
two annular ends arise. However we will refer to “two half-plane ends”
in H3). One might expect two different behaviours for half-plane ends,
in analogy with what happens for the family of catenoid cousin ends.
Namely, that there are ends with height, in the upper half-space model,
going to infinity (this is the embedded case, Figure 2-b), or to zero
(in the non-embedded case, Figure 2-c). We prove that this situation
cannot occur for ends belonging to properly embedded surfaces. More
precisely, we prove in Section 4 (see Theorem 2):

Main Result 1. Let M be a properly embedded Bryant surface
with finite topology in a hyperbolic manifold N3. Then M has finite
total curvature. FEach end E C M lifts to some annular regular end
E in H3 with finite total curvature. In particular E is asymptotic to a
catenoid end, or to a horosphere end.

As a consequence the example discussed above (see Figure 2-b) can-
not be embedded. However, for the quasi-embedded class half-plane
ends are quite natural. We prove that when the lift is topologically a
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half-plane we have (see Theorem 4 and Theorem 5 of Section 5):

Main Result 2. Let M be a quasi-embedded Bryant surface of
finite topology in a hyperbolic manifold N3. Then M has finite total
curvature. Each end E C M lifts to some annular reqular end E in H3
with finite total curvature or to a one-periodic end topologically a half-
plane. In this last case, the end E in the quotient space has finite total
curvature, and is regular in a sense defined in Section 2. One-periodic
ends are asymptotic to ruled catenoid ends.

We have to mention that there exists examples properly embedded
with two half-plane ends but not periodic [8]. Consider a finite set of
horospheres distributed along a line at infinity in the upper half space
model. Consider the horizontal plane P tangent to each of them and
apply the F. Pacard and F. Pimentel theorem. We get a finite topology
properly embedded Bryant surface M with catenoid cousin ends. One
of these ends (the top end) is a graph over P. Now take a finite number
of horospheres distributed along the same line, tangent to M at points
of the top end (see Figure 3-a). One can desingularize M with this set
of horospheres with the same technique (see Figure 3-b). Iterating this
procedure gives the example at the limit.

@75@?@ Yﬁmm

Figure 3-a. Figure 3-b.

2. Bryant surfaces in hyperbolic manifolds

2.1 The hyperbolic space

Let £* be Minkowski 4-space with the Lorentzian metric of signature
(—,+,+,+). Hyperbolic 3-space can be represented as

3
H = {(yo,yl,yz,ya) €LYyl —wp=—1, yo > 0}
=1

with the metric induced from £*.
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It is useful to identify £* with the space of 2 x 2 hermitian matrices:
a point (Yo, Y1, Y2, y3) corresponds to

A— <yo+y3 yl+iy2)
Y1 — Y2 Yo — Y3

Then H? = {aa*;a € SI(2,C)}, where a* =! @.

The group of orientation preserving isometries of H? is isomorphic
to PSL(2,C). Every T in this group can be written up to a sign as an
element of SL(2,C). The action of T on the matrix A is A — TAT™.
We recall that such isometries can be classified in terms of its fixed point
properties. 7' is called (see [11]):

o elliptic, if it fixes points of H3,
e parabolic, if it fixes no point of H?, and one point at O, H?>,

e hyperbolic, if it fixes no point of H3, and two points at O H>.

In the upper half-space model a parabolic isometry ¢ is written as
#(q) = £7E7Y(q), where ¢ is any isometry of H® and 7 is a fixed point
free Euclidean isometry of the plane 3 = 0. (See [11], Theorem 4.7.2, p.
142.) Thus 7 has to be a translation in the plane x3 = 0. Note that this
doesn’t happen for H", n > 3. So after an isometry of H?, namely the
map £ mentioned above, we may consider ¢ to be in fact a horizontal
translation and the fixed point in OsH? as the point at infinity.

Now we describe matrices representing parabolic translations:

Lemma 1. The matrices =1 € SL(2, C) associated to a horizontal
translation in the upper half-space model by T € C are given by

1 7
iT—i<O 1).

Proof. The Hermitian matrix A corresponds in the upper half-space
the point:

21+ izy = y1+2y2,
Yo — Y3

B 1
yo—ys'

x3
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The image of the isometry represented by +7 is given by TAT* = A,
and by direct computation

A- (yo +ys + T(yr —iy2) + Ty +iye) + 171 (o —ys)  y1 +iye +7(yo — y3>)
(y1 —1y2) + T(yo — y3) Yo — U3

and the corresponding point is:

jl+i@:y}+lyz :y1+2y2+7(yo—y3) — 2 tize T
Yo — Y3 Yo — Y3
1

C Po— U3

T3 = x3.

Conversely the correspondence between A, A € PSL(2, C) and the group
of orientation preserving isometries of H? is an isomorphism. q.e.d.

2.2 The Bryant representation

Let M be a simply connected Riemann surface and F': M — Si(2,C)
a holomorphic immersion satisfying:

dAdD — dBdC =0,

A B
where F' = <C’ D>'

Then f = FF*: M — H? is a conformal immersion of mean curva-
ture one. If H € SU(2) then f = Fy F} where F; = FH.

Conversely any mean curvature one surface in H? is given locally by
such an F. The reader should consult [3] and [15] for the details.

The Weierstrass data of the minimal cousin in R3 is given by:
9 —¢°
FldF = < ) w.
L —g
Then one obtains
B’ D' ] ; A
In particular the holomorphic maps A and C are solutions of

/

(E.1) X'~ L X —wgdX =0
w
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and maps B and D are solutions of

(E.2) x -  Lyx —o.

In the upper half-space model of H?3, one can express the immersion
in terms of F.

: AC + BD
(z1 +ixg) (2) = m(z)
1
x3(2) = m(z)-

2.3 Periodic Bryant surfaces

We consider hyperbolic manifolds N3 = H3/I" where T is a discrete
group of isometries of H? acting properly and discontinuously. Let 7 :
H? — N3 denote the usual covering map. If M is immersed in N 3,
we can lift it by M = 7~}(M) in H3, where T is a group of isometries
leaving the Bryant surfaces M invariant. (Note that M is not necessarily
connected.) If E is an annular end of M, the lift E can be an annulus
in H? or it can be homeomorphic to a half-plane, with an isometry 7' of
I' leaving E invariant.

Definition 2. A Bryant end E , topologically a half-plane, invariant
by an isometry 7" is called a one-periodic end (or a T-periodic end).

Then if F : E — SI(2,C) is the immersion, there exists a map
o : E — E such that Fo = TF and F~!(0)dF(0) = F~'dF. The
Weierstrass data (g,w) pass to the quotient and they are well-defined
on E. If F is conformally a punctured disk and g is meromorphic, £
has finite total curvature.

Usually, in H?, ends having a meromorphic hyperbolic Gauss map G
are said to be regular. In the case of a one-periodic end, G is not well-
defined. We shall then adopt Bryant’s original definition (see Proposi-
tion 6, p. 344 in [3]) and consider an end to be regular if and only if it’s
Hopf quadratic differential form ) = wdg has a pole of order less than
two. With this condition, the associated differential equations (E.1) and
(E.2) are regular in the O.D.E’s theory.
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3. The separating property of properly embedded Bryant
surfaces

Properly embedded surfaces separate simply connected ambient
spaces in exactly two connected components. When N3 is not simply
connected we prove:

Proposition 1. Let M be a properly embedded Bryant surface in
N3 a hyperbolic manifold. Then M separates N® in two connected com-
ponents (one is mean convex) or M lifts to a set of concentric horo-
spheres in H3 (we say that M is horospherical).

Proof. Assume M does not separate N so there is a loop v inter-
secting M at only one point p. We shall prove that M is flat and M is
a set of concentric horospheres. Orient v so the tangent vector of v at
p coincides with the mean curvature vector of M. Consider ¥ € 7~ 1(y)
with end points {p1,p2} € 7 '(p) and such that 5 N M = {p1,p2}-
At these end points, the tangent vector of 7 coincides with the mean
curvature vector of M. (This comes from the local properties of the
covering map =.) If M were connected, it would separate H? in two
connected components and the tangent vector 5 could not coincide with
the mean curvature vector at p; and ps. This fact implies that M has
more than one connected component. Let M; and Ms be the Conrl(\a/cted
components containing respectively p; and pa. One of them (say My) is
contained in the mean convex component of the other component (say
]\Afl) We consider W C H? — (]T/f 1 UMQ) the connected component which
contains 7 and we solve a Plateau problem in W. We construct a com-
plete stable Bryant surface 3 properly immersed in W. It is well-known
that a such X is a horosphere and by construction X is included in the
mean convex component of H3 — M;. The Half-space Theorem [12] in
H? implies that Ml is itself a horosphere and therefore M is a set of
concentric horospheres (M is horospherical).

We now construct 3. Let I' be a cycle on ]\71, bounding a compact
domain S C M;,T' = 9S. We consider compact 3-dimensional domains
Q Cc W with 9Q = E U S, where E is a compact surface in W with
OF =T'. We define the functional

F(Q) = A(E) +2V(Q)

where A(E) and V(Q) denote the area of E and the volume of @ respec-
tively. We consider a geodesic ball B of H? centered at p; of radius
R containing 7, I' and S in its interior. Let Wg be the component of
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W N Bp that contains p;. If S is stable then (Q,S) = (0,5) is a min-
imun local for F. Otherwise we claim F' has a minimum (Q, E') with E
a smooth compact Bryant surface E' # S. To see this, we will show that
M; U M U OBpR is a barrier for F' with respect to W3 i.e., if (Qy, Ey)
is a minimizing sequence for F' with @, C W then Q, does not cross
M1 U My U 0Bg. Since S is unstable there exists a small deformation
(Q, E) of S such that E =T, ENM; =T and F(Q, E) < F(S) = A(S)
(the first eigenfunction of the stability operator associated to the second
variation of F' is strictly positive with eigenvalue negative).

Let Ty = {p € Wg/distys(p,0Wgr) <t}. For ¢ > 0 small enough,
0Ty N'W is an embedded geodesic graph over 0Wpg. We remove from T;
the part which is a normal geodesic graph on S and we define with the
unit normal vector field N on S,

Ny =T, —{p € Wr/p=q+Exp(sN(q)),Yq € S, |s| < t}.

We note 9N} and ON? part of ON; which are respectively geodesic graph
on ]\Afl U Bgr and MQ.

We assume that there is (Q, F) with EN0Wg # 0 , then 0Ny,
separates () into two regions (1, Q2 for some ty > 0 small enough with
Q1 = N¢,NQ and Q2 = (WR—NtO)ﬂQ. Let Ey, = ON¢,NQ, E1 = ENNy,
and Fj the complement of E; in E. Then Q = Q1UQ2, 0Q1 = E;, UE;
and 0Q2 = Ey, U Es.

If a surface M is oriented by an unit normal vector field N and the
mean curvature vector is H = hIN where h is a positive real-function
on the surface, we can consider the geodesic parallel surface M(a) =
M + Exp(aN), with a € R and then direct computation gives us (see,
e.g., [14] for a reference):

— sinh 2a 4 cosh 2ah(0) — sinh a cosh ak(0)
cosh 2a — sinh 2ah(0) + sinh? ak(0)

h(a) =

where k(0) and h(0) are respectively the Gauss and the mean curvature
on M. Then on ONy,, we have mean curvature vector pointing into Q2
with a value h(t) > 1 along Ey, N 8Nt10 and a mean curvature vector
pointing into @; with a value h(t) < 1 along E:, N 8Nt20 with in this
case a = —t < 0 (see Figure 4).

Now we have to prove that the functional on (Q, F) is strictly greater
than its value on (Q2, F»).

F(Q2) = A(E) + A(EYy,) — A(E1) +2V(Q) — 2V(Q1)
= F(Q) + A(Ey,)) — A(E1) — 2V(Q1).

63
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.

Figure 4.

Let Y be the unit vector field normal to the leaves of the foliation
ON; which points into the interior of W along OW. We have divY =
—2(Hy,Y) at any point g of dNV;, where H; is the mean curvature vector
of the leaf OV} at ¢ and div is the divergence operator. Then by Stokes’
Theorem:

—2/ (H(t),Y) :/ avy = [ = A - AB)

where 7i(t) is the outer conormal vector along 0Q;. When H () is point-
ing into (01, the mean curvature value is less than one and we get

2W@ﬁza/kﬂwﬂw:maa—ma>

1

When H (t) is pointing into @2, the mean curvature value is greater
than one and
A(Ey) —A(E1) <0

which gives us the result

F(Q2) < F(Q).

Then a minimizing sequence (@, E,) can always be modified in such a
way that E, NOWpgr =TI and then a minimizer of F' is a smooth Bryant
surface.
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Now if we consider an exhaustion of M, by compact domains S(R)
(consider the connected component of p; in ]\71 N Bgr and let R go to
infinity) and solve the Plateau problem (Q(R), E(R)) for each S(R),
then a subsequence of these stable Bryant surfaces E(R,;,) converges to
a complete stable Bryant surface X. q.e.d.

Corollary 1. Let M be a properly embedded Bryant surface in N3,
then M separates N3 (hence M is quasi-embedded) or M is horospher-
ical.

The separating property of M on N3 allows one to apply Theorem 7,
8 and 9 of P. Collin, L. Hauswirth and H. Rosenberg in the quasi-
embedded case. For any quasi-embedded Bryant surface M in N3 with
finite topology, we associate the compact K and a connected component
W;, of N3 — K (see Definition 1). We can choose, if necessary, K large
enough such that all connected components of M — K are topologically
annuliin M. Let E C M, be an end and W be the connected component
of N3 — (M U K) mean convex along E. We consider the surface ¥ =
W N K (then OW C YU (M — K). The surface ¥ is not of mean
curvature one but W is a piecewise smooth embedded surface. We
consider E, W 8W S their associate lifts in HS.

Proposition 2. Ify C E is a proper non compact arc that separates
oW, or if v C E is a Jordan curve not null homotopic in E, then a
connected component in the lift v can have at most one point at infinity
in H3.

Proof. This proposition is Theorem 10 in [5] for annular ends in H3.
Assume that F lifts to a T-periodic end E. We consider one connected
component of E W OW and ¥. For such a component oW separates
hyperbolic space H3 in two connected components. We consider a Jor-
dan curve v not null homotopic in E, then this curve separates OW
in two connected components Mi, Ms. One, say Mj, is a proper sub-
annulus of F and lifts to a half-plane in H3. The Jordan curve 7 lifts to
a non compact T-periodic proper arc in H?. We claim that My cannot
be compact. If not the lift of Ms is contained in a solid cylinder C
which contains a lift of the Jordan curve. By considering a compact
arc « linking this cylinder in a non trivial way, the component of OW
does not separate H?, a contradiction (this arc is only intersecting the
half-plane; see Figure 5).

Suppose some connected component of 4 has exactly two points p;
and po at infinity. By using M;i, My as barriers we construct two non
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compact surfaces 31,29 properly embedded with mean curvature one
outside a compact set K of N3. These surfaces will verify the properties
listed in Theorem 8 of [5] in N3:

Figure 5.

a) X1 and X are stable, 0¥ = 0%9 =, X1 N Yy = 7.

b) 31 UXs bounds a domain R mean convex outside the compact K
and contained in W.

c) X1 U M separates N3 and 9 U Ms as well.

If ¥ C 0K has mean curvature strictly greater than one and the
mean curvature vector of X points into W, we can apply Theorem 8 of
[5] to construct X1 U 3g. In the general case, we can always change the
metric in a compact domain of N3 to obtain a barrier ¥ which is mean
convex in the new metric g (see Theorem 10 in [5]).

The surfaces 7 and Y9 will have mean curvature one outside a
compact domain but we are only interested in their behavior at infinity.
The lift of K is contained in a cylinder C' which is globally invariant by
the action of T" and has two points at infinity. This cylinder C' is a finite
distance from 7 in H?. Then 5 bounds two mean curvature one surfaces
outside the cylinder C' containing the curve % and K. We consider a
path ¢ in the plane at infinity linking the cylinder C' in a non trivial
way and a family of small horospheres having points at infinity along
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§ as in Figure 5 (note that in Figure 5, 3; and X are not represented
but X7 is homologous to E). Using the maximum principle at infinity
with this family of horospheres and a foliation by catenoid cousins as in
Theorem 9 of [5], we conclude that such surfaces cannot exist. Thus a
Jordan curve not null homotopic in E can lift to curves having at most
one point at infinity.

8ooC( =DP1

Figure 6.

In case 7 is a non compact proper arc on F, one can apply the same
arguments. The arc v separates F into two connected components.
Let My, Ms be defined by OW = My U My, E = M, U (M2 N E) and
OM; = OMy = . The proper arc ~ lifts to a set of non compact proper
curves in E. One of them, say 7, has two different points pi1,p2 at
infinity (by hypothesis). An arc « linking the cylinder C' (see Figure 6),
as in the previous case, proves that (Ms — E) cannot be compact. Now
we can construct stable surfaces Y1, X2 bounded by 7 in N3. ¥; and
Y9 have mean curvature one outside a compact of N3 and lift in H?
to mean curvature one surfaces outside the cylinder C. One connected
component of 1 is bounded by 7. In O, H?, the set of points at infinity
of the lift of v is a set of isolated points which can accumulate only
at O F, (the unique fixed point of 7 in H? U 0,,H?). Then we can
apply the maximum principle at infinity with a set of small horospheres
distributed along a curve ¢ linking ¥ at infinity around py a point of
Oy different from 0,C (see Figure 6). g.e.d.
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4. The geometry of M in H3

In this section we prove our main result for properly embedded
Bryant surfaces. It comes as a consequence of Theorem 1 below on
the one-periodic ends. We prove that if Eisa one-periodic end, then it
must be a bounded vertical graph in the upper half-space model (after
an ambiant isometry). We then show that the entire surface is vertically
bounded (Theorem 2). By the Half-space Theorem in H® [12], such a
surface is a horosphere. Thus every end E C M must lift to an annulus
E in H3. By the result of P. Collin, L. Hauswirth and H. Rosenberg [5]
these ends have finite total curvature and are regular.

We will now prove Proposition 3:

Proposition 3. Let E be an end on a quasi-embedded Bryant sur-
face M. If a lift E C M is a T-periodic end, then T is a parabolic
1sometry.

Proof. For a compact K large enough in N3, 9F is a nontrivial loop
in OW. FE has genus zero and JF separates OW into two connected
components. We can apply Proposition 2: OF has exactly one point at
infinity. Since OF is globally invariant by T, points at infinity of OF are
the fixed points of T" and therefore T is parabolic. q.e.d.

We now gather some results coming from geometrical techniques
introduced in [5] that will enable us to control the geometry at infinity
of M. It consists of analyzing the intersection of M with its tangent
horosphere at a point. In the analysis that follows we’ll be using the half-
space model of H® with coordinates (z1,x2,x3), 3 > 0. In this model
T is a Fuclidean horizontal translation. From now on F will denote
a T-periodic end and the period will be assumed to be parallel to the
xo — axis. OF is a periodic curve contained in a horizontal cylinder.

For ¢ € M let H(q) denote the tangent horosphere at g, i.e., the
horosphere tangent to M at ¢ whose mean curvature vector has the
same direction as that of M at ¢, and let G(gq) denote the image of
the hyperbolic Gauss map at g, i.e., the point of H(q) in OoH>. The
local intersection of M and H(q) at ¢ is an analytic curve with isolated
singularities, at ¢ there are 2k + 2 smooth branches meeting at equal
angles, where k is an integer at least one. This local picture is as
the local intersection of a minimal surface in R? with its tangent plane.
We'll also use the notation H*(q) to denote the mean convex component
bounded by H(q), and Hy(q) to denote the leaves of the foliation of H?
by equidistant horospheres at distance t from H(q). For ¢t > 0, Hy(q)
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will be inside H(q) and outside H(q) for ¢ < 0. Then we have the
following.

Proposition 4. Let E be an end on a quasi-embedded Bryant sur-
face M that lifts to a T-periodic end E. Let q € E with G(q) # {o0}.
Then the connected component at q of EN H(q) has to be compact, by
at ¢ we mean a connected component of EN H(q) containing q in its
boundary.

Figure 7.

Proof. If this were not true, there would be a proper arc in ENH (q)
starting at ¢ and converging to G(q). Since E is periodic, there is also
a proper arc starting at T'(¢) and converging to T'G(q). Without loss of
generality we may assume that these curves do not intersect each other.
By connecting ¢ and T'(q) by a compact arc, we obtain a proper arc
that separates a lift of OW into two connected components, with G(q)
and T'G(q) at infinity. Notice that G(¢) # T'G(q) since G(q) # {o0} by
hypothesis. We apply Proposition 2 to this situation which proves the
Proposition 4 (see Figure 7). q.e.d.

The next proposition comes from [5].

Proposition 5. Let E be an end on a quasi-embedded Bryant sur-
face M that lifts to a T-periodic end E. Suppose that for q € E we have
OE N H(q) = @. Then there is at most one compact component at q
of E\H(q), whose boundary is in H(q), by “at ¢” we mean a connected
component of E\H(q) containing q in its boundary.

Proof. First we show that a connected component Eout of E\H(q)
that is outside H (q) cannot be compact. If Egys were compact we would
have in particular 0Eoyu C H(q), and we could then consider ¢t < 0, |¢]
large enough such that Eoy is inside H(q). Then, by decreasing |t| we
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would find a negative to such that Hy,(q) touches EOut for the first time
at an interior point and this can’t happen by the maximum principle.
Now consider a compact connected component E of E \H (q), note that
OE, C H(q), let Dy C H(q) be a compact domain with 9D = 9F,
and @ a compact domain in H*(q) with 9Q; = Dy U El, we claim
that ()1 is mean convex along Ey. Indeed, for a t big enough we have
Hi(q) € H"(q)\Q1, then by decreasing ¢ there would be a positive ¢ for
which Hy,(q) touches @ for the first time. By the maximum principle
the mean curvature vector at this point has to point into Q.

Finally, suppose we had two compact connected components E; and
Es at q of E\H (q), let Q1, Q2 be the corresponding domains as consid-
ered above. Slnce Eisa graph over H(q) near ¢, the mean curvature
vectors, noted by H of E1 and Eg point into the same connected com-
ponent C of H*(q )\(E1 U E») near q.

If C is compact, then it is contained in Q1 or @2, say Q1. So ﬁ(El)
points into C' N Q1 and H(Eg) as well. Now B C Q1 hence Q2 C @1,
so along Eg, H (Eg) would point into the non compact component of
H*(¢)\Q2, contradicting the fact that Qs is mean convex along Ej.

If C' is not compact, then ﬁ(q) points into C, so along El, H points
into C' as well. But along E; it must point into )1, a contradiction.
q.e.d.

Now we prove the central Theorem 1:

Theorem 1. Let E be an end on a quasi-embedded Bryant surface
M that lifts to a T-periodic end E in H?. Then there exists a sub-end
E' C E and a domain Q = {(z1,72) € R?/x1 > Cy} such that E' is
a bounded vertical graph (x1,x2,u(x1,72)) where u : @ — RT is a
bounded function:

supu < sup u < (7.
z€Q z€e00)

Proof. After an isometry T is parallel to the vector es. Fix a con-
stant C7, such that C; = SUD, o z3(q) and consider the horosphere
{z3 = C1}. Let Co > 0 and consider domains of the half-space R3*
defined by A = {(z1,72,23) € R3*/0 < 23 < C; and |z1| > Oy},
B = {(z1,79,23) € R3*/0 < 23 < C1and |r1] < Cy} and C =
{(#1,22,23) € R* /a3 > C1}. First we prove that there is no con-
stant Co, such that AN F = &, unless E is part of a horosphere. Then
we will use a sequence of points in AN E to prove the theorem.
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If there exists such a constant Cy, then E C (BUC). Now consider
the part D = BU{x3 < C3} with small positive constant C3; C3 chosen
so that OF C B — D. Since E is a proper annulus in H?/T, there exists
a subend E’ which is contained in C/T or in D/T. We will prove in
Lemma 2 below, that when E’ C C/T, then E’ is part of a horosphere.
But before proving Lemma 2, we show E’ can not be contained in D/T.

G(po)

Figure 8.

Assume the contrary: E' C D/T. First observe that the mean cur-
vature vector at points of £/ must point into the northern hemisphere,
otherwise, the tangent horosphere at a point ¢ € E’, where H (q) points
down, would be below x3 = 2Cj3, hence disjoint from OE. But then
H(q) N E’ is compact, which contradicts Proposition 5. So E’ is a local
graph with H pointing up along E’.

We claim that E’ is a global graph and by the proper hypothesis this
graph is diverging to s, H>. Then one can construct a path v similar
to the path constructed in Proposition 4 and such an end cannot exist.

If E' is not a global graph, there exists two disks in E vertical graphs
over the same domain at infinity. We consider a segment « of a vertical
line intersecting E at p1 and pa. The mean curvature vector is pointing
up at these points and M is quasi-embedded hence « intersects W at
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a first point pg above p;. The mean curvature vector is pointing down
at po. Then pg is a point of an other annulus or half-plane E; having
boundary in ¥ and H(pg) N > = @, since the mean curvature vector
points down at pg. If E; is a half-plane end, Proposition 5 implies
that H(po) N E is not compact and in this case one can construct the
path ~ as in Proposition 4. If F; is an annulus, we know from [5]
that Ej is asymptotically a catenoid cousin. Such an end is regular,
the hyperbolic Gauss map extends meromorphically at the puncture
and in a neighborhood of the puncture the Gauss map is injective and
converges to 9 E1 (see Corollary 2 in [5]). Then H(po) N Ej is compact
and by Proposition 1 in [5], the point p; is in the bounded component
Q of the horoball H*(pg) — E; that contains 0.

Since E is simply connected and proper, the component of E in the
closure of @ that contains p; (call it F') is compact. F' together with
a compact disk on H(pp), bounds a compact domain @1 C @, and Q)
is mean convex along F' (one see’s this by expanding small horospheres
inside H (pg)—from the point at infinity of H(pg)—until they first touch
Q@1). Now a must enter ()1 at p; since f[(pl) is pointing up, and 9Q1
separates H? so there is a first point p3 of F' where a leaves Q1. But
then H(ps) points down (since dQ; is mean convex along F). This
contradicts the mean curvature vector of E pointing up in D.

To prove the fact that AN E # @ it remains to prove the Lemma 2
below. Then we will prove Lemmas 3 and 4, to establish Theorem 1.

Lemma 2. A properly embedded one-periodic end E such that OE -
H, where H is a horizontal horosphere, cannot lie above H, except if E
itself is part of a horosphere.

Proof. If this happened to be false the mean convex region of H?
defined by H would be divided into two components by E. Consider the
component into which the mean curvature vector of E points. Choose a
horocycle in the part of H in the above mentioned component, parallel
to the period and disjoint from the trace of Ein H.

Now we use a family of equidistant surfaces to a hyperbolic plane P.
Let us describe them in the half-space model. A hyperbolic plane P is
a half-sphere bounded by a great circle C' at infinity or a vertical half-
plane bounded by a straight line at infinity. P has mean curvature zero.
The equidistant surface X. = {p € H3|distys(p, P) = c} is a spherical
cap (see Figure 9-a) or an oblique plane (see Figure 9-b) bounded by
OsoP, in both cases. The angle o between the tangent plane of X,
and the plane {x3 = 0} is constant along 0> and is determined by
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the distance c¢. X, has constant mean curvature H(c), 0 < H(c) < 1,
directed to the connected component of H? which contains P.

o o o , o
Figure 9-a. Figure 9-b.

We choose an equidistant ¥ containing this horocycle, with ENY #*
& and such that a foliation by equidistants converging to 3 on the mean
convex region defined by ¥ is disjoint from the trace of F¥ in H.

Note that such ¥ and the corresponding foliation exist, for otherwise
E would be part of a horosphere. So by considering leaves of the folia-
tion, it is clear that equidistants with height smaller than the height of
H are disjoint from E, by construction there would be a first interior
point of contact between E and a leaf of the foliation. But note that
at this point the mean curvature vector of the leaf would point into the
mean convex region defined by E and H , and this is impossible by the
maximum principle. The equidistants’ mean curvature is strictly less
than one (see Figure 10). q.e.d.

This lemma implies in particular that there is no constant C, such
that ANE = @ , unless Eis part of a horosphere. For if we had such an
end E we would have a subend E’' C E giving rise to a lift E' satisfying
the above lemma’s hypothesis.

Lemma 3. There is a constant Cy > 0, such that ENA is a vertical
graph and the mean curvature vector of E N A points up.

Proof. Suppose the mean curvature vector pointed down at ¢ (i.e.,
into the southern hemisphere), then a simple Euclidean calculation (af-
ter a translation if necessary) gives

inf |z > |z — 2(C.
peH(q)! 1(P)| = |z1(q)] 1

If [21(g)] > 2C1 + sup, 5 71 (p)], then

inf |z1(p)| > sup |z1(p)|,
pEH(q) pEBE
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H<1
—
E
H=1
—
z
H<1
Figure 10.

so OE N H(q) = @. Note that the topological picture of EnN H(q) is,
in a neighborhood of ¢, an intersection of at least two curves. By the
geometrical situation we know that these curves cannot reach 0F, and
by Proposition 4 they’re compact. This implies they must enclose at
least two compact regions on E, contradicting Proposition 5. So the
mean curvature vector points up. q.e.d.

Now we consider the constant Cy of the last lemma to define A. The
following lemma proves the Theorem 1.

Lemma 4. Let {g,} C E N A be a sequence of points such that
|21(gn)| — 00 as n — oco. Then there is a sub-end E' C E that lifts to
E' C A and E' is bounded above.

Proof. We define a right circular cylinder C' with axis parallel to
the period such that its axis is {x3 = 1 = 0} and SUPpec z3(p) = 2C1.
E is properly embedded in R3* and T-periodic, then E/T N CJT is
compact. There is a sub-end £’ C F that lifts to E' C E with OF' C C.
Now OFE' is homotopic to each ray of C' N {x3 = 0} i.e; E'is homotopic
to {(w1, 79, 23) € R3" /23 = 0,21 > O1} and {(z1,72,23) € R3" /a3 =
0,71 < —C1}. If D C R? is the mean convex component bounded by
C, we have E’ that separates R3T\ D into two non compact connected
components (one is mean convex along E’) and some finite number of
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compact components (coming from some finite number of topological
disks of E intersecting D).

For q € E’ let ~ be the minimizing geodesic from ¢ to C. Assume
|z1(q)| is big enough so that the highest point of 7 is not in D. We
parametrize v by arclength so that v(0) is the highest point and ¢ =
’V(tO)a to < 0.

Let P(t) be the family of hyperbolic planes orthogonal to v at ().

For ¢ very negative P(t) N E' = @, since 800 E' = {00}, so there is a
first t; < to such that P(t;) N E' # @.

We do Alexandrov reflection of E/ with planes P(t) as t increases
from ¢; to 0. Let S(t) be the symmetry of H? through P(t), E’+(t)
the part of £ on the side of P(t) not containing C, and E'*(t) =
S(t) (B (1))

For t slightly larger than #1, E’*(t) is a graph over a part of P(t),
int(E'™(t)) C Hy where Hj is the connected component of R3*\ (DUE")
mean convex along E’ and the angle between P(t) and E'*(t) along
OF' *(t) is never 5. These properties continue to hold until the first ¢,
ty say, such that E™* (t2) touches C, for if one of these properties failed
to hold at some earlier ¢, P(t) would be a plane of symmetry of E’.
Then E’ would be part of a properly embedded compact constant mean
curvature one surface with no boundary, a contradiction.

Note that t; < 0 when x3(q) < sup,cc@3(p) and |z1(q)| large
enough. In fact, the symmetry of ¢ through P(0), a vertical plane, is
lower that sup,cc 73(p), so there is some ¢ < 0 such that the symmetry
of ¢ through P(t) meets C.

Thus there is some point § € E'T(t3) such that S(t3)(4) € C.

Now consider the sequence {gy,} such that z3(g,) < C1 and |z1(gy)|
— 00 as n — oo, and the corresponding ¢, associated to the first acci-
dent of the Alexandrov reflection. Let ¢ be the reflection of ¢, on the
critical plane, i.e., the plane for which the first accident occurs.

Without loss of generality, since E'is periodic, we may choose {¢,}
such that |z2(g})| < |T'|, where T is the period.

We now show that |z1(¢,)] — oo and z3(¢,) < C1 as n — oo. In
fact, as the critical plane of reflection is not vertical we have |x1(G,)| >
|z1(gn)], since |z1(gn)| — 0o as n — oo it follows that |z1(ds)| — oo.
Note also that since the critical plane occurs “ before” the vertical plane,
x3(@}) is bigger than x3(g,). But since ¢ touches C, x3(q}) is smaller
than 2C1, so

l’g((jn) < 201.
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Now consider points g, with |z1(Gs)| big enough such that E’ is a
graph for points p, with z3(p,) < 2C; and |21(pn)| > 5 |21(dn)|. By
Theorem 7 in Appendix A, we get for a graph (x1,x2,u(z1,z2)) with
u < Cq:

|Vul* < < <
R—2u~ R—-4Cy — R-2C4

where W = /1 + |Vu|? and R is the Euclidean radius of the tangent
horosphere at a point.
From this gradient estimate, as |z1(g,)| — oo we obtain

Vu(in)| < e,

with €, — 0, asn — oo, and ¢, ~ !ml(dn)l’% .

Then the maximum oscillation of v on the horizontal Euclidean disk
D of radius %Z"), centered at ¢, is 2€,23(gn). To check this, notice

that |Vu| is at most ‘:L’l((jn)’_%, where @, is the point of D with the

minimal value for |z1|. As |21 (Gn)| = |21(7,)|+ 222 we have |21 (Gn)| ~

€n

|21(g,)| + z3(dn) \acl(qAn)\i So for n big enough we may write
_ 1 .
e1(@)] > 2 ea(al.

Then |x1(c_7n)|7% <V2 \xl(cjn)r% and the oscillation on D is at most

€n €n

_1 .
V2 |21(4n)| "2 < 223(dn)en.

Now define D,, = D + (0,0,23(dn)), a horizontal disk above the
graph of u over D. Since z3(j,) < 2C; and Eisa graph for points p,,
with 23(p,) < 4C1 and |z1(p,)| > & |21(4n)|, we conclude that D,, lies
in Hy. Furthermore note that the hyperbolic distance between D,, and
the graph of u over D is bounded by In2 and the hyperbolic radius of
D, is %e;l, going to infinity as n — oo.

Finally, let ¢,, < 0 denote the first time that S(¢,)(g,) touches C. We
have F,, = S(t,)(Dyn) C Hy and the distance to C is at most In 2. Thus,
by our choice of {g,}, there is a fixed compact set of H?, intersecting
all F,,. As n — oo, the hyperbolic radius of the elements of {F,,} goes
to infinity, and therefore there is a subsequence of {F},} converging to
a horizontal horosphere F' which must be in Hy. Thus FE lies below F'.

q.e.d.
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By the maximun principle E is bounded and the theorem is proved.
q.e.d.

Now we prove our main theorem on properly embedded Bryant sur-
faces.

Theorem 2. Let M be a properly embedded Bryant surface with
finite topology in a hyperbolic manifold N3. Then M has finite total
curvature. Fach end E C M lifts to some_annular reqular end E in H3
with finite total curvature. In particular E is asymptotic to a catenoid
cousin end or M 1is horospherical.

Proof. To prove the theorem we have to show that each end £ C M
lifts to an annular end E in H® and the result follows from [5]. Since
M has finite topology it follows that C(M) < co. Suppose the theorem
is not true, we would then have ECMa one-periodic end. We’ll show
that if this happened we would have sup,cy, x3(q) < oo in the upper

half-space model with O~ E at infinity, and the mean curvature vector of
M pointing in a direction that would contradict the Half-space Theorem
in H3 ([12]). By Proposition 1, M has only one connected component
that separate H? into two connected components. By considering the
Alexandrov reflection of Lemma 4 we obtain a horosphere in the mean
convex component of H?\M. Indeed, if an accident occured before
touching the cylinder C, there would be a first point of contact with
M\FE, with an orientation contradicting the maximum principle. But
then this horosphere would bound the surface from above, contradicting
the Half-space Theorem. q.e.d.

5. The regularity and the finite total curvature of
one-periodic ends

In this section we consider properly embedded one-periodic ends,
graphs over the domain ) = {(xl,xg) €R?/z1 >0and 0 < 5 < |T]}
that are graphs of functions u(z1,z2) over the half-strip. The pair
(e1,e2) will denote the canonical basis of the plane (x,z2), the period
T being parallel to es.

As trivial examples we have horosphere ends {x3 = cte > 0}. The
other example we want to consider comes from a one-periodic Bryant
surface immersed in H3, parametrized in the upper half-space model,
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for (z,y) € R? by:

r1 = x—2tanhux,
T2 = Y,
2
T3 = .
3 coshx

This surface may be constructed by lifting, from C* to C via the
exponential map, the Weierstrass data of the ruled catenoid cousin.
More precisely one takes g(z) = e*,w(z) = %_zdz, z € C, see Section 6
for details and Figure 11.

Figure 11 ([13]).

The graph we’ll be interested in, coming from this surface, can be
described as follows. After a horizontal translation parallel to the z; —
axis we may place the surface in a manner such that it has a vertical
tangent plane for 1 = 0 and the self-intersection lies in the region
x1 > 0. The horocycle intersecting the vertical plane {x1 = 0} divides
the translated surface, as an abstract surface, into two parts. We then
consider a half-plane end consisting of the part of the translated surface
lying in the region 21 > 0. We denote such an end by E(1) and call it
the standard end.

In the sequel it will be convenient to consider an isometric fam-
ily of ruled ends consisting of isometric copies of E(l)7 obtained by
homothety. More precisely we define E(t),t € RT, to be the end
{3 (21,22, 23)/ (21, 22, 73) € E(1)}. Note that the profile curve of E(1)
decreases as 4e~*! and E(t) decreases as %e*txl. We call ¢ the growth
of E(t) (see Section 6 for details).

Our next theorem shows that a one-periodic graph end lies either
in the region bounded by two horizontal horospheres or in the region
bounded by two ruled ends with the same growth. We will then prove
that graph ends have finite total curvature and are regular.
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Theorem 3. A one-periodic end E is contained in the region
bounded either by two horizontal horospheres Hy = {x3 = infyqu}
and Hy = {x3 = supyqu}, or by two ends of ruled surfaces E(o) and
E(a) + dep, A € R,

Proof. By a reasoning analogous to the one used in Lemma 2, we
know that a Bryant graph over Q with sup,csqu(p) = C1 < oo is
bounded from above by Cj. In fact, by considering the same foliation
as in Lemma 2, starting with an equidistant surface intersecting a point
with height greater than C7, we would obtain a first interior point of
contact, which is impossible by the maximum principle.

First we show that one can find a ruled end E(s), with OE(s) strictly
above OF and E(s)NE = ~, v a compact curve non-homologous to zero
in H3/T. After knowing how E intersects with E(s), we will use the
family of ruled ends together with the maximum principle to obtain the
desired results.

We consider the family E(t) of ends of ruled surfaces, graphs over
), with the rulings parallel to es and tangent to the vertical plane
{1 = 0} at OE(t). The family E(t) foliates Q x R, and if we write
E(t) as (z1,%2,ut(x1,22)), there exists positive constants C; and Cs
such that

—tx1 —tx1

t

Let E(t) = E(t)/T. If E(t)NE # @, with 0E(t) strictly above dE,
then by the Theorem 8 in Appendix B, E(t) N E = ~ is compact in
H?/T (we remark that the hypothesis iii) in Theorem 8 is the gradient
estimate of Theorem 7). If v were non compact E would have to be a
ruled end. Moreover, v can’t be homologous to zero in F, for otherwise
we would have a compact domain N on E with ON C E(t). By letting ¢
vary to infinity there would be a last point of contact with N implying
E = E(t) by the maximum principle. So 7 is a Jordan curve that
generates 71 (F) and it bounds an end E(t) lying below E.

If we had ¢’ such that E(t') N E = @, and OE(t') strictly above OF,
then let ¢ > t' grow to infinity. As F(t) is vertical over 9Q x R* and E is
a graph with bounded gradient, there exists s > t/, such that F(s) lies
above OF and E(s) N E # &. But then we're precisely in the preceding
situation where E(s) N E # & and 0F(s) strictly above E.

Let E(s) be as described above with F(s) N E = ~, a compact curve
not homologous to zero in E. Note that E(s) is below E outside a
compact set. We translate F(s) horizontally by Ase; , with As < 0 to

(& e

Cy

< u(zr,22) < Co
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hes

Hy = {z3 =2}
n E
! H1 = {LL’g = Cl}
U
fio {z3 =co}
E(t) + )\tel
E(s) + Asex

Figure 12.

obtain a Bryant graph below E, that is, (E(s) + Ase1) N E = @ and
(E(s)+As€1)N(OQxRY) = hg, where hy is a horocycle contained in the
horosphere {z3 = ¢y}, with ¢o < inf,cpnu(p). For every t € [0,s), we
may translate horizontally the corresponding ends E(t), in such a way
that (E(t) 4+ \:e1) passes through hg. In particular, this family obtained
by translations, foliates the region bounded by (E(s)+ Ase1) and {z3 =
co}. Each leaf has hy as boundary, and is given by (E(t) + M\e1), for
t € [0,s), where E(0) = {z3 = ¢p}. We now analyze (E(t)+Ate1)NE for
t € [0,s). There are two possible cases, either (E(t) + \e1)NE = & for
every t € [0, s) or there exists a € (0, s) such that (E(a)+A.e1)NE = &
and (E(t) + A\e1) N E # @ for every t < . The first case implies that
E lies in the region bounded by the horospheres Hy = {z3 = infyq u}
and Hy = {x3 = supyq u}, while the second case implies that F lies in
the region bounded by E(«) and (E(a) + Ase1).

_ So first suppose that (E(t) + \e1) N E = & for every t € [0, 5), then
E lies above the horosphere {z3 = ¢y} and we show that inf,cpn u(p) <
inf,cqu(p). In fact, suppose there exists p; € Q such that u(p;) <
inf,con u(p) and consider the horosphere {z3 = ¢}, with ¢y < ¢1 <
inf,co0 u(p), and such that {z3 = ¢1} N E # @. We foliate the region
below this horosphere by translations of E(t) as above, with all leaves
passing through the horocycle hy = {x3 = ¢1} N {z1 = 0}. This family
foliates the region bounded by {x3 = ¢1} and {z3 = ¢¢}, and by varying
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t, there would be a translation of E(t) in this family with a first interior
point of contact with E , contradicting the maximum principle. Thus E
would be contained in the region bounded by H; = {z3 = infyq u} and
Hy = {x3 = supyq u} (see Figure 12).

ho

Hy = {23 = c2}

f E

E(to) + )\%061

E(a)

h
0 {z3 = Co}

E(to) + /\;/061
E(a) + Aae1

E(s) + Ase1

Figure 13.

Now we consider the second case. Let a € (0, s) be such that (E(a)+
Aa€1)NE =g and (E(t) + de1) NE # @ for all t < a. As a < s, we
have E(«) above E(s), 0E(a) above OFE. We'll show that E(a)NE = &,
and this implies that E lies in the region bounded from above by E(«)
and from below by E(a) +Aye1 (see Figure 13).

So suppose E(a) N E = v # &, then v is a compact curve, not
homologous to zero and FE is above E(«) outside a compact set. By a
horizontal translation we consider the family E(¢)+ e passing through
hy = E(a)N{z1 = 0} and that foliates the region bounded by F(«) and
the horizontal horosphere containing ho. There exists then ty < «, close
enough to «, such that (E(tg) + Nj,e1) N E # & . After a horizontal
translation of this end we have, for a A{ <0, (E(to) + A\ e1) N E = @,
and 9(E(tg) + i, e1) is below hy.

Finally, by the asymptotic behavior of the ruled ends, their x3 co-
ordinate decreases as e "1, we conclude that (E(t) + \;e1) is below
(E(to) + Af e1) at infinity, for all t € (tp, ) and E is above (E(tg) +
Al e1). This shows that (E(t) + A\ieq) is below E outside a compact
set for ¢t € (tp,a). But note also that, by the definition of «, we have
(E(t) + \e1) N E # @. The asymptotic behavior described above to-
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gether with (E(t) + A\re1) N E # & contradict the maximum principle.

More precisely, it would imply the existence of a first interior point
of contact between E and (E(t) + \e1) as we vary t in (tg, ) (see
Figure 13). q.e.d.

Proposition 6. The end E that lift to a one-periodic bounded graph
has the conformal type of the punctured disk.

Proof. Suppose we knew that E is conformal to an open half-plane.
Then, since t is in fact the exponential map, E would be conformal to
the punctured disc, see [6]. To determine the conformal type of E we'll
show that the map from the open half-plane plane x5 = 0, 1 > 0, to
Egud, ie., E equipped with the Euclidean metric, defined by

(x1,22) — (1,22, u(x1, 22))

is quasiconformal. A classical result, see [10], then assures that E is
conformally the half-plane. Pfluger’s result says that if we have a quasi-
conformal map between two Riemann surfaces then they have the same
conformal type. Finally, as the Euclidean and hyperbolic metrics are
conformal, it then follows that E is conformal to an open half-plane. To
show quasiconformality we calculate the dilatation of the above men-
tioned map. Recall that a diffeomorphism is quasiconformal when its
dilatation is bounded. Following the notation in [1], we write the metric
in EEud in terms of x1,x9 as

Edz? + 2Fdzydzo + Gdx3,

where
E = 1+ ugl,
F = uzuy,,
G = 1+ uiQ.

The dilatation is then given by

(@H%D+xﬂE—GP+¢W>é: T vl

2(EG — F2)2

Since we know that |Vu| — 0 as z; — oo (by Theorem 7) and is
periodic in the zs-coordinate, the dilatation is bounded and the map is
then quasiconformal. q.e.d.

Now we study one-periodic ends contained between two horospheres.
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Theorem 4. Let E be a one-periodic end contained between

Hy, = {.’Bg = inf xg(q)} and Hs = {xg = sup :Ug(q)} .

qEOE q€OE

Then in H3/T', E has finite total curvature and is regular.

Proof. From the previous lemma, we know that F is conformally
D*. Since x3 > ¢p, we have |C| and |D| bounded (see Section 2.2). By

Lemma 1, we have
1 7
(1)

and then F(y + 2mi) = TF(y). |C| and |D| are well-defined and by
Lemma 7 of [5], C = 2%f1(2) and D = 2% fo(2) for some real a, 3 and
some holomorphic functions fi, fo on D* that extend meromorphically
to the puncture by the bounded property. Since g = %l,, the end F has
finite total curvature. Now |C| — ¢ and |D| — d, not both zero (¢ # 0).
Since the end is properly embedded, we have yo = |A|? + |B|* + |C|* +
|D|? — oo (in the Lorentzian space). Since B = A%fl and |C| and |D|
are bounded it follows that |B| < ¢1|A| + c2 so we have that |A| — oc.

On the other hand A(z + 27i) = A(z) + 7C(z) implies that 2{8 _
Tlnz

5 = ¢ is a well defined meromorphic function on D*. If ¢ had
an essential singularity, then it would assume all values in any neigh-
borhood of zero in D*. In particular ‘¢(zn) + TngZ"‘ < Cy for a se-
quence z, converging to zero, contradicting |A| — oco. Then A(z) =
C(z) (Tlnz + ¢(2)) implies that the Schwartzian derivative S(G) =

27

S (%:) = S(g) + Q(#) has at most a pole of order two (G is not well-

defined but it’s Schwarzian derivative is a meromorphic function). Since
S(g) has at most a pole of order two (g extends meromorphically to the
puncture), the end is regular (@ has a pole at most of order two). q.e.d.

Now we will consider a graph end E C H3/T contained in a region
bounded by E(a) and E(a) + Ae1, A € R. For these ends, we use
elliptic P.D.E. techniques to understand the asymptotic behavior of the
hyperbolic Gauss map G. Recall that for a point p belonging to a surface
in H3, G(p) is the point in d5H? touched by the tangent horosphere at
p.

More precisely, writing the end as (z1, z2, u(z1,22)), we will show
that without loss of generality one may write the hyperbolic Gauss Map
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G = (G1,G2) in terms of x1, x9, u(x1, x2) and its derivatives as

(1) Glay, ) = (x (L W) oy — (14 W) ““)
|Vul |Vul

and we show that Gy — x1 is bounded. Finally, we use this result to-
gether with the fact that the graph lies above a ruled end to prove finite
total curvature and the regularity. This will be done by considering the
Bryant representation.

To be able to write G as in (1) we must rule out the point at infinity
from its image. In other words, we need the following lemma.

Lemma 5. Possibly restricting ourselves to a subend of E, we may
assume that |Vu| # 0.

Proof. In fact, if we had a point p arbitrarily far from OF such that
|Vu(p)| = 0 then the intersection of the tangent horosphere H(p) at p
with 0F would be empty (H (p) is a horizontal plane) By looking at the
trace of H(p)/I' in E, which we may visualize in the punctured disk,
there are at least four branches issuing from p. Note first that none of
these can be noncompact (the end is below E(«)). Indeed, from the
geometrical situation we know that, in a neighborhood of the puncture,
E lies outside the mean convex region determined by H(p)/I". This
implies the existence of a compact component at p of E/H(p). From
the maximum principle this compact component must lie in the interior
of H(p). Since we have a graph we know that the mean curvature vector
points up contradicting the maximum principle. q.e.d.

Now, assuming |Vu| # 0, we derive the desired expression for G.

Lemma 6. The hyperbolic Gauss map G of the end E is given in
the (z1,x2) coordinates by the following expression.

G(x1,x0) = (xl (LA W)y — (14 W) ) :

|Vu |Vul|?
where W = /1 4 |Vul?.

Proof. Let o = (G1,G2, R) denote the Euclidean center of the tan-
gent horosphere at a point p = (z1, z2, u(x1,x2)), where G1, Go are the
coordinates of G and R is the Euclidean radius of the horosphere. The
normal to the surface, oriented by the mean curvature, is given by

(7u331’ —Ugy, 1)

N =
W )
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where W = 1/1 + |Vu|?. From Euclidean geometry we have

o— RN =p,
so that
Ru
Gi + I/Vm L=,
Ru
Ga + I/Vm 2 = 2,
1
R(l1——= | =u.
(=)
From the last of the above equations % = =y, substitution in the
other two equations gives us the desired result. q.e.d.

To prove the regularity, we want to show that G; — z; is bounded.
As |Vu| — 0 as z; — oo, by Theorem 7, we have

3u
[Vl

Uy,

'(1+W)|Vu12

u
< warg

In this way we are led to study the behavior of VLu\ or, in other
words, to obtain a gradient bound for the function v = Inwu. The P.D.E.
analysis that follows is inspired by the work of P. Collin and R. Krust
[4].

Lemma 7. Let u be a solution of the mean curvature equation (H =
1) in Q. Then v = Inu satisfies

vl W2
<2> o= 55 (1= )

where

Lyv= Uﬂﬁlm(l + uig) + ngxg(l + u?cl) - 2uﬂf1uzgvxlx27

and W = /1 + |Vu|2. The operator L, defined above is uniformly ellip-
tic in , and the smallest eigenvalue of the quadratic form associated to
it 15 constant.
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Proof. From Lemma 9, in the Appendix, v satisfies

Vo — |Vul*
le = 5 -
w w?W(1+ W)?2

Now

VU v v v
le < W) = JI};‘l —+ JI:;/J:Q — %(uwluxlml + ul’Q’u’fElmg)

UCUZ
Ugy Uz zo T UgoUzoz
W3( 1 Uz 2 Uxgy 2)
As
Uy, = UVg,,
U, Uy,
Ugiz; — U\ Uzz; + 2 ,
u
we obtain
2 2
Vg gy W+ Vgome W
2
ul’luxg
— Ugq | Ug U | Uiy —I—— + UpoU | Vpyay + 2
Urp, U 'LL2
1 Yxo €2
— Vg, <um1u (vmlm + 5 ) + Ugo U <vx2$2 +— ))
u u
2 4
—W?2 |V
u?(1+ W)?
or

Ux1$1(1 + u:?:g) + Uﬂﬁzxz(l + uil) - 2ul‘1umgvx1x2
W2|Vu\ +7+ 2u§1u§2 +ﬁ
T w1+ W)? u?’

So finally we have

Lyv

w2 |vul* |Vt |Vl . W2
u?(1+ W)? w2 u? (1+W)2

To show that L, is uniformly elliptic we note that the eigenvalues
of the quadratic form

2
1+ Uz, —u$1u2$2
—Up Uy, 1+ (-
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are 1 and 1+ \Vu|2. So the smallest eigenvalue is a positive constant
and as |Vu/| is bounded, by Theorem 7, L, is uniformly elliptic. q.e.d.

Remark 1. The graph end given by a function u lying between
graph ends F(«a) and E(a) + Ae; satisfies

Cre” ! <wu(xy,x9) < Coe™ *1,

with C, Cy positive constants. To see this one may write F(a) and
E(a) + Aej respectively as
(21,72, ua (1, 72)),

(mla 2, ua(xl - >\7 CCQ))
Furthermore, the function u,, satisfies
Kiem ™" <ug(x1,22) < C2e™

where K1, Cy are positive constants. For A < 0, and with C; = K;e®
we then have

Cre™ " <ug(xp — Ay 22) < u(zr,22) < ug(x1,22) < Coe™ 1.
From these lemmas we get the estimate:

Lemma 8. Let E be a one-periodic graph (x1,x2,u(x1,72)) con-
tained between two standard ends E(a) and E(a) 4+ \e1, A € R, then
u(xy,x2) 1

_ — — 0
|Vu(a:1,x2)| 5 — 0 asx] — +0

and G(z1,22) — (z1,z2) is bounded.

Proof. We consider the function ¢ = In(ue®*') = v + ax1, note that
¢ verifies (2) and by the preceding remark it is bounded from below and
above. Note also that the right hand side of (2), as 1 — oo is smaller

T 1
than x%, C > 0, this is due to the estimate % < 1% in Theorem 7.
1

1
We apply Theorem 12.4 of [7], with ¢ a bounded solution of

Lyo = fu
V| ( w2

5 1-— > , which gives for any sub-domain
U

where f = A+ W)

QccQ
sup |Vo| < CoR™! <|<25|c0 + sup \f|d§>

z€Q z€Q

87
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with d, = dist(z, ) and R = inf,_gdist(z, 0%).

We may choose Q = {(z1,22) € R%/z; > R} (recall that Q =
{(x1,72) € R*/z; > 0}). As ¢ is bounded, |¢|co is finite. Moreover
|f(2)|d? = |f(z1,22)|23 < C. Thus we may conclude that
Vu(zy,z2) . a‘ < C

u(xy, x2) 1

>~ )
x1

1
wez) L e wed.

so that
|Vu(zy, )] o

We can now state and prove our second theorem.

Theorem 5. Let E be a one-periodic end contained between two
standard ends E(a) and E(a) + Ae1, then in H3/T, E has finite total
curvature and is regular.

Proof. If the functions f1, fo appearing in the multi-valued expres-
sions C' = 2f; and D = 2” f, extend meromorphically to the puncture
then the end has finite total curvature. Indeed, as g = %, the function
appearing in the multi-valued expression for g will extend meromorphi-
cally to the puncture and this implies finite total curvature.

The hyperbolic Gauss map changes by i7 as we do a 27 rotation in
D* so the map e changes by a phase factor, ™. Then we may write
this map as a multivalued function on D* as e%(z) = z"h(z), where
u € R and h is a single-valued function holomorphic on D*. We claim
that h(z) extends meromorphically to the puncture. From Lemma 8,
G, — 1 is bounded, so the image of e“ misses a half-plane. If h had an
essential singularity at the puncture it would miss at most 2 points, so
zMh(z) wouldn’t miss a half-plane.

In this way we know ‘eG’ grows slower than some power of z, and
we may write

or
G1 < —plnlz|.

Now write C(z) = 2% f1(z) and suppose f; has an essential singularity,
then there is a sequence {z,} in D* with z, — 0 such that |C(z)|* grows
faster than |z|79, ¢ € N and we write

Cln)? > —

B ‘Zn,q.
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From the expression for x3 we have

1 2
> > .
wote) = N2

As the end lies above a ruled end with growth «
x3(zp) > Creo®1(zn),
So finally we obtain

)

2af? > Creom o
or
InCy — %ln]z] < x1(zn).

So if ¢ is big enough, say ¢ > pa, we obtain a contradiction since our
estimate showed that x;(z,) — G1(zy,) is bounded. The same argument
can be applied for D, so that g extends meromorphically to the puncture
and the end has finite total curvature.

Since G change by a factor i7 its Schwartzian derivative is well
defined and S(G), as S(g), has at most a pole of order two. Then
Q = S(G) — S(g) has a pole of order at most two and the end is regular.

q.e.d.

6. Asymptotic geometry of one-periodic ends

In H3, we obtain a ruled catenoid example (see Figure 11) by inte-
grating the Weierstrass data (see [13] for details):

g(z) =¢€* and w(z) = Zﬁ dz on C.

We obtain from this, the immersion R(1)(z + iy) given by:

r1+iry = x+1iy—2tanhzx
R(1) = ,
= oshz

Up to isometries of H?, this example is unique. Since é(l) is ruled by
horocycles parallel to the xo direction, it can be looked as a periodic

89
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surface for all T (belonging to the real numbers). In other words, for any
T € R we have x1+ixo(2+iT) = x1+iz2(2)+iT and z3(z+iT) = x3(2).
Homotheties are isometries of H? but do not induce an isometry in a
quotient spaces H?/T. A homothety centered at the origin in the plane
{5 = 0} with rapport ¢ gives us an example R(t) = tR(1). Thus they
generate a family of ruled examples in a fixed quotient.

With w = e¢*/* € C — {0}, we can obtain this family by integrating
Weierstrass data. Here ¢ > 0,t € R will represent the parameter in the
family with a period T fixed in the x5 direction. In the variable w we
have:

—t

g(w) = w' and w(w) = Zw*ktdw with w € C — {0}.

Now, A, C are solutions of (see Section 2.2)

1+1) t2
E.1 X" (7X’ —X =0
(E-1) + w + 4w?
and B, D are solutions of
1-1t) t2
E.2 Yy” (7)/' —Y =0.
(E-2) + w + 4w?
The related indicial equations are:

2
(e.1) 5%+t51+z =0

12

Then by fixing the period T with T" € R, one can integrate these
equations and find a solution (see Theorem 6 for details):

A = 71?2 <a + gcln(z)> and C = cz~t/?
T

B = ? (b—i— gdln(z)> and D = dzt/?.

™

Here a, b, c and d are constants, ad — bc = 1. We can choose an element

H € SU(2) such that FH is a solution of the same form with ¢ € R*.
Now from g = —% = —% we have d = ¢ and b = —a. From w =
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AC" — A'C we get ¢ = Ik and from ad — bc = 1 we have a = 1/2c.
Then

+i Tl()+T(r_t—rt)
1 +izy = —In(z)+ ——F—%
- 27 mt(r=t +rt)
R(t) = B oT

o= mt(r—t +rt)’

The surface R(t) has two ends that we note E(t) standard ends.
Now we prove that properly embedded T-periodic ends are asymptotic
to standard ends.

Theorem 6. If E C H?/T is a regular T-periodic end vertical
graph on a half-plane which has finite total curvature then E is uniformly
asymptotic to a standard end.

Proof. First we recall how M. Umehara and K. Yamada [15] integrate
Weierstrass data. From [3], we can consider the following Weierstrass
data:

g9(z) = zh(z) where h(0) #0,u € R
w(z) =2"f(z)dz where f(0)#0,v€R.

From the fact that the metric ds? is complete we have min{2u +v, v} <
—1 and from the regularity v + p > —1 ( @ has a pole of order at most
two). Now, A, C are solutions of

/
(E.1) X'~ X —wfdX =0
w

and B, D are solutions of

2,0\
(E.2) xr 2”) X' —wgdX =0
(g°w)
Indicial equations are:
(e.1) 62— (v+1)5 —q=0
(e.2) 65— 2u+v+1)5—qg=0
where
qg=0 it v+p>0

q=pf(0)r(0) if p+v=-1
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If Ay and Ay — my and A, A2 — mg are solutions of (e.1) and (e.2), a
fundamental system of solutions can be written as

X; = z/\lfl(z) Xy = Z)‘l_mlfz(z) + k‘le ln(z)
Y] = 2g1(2) Yo = 22720g5(2) 4 ko7 In(2)

then we write

A= a1X1 + CL2X2
C = 01X1 + CQXQ.

By the expression for G = é—; = %; and knowing G has a period T’

we have
G(2e*™) = G(z) +inT

A'(2) 4 ag(e”™2™i 1) (A= fo) 4 21nikiag X (2)
C'(2) + ca(e=m2mi — 1) (zM=m fo)! 4 27nikico X (2)

Tecq
2mas

Now letting n — oo we get co = 0,a9 # 0 and k1 = . From

ar | axX5(2)

G = a  aXi(z)

we derive easily that my is an integer. We have similar result for B and
D and we can suppose that mq and mq are positive by exchanging the
role of \; and \; — m;. Now we will write:

= a12Mfi +agzM Ty + Z)\lfl% In(2)
B = b12"2g) + by’ M2gy + z’\leTQ—‘frl In(z)
C= c1z2Mfy
D= dlz/\le.

From this we have

1
|22 e f1]? + | 2222 |dygn]?

r3 =

We remark that from Lemma 2, we cannot have A\; > 0 and Ay >
0. It would produce an end in the mean convex part of a horosphere
(x3 — 00).

In the case where p = 0, we have from the hypothesis on v that
v =—1,q =0 and then m; = my = Ay = Ao = 0. Then one can
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prove easily that F is asymptotic to the quotient of the horosphere
_ 1 .
{zg = EYAOES YO }. Then we are looking at curves, for p fixed

AC + BD

nt i) = oy o

T
= —1In
2

a1 p? | f1|? + bidi p*?| g1 |2

z) +
=) e fi]? 4+ p?2|digi)?

asC1p*M 27 f | fo + bad1 p*227™2G, go
PP fi]? 4 p?A2|dig|?

If 4 # 0, we have 2\ — m1 # 2X2 — mg. Then the third term in the
equation above cannot be zero. Let z = pe®?, then for some p > 0 fixed
and close to zero, we can find curves x; + izo(z) arbitrarily close to

Cp,0) = Ay +iAs0 + pme™ Ay

for given constants positive Ay, As, A3. These curves are not embedded
for |m| > 2. In the case where |m| = 1, we can consider a covering of the
end to get |m| > 2. Then we can deduce from this that m; = mg = 0.

From the indicial equations we have y+v = —1 and then A\; = —5 and
Ay = % Now it is not hard to conclude and the details are left to the
reader. q.e.d.

7. Appendix A

In this section elementary Euclidean geometry gives a useful gradient
estimate for a graph.

Theorem 7. Let E be a graph over the domain Q = {(z1,22) €
R?|z1 > 0} of a bounded function |u| < Cy. For Q = {(x1,22) €
Q|x1 > 8C}, we have for a positive constant C

2
|Vul < 2 C

< —
u ~ R—2uT a7

where R is the radius of the tangent horosphere at the point q € E.

Proof. The proof is given in Theorem 2 of [5]. We give the argument
here.
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3l

G(9)

Figure 14 ([5]).

Consider the vertical plane ) containing the unit normal vector 7
to E at g. G(q) is also in this plane and we have Figure 14 in the plane
Q.

Here O is the center of H(q) and R is the radius of H(g). The
topological picture of E N H(q) is an intersection of at least two curves
and E N H(q) is compact. By proposition 5, 0E N H(q) # 0 and R >
o > 201 where 21(q) > 4C1. Then

1
n = W(—um, —Ugy, 1), W = /1 + |Vul?.

|Vl

We have a = _WR’ and a2 = R? — (R—u)? =

u(2R — u). Hence

(_uwu _uwz)

=| =

a®  |Vul*  u(2R—u)

R W2 R
Vul? 2R —u <2
uW?2  R2 R’
2 2 4
which implies [Vl < < < é if 1 > 8C;. q.e.d.

T R—2u " x1—4C7 T 1y
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8. Appendix B

Theorem 8. Let Q) be a non compact domain in a half-strip B =
{(z1,22) € R2|zy > 0 and |xo| < T} with at least one component of
0 noncompact. Let ui,us be defined on Q with their graphs solutions
of the mean curvature equation (H = 1) in H3. Suppose the following
conditions are satisfied:

i) ug <wup <1 onQ, up =uy on 0.

i) Cre ™ <ug < Cae™ %, for some positive constants Cy,Ca, v (uz
is the graph of a standard end).

Vs
iii) V| §—3,z:1,2f0rsome Cs; > 0.
2

It then follows that u; = us on 2.

Proof. To prove the theorem we need two lemmas. The first one is
the Lemma 8 in [5]:

Lemma 9. Let u be a solution of the mean curvature equation

(H =1) on Q. Then v =Inu satisfies:
4
div (Ef) = u2VV(|1V—Q|—L|VV)27 where W = 1/1 + |Vul?.

Before proving the next lemma we recall the family of standard
ends in Theorem 3. Let E(t), t € [0,00), be the isometric family of
standard catenoid ends. Fix a horocycle hg contained in the horosphere
{z3 = ¢p} and in the vertical plane {x; = 0}. We then consider the end
E(s) having hg as boundary and a vertical tangent plane for z; = 0. For
every t € [0,s), we may translate horizontally the corresponding ends
E(t), in such a way that E'(t) = (E(t) + A1), A+ < 0, passes through
ho. In particular, this family obtained by translations, foliates the region
bounded by E(s) and {z3 = ¢o}. Each leaf has hy as boundary, and is
given by E'(t) = (E(t) + \e1), for t € [0,s), where E(0) = {x3 = co}.
We will write u; for the graph solution of the family E’(t), where ¢
indicates the growth at oo; i.e., u(x1,x2) ~ e 1 for x1 big enough.

Lemma 10. Let Q(X) = {(z1,22) € Q /21 < X}, C(X) =Q(X)N
{z1 = X}. Define v = Inu; — Inug (uy, uy as in Theorem 8), and
M(X) = sup{|v(x1,x2)|; 21 = X}. Then if v #0 there is a f < « such
that M(X) > c1(a — )X, for X sufficiently large, and some constant
c1 > 0.
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Proof. Consider a family of standard ends as discussed above with
the horocycle hg contained in the horosphere {x3 = 1} and in the vertical
plane defined by 0B in such a manner that E(s) has growth s = a. As
we vary the growth for ends in the family E’(¢), starting with growth
zero, we are initially above us.

As t — «a we can’t have u; > u; for every t for otherwise u; = us,
so there is a 3 < a such that the graph of ug intersects the graph of u;.
By the maximum principle the intersection cannot be compact. Thus
u1 > ug on a noncompact domain. We then have on this domain

Inu; —Inug > Inug — Inug > ci1(a — By,

and
M(X)>c(a—0)X,

for X sufficiently large and some constant ¢; > 0. q.e.d.

Let v = Inug —Inus = v1 — w9, v > 0 on Q and v = 0 on .
Note that for 21 large we have v < yx1, v > 0 (7 could be «). Indeed,
v =Inu; —Inus < —Inwue, and for z; big enough we have — Inus ~ ax;.
Suppose v # 0, we will find a contradiction. By Stokes’ Theorem

. [vVuy > . <1)va ) / < Vvi Vg >
div —div = — — —— N
/Q(X) < Wi W sox) \Wi Wy’
where N is the outer conormal along 0Q(X). For v = v; — v2 we have
Vvl VUQ >
1 Vv, — Vug, — —
@) /Q(X) < ' TW W
() - (2)
+ v|div| — | —div | —
/Q(X) < ( Wi Wa
VUl va >
= v — T T N .
/asz(X) < Wi W
Now we estimate the following integrals:
/ / vdw(vvl) / / V!
Xo JC(z1) Xo JC(x1) U’ W 1+ W)
/XO /C’(ml 1 + W)

IN

037
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the first inequality is justified by Lemma 9, the second follows from

Vu

| Z| < —, and from v < yx;. So when
i 351

X — oo the integrals above converge. Therefore we may rewrite (1) as

follows:

(2)

V’Ul V’Uz Vvl VUQ
A+/ <w Vv,>§/ < ,N>
Q(x) ' TWi W o)y \Wi W2

For X; > 0, we define

hypothesis i) and iii), i.e.,

Vvl VUQ
u(X1) = / <VU1 — Vg, — >
(%) Q(X1) Wy W
We have
V’Ul va
<V'U1 — V’UQ, Wl — I/If2>
Vv1 VUQ 2 va Vvl VUQ
=W, =t - 22 Wy — W _
! W1 W2 ( ! 2)<W2’W1 W2>
Also
va Vvl VUQ
Wy — W- —
‘( 1 2) < W- ) Wl W2 >‘
VUQ ’V’U,1|2 — ]Vu2|2 Vm _ V’Ug
N UQWQ W1 + W2 W2
@ |Vu Vv
Woy |
Note that is equivalent to «, and
Uz Wa
v Vus|*  2C
”vu1’ ’vu | ‘ | ul‘ | (] < 23.
u9 :L'l
So we rewrite (2) as
Vm V’Ug 2
3 A+ p(X) / / Vo _ Vor
(3) 1) o Jown W W
Vv1 VUQ

a /X1 /C'(afl W2

g/ <W_W2N>.
cx)y \Wi Wy

97
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We define
(1) = / Vo Ve
T Joy [T W |
By Cauchy-Schwartz we have

_ Vv Vg 2 Vv Vg 2

2 1
)T < —_—— = Wi|— — —| ,

n” (1) _/C(xl) Wi Wo o) 1 W, Wy

where T is the width of the half-strip B.

Using the definition of M (X) and <VW”11 - VWU;,N> < VW”; - VWU;

9

(3) then implies:

X

X
P07 = [ ) < a0 )

) At p(X) + /

Xy

Now 0% is not compact, v = 0 on 9C(x1) and M (x1) is the maximun
of v on C(x1) so that

M(zp) < / V).
C(z1)

Next
Vvl VUQ

Wi Wa

1 1

Wy Wi

9

1
> Wl |VU1 - V’U2| - |VU2‘

and WLl >3 >0, V| < aa, ‘Wi2 — Wil’ < 2, so that
n(x1) > csM(x1) — 2¢4T .

By Lemma 10 we conclude that n(z1) — oo as £1 — oo unless v = 0.
Then there is a constant c5 > 0 and a Xg > 0 such that for ;1 > X,

_ C X
n? ()T — 27;(2 ) > csn?(x1).
1

Thus, for X; > X, (4) may be replaced by

X

(5) A+ (X)) + e /X (1) < M(X)n(X).
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Now we will show that for X; greater or equal to some (other) Xg
we have

a(X1) = A+ p(Xp) >0.
Indeed, by definition

Vo _ Vo,

Wi Wo

VUQ Vvl va >
n Wy — W. R .
/Q(X1)( 1= W) < Wy Wi W

The module of the second integral is at most

i(Xy) = A+ 4
Q(X1)

X1
and Wy > 0 so that pu(X;) > A +/ T (zy) — 6—2277(:1:1), which
0 21

diverges since n(x1) — oo.

Now u(X1) > p(Xo) + ¢ f))((ol n%(z1). By Lemma 10 and the com-
parison between 7n(z1) and M (z1) we conclude fi(X;) grows at least as
fast as X3 for some X; big enough:

X1 X1 X1
w(Xyp) > 05/ " (z1) > cg M?(x1) > 07/ 2 > s X5
Xo Xo Xo
We write equation (5) as
X
(© A + as [ o) < Sn(X),
X3

for X € [X1, X2], where S = sup{M(X); X; < X < Xy}.
Let £ be the function defined on the interval J = [Xl, X1+
by

csu(Xl) )

Cs
— —_ —
g X X)

So £(X) satisfies
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The connected component of {X € J N [Xy, Xo];{(X) < n(X)} that
contains X is open ( {(X;) = “(27)21) while n(X;) > “(gl)), and by (6)
we verify that it is also closed. So the connected component is in fact

252

csp(Xq)

252
and 7 is bounded we conclude that X5 € J, so Xo < Xj + ————.

esfi(X1)

the interval J N [X1, Xo]. Since &(x1) — oo when z; — X7 +

Finally, as S < vXj it follows that

\/6522(2){1)()(2 — Xl) S ")/XQ.

However this contradicts our estimate for the growth of 11(X;). Take for
instance X9 = 2X7, this implies

(X
65“(21))(1 < 2Xy7,
SO
s (X1)
=X < 4 X322
~ 82 ~
and (Xq) < le, contradicting i(X1) > cg X3. q.e.d.
cs
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