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HYPERSURFACES WITH MEAN CURVATURE
GIVEN BY AN AMBIENT SOBOLEV FUNCTION

REINER SCHATZLE

Abstract

We consider n-hypersurfaces 3; with interior E; whose mean curvature are
given by the trace of an ambient Sobolev function u; € WP (R"*1)

(0.1) I_-igj =u;vg; on Xy,

where vg; denotes the inner normal of ;. We investigate (0.1) when 3; —
3 weakly as varifolds and prove that X is an integral n-varifold with bounded
first variation which still satisfies (0.1) for u; — u, E; — E. p has to satisfy

1
p> 5(n+1)

and p > % if n = 1. The difficulty is that in the limit several layers can
meet at X which creates cancellations of the mean curvature.

1. Introduction

1.1. The problem. We consider the reduced boundaries 0*F; of
sets E; C ) of finite perimeter in an open set 2 C R"H,n > 1. We
define the corresponding unit-density n-varifolds

(1.1) Vi=v(0"E;,1), py, =H"0"E; = |Vxg,]
in , with support

(1.2) Yj :=sptV; =spt py, = 0*E; N Q.
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The mean curvature of Vj is assumed to be given by the trace on 0*F;
of a function u;, defined in the ambient space

1.3 Hy =u;vp. on O*E;,
J J7 Ly J

E;
IVXE,|
to hold in a weak sense of the form

where VE; = denotes the inner normal of 9*E;. This is assumed

(1.4) Vi(n) = /divv ndpy = /div(ujn)XEj for n € C(Q).

Q Q
We assume that
(1.5) uj € WhP(Q)
with
1 4.
(1.6) §(n+1)<p<(n+1) and nglfnzl.

We specify the exponent of the Sobolev trace mapping on the boundary

n—+1 L
p

1-—

n
i~
(1.6) determines its range as

n<s<oo,8>2.

In particular, we have imposed p > % if n=1to get s > 2.
We put

a=1-"2¢e]o1].
s
If 3, are smooth then (1.3), when satisfied in the classical way, im-
plies (1.4) via integration by parts. Conversely, we will see below in

Theorem 1.3 that (1.4) implies Hy, € L§ (1) and (1.3).
We impose the bounds

(17) s i, / Ve, | = i, () < A,
Q
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for some A < oo and want to investigate the limit behaviour of (1.3)
when

u; —u  weakly in W5HP(Q),
XE; — XE strongly in LY(9),
V; — V' weakly as varifolds.
We put
Y :=sptV = spt uy.

Our main theorem states that (1.3) still holds in the limit.
For notions in geometric measure theory and in BV-context, we refer
to [13], [14], [16] and [33].

Theorem 1.1. Under the above assumptions, V s an integral
n-varifold in © C R™ ! with locally bounded first variation and

(18) ﬁV € Lfoc(uv)'

FE is a set of finite perimeter in Q and its reduced boundary is contained
in the support X3 of V' that is

(1.9) OI'ECY =sptV.

The mean curvature vector satisfies

(1.10) Hy = u vg wy -almost everywhere on 3,
VXE

IVxel
equal to 0 outside of O*F.

where vgp = denotes the generalized normal of 0* E, which is put

Equation (1.9) is obtained from the lower semicontinuity of the
perimeter observing for By (z9) CC Q with py (0B 1 (x0)) = 0 that

/ Vxe| < lijfgg)lf / IVxg, |

By (z0) Byt (o)

= Jim, pv; (Byt (w0)) = pv (By ™ (0)).-

We remark that the closure of the reduced boundary of £ does not have
to coincide with the support ¥ of V. This is due to cancellations when
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parts of ¥, meet which have opposite normals. Then the respective
parts of X do not separate its interior from its exterior, but can instead
be considered as hidden boundary of . The result of these cancellations
depend on the number how many layers of ¥; meet to one layer on X.
In Theorem 1.1, two different limit procedures are involved which
are not immediately compatible: we pass to the limit for 3; in the sense
of varifolds, but for E; we pass to the limit in the sense of currents.
The reduced boundary of F; can be considered as an n-current

(1.11) 0" E; = 0[E;]

as well. We pass to the limit in (1.4), on the left side with convergence
of varifolds, on the right with the convergence of currents which is given
by xg; — Xk strongly in LY(2), and get

(1.12) 5V () = / div(un)xp for n € CL(Q).
Q

At this stage, we assume that V' is integral, has bounded first variation
with Hy € L{ (uy) and that w € L{ (|Vxg|). This will be justified

loc loc
later. Under these assumptions, we obtain

(1.13) Hy py = u Vyg.

Since s > n, we get from [33] Corollary 17.8 that 6™(uy) is upper
semicontinuous. Therefore py = 6" (uy)H™|E for the n-dimensional
density 0™(uy) € N of py and Vxg = vg H"|0*E. Hence, we conclude
that

0"(uy) Hy = uw vy py-almost everywhere on 9*E
(1.14)  and

ﬁv =0 py-almost everywhere on 2 — 0*F.

Clearly, the density 0™ (uy ) corresponds to the number of layers which
meet at X.
We distinguish three cases:

() 0 (uy) = 1.
Here Y. separates E from its complement and > = 0*FE. In this
case, (1.14) already provides a proof of (1.10), of course, so far

S

under the assumption that Hy € Lj ().
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(ii) 0™(puy) # 1 is odd.
For example if uj,u > 0 the picture could look like

Since ¥; = 0*E; has interior Ej, the layers which meet have op-
posite mean curvature vector. Therefore one expects also cancella-
tions for the mean curvature. For three layers, (1.14) gives

- 1
Hy = - uvg.
\%4 3 E
On the other hand, the opposite layers create an obstacle for each
other if the mean curvature is not equal to zero. Actually, we will

prove (1.10) by showing that

Hy, v =0,
when 0™ (uy ) # 1 is odd.
(iii) 0™ (uy) is even.
EJ E.? _— E FE

Here X does not separate E from its complement and 0*FE = (). It
can be considered as a hidden boundary. (1.14) shows Hy = 0,
in coincidence with (1.10). No claim is made whether v = 0 on
Y. Actually, this cannot be proved in dimensions n > 2 as the
following example communicated by Karsten Grofie-Brauckmann;
see [17] and [18] Theorem 2, shows. This is a one parameter family
of surfaces with constant mean curvature equal to H = 1. These
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surfaces can periodically be extended to complete surfaces when
reflected at the planes vertical at the hexagon edges. Then they
converge to a double-density plane.

We summarize (i)—(iii) in the following supplement to Theorem 1.1.

Theorem 1.2. In the situation of Theorem 1.1, we get for
wy-almost all © € ¥ with integral density 0y := 0™ (uy,x) € N that:

(i) If 6y =1 then Hy (z) = u(x) ve(z).
(ii) If 0o # 1 is odd, then Hy (z), u(z) = 0.
Moreover, in both cases (i) and (i), 0" (E,z) = 3.

(iii) If Oy is even, then ﬁv(x) =0,
and either

Y E,z) =1 and wu(z) <0,
or

0" Y (E,2) =0 and wu(x) > 0.

The main task for proving Theorem 1.1 is to establish (1.10). In
order to do this, we will approximate V locally by a C!'-graph M
near points o € X which have a tangent plane T,V = 6y P, for some
n-hyperplane P € G(n + 1,n), and which have full density

i py ([0 () = 6o] N B (x0))
0l0 pv (By ™ (x0))
with respect to py in the set of points which have the same n-dimensional

density 0" (uy) as 9. The C!-approximation has to be of second order
in the sense that not only TV = T'M, but also

(1.15) Hy = Hy,
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on a set with positive density near xg. Such a second order approxima-
tion seems only possible if the varifold itself behaves in a second order
way on a reasonably large set, more precisely, if the tilt-excess of V,
defined for any T' € G(n + 1,n) by

tiltexy (0,0, 7)i= 0 [ TV =T P duv()

By (o)
has a quadratic decay
(1.16) tiltexy (20, 0, Tey V) = Ogy(0%)-

Tilt-excess decay estimates for varifolds, or more precisely height-excess
decay estimates, where

heightexy (zo, 0, T) 1= 0" / |dist (¢ — 20, T)[* duy (x),
By (xo0)
were established in Allard’s Regularity Theorem for unit-density, see

[1] Theorem 8.16 where it is proved without specifying the respectives
planes that

heightex,, (g, 7o) < 72% heightex,, (0, o)
and were extended to the higher density case in [3] Theorem 5.6 to
heightexy, (g, 70) < C7% heightexy (2o, 0).

Moreover, it is stated in [3] on p. 157 when combined with Lemma 5.5
that
tiltexy (0, 0, Tig V) = 02y (02 7°)

for py-almost all xg if Hy € L% (uv), which is slightly weaker than
(1.16). For a complete statement of all assumptions for the above two
estimates, see [1] and [3].

In order to establish (1.16), we will instead apply tools from fully
non-linear elliptic equations. Assuming xgp = 0 and P = R" x {0}, we
consider the upper height function

(1.17) p+(y) = sup{t | (y.1) € 2N By (0)}
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for y € B (0) € R™ and some gp > 0 small, and we will show that ¢
is a W?25-viscosity subsolution of the inhomogeneous minimal surface
equation

V1+[Vei|?

For the notion of viscosity solutions, we refer to [10], [6] and [7].

Then we will apply Caffarelli’s and Trudinger’s result in [5] respec-
tively in [35] (see also [6] Lemma 7.8 and [7]), saying that subsolutions
of uniformly elliptic equations with right-hand side in L", are almost
everywhere touched from above by paraboloids or likewise have second
order superdifferentials almost everywhere. This yields quadratic decay
of the distance dist(x — xg, Ty, V'), in particular it establishes quadratic
decay of the height-excess and then (1.16) by standard results. Actu-
ally, we will apply this result to a sup-convolution of order one of ¢ in
order to get a uniformly elliptic equation.

Finally, we remark that integrality of V' and (1.8) are obtained from
Allard’s Integral Compactness Theorem; see [1] Theorem 6.4 or [33]
Remark 42.8, when we establish bounds on ﬁw in Ly .(pv;). These
bounds are provided by combining (1.4), (1.7) and the following theorem
which is new to our knowledge.

Theorem 1.3. Let W be an n-varifold in Q C R"™, v € WhP(Q),
$(n+1)<p<(n+1) and xp € BV(Q) for some F C Q satisfying

e <W) < tuluon).

(1.18) W (n) = [div(on)xr forn € C3(Q),
Q

(1.19) IVxr| < pw,

(1.20) [ v llwir), mw(Q) <A,

for some A < 0.
Then W has locally bounded first variation and satisfies

1

3 1
(121)  IHW ey (832 o) 10 Wisguy (87 @o S Cnp(d) AT
for any Byt (vo) € Q with d > 0.
Applying this theorem to W = Vj,v = u; and F' = Ej; satisfying

(1.4), we see that ﬁ\G € Lj,.(pv;), and (1.3) holds via integration by
parts.



AMBIENT SOBOLEV FUNCTION

1.2. The BV-context and applications. We have seen from
(1.14) that in case of unit-density the conclusion of Theorem 1.1 is
easily obtained, and actually it is well known in this case in the BV-
context. A condition which ensures the varifold V' to have unit-density
is preservation of the perimeter of the set F; that is

(1.22) [ 19l = 1w [ 19,
Q Q

Indeed, from weak varifold convergence, which preserves mass always,
and from the lower semicontinuity of the perimeter, we get for Bg“ (x0)
CC Q, satisfying py (0B2 (z0)), [ |Vxg| =0, that

9B+ (o)

p (B (wo) = Tim oy, (B (o)

= ]1520 / IVXE;| = / IVXE],

Byt (xo) Byt (zo0)
hence
H" W“E = ’VXE\ = KV

and V has unit-density. Plugging this into the first variation formula
for V (1.12), we get

/(divn —vgDnvg)|Vxe| = /div(un)XE
(1.23) J J
for n € C3(Q,R™).

This coincides with the weak form (1.4) of (1.3) and can be considered
as a weak form of (1.10) in the BV-context; see [22]. (1.23) does not
make use of varifold notions. Also the convergence procedure outlined
above can be carried out without referring to varifolds, but instead using
a theorem of Reshetnyak in [29], of course still under the assumption
(1.22). On the other hand, for a set of finite perimeter E satisfying
(1.23), Theorem 1.3 implies that its reduced boundary, considered as a
unit-density varifold V, has bounded first variation and Hy € Ly (v ),
hence rigorously satisfies (1.10).

379
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The above convergence procedure was applied in BV-context by
Luckhaus in [22] to get solutions for the Stefan problem with Gibbs-
Thomson law, which reads

n — Au =

Hy

p=1 = U

and where ¢ € BV takes only the values 1. The second equation
imposes that the melting temperature u on the free boundary d[p = 1]
equals the mean curvature of the free boundary. This is called Gibbs-
Thomson law. In [22], a time-discrete approximation was set up, and
due to minimizations at each time step, it was established that the
perimeter is preserved when passing to the limit.

Time-discrete approximations with a minimization at each time step
were also set up for mean curvature flow in BV-setting and for the two-
phase Mullins-Sekerka problem in [24], and for the multiphase Mullins-
Sekerka problem in [4]. But in these problems, preservation of perimeter
could not be shown, and existence was only obtained conditionally under
the assumption of (1.22).

It was one of the original motivations for this article to give tools for
the justification of the above convergence procedures without preserva-
tion of perimeter. A second motivation was a parabolic approximation
of the Stefan problem with Gibbs-Thomson law which we describe now.

The phase-field equations

0, € e - A e — J»
(1.25) i (us + @) us = f

a(e)edype — 2e A, + %W,(Qoa) = Ug,

where W (t) := (t> — 1)? is a double-well potential, are proposed in
[8] to approximate the Stefan problem with Gibbs-Thomson law, when
ale) — 0 for e — 0 or ae) = 0 for the quasi-stationary phase-field
equations. Here, a parabolic system is used to approximate a sharp
interface problem.

Existence of solutions for the quasi-stationary phase-field equations
and convergence of these solutions to the Stefan problem with Gibbs-
Thomson law when € — 0 was proved by Plotnikov and Starovoitov in
[27] and by the author in [31]. Since energy is preserved for the quasi-
stationary phase-field equations when ¢ — 0, the following theorem of
Luckhaus and Modica in [23] was applicable.
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Theorem ([23]). Let u., - satisfy

—2eApe + %W/(Sps) =ue in €,
ue — u  weakly in W12(Q),
0 — ¢ strongly in L'(£2),

and suppose the energy is preserved, that is

(126)  F(p.) = / Vel + T W(pe) — / Ve,
Q

then the Gibbs-Thomson law is valid in the limit

4
2 /(divn — v D, ) |Ve| = /diV(un)cp forn € Co(Q,R™1),

3
Q Q
where v, = % is a Radon-Nikodym derivative.

Clearly, (1.26) corresponds to (1.22).

This theorem does not remain true when the assumption of energy
preservation is dropped, as it was shown by the author in [30]. The
reason is that the BV-statement (1.23) breaks down because hidden
boundaries are lost in the BV-setting. Since the varifold V' keeps also the
information of hidden boundaries, it seemed quite natural to investigate
this situation in measure-theoretic context. Theorem 1.1 encourages
us to pose the question whether a convergence theorem for the above
described elliptic approximation of the Gibbs-Thomson law is valid for
the varifold V' when energy is not preserved. Such a theorem would
yield applications to the phase-field equations, where, in contrast to the
quasi-stationary case, the energy need not be preserved when ¢ — 0.

Finally, we want to mention references where measure-theoretic meth-
ods were already successfully applied to prove approximations of sharp
interface problems by elliptic or parabolic regularizations in cases with-
out preservation of mass. In all four of the following articles, no as-
sumptions were made on existence or regularity for the solutions of the
limit problem.

Ilmanen has proved in [20] that solutions of the Allen-Cahn equation
(this is the second equation in (1.25))

1
e0ppe — 2e A + ng(gpa) =0,
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converge to a Brakke-solution of mean curvature flow.

In [26] and [19], Hutchinson, Padilla and Tonegawa have proved the
theorem of Luckhaus and Modica for measure theoretic limits without
the assumption of energy preservation for constant right-hand sides u. =
Ae.

Convergence of solutions of a variant of the phase-field equations
(1.25) with a(e) = 1 to weak solutions of the Mullins-Sekerka problem
with kinetic undercooling, also called the Stefan problem with kinetic
undercooling, was proved by Soner in [34].

The fourth-order counterpart of the Allen-Cahn equation is the Cahn-
Hilliard equation

Orpe = A,
Ye = —2eAp. + LW (¢e).

Convergence of solutions of the Cahn-Hilliard equation to weak solutions
of the Mullins-Sekerka problem was proved by Chen in [9].

1.3. Notation. We fix some notations.

G(n+1,n) denotes the set of unoriented n-planes in . For any
set @ C R™M | we put G(Q) := Q x G(n + 1,n). In particular, we
fix P := R" x {0} and 7w : R"™ — P the orthogonal projection onto
P. Usually, we will not distinguish between the plane, its orthogonal
projection and the corresponding matrix.

Open balls in dimension n and n+ 1 will be denoted by By (z) C R"
and by Bt (z) C R™*1. The cylinder over P is Z, := By (0)x] — o, 0.

L™ and £"! are the Lebesgue-measures in dimension n and n +
1, respectively. H™ and H® are the n and O-dimensional Hausdorff-
measure in any metric space. The volume of the n — and n + 1-
dimensional unit-ball is abbreviated by w, := £"(B7(0)) and wp4+1 =
L (B(0)), respectively.

For two real-valued functions, we put [f > ¢] := {z | f(z) > g(z)}
and similarly for analogous expressions.

S(n) denotes the set of all symmetric n x n-matrices.

The density of a set Q@ C R"*! in 2 € R""! with respect to a Radon
measure 1 on Rt is defined by

Rn+1

. u(BytH(z)nQ
o0 = by L

if this limit exists.
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In contrast, we define the k-dimensional density for k € {n,n + 1}
by

u(Byt(z) N Q)
k

0% (1, Q, x) := li
(1, @, ) = limy o

if this limit exists.
We will denote any module of continuity by w(p) that means w(o) —
0 for o — 0.

Acknowledgements. My special thanks go to Professor Ernst
Kuwert, under whose direction this work was written, for his constant
support and his guidance to geometric measure theory. Secondly, I
would like to thank Professor Tom Ilmanen and Professor Luckhaus for
many interesting discussions, in particular, for bringing several tools in
geometric measure theory to my mind and for leading me to the subject
of the present work. I would also like to thank Professor Karsten Grofe-
Brauckmann for making me aware of these constant mean curvature
surfaces converging to a double-density plane.

2. Monotonicity formula and bounded first variation

The aim of this section is to prove Theorem 1.3. To this end, we
first establish a monotonicity formula from the first variation formula
(1.18). For the monotonicity formula for varifolds with bounded first
variation, we refer to [1] §5.1 and [33] §17.

We have the general assumptions for this section that

W is a n — varifold in Q C R"*!,
(2.1) veW(Q), I(n+1)<p<(n+1),

xr € BV(Q), for some F C Q.

We specify the Sobolev mappings for any ball Bg“ C R™*! and deduce
the ranges of the Sobolev-exponents from (2.1):

1 1
Whe(BrHY o LB for 1o = T
(2.2) P q

and n+1<¢q< oo,

383
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and for 0 < p < d

n+1_ n

WP (Bt — L89Byt for 1

(2.3) s

and n < s <oo.

We determine bounds for the norm of the mappings in (2.2) and (2.3).
Extending v € WHP(B ) to 7 € Wol’p(ngl) C WEP(R™), we get
after rescaling in d that

IV 1| gty SCUL V0 gty +d70 10 | paggnen)
<Chyp min(l,d)_l | v ||W1,p(B;l+1) .

Since ¢ and s are the Sobolev-exponents, the norms of the Sobolev map-
pings depend only on n and p, but not on p. Therefore,

24) 110 gy |0 sty < Copmin(Ld) ™ [0 lyupgns
Finally, we put
a=1-" €]0,1]
S
and assume the following bounds

(2.5) | v llwie@y, b (2) <A

for some A < oo.

Lemma 2.1. Under the above assumptions, let the first variation
of the n-varifold W be given by

(2.6) IW(n) = /div(vn)xp forn € C’é(Q).
Q

Then for xy € 2,0 < o < d := dist(xg, 0Q) the function
@7 (o~ o "uw(BL (20)) + Crpmin(l,d) " Ag®)
is nondecreasing, where C,,, depends only on n and p.

Proof. The proof follows [33] §17.
We put r := |z — x¢|, choose 0 < p < d and test (2.6) with

No() = ®(r/0)(x — o),
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where we choose ® € C*([0, oo[) satisfying

' <0, O(t)=1 fort<—-, P(t)=0 fort>1.

N

Putting

um:/mme,ﬂwzjéwmwwm%w%ﬁ
Q G(Q)

where S+ denotes the orthogonal projection of R"*! onto the orthogonal
complement of S, we arrive, as in [33] §17, at

d —-n -n —n—
2ole @) =¢"T"(0) =" TOW (o)
(2.8) ot [
>t [ divion)r.
Q
since J'(0) = — [ é@/(T/Q)’SJ‘(VT)‘QdW(LE,S) >0, as ' <0, and
a(@Q)

where we have used (2.6).

We estimate the integrand of the right-hand side for = € Bg“(xo)
by

| div(vng)xr|(z) <|Vo(z)||z — zo|®(r/0)
+ [o(@)[(n +1)@(r/0) + |v(z)] |'(r/o)|

<o|Vu(@)| + (n+ Dv(@)] + [v(@)[|¥'(r/o),

(z — g)?
QT'
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and get
Q_n_l/diV(UUg)XF

<o / Vol + 0" (n+ 1) / o] + o~

Byt (wo) Byt (o)
0
(2.9) . / |®'(r/0)| / |v|dH™dr
0 OB (z0)

< Cn,p(@“—(““)/p) 1 V0 lny +& ™ | o |l ags)

+0* sup ||v ’L%@Br))
0<r<

S Cn,p min(l,d)_lga_l || v ||W1,p(B;L+1(x0))
< Cppmin(l,d) "Ag*
since [|®'(r/0)|dr = p, and using (2.4).

Plugging (2.9) in (2.8) and letting ® " x[o,1[, We get in the distri-
butional sense that

;2(9‘“¢WV(BZ+1@m)D > —Chpmin(l,d) " Ag*

Integrating yields (2.7). q.e.d.

For the proof of Theorem 1.3, we will use the following result which
is part of a theorem of Meyers and Ziemer; see [25] Theorem 4.7 and
[37] Theorem 5.12.4.

Theorem ([25]).  Let u be a positive Radon measure on R
satisfying
(2.10) M(p) = sup g*"u(BgH(x)) < 0.
zeR" 0>0
Then
(2.11) pdp| < CoM () | Vip ||y grry for all o € CoR™),

Rn+1
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where Cy, depends only on n.

Proof of Theorem 1.3. From Lemma 2.1, we see for ngl(:no) cQ
with d > 0 and p = pw | B} (x0) that

My | By (20)) < 2°(d™" + Cop min(L,d) ' d*)A,
hence from the theorem above

1
| v HLs(uWLB;“(;,;O))gCn,p(d)M(MW LBSH(%))S | v le,p(BgH(xO))

<Cpp(d)AIT.

Moreover, since |Vxr| < pw, we get v € Lj (|Vxr|) and for n €
Co (B (w0))

/ vnVXF

Q

1
Scn,p(d)A1+S H n HLS* (w LB(’;+1($0))

oW ()] = <o llzeguxensst @l 7 e (vl B3+ @)

with % + 8% =1, hence

1

H HW ”LS(/J'W LBZH_l(xO))S Cn7p(d)A1+S,

and Theorem 1.3 follows. q.e.d.

We draw several conclusions.

(i) From Theorem 1.3, (1.4) and (1.7), we get the uniform estimate
= 1
(2.12) | Hy, HLS(quBf}“(a:o))é Crp(d)A'Ts.

As pointed out before the statement of Theorem 1.3, this implies
that V is integral with locally bounded first variation and that (1.8)
holds. Further it gives the justification for the argument leading to
(1.13) and (1.14) which are proved now.

(i) Since Hy € Ly (pwv), we get from [33] Corollary 17.8 that 6" (uy)
is upper semicontinuous, and since V is integral, we get uy =
0" (py )H™| 2 and 6" (uy) > 1 on X. Therefore, H*(X N Q') < oo
for any Q' CC , hence

L) = 0.
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On the other hand, we have already seen after the statement of
Theorem 1.1 that |Vxg| < py and 0*E C ¥ = spt V. Therefore,
we may assume after changing E on a set of measure zero; see [16]
Proposition 3.1, that

(2.13) Eisopen, OFE=0*ECX=sptV.
Likewise, we may assume that
(2.14) Ejisopen, OFE;=0*E;=2X;=sptV].

Indeed, since py, = |Vxg;| = H"[0"E; and 0"(uy;) > 1 on
OE;, as 0"(uy;) is upper semicontinuous by [33] Corollary 17.8

and ﬁx/j € Ly (pw) by Theorem 1.3, we get additionally that
Hn(an - 8*E]) =0 and

(2.15) |VXEJ-| =H" L&E] = Hv;-

From (2.12) and Allard’s Regularity Theorem; see [1] Theorem 8.16
or [33] Theorem 23.1, we see that JE; is smooth on the reduced
boundary, since 6" (uy;) = 1 on 9*Ej; see [16] Theorem 3.8 or [33]
Theorem 14.3. Hence JFj is smooth py;-almost everywhere.

(iii) From the monotonicity formula in Lemma 2.1 (2.7) or likewise from

(2.12), we get that
(2.16) spt V; — spt V' locally in Hausdorff-distance
in the sense that

xj €sptVj,x; — 29 € Q= 29 €sptV,

V(zg € sptV) : I(x; € sptVj) 1 ; — xo.

Since the monotonicity formula rescales when blowing-up, we get
for xp € spt V with tangent plane T,V that

spt Vig,o — Ty V

(2.17) . .
locally in Hausdorff-distance for ¢ — 0,

where Vi o 1= Cpp04V and (p o(x) := Q_l(:c — ).
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3. Lipschitz-Approximation

In this section, we apply the Lipschitz-Approximation Theorem due
to Brakke; see [3] Theorem 5.4, to get some preliminary information on
the varifold V.

We fix some notions.

Definition 3.1. Let W be a n-varifold in Q C R*™!. We define
the tilt, tilt-excess and the Lipschitz-approximation constant for xy €
Q,0>0,B(20) CQand T € G(n+1,n) by

tiltyy (zo, 0, T) :=0 "2 / dist(x — zo, T)*duw (z),
Byt (o)
tiltexi(a0.0.7) im0 [ ST P aw(z.s),
G(By ™ (20))
lipappyy (2o, 0, T) :=tiltw (zo, 0, T') + tiltexw (zo, 0, T)
+0" / Hy [2dpay
By (xo)

We put lipappyy (o, 0, T) = oo if Hy & L*(uw [ B2+ (x0)).

We see for zp € 2,0 < ¢ < gp with Bg;gl(mo) C Q that

0" / [Hy, |2dpy,

Byt (x0)

_ 1-2 =
< 0" "y, (B (w0)) ( / Iij!Sduvj>

BygH (wo)

2
s

< Cn,p<A7 QO)QQQ
since s > 2 and where we have used (2.7) and (2.12). Therefore
R - Ve - A

(3.1) B (a0) B (a0)
< Chp(A, 00)0™

is getting small for ¢ small.
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Now we state the Lipschitz-Approximation Theorem; see [3] Theo-
rem 5.4. Actually, the statement in [3] is more general.

Theorem ([3]). Let W be an integral n-varifold in BY1(0) and
0o € N such that,

(00— 3)n < (BF(0))
32) v (BT (0) (60 + 3)3"n,
lipappy (0,7, P) <e¢ for P =R" x {0}.
Then there exist 0y-Lipschitz maps
fLS o < foy: BYO) = R
such that
Lip fi < C(o), | fillLe< w(e),

with w(e) — 0 for e — 0.
Neaxt putting Fi(y) = (y, fi(y)) and

(3.3)
Y = {y € B (0)|0" (uw, (y,1)) = #{il fi(y) =t} for all t €] — 1,1[},

(3.4) X:=sptWnZnp L(Y)=Uk E(Y),
for the orthogonal projection 7 : R" — P, we get
(3.5) pw (21 — X) + L"(Bf'(0) = Y) < Ce,

where C' depends only on n and 6.

We first apply the Lipschitz-Approximation Theorem in the follow-
ing lemma.

Lemma 3.2. We consider xqg € ¥ = sptV such that the tangent
plane T,V exists with density 0y := 0" (uy, o). Then 6y € N and

0o is odd <= 0" (B, x0) = 3,

Oy is even <= 0" (E, zq) € {0,1};
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in particular,
O is odd <= xy € 0, F,

where 0, E = {x|0" 1 (B, z0), " T1* (R —F, x0) > 0} is the measure-
theoretic boundary of E; see [13] §5.8.

Proof. We assume zg = 0,7,V = 6y P for P =R" x {0}. We get
Vo = C(oV — 6P asp|0

for (,(x) := o~ tx. From (3.1), we see that V, has locally bounded first
variation, hence 6y € N by Allard’s Integral Compactness Theorem.

By local Hausdorff-convergence; see (2.17), we get for ¢ > 0 that
XN BPTH0) C {|zns1| < eo} if o is small enough, hence

SN ByHH0) € {lzngal < elaf}.
Since OE C ¥ by (2.13), we get four cases

{Znt1 >¢€lz|} N BSH(O) CEor E° and

(3.6) il .
{Tny1 < —elz|} N B;7(0) C E or E.

This yields 6" "1(E,0) € {0,%,1} and

Xo1g —0orl in LY(BI(0)),
(3.7) or
Yot — {zlav <0} i LI(BIH(0)),

where v is a normal at T, V.
Next we apply the Lipschitz-Approximation Theorem to V}-Q in B?'H (0).
First, we observe that

lipappy, (0,7, P) = lipappy (0, 7o, P) < w(o),

with w(g) — 0is ¢ — 0. Indeed, tiltexy, (0,7, P) — 0, since V, — 6o P,
and the last term in lipappy, is estimated in (3.1).
As clearly lim sup tiltexy, (0, o, P) < tiltexy (0, 20, P) for fixed ¢ and

Jj—0o0

again appealing to (3.1), we get for j > j, that

lipappy, (0,7, P) < w(o)
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where ng = Co# V.
Now we apply the Lipschitz-Approximation Theorem to V}Q and get
for the sets Y, X defined in (3.3) and (3.4) that

pv(Z1 — X) + LB (0) = Y) < w(o);
see (3.5).
Next, we put
Y = m({x € spt Vi, = g_lan\ spt Vj,
is not smooth in z, or ijg(:r)enH =0}

and observe by Co-Area formula; see [33] §12, and the almost everywhere
regularity of 0E; by Allard’s Regularity Theorem and (2.15) that

LMY = 0.
For p small, we select
yeY —Y £0.
We see from (3.4) that

spt Vi, N Z1N0p ™ (yo) = {yo} x {11 < ... <to,}

with [¢;| < w(e) and vy-15E; (Yo, ti)ent+1 # 0. Therefore tracing (oyo, ot)
from t = —% tot = %, we jump from E; to E;¢ or from E;° to E;
exactly at t1 < ... < tg,. If fp is even, the same set F; or E;° is at the
top and bottom, whereas if  is odd, the opposite set E; or E;¢ is at
the top and bottom. Now for j > j,, we get from (2.16) and (3.6) that

{2ns1 > 2e0} N BITH(0) € Ej or E;°, and

{n+1 < —2e0} N BJTH(0) C Ej or E}°,
and F; and E are in the same of the four cases. The conclusion follows
now from (3.7). q.e.d.

The upper height function, as defined in (1.17), is in general not
upper semicontinuous. Therefore, we define it now locally near points
which have a tangent plane.

We call g € ¥ = spt V generic if

T,V exists, 0:=6"(uy,x0) € N and

(38) O 16" () = b, x0) = 1.
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We observe from [14] Theorem 2.9.11 that uy-almost all points are
generic. For simplicity, we assume xo = 0,7,V = P = R" x {0} and
(3.9) ByH(0) cc @

for some 0 < gg < 1.
From the local Hausdorff-convergence in (2.17) for 0 < o < 9o, we
can choose gy small enough such that

(3.10) S0 By (0) € {leni] < 00/2).
This vertical cutoff makes the height functions semicontinuous.

Definition 3.3. Let 0 € X be generic with 7oV = P and 0 < gy <
1 such that (3.9) and (3.10) are satisfied.
We define the upper and lower height functions

¢+ 1 By (0) — [~o0,00[ upper semicontinuous,
¢ : By (0) —] —00,00] lower semicontinuous,

by

(3.11) ¢+ (y) = sup{t €] — 00, 0|(y, 1) € £ Zoy },

p-(y) = inf{t €] — 00, 00[|(y,) € EN Zy, }.
We observe that by our definition of height functions, we have

o-(y) <p4(y) =ps(y) €R
&= — 00 < py(y) or p_(y) < oo

—={y}x] =00, 00) NE #0.

From the local Hausdorff-convergence in (2.17), we see that

(3.12) —w(e)o < o-(y) < p+(y) Sw(o)e

for y € B;(0) if p1(y) € Ror p_(y) € R, and where w(gg) < 1/2.
Further

[(wne™) " v (By+1(0)) — o] < w(o),
(3.13) o v ([0 (nv) # 6o] N ByT1H(0)) < w(o),

lipappy/ (0, 0, P) < w(0),
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by (3.1) and since P is the tangent plane at 0, as assumed in the above
Definition.
Since OF C ¥; see (2.13), we get for g small enough, that

By, (0)x] = 00, —w(00)eo[S E or E° and
B}, (0)x]w(eo) 0o, 0[S E or E-.

As in the proof of Lemma 3.2, these are four cases. From now on, we
will assume that on top there is the set E that is

(3.14) B, (0)x]w(eo)eo, 00[C E.

Clearly, we can replace E by the interior of its complement when we
change u to —u.
From Lemma 3.2, we infer that

B” (0)x] — 00, —w(00)00|C E¢ <= 6y is odd,
(3.15) 20(0)] )ool

Bp (0)x] — 00, —w(00)00[S E <= 0 is even.
In particular, we see that if 6 is odd then

(3.16) p+(y) €R forall y € B (0).

We come to the second lemma in this section.

Lemma 3.4. Let 0 € ¥ be generic and oo as above. We put

Yo :={z = (y,9+(¥))ly € By (0) N [p+ = o],

(3.17) _ )
x € 3 is generic,0" (uy,x) = 6y }.
Then
(3.18) 0"y (B H(0) = %) < w(o),
(3.19) o "L"([p+ # ¢-]1N By (0)) < w(o),

(3.20) 0L ([ = -] N BL(0)) > wn — w(o).
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Proof. First, we show that (3.19) and (3.20) follow from (3.18).
Clearly, (3.19) and (3.20) are equivalent.

To prove (3.20), we apply the Co-Area formula; see [33] §12, to the
projection . We compute the Jacobian of 7 for any T' € G(n + 1,n)

1
Jrm = W(T)enaa| =1 = 5 | (T) — ensa |

1
i Lir-pp
2

where v(T') is a normal at 7" with v(T")e,+1 > 0, and where we use the
inner product trace norm || A |:= \/tr(AT A) for A € R*TLnFL,
This yields for any 7 > 0 that

(3.21)

£7([ps = -] N B2(0)) = / Jy () dH" (x)
$onBa 1L (0)
>V1— 760" v (S0 N By T(0))
— (B O) N[ TV — P[> 27])
>V1 =760 v (ByH(0))
— v (By(0) = o)
— 7 Lo tiltexy (0, o, P),

and using (3.13) and (3.18)

lim (wnd") " L7 ([p+ = -] N By (0) = VI -7

which is (3.20), since 7 > 0 was arbitrary.

We turn to (3.18), rescale in g for 0 < o < go/7 and put V, :=
CotV for (o(z) == o7 'z. From (3.13), we see that (3.2) is satisfied
with & = w(p) for p small. Therefore, we can apply the Lipschitz-
Approximation Theorem to V, and get for the sets Y, X defined in (3.3),
(3.4) that

(3.22) w,(Z1 — X) + L"(B1(0) = Y) < w(o);

see (3.5).
Clearly for y € Y, we see from (3.4) that

spt Vo N Zina ' (y) = {y} x {fily) < ... < fa,(y)} C X,
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hence

o—(oy) = f1(y) < fao(y) = ¢+ (0y).

In particular, for z = (y,t) € X with 0" (uy,,z) = 0o, we get p_(oy) =
v+ (oy). This yields

X N[0™(uy,) = bo) N [z generic] C o~ !Xy,
and we estimate using (3.13) and (3.22) that
o "y (ByHH(0) = o) <py,(Z1 — X)
+ 0 " v (10" () # 60] N ByTH(0))
<w(o),

concluding the proof. q.e.d.

4. Differential properties of the height function

In this section, we will derive a differential equation for the height
functions.

We start with a lemma that gives a Lipschitz condition from above
and below for the upper and lower height function, respectively, at al-
most all points where the height functions are finite.

Lemma 4.1. For L"-almost all y € By, (0) with p+(y) € R, there
exists C' = C(y) < oo such that

0+ (2) < pi(y) +Cly — 2| for all z € By, (0),

- (2) 2 o_(y) = Cly—=| for all = € By (0).

(4.1)

Proof. We put
X ={x € Z,, N E|T,V does not exist, or v(T,;V)ep41 =0}
and observe by Co-Area formula that
L'(7m(X))=0.

For y & m(X) with ¢4 (y) € R, we put = := (y,p4(y)) € ¥ and observe
that its tangent plane T,V is not orthogonal to P. By local Hausdorff-
convergence in (2.17), we see that there is a cone

Cone := {(y,t)[|t|] < Cly|}



AMBIENT SOBOLEV FUNCTION

for some C' < oo and ¢ > 0 such that
XN Bg“(a:) C x + Cone.

Since ¢+ < w(gp)oo is bounded from above and upper semicontinuous,
(4.1) follows for ¢4, hence the lemma is proved by symmetry.  q.e.d.

We will prove that ¢4 are viscosity sub- and supersolutions of the
minimal surface equation with right-hand side in L®. Since u is not
continuous, we need a refined definition of viscosity solutions which can
be found in [5] or [7].

Definition 4.2. We consider U C R" open and
F:UxR"x8(n)—R
which is degenerate elliptic that is
F(,,X)<F(,,Y) if X<Y.

For v € L, (U),r > n/2,r > 1, we call an upper semicontinuous func-
tion

¢ : U — [—00,00]
a W2T-viscosity subsolution of
—F(.,Vg,D*p) <v inU,
if for all n € W27 (U"),U’ cC U, > 0, such that
—F(.,,Vn,D*;) >v+7 pointwise almost everywhere in U’,

the function ¢ — n has no interior maximum in U’, that is there is no
y € U’ with
p-n<(p-ny) eR inl"

The supersolutions are defined analogously. Solutions are functions
which are both sub- and supersolutions.

Clearly, ¢ — n having an interior maximum in U’ implies that there
is y € U" and ¢ > 0 such that By (y) CC U’ and

(4.2) p—n<(p—n)(y) €R in B;(y).

When j > j,, is large enough, we can define the upper- and lower
height functions ¢4 ; for ¥; = 0E; NQ in By, (0) as in Definition 3.3.
The height functions ¢+ ; and ¢4 are connected through the following
limit process which we recall from [10] §6.
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Definition 4.3. We consider U C R" open and a sequence of
functions ¢; : U — [—00, 00]. Then

Jim "p;(y) := sup { limsup @;, (yx) | jx — 00,y — y}~

k—o0

lim ¢; is defined analogously.
J—o0%

By local Hausdorff-convergence (2.16), we get the following propo-
sition.

Proposition 4.4.

(4.3) oy = lim*py; and - = lim p_; on By (0).
j—oo

J—00%

When OF; are smooth, we obtain that the height functions ¢4 ; are
viscosity sub- and supersolutions. For the non-smooth case, we have to
invoke the maximum principle [32] Theorem 6.1.

Proposition 4.5. Forj > jo,, ¢4, isa W2S -viscosity subsolution

of

v@-i‘j . n
4.4 V| ——====] < —u;(., ) in B (0),
( ) ( ﬁ—}- ]Vg0+7j\2> > ]( 90-&-7]) go( )

and p_j is a W25 viscosity supersolution of

(4.5)

v Vp_; > —u;i(., 0 5) zf fo 1.5 odd, in B (0).
V14 |Ve_ ;|2 wj(.,o— ;) if Oy is even,

We emphasize that the right-hand sides of these equations are con-
sidered as fixed functions (y — u;(y, p+;(y)))-

Proof. Clearly, it suffices to prove (4.4).
First, we know from (1.4) and Theorem 1.3 that

Hy,,u; € Lie(uy;)
and (1.3) holds, more precisely

Hy, = ujvg; on X,
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since py, (35 — 0*Ej) = 0 by (2.15).
By local Hausdorff-convergence (2.16) and (3.10), we see

25 N BEH0) € {|znga] < 3e0/4}-

for j large enough. Together with s > n, s > 2, the weak maximum prin-
ciple [32] Theorem 6.1 implies that ¢, ; is a W>S-viscosity subsolution
of

Vo, B Veiin—-1) .
v <‘P+J> < ij(.,wm)w in B2 (0),

V14 Ve 2 V14 [Vey )2

where the right-hand side is extended arbitrarily on By, (0) — ¢+ ; € R]
to a function still in L*(B, (0)). As Ej lies at the top by assumption,
we see that the inner normal is given by

(_v@+,ja 1)

VE. *y ,' - —7
EJ( ‘P-&-J) /71+’V80+,j|2

hence
B (v<p+ YR _1)
Hy. (., N L — (., ),
V]( ‘P+,J) 1T |V<,0+,j|2 j( 90+,J)
which yields (4.4). q.e.d.

We can pass to the limits in (4.4) and (4.5) and obtain the following
lemma.

Lemma 4.6. ¢, is a W>*-viscosity subsolution of

VQO_A,_ .
4.6 V| ———— | <—vy B (0),
(1.6 ( 1+|w+y2>— v in By (0)

and p_ is a W>*-viscosity supersolution of

@7 -V Vp_ S ) V- if Oy is odd, in B (0)
' V1+|Ve_|2] — |v= if Oy is even, Qo=

where vy € L*(By, (0)) satisfying

(4.8) v =ul.,px) L"-almost everywhere on [p4 = ¢_]N By (0).
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Proof. First, we put

0;(y) :== sup |u;(y,t)]
[t|<e0

and observe that
(4.9) It 1 L= (53 0)< Cnp(20)A,

since || u; <A.
| J le,p(B;g)l(o))_
Hence for a subsequence

(4.10) ui (., p+,5) — v weakly in L*(B} (0)),

where we do an appropriate choice for u;(.,£00). By standard com-
pactness argument for the trace mapping

WhP(Bpt(0)) — LP(By, (0) x {0}),
we obtain
H uj('7 @:I:,j)) - 'LL(., (pzbj) HLP(["DZ‘ZER]OBZ}O(O))_) 07
and, putting

U = sup u(y,t) and wu_(y) = inf u(y,t),
+(y) D (y,t) (y) o (y,1)

we conclude from Proposition 4.4 that
u_ <vg < U,

which yields (4.8).
We proceed in proving (4.6) and consider v € W25(U’"),U’ cC
B} (0),7 > 0 such that

(4.11) -V (W> = — O AVt > —vy + 27 in U,

V14 VY2
where A(p) := /1 + |p|2.

We have to show that ¢ — has no interior maximum. Assume on
contrary, that there is one, hence by (4.2)

(4.12) o+ — ¢ < (p+ —¥)(w) € R in By (yo)
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for some By (yo) CC U’
By (4.9), we fix an upper bound
5 +7 s ) | 1o+l +7 2oy 0 19 lw2sncreymy, (o) < T-

For 0 < ¢ < g1 small enough, we get by a perturbation argument that
there are unique solutions v;,v € W25(B%(yo)) of

-V L =—vy +7 in By (yo),
VI+IVYP?

(4.13) o ( Vi,
1+ |V1/Jj|2

) =—uj(p+5) +7 in By (o),

aSol

= = on dB,(yo),

which moreover satisfy

(414) | ¥ lw2sncreyBrwons | Y5 lvzsncrey o)< Crp(Ts 01)-
Indeed, translating and rescaling By (yo) to BY(0),

bo(y) = 0" (o + 0y),  v(y) = o(—v+(yo + oy) +7)
and likewise for u;(., ¢4 ;), we have to solve
—8klA(Vf)6klf = Uy in B{L(O),
=1, ondB}(0),
with
| Voo llcoe(srop< T,
H 1% - 1/’@(0) HCl»a(B?(o))ﬁ 21,

1 v s B0y | D*%e s (Br0)) < To™.

We fix 0 < # < « and define for large R > 0 an operator F' : Bg(0)
CH(BY(0)) — W2*(B}(0)) — CUF(B}(0)) by putting F(n) =
where £ solves the linear elliptic boundary value problem

C
£

=0 A(VN)Oi€ = v, in BF(0),
E=1,—1,(0) on 9BF(0).
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Since || D?A ||< 1 and by Calderon-Zygmund estimates; see [15] Theo-
rem 9.14, we get

| € = o +1%0(0) lw2s(Br0) <Cnp(R) || vo + O AVN) Oty || Ls (7 (0))
<Cpp(R)T0%,

hence

| € lw2sncraysro) < Crpl (1 + Cnp(R)0%).

Choosing R = 2C,, " and ¢ = p(n,p,I') small enough, we get from
Schauder’s Fixed-point Theorem a fixed point & of F' which moreover
satisfies

1€ = o+ ¥0(0) |(w2sncraysro) < Cnp(l)o

Putting £(y) := 0(0~ (y — o)) + 01,(0), we see that € solves (4.13)
and satisfies

1€ =¥ [[wzsncre)Bawe) < Crp(Ls 01),

hence (4.14). If ¢ is a further solution, we subtract w := £ — £ and get
that w is a local weak solution of

=0 (adkw) =0 in By (yo),

w=0 on dBy(yo),

1 -
where qj 1= f O A(VE + tVw)dt. This equation is uniformly elliptic,
0

since &, € Cl’a(Bg(yo)), and we conclude by strong maximum princi-
ple; see [15] Theorem 8.19, that w = 0, hence the solutions are unique.

The uniqueness of the solutions yields together with (4.10) and (4.14)
imply that

¥; — ¢ weakly in Wz’s(Bg(yo)) and uniformly on BZ(yo).

Further, we get from (4.11), (4.13) and the strong maximum principle;
see [15] Theorem 8.19, that

> in B} (o).
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This yields with (4.12) that

sup (¢4 — ) < (o4 —¥)(yo) < sup (o4 — ).
9B (yo) By (yo)

From Proposition 4.4 and the uniform convergence 1); — 1/;, we get

o4+ — ¢ = lim *(¢4 ; — 1), hence for large j that
j—00

sup (4,7 — ;) < sup (¢4, — ¥j).
dB7 (yo) B3 (vo)
and ¢4 ; — 9; has an interior maximum in Bj(yo). By (4.13), this
contradicts (4.4), and (4.6) is proved.
Equation (4.7) follows in the same way from (4.5). q.e.d.

5. Quadratic tilt-excess decay

In this section, we will establish the crucial quadratic tilt-excess
decay, see (1.16), that

(5.1)  tiltexy (x, 0, T, V) = O4(0*) py — almost everywhere on X.

Actually, we will prove a quadratic decay of the height-excess which
implies (5.1) by standard estimates, see Lemma 5.4.

We have already pointed out in the introduction that the height-
excess decay estimates in [1] and [3] do not seem sufficient to infer (5.1).
Instead taking into account that the height functions are viscosity sub-
and supersolutions of the minimal surface equation with right-hand side
in L*® by Lemma 4.6, we will apply tools from fully-nonlinear elliptic
equations. We start with a definition; see [6, §1.2].

Definition 5.1. We call a function P with
P(y) := a+ by = Mly|?,

where a € R,b € R", M > 0, a paraboloid of opening M. We call P
convex when we have the positive sign, else we call it concave.
For o : U — [—00,00],Q CU CR",y € Q, we define

0(¢, Q) (y)

to be the infimum of all positive constants M for which there is a convex
paraboloid P of opening M that touches ¢ at y from above in @, that
is

o(y) = P(y) and ¢ < P on Q.
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Likewise, we define 6(p, @) and put

6(90? Q) = max(a(@7 Q)7 Q(‘Pa Q))

We remark that our definition of opening of a paraboloid differs from
that in [6] by a factor 2.

We will apply the following theorem of Caffarelli and Trudinger
which was established for getting W?2*-interior regularity for solutions
of fully-nonlinear elliptic equations; see [5], [35], [6] Lemma 7.8 and [7].

Theorem ([5], [35]). Let M be a uniformly elliptic operator and
@ be a bounded W>™-viscosity subsolution of

—~M(D?*p) <wv in B}(0)

for some v € L"(B}(0)).
Then

(5.2) 0(p, BT (0)) < oo L"-almost everywhere in BT (0).

We will apply this theorem when ¢ is a Lipschitz-continuous
C?-viscosity subsolution and v is constant, in particular bounded; see
(5.24).

As already pointed out, the minimal surface equation is not uni-
formly elliptic, and we cannot immediately apply Caffarelli’s and
Trudinger’s theorem. We will consider a sup-convolution of order 1

of P+
Lemma 5.2. For an upper semicontinuous function o : Bg(()) —

[—00, 00| which is bounded from above and ¢ Z —o0, we define the sup-
convolution of order 1 by

1
(5.3) ©°(y) := sup <s0(2) —=ly— ZI> :
z€B7(0) €
Then
. 1
(5.4) Lip¢® < -

If there is yy satisfying

(5.5) e( sup @ — so(yo)> T lool < 5= 0/4,
B2(0)
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then for any y € Bg(O) the supremum in (5.3) is attained in the interior
of Bz’;‘@(()).

Proof. (5.4) is immediate.
For z € Bj(0) with

1 1
e(z) — =y — 2| = v(yo) — =y — yol,
€ €
we get
ly — 2] <ele(z) — e(y)) + |y — yol < 2+ yl,
hence
2| < 2+ 2[yl < 3@,
and the supremum is attained since ¢ is upper semicontinuous. q.e.d.

Now for Lipschitz-continuous functions, and in particular for sup-
convolutions of order 1, the minimal surface equation (4.6) is uniformly
elliptic. On the other hand, the right-hand side in (4.6) will be replaced
in the equation for the sup-convolution ¢ by

vi(y) = sup  (—vi(2)).
zEBZ<€)(y)
As vy is only L*-integrable, v5 may not even be integrable any longer.
Therefore, we first have to subtract a solution of a certain elliptic equa-
tion so that the right-hand side is bounded. Then, to get the conclusion
for ¢4 itself, we combine this argument with Lemma 4.1 which yields
that £"([¢5 = ¢4]) / L™([¢+ € R]), hence ¢ and ¢ coincide on a

large set.
As in Lemma 5.2, we abbreviate
(5.6) 01 := 00/4

and get the following lemma.

Lemma 5.3.

0(¢+, By, (0)),8(p—, By, (0)) < o0

5.7
5.7 L"-almost everywhere on [p+ € R] N By, (0),

0(¢x, [p+ € RJN By, (0)) < o0

5.8
(58) L"-almost everywhere on [py = ¢_]N By (0).
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Proof. By (3.12) and symmetry, it suffices to prove

Uor. By, (0)) < o0

5.9
(5:9) L"-almost everywhere on [p+ € R] N By (0).

We fix 0 < & < 1 and choose v € (C” N L>®)(Bg, (0)) such that

(5.10) v = llze sy, o)< 6

for some 0 < § < € to be specified later.
Next, we recall the definition of the Pucci-extremal operator; see [6]
§2.2,

M (X) = )\Z§i+ ZQ;
>0 ;<0

for 0 < A < land X € S(n) with eigenvalues ¢; counted according
to their multiplicity. The minimal surface operator Jj, A(V)Oip, we
recall A(p) := 4/1+ |p|?, is uniformly elliptic for bounded gradients,
more precisely

co(R) I < (OA(p))ik < I, for |p| < R,
hence for A = ¢yp(R) that
(5.11) M (X) < 0A(p) Xy, for [p| < R.
We will choose
(5.12) A= co(3/e).

Approximating vy —v by smooth functions, using Perron’s method (see
[10] Theorem 4.1) and combining this with the ABP-estimate, Evans-
Krylov Theorem, as M, is concave, and the W?2s-interior estimates
due to Caffarelli (see [5] and [6] Theorems 3.2, 6.6, 7.1 and 7.4) we get
a function w € C°(B2, (0)) N W2’S(Bgo(0)) satisfying

loc

—M; (D*w) = vy —v  almost everywhere in B, (0),

(5.13)
w=0 on dB, (0).

We get the bounds

(5.14) w8y, (o), | w ||W2’SOCL&(B§LQI(O))§ Chp(€, 00)6.
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Choosing § small such that

(5.15) Crp(e,00)0 <,
we get

(5.16) Vw| <e in B}, (0).
Next, we put

(5.17) vi=prtw

and compute formally from (4.6), (5.11), (5.12) and (5.13) that
=0 A(Vy = Vw(y))Oy = — O A(V e+ )0+
— O A(Vy — Vu(y))dyw
(5.18) < —wvp — M; (D*w)
+ 2‘D2w‘2X[IV7—Vw(y)IZS]

S VU IX[9y—Vu(y)>2]

where g := 2|D?w|? and
(5.19) 19 2Bz, (0) < CnplE; 00)0

with (5.14).
We claim from (5.18) that 7 is a W?#-viscosity subsolution of

(5.20)
-0 A(Vy = Vw(y))ony < —v + IX[|Vy—Vu(y)|>2] in ngl (0).

Indeed recalling Definition 5.1, we have to consider test functions 7, £ :=
n—we WU, U" cc By, (0). Clearly, v —n = ¢, — &, and (5.20)

301
follows from (4.6) when we replace v and ¢ by 1 and &, respectively,
in (5.18).
Putting

F.(p, X) := |SI|lP (OA(p + ¢) Xuw),
q|<r

we simplify (5.20) and obtain with (5.16) that

(5.21) —F:(V7, DQV) < v+ IX[|vr1>2) in B3, (0).

407
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Now, we consider the sup-convolution for v given by
1
(5.22) Y (y) ;== sup ('y(z) ——ly— z\) for y € By, (0).
z€By (0) €

Since . is bounded from above by (3.12) and ¢4 # —oc in B} (0) by
Lemma 3.4, we observe from Lemma 5.2 that the supremum is attained
in the interior of B, (0) if € is small enough, still under the assumption
of (5.15).

Then by standard procedure for sup-convolutions; see [6] §5.1, we
get that 7¢ is a W2*-viscosity subsolution of

(5.23) —F.(V~%, D) < sup —v in By, (0).
ngl(())

We observe that the term IX[ve|>2 drops out since |V4¢| < % Fur-
ther, the equation (5.23) is uniformly elliptic since ¢ is Lipschitz-
continuous.

Now, we can apply Caffarelli’s and Trudinger’s theorem to conclude
that

(5.24) 0(v°, By, (0)) < oo almost everywhere in By, (0),
and as v < 7 that
(v, By, (0)) < oo almost everywhere on [y* = ~] N By, (0).
On the other hand,
0(w, B3, (0)) < oo almost everywhere on Bg), (0),
since w € WQ’S(B;}Q1 (0)), and (5.17) yields
O(¢1, By (0)) < oo almost everywhere on [y* = ~] N B} (0).
Finally, we observe from (5.16) that
(% = 0] N By, (0) € [v* =1,
and (5.9) follows observing
LM% = o] N By, (0)) /" L™ ([p+ € R[N By, (0))

by Lemma 4.1. q.e.d.

With this lemma, we are able to prove the desired height-excess and
tilt-excess decays mentioned at the beginning of this section.
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Lemma 5.4. Then for py-almost all x € X, the height-excess and
the tilt-excess decay quadratically that is

(5.25) heightexy, (x, 0, T, V), tiltexy (, 0, T, V) = O4(0?).

Proof. First, we consider 0 to be a generic point and gy > 0 as
above. Clearly, (5.8) implies the estimate for the height-excess for x =
(¥, p+(y)) and L"-almost all y € [p4 = o] N By, (0).

Since the tilt-excess is controlled by the height-excess and the mean
curvature through the following estimate; see [3] Theorem 5.5 or [33]
Lemma 22.2,

tiltexy (, 0/2,T) < C heightexy, (x, 0, T) + C* ™" / [Hy |?duy,
Byt (x)
we obtain a quadratic tilt-excess decay

tiltexy (z, 0, T, V) = Oa:(QQ)

when z is a Lebesguepoint of Hy € L% (py) and 0" (uy, x) < oo, hence

for £"-almost all y € [p4 = -] N By, (0).
Putting Q := {z € X|z satisfies (5.25)}, this yields

pv(By 1 (0) NSy — Q) =0,
and by (3.18) and since 0™ (py,0) > 1 that
0y, 2 — Q,0) = 0.

On the other hand, this density is equal to 1 almost everywhere with
respect to uy; see, for example, [33] Theorem 4.7 or consider Lebesgue-
points of xo_g € Llloc(uv). Therefore py (2 — Q) = 0, and the lemma
is proved. q.e.d.

We conclude this section by converting (4.6) and (4.7) into pointwise
estimates. To this end, we have to know that ¢+ have second order
derivatives in some sense. We fix the following notion; see [14] 2.9.12

and 3.1.2.

Definition 5.5. A function ¢ : U — [—00,00|, with U C R"
open, is called twice approximately differentiable at y € U if p(y) € R
and there exist b € R", X € S(n) satisfying

ap — lim [P = 0W) — bz —y) — 3(z = )" X (2 ~ )]
2=y 2 —yl?

=0.
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In this case, we set the approximate differentials to be
Vo(y):=b and D?%*p(y) := X.

Clearly, two functions ¢ and « are twice approximately differentiable
at a point y which has full density in the set where ¢ and v coincide if
and only if the other function is twice approximately differentiable at y
too, and in this case the approximate differentials are the same.

The proof of the following lemma is standard; see [7] Propositions
3.4, 3.5 and [36] Theorem 4.20.

Lemma 5.6. ¢ are twice approximately differentiable L™-almost
everywhere on [p+ € R} N By (0), and the approrimate differentials
satisfy

(5.26) -V (%) (y) < —u(y, ¢=(y))

and

(5.27) _v< V- ) >{—U(y,<pi(y)) if 9o is odd,

m w(y, o+ (y)) if Oy is even.

for L"-almost all y € [ = @] N By, (0).

Proof. We use the notion of the proof of Lemma 5.3.

First we establish the twice approximate differentiability of .
Since w € W*%(BY, (0)) is almost everywhere twice differentiable; see
[13] Theorem 6.2.1, and L"([¢S = ¢4] N B, (0)) /" L([p+ € R| N
B} (0)) by Lemma 4.1, we see from the remark above that it suffices to
prove that ~¢ is twice approximately differentiable almost everywhere
on By (0).

We define the function

Yo (y) = (y) — oly?

and consider its concave envelope I'; := concv: > ~2. Now I', is
twice differentiable almost everywhere by Alexandroff’s Theorem; see
[13, Theorem 6.4.1], and by the remark above, we see that 7° is twice
approximately differentiable almost everywhere on [y5 = I's].

Clearly,

[0(v*, By, (0)) < 0] = [v5 = To].
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Further by (5.24), we get

L([0(v*, By, (0)) < a]) / L*(Bg, (0)),

411

and ¢ is twice approximately differentiable almost everywhere on By, (0).

Since 'y > 7%, the approximate differentials just obtained are also
superdifferentials that is

lim sup L) W) = VW)= —y) — 5z =9 D> (y) (2 —y)

<0
2=y |Z - y|2

for almost all y € By (0).
Therefore, we get from (5.23) that

—F.(Vy°,D*¥)(y) £ sup —v

Bz, (0)

for almost all y € By, (0).

Now choosing v constant, more precisely choosing v = v (yp) in a
neighbourhood B} (yo) of a Lebesgue-point yo of vy such that (5.10) is
replaced by

,Q_% H vy — ’U+(y0) HLS(BZ}(yo))S 0

and rescaling in o, we get

—F.(VY5, D*¥*)(y) < —v (%)

for almost all y € Bg/4(y0). We observe that (5.5) is satisfied for the

sup-convolution of the rescaled v in B}(0) if yo € [p5° = ¢4] and

Chp(e)d <e < 4/1/40.
Using (5.14) and (5.16), we get

~Foe (Voo D*04)(y) < —v4(y) + gyo (y)
for almost all y € [p% = ¢4]N By, (yo) with
o " |l gyo ||L1(B;/4(y0))§ Co™5 | gy, ||Ls(Bg/4(y0))§ Cr.p(€)S.

Using Vitali’s or Besicovitch’s Covering Theorem; see [13] Theorem 1.5.1
or 1.5.2., we get

—F5e(Vor, D*01)(y) < —vi(y) + 95(y)
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for almost all y € [¢% = ¢4] N By, (0) with

or" 1 95 L2 (s, (0) < Cnp(€)d.

Letting 6 — 0 and then ¢ — 0, we arrive at (5.26), concluding the proof.
q.e.d.

6. Approximation with C'''-manifolds

We assume as in the previous sections that 0 is a generic point, and
we consider the upper and lower height functions ¢ .

In this section, we assume additionally that u is approximately con-
tinuous in 0 with respect to py that is

(6.1) (nv)ap — lim () = u(0).
Since Q*"MV(B;‘“(O)) — Bown, we get for any § > 0 that
(6.2) o v ([lu —u(0)] >8] N ByH(0) < ws(o).

From [14] Theorem 2.9.13, we know that u is approximately continuous
with respect to uy at py-almost all points x € X =spt V.
We are already able to prove the case for even multiplicity.

Lemma 6.1. If 0y is even then
(6.3) u(0) < 0.

Proof. From Lemma 5.6, we know

Vp_
u(y, p£(y) <=V (W) (y)

o)
VitV
< —u(y, p=(y))
for almost all y € [p4 = p_|N B} (0). This yields u(y, p+(y)) < 0, and
o "y (B3 (0) Nu <0]) > 0 "LY(By(0) N[y = ¢-]) > wn — w(o)
by Lemma 3.4. Together with (6.2), this yields

u(0) <0. q.e.d.
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For odd multiplicity, we approximate V in the sequel by a C1'-graph.

When 6y is odd, we know form (3.16) that the height functions take

only finite values that is ¢+ € R. In particular, we get ¢_ < ¢4 and
Lemma 5.3 strengthens to

0(p+, By, (0)) < o0

6.4
64 L"-almost everywhere on [¢p = ¢_]N By, (0).

Therefore for almost all y € [p1 = p_] N By, (0), there exists an affine
function [, such that

(6.5) Il o — Iy | oo (B < Cyo®
which is
pr € T*™(y)

in the sense of [37] 3.5.4.

Next we choose 0 < g2 < g1 and get from Lusin-type Theorems; see
[37] Theorem 3.6.2 and Lemma 3.7.1, that there is a set Q C By, (0)
and a function ¢ € CH(B2, (0)) satisfying

(6.6) Q C o+ = -] N By, (0) N7 (o),
(6.7) 05" L™(Q N BL(0)) > wy, — 3w(02),
(6.8) Dfp. =D% 0<|B<2o0nQ.

The estimate (6.7) is obtained from Lemma 3.4 when we observe from
the definition of ¥g C 7~ !([p4 = ¢_]) that

m(Xp) N W(Bg(j'l(O) —Y) = 0.

(6.8) equates the differentials of 1 which exist almost everywhere by
Alexandroff’s Theorem; see [13] Theorem 6.4.1, and the approximate
differentials of ¢+ which exist almost everywhere on [+ = p_| N
1
B} 1(0) by Lemma 5.6.
We fix I' > A such that

19 llevig, o)< T
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and may assume that
1 ooy, (0)) < 2w(02)e2,

as || o+ ||y, (0) < wle2)o2-

We define the approximating C'**'-manifold
(6.9) M = graphy|B,,(0) € Z,, and W :=v(M,bp).
For y € By, (0), we see that

(=Vo(y), 1)
V14 I[Ve(y)?

is the normal of M pointing upwards. Abbreviating the plane whose
normal is a given unit vector v by putting

v(y) =

Ty, = {z e R"" vz = 0},
we get
(6.10) Tow) = Twwe)W-
From (6.8), we see that
(=Voy),1) _ (=Vex(y),1)

— f € Q.
VIFNOWE  VitNeepP V¢

In the sequel, we will abbreviate

v = (y,0+(y) = (y,%(y)) foryeQ.

The following proposition summarizes the approximation properties of
M which are of first order.

6.11) vy =

Proposition 6.2. W approximates V in the sense that

(6.12) 1| Zg, NTHQ) = pw [ Zg, N7 HQ),

(6.13) VIG(Zpy N7 HQ)) = W[G(Zy, N7 1(Q)),
and for L™-almost all y € Q

(6.14)
o " (uv(BZH(x) — 7 Q) + pw (By T (z) — 7T‘l(Q))> < wy(o)-
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Proof. We see for y € @) that
rE€XogNMNZy,
and
0" (v, @) = 0o = 0" (pw, ).

This yields (6.12).
Next, we see from (6.5) that

lo(2) — £ (y) = Vo (y)(z — y)| < Cylz —y|* for z € Bp(0).
Recalling (6.10) and (6.11), we observe that
sPt(Ca04V) — Ty = TV,

where (z,0(€) := 07 (§ — 2).
On the other hand, x € ¥y and T,V exists and

T,V = T, W,

which proves (6.13).
To prove (6.14), we calculate for ¢ small and using (6.12) and (6.13)
that

(wne™) v (B () N1 Q)
= @ne") 00 [ Xigrsgo (o )V TF VOGP
Q
> (wn0") " pw (B (@) N M)
— CTOoo "L (B, (y) — Q)

and if 6(L", D,y) = 1 that

lim (wn ™)~ v (B (@) 07 71(@Q)

> 6y = Ll)iir(l)(wngn)_luv,w(BZJrl(if))-
This yields
Jim 07" (uv(BSH(fﬂ) -7 Q) + pw (B (x) — 7T1(Q))) =0

which is (6.14). q.e.d.

We are now ready to prove the case for odd multiplicity.
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Lemma 6.3. If 0y is odd and 0y # 1 then
(6.15) u(0) = 0.

Proof. We state three claims:

q = viw 14 =ul\r)v
(6.16) Hy (z) =V (W) (Wv(y) = u(x)v(y).
(6.17) 0oHy () = u(z)v(y).
(6.18) Hy (x) = Hy (2)

for almost all y € Q.

(6.18) shows that the approximation W of V' is of second order; see
(1.15) and the remark there.

Since M is O, (6.16) is immediate from (6.11), Lemma 5.6 and
(6.8).

Next, we use (1.14) which was justified in Conclusion (i) of Section 2.
Since y = w(z) € Q C m(X), we see that z is generic and, using (6.10),
(6.11) and (6.13), we get that

T,V =T,

for almost all y € Q. Secondly, since 6y is odd, Lemma 3.2 yields that
x € 0,F and, since H"(0+E — 0*E) = 0; see [13] Lemma 5.8.1,

r€O0'FE

for almost all y € Q.
By DeGiorgi’s Theorem; see [33] Theorem 14.3, we see that vg(z)
is normal to the tangent plane T,V hence vg(z) = +v(y) and

since v(y) is pointing upwards to the inside of E by (3.14), and vg(x)
is the inner normal. Then (1.14) yields (6.17).

We turn to (6.18). We choose y € Cg°(BF(0)) rotationally sym-
metric with

0<x<1 and x=1on BZH(O).
2
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and put x,(§) == x(e~' (£ — x)).
We calculate for U = V, W that
lim (wn ") ~'0U (xp) = = limy (wng") ™! / XoHydpy
By (@)
= — w;leoﬁU(l‘) / Xd»cn

T,UNBIT(0)

if x is a Lebesgue-point of ﬁU, hence for almost all y € Q.

Since we already know from (6.16) and (6.17) that
Hy (z), Hy (z) € span{r(y)}, in order to get (6.18), it suffices to prove
that

(6.19) Iy := 07" (0V(xo) — 0W (xp))v(y) = 0 when p | 0.
We recall for U = V, W that

oU(xo)v(y) = / Dxo(&)TeUv (y)dpw (€)

Byt (=)
and abbreviate T := T,V =T, W and
Revime” [ DOGO@U - Dvly)duu(c)
Byt (z)—m—1(Q)
Using (6.13) and Tv(y) = 0, as v(y) is normal to T, we obtain that
Io=Ryv — Ryw.
We estimate
Rel<comt [ T =T du(©)

Byt (z)—p1(Q)

gc@l(g"wwmx) —MQ)))

2

' (g” / | TeU —T | dm&))
By (o)

<Co 'wy(0)? tiltexy (z, 0, T)?,

N[
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where we have used (6.14).

Now for U = V, we have quadratic decay of the tilt-excess for L£"-
almost all y € @ by Lemma 5.4, whereas such decay is immediate for
U = W, since |D?*)| < T. Therefore

1
|Rou| < Cyrwy(0)?

which proves (6.19), hence (6.18).
Combining (6.16), (6.17), (6.18) with 6y # 1, we conclude that

u(z) =0

for almost all y € Q.
Using (6.7), we obtain

02" v (Bgg ' (0) N [u = 0]) = 027"L(Q N By, (0)) = wy — 3w(e2).
Together with (6.2), this yields
u(0) = 0.

q.e.d.

Finally, we infer Theorems 1.1 and 1.2 from (1.14), Lemmas 3.2, 6.1,
6.3 and since H"(0,E — 0*F) = 0 by [13] Lemma 5.8.1.
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