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DISTRIBUTION OF RESONANCES FOR
ASYMPTOTICALLY EUCLIDEAN MANIFOLDS

JARED WUNSCH & MACIEJ ZWORSKI

Abstract

In this paper we discuss meromorphic continuation of the resolvent and
bounds on the number of resonances for scattering manifolds, a class of
manifolds generalizing Euclidian n-space. Subject to the basic assump-
tion of analyticity near infinity, we show that resolvent of the Laplacian
has a meromorphic continuation to a conic neighborhood of the continuous
spectrum. This involves a geometric interpretation of the complex scaling
method in terms of deformations in the Grauert tube of the manifold. We
then show that the number of resonances (poles of the meromorphic con-
tinuation of the resolvent) in a conic neighborhood of R4 of absolute value
less than 72 is O(r™). Under the stronger assumption of global analyticity
and hyperbolicity of the geodesic flow, we prove a finer, Weyl-type upper
bound for the counting function for resonances in small neighborhoods of
the real axis. This estimate has an exponent which involves the dimension
of the trapped set of the geodesic flow.

1. Introduction and statement of results

Resonances replace discrete spectral data for operators on non-com-
pact domains and are defined as poles of the meromorphic continuation
of the resolvent. They are related to the long time behaviour of the wave
equation and, in physics, to the existence of states with rest energies
and rates of decay given by the real and imaginary parts of resonances
— see [33] for an elementary survey and references.

In this paper we consider a class of manifolds generalizing Euclidean
n-space and we prove meromorphic continuation of the resolvent of the
Laplacian to conic neighbourhoods of the continuous spectrum. This is
done under the basic assumption of analyticity near infinity. We give
an upper bound O(r") on the number of resonances, that is, poles of
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the meromorphically continued resolvent, with absolute value less than
r2,

Under a stronger assumption of global analyticity and hyperbolicity
of the geodesic flow, finer estimates are possible. Proceeding in the spirit
of [23] and [32] we prove that the counting function for resonances in
small neighbourhoods of the real axis satisfies a Weyl type estimate with
the exponent related to the dimension of the trapped set of the geodesic
flow, K C T*X, and the size of the neighbourhood. In particular, when
we count in a fixed strip of width r, the bound is essentially given by
Cr™/2, m = dim K, which (very weakly) generalizes the standard Weyl
estimate on the number of eigenvalues for a compact manifold, X, where
K=T"X.

The assumptions referred to in the statements of the following the-
orems will be discussed in detail in Section 2. Manifolds with boundary
endowed with scattering metrics [14],[15], generalize asymptotically Eu-
clidean cones. The boundary of such a manifold should be thought of
as the boundary of the compactified infinite conic end.

Theorem 1. Let X be a manifold with boundary which is real
analytic near X, with the scattering metric holomorphic near 0X in a
conic neighbourhood of X in its Grauert tube with base at the Grauert
tube of 0X. Then for 0y > 0 sufficiently small, the resolvent, R(z) =
(A — 2)71, continues meromorphically from {z : Imz < 0} to {2
argz < 20p} as an operator

R(z) : C®(X°) — C®(X°).

The poles are of finite rank and their multiplicities are given by

mx(z) = rank /R(E)d?, 0,2m) St — y(t) =z + e, 0<ex 1.
v

Resonances are defined as poles of the meromorphic continuation.
The following theorem establishes the natural bound on their number:

Theorem 2. Let X be a scattering manifold satisfying the as-
sumptions of Theorem 1. For 6y > 0 sufficiently small, the counting
function of the poles of R(z) satisfies

E mx(z) < Cr".
1<|z|<r?
arg z<6p
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This generalizes to this setting the Euclidean estimates of Melrose,
Sjostrand, Vodev and the second author (see [25] and [33] for references).
When a neighbourhood of infinity is isometric to R"/T", I' € GL(n),
finite, then global upper bounds were obtained by Edward [4].

Theorem 2 is optimal, as can already be seen from many Euclidean
examples. We can, however, state a result which holds in great gener-
ality. The methods presented in Section 3 below allow a generalization
of the results of Sjostrand [25] needed in the argument of Tang and the
second author [30] on the existence of resonances (inspired by earlier
results of Stefanov and Vodev). Using a refinement of the counting
argument of that paper given by Stefanov [29], and the KAM-based
quasimode theory of Lazutkin and Popov (see [18] and references given
there) one can prove

Theorem 3. Let X be a scattering manifold satisfying the assump-
tions of Theorem 1. If there exists an elliptic non-degenerate closed orbit
of the geodesic flow on X then for any N >0

Z mx(z) >r"/Cx .

1<|z]<r?
Im z<|z|~N

For the proof we refer to [25],[30], and [29] with the needed modifi-
cations provided in Section 3 below.

When the flow is hyperbolic we obtain finer upper bounds but no
corresponding lower bounds. In the Euclidean case the following the-
orem is a special case of semiclassical results of Sjostrand [23] and for
X = T'\H?, non-compact with no cusps, it was proved by the second
author [32]. A very weak example showing its optimality is given in
Section 2. Obtaining lower bounds and generalizations to higher di-
mensional hyperbolic-like spaces present outstanding problems.

Theorem 4. Let X be a real analytic scattering manifold satisfying
the assumptions of Theorem 1. Let K C T*X be the trapped set of
the geodesic flow on T*X and let us assume that the geodesic flow is
hyperbolic on a neighbourhood of K. Then for a > 0, a,b > 0, and any
e >0,

S mx(z) < CorllmOFFante

1<|z|<r?
Im z<alz|*+b

where m = Minkowski dimension of K .
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When K is of pure dimension then € can be taken to be 0.

The assumption about the flow can be fulfilled when all sectional
curvatures are negative on a compact neighborhood of (K).

The Minkowski dimension is defined as follows: for a bounded set
L C R™ we set

(1.1)
dim L =m —sup {d : Tn[l)e*d(vol {r e R™ : d(z,L) < €}) < 00} .

The set L is said to be of pure dimension if the supremum in (1.1) is
achieved. Since K is homogeneous under the natural R -action on 7% X,
we can apply this definition to the intersection of K with the cosphere
bundle.

The starting point of the paper is the proof of Theorem 1. We
observe that the complex scaling method of mathematical physics (see
Section 3 and references given there) generalizes to the case of asymptot-
ically Euclidean manifolds which are analytic near infinity. The complex
dilatation is replaced by a deformation of the manifold inside its Grauert
tube: roughly speaking the boundary at infinity is kept fixed and we
move the manifold into its complex neighbourhood near that boundary
(see Figure 1). The gain of ellipticity thus achieved is particularly clear
in the scattering calculus (which we discuss in an appendix in both its
classical and semiclassical guises).

The adaptation of methods of Helffer and Sjéstrand [8], [23] to man-
ifolds was carried out in [24] and [32] and we can use those techniques
to prove Theorems 2 and 4. The situation is much clearer than in [32],
however, as there is no need for phase space scaling near infinity, which
is the main difficulty in the hyperbolic case. Roughly speaking, complex
scaling provides the needed gain in ellipticity near infinity so that the
microlocal scaling based on the FBI transformation is used a neighbour-
hood of the trapped set only. That allows us to avoid the development
of global FBI transformations generalizing the work of Helffer-Sjostrand
from R™ to scattering manifold: near infinity we proceed more in the
spirit of [27] than [8]. The general philosophy is described in Section 2
of [32].

Finally, we remark that in the semi-classical setting of [23], a lower
bound of the same form as the upper bound in Theorem 4 has been
recently verified numerically [13]. Hence we should expect the analogue
of Theorem 3 to hold as well.
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2. Geometric assumptions

We assume that X is a compact real analytic n-manifold with with
a real analytic boundary dX. Let X% D X be an open analytic man-
ifold of the same dimension as X, without boundary. By taking the
Grauert tube of X* (see [6]) we obtain an open complex manifold X,
with dim¢ X = n, such that X C Xisa totally real submanifold. That
X is totally real means that for m € X° we have

T X N TTnX = {0},

where T,, X C Tm)N( ,and J : T, m)~( — Tm)N( gives the complex structure.
By abuse of notation we let X equal X outside of a neighbourhood of
0X in the case the analyticity assumption is local near 0.X.

Using the results of [6] (see Sections 5.2 and 5.3 of [11]), we can find
a holomorphic embedding of any open precompact subset of X into CN
for some N. Then, by using the usual metric on R?" we can obtain a
real analytic Riemannian metric on a neighbourhood of X in X*. We
can then use it to obtain global (near 0.X) real analytic normal geodesic
coordinates. In particular, we obtain a defining function = of 0.X:

zlox=0, dxlspx#0, z:X — [0,00) is analytic near 0X.

For the meromorphic continuation of the resolvent and for the bounds
on the number of resonances in small conic neighbourhoods, we need
only make an analyticity assumption near dX. In this case we think
of X as a complex neighbourhood of X, containing a neighbourhood of
0X in X as a totally real submanifold of maximal dimension.

Thus, we can write

X =XoUXy, Xlz[O,l)xx (aX)y,

2.1
21) x: X —10,1), y: X — 09X, real analytic on X;,
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and, near the boundary,
X ~U x 5)?,

where U is a neighbourhood of [0,1) in C and dX is a Grauert tube of
0X. The maps

(2.2) zT:X—-U y: X—0X,

are holomorphic.

We assume that X is equipped with a scattering metric in the sense
of Melrose [14], that is with a metric g which near the boundary takes
the form

where h € C*®(X, Sym? T* X) restricts to a metric on X. As discussed
above, near the boundary we can use coordinates (z,y), x € U C C, a
neighbourhood of 0 and y € 0X, a Grauert tube of 0X. We assume
that

(2.3) h is holomorphic in {(z,y) : |[Imz| < Rex/C,y € 5\)5}

A conic neighbourhood of this form is invariantly defined to first or-
der, in the sense that a change of an analytic defining function changes
the neighbourhood above into a set contained in, and containing, conic
neighbourhoods defined using the new defining function. In Theorem 4
we additionally assume that the metric g is holomorphic in a neighbor-
hood of X in X.

For finer upper bounds we need global assumptions related to the
structure of the trapped set:

KcT*X, K=T_nT,,

24 'y ={meT*"X : z(n(expHy(m))) -/ 0 as t — Foo}.

We now assume that the geodesic flow of g is strictly hyperbolic on
a neighbourhood of K. That can be guaranteed by making a stronger
assumption that

(2.5) all sectional curvatures of (X°, g) are negative.
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Because of the scattering structure of the metric they have to converge
to 0 at the boundary.

Using (2.5) we can follow [23] and construct appropriate escape func-
tions on neighbourhoods of S*X. By an escape function, also known as
Lyapunoff function, we mean G € C'!(T*X) such that

(2.6) H,G > 0.

We start by observing that for any scattering manifold, there exists an
escape function on a neighbourhood of the boundary:

GoeC®(T*"X,), Xe={meX : 0<x(m)<e},
HyGo(m) > (2 - O(e))g(m) .

In fact, we can take Gy = —7/x, where n = 7dx/x + - dy/y is the
first fundamental form. Expressing the Hamilton vector field in the
coordinates (z,y; 7, 1), g = 2+ h(y, 1) + xg', we see, as in Section 3 of
[16], that

H, (—Z) = mSCHgl’O (—g) =272 4 2h(y, 1) = 29+ O(z)g.

T

This implies in particular that the trapped set intersected with the
cosphere bundle, K N .S*X, is compact.

To construct an escape function near K, we recall that the flow is
strongly hyperbolic near K:

W CS*X, WD KNS*X 3C ¥Ym € S*X IEZ,
E% C T,(S*X), dm Ef =n—1, dim E°, =1,
(2.7) EY +E, + E =T,/(5*X),
d(eXp tHg)Wl(E?:z) = E;xptHg(m) ’ Hg(m) € E?nv
Vm e W ||d(exptHg)m(vy)|| < Cexp(£Ct)|lv|, vt € E,ﬂfl

This holds globally (with constants uniform on compact sets) when we
have (2.5). The assumptions of Section 5 of [23] are satisfied and, just
as in Section 5 of [32], we can use them construct an escape function on
a neighbourhood of the trapped set. More precisely, let

SiX={meT*X : 1-6<g(m)<1+d}, Ksy=KNSiX.
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Then by the construction in Section 5 of [32] there exists G defined on
a neighbourhood €2¢ of Ky in S5 X such that
G1 ,HgG1 S Ccl’l(Qe;R) s G e COO(QE \ Kgg) s
H,G1 > |[VG4|?/C, H,Gy > d(e, K.)?
on an open neighbourhood W of K, in S X N Q.
Hy,G1 >1/C on Q.NSIX\W.

(2.8)

We can now apply the results of the appendix to [5] to conclude that
the existence of Gg and GG imply the existence of G satisfying
G,H,G € CV'(S5.X;R), G €C™(S5.X \ Ka),
H,G > |VG|?/C, H,G > d(e, K)*
on an open neighbourhood W of K, in S X,
Hy,G>1/C on S;X\W.

(2.9)

A slightly modified version of this escape function will be crucial in the
proof of Theorem 4.

When discussing Theorem 4 we will make the further assumption
that

g is a real analytic metric on X.

Example. A simple example which satisfies the assumptions of
Theorem 4 is given by the catenoid. Since in that case we can un-
derstand the asymptotic distribution of resonances in strips — they
are generated by one hyperbolic orbit — it also shows that the result
is optimal. Conceptually, it is the same example as the ones used to
show the optimality of the results of [23] and [32]. Thus, we consider
a manifold, C, with global coordinates (r,0) € R x S, and the metric
g = dr’+(r?+a?)df?. Taking x = 1/|r| near infinity shows that C' satis-
fies the analytic assumptions. Since the mean curvature of C' C R? is 0,
the Gaussian curvature is negative. Hence the dynamical assumptions
are also satisfied.

The Laplacian is given by

1 1 9

- p.a=
ir24a? T+7’2—|—a2 0

= — - r n
o = ir?2 4 a2 r2 + g2

A, =D+
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and

1 T 1 2 2 2y — 1
ir24+a " r2+a2n)(r +a)

2 1
_p2_ 3" i
" 4(r2+a?)?  r2+4a?

o2+t (D2
(2.10)

Considered as a semiclassical Schrodinger operator with h = 1/n, the
last operator has an analytic potential with one non-degenerate maxi-
mum. Just as in [19], we can use the methods of Briet-Combes-Duclos
and Sjostrand to determine the asymptotic distribution of resonances
in strips: for |z| > C and Im z < C the resonances are asymptotically
given by z = A2 with

Red=na ' +ag+an 4+ -,
(2.11) Im\=a"" (k‘+%)~|—b1(k‘)n_1—|—b2(k)n_2+'“,
keZ, 0<k

For a numerical verification of this, see Figure 5 in Appendix B.

Many examples of real analytic surfaces with catenoidal ends and
with complicated geodesic hyperbolic flows can be obtained from sur-
faces constructed in [12].

3. Complex scaling on manifolds with boundary

The purpose of this section is to present a generalized version of the
complex scaling method. That method, which allows an effective mero-
morphic continuation of the resolvent, has a long tradition in math-
ematical physics, following the original work of Aguilar-Combes and
Balslev-Combes. See for instance [9] for a historical account. Here
we follow the approach of Sjostrand and the second author [27], partly
motivated by the approach of Helffer and Sjostrand [8].

Let P be a differential operator on X with coefficients holomorphic
in a set of the form (2.3). Let us denote the corresponding differen-
tial operator with holomorphic coefficients, P. Tt is defined in a conic
neighbourhood, V', of X in X.

IfrcvcXisa totally real submanifold of maximal dimension
then P defines a differential operator on I' by

Pru = (1317) T,

51



52 J. WUNSCH & M. ZWORSKI

where u € C®(T), & € C*(X),
Ulr=u, Oulr= On(d(e, 1Y), forall N,

that is, w is an almost analytic extension from I' to X.

The differential operator we shall consider is the Laplacian for the
scattering metric satisfying analyticity assumptions near 0X. In the
notation of [14] we have

A e UE0(X).

We also note that A — z € \113(;0()( ) is elliptic as a scattering pseu-
dodifferential operator for z € C \ Ry. In particular, it is Fredholm
there, as the elements of the residual class ¥g™"°(X) are compact by
Proposition A.13.

We want to deform X in V C X so that the operator induced by
A — z on the deformation is elliptic for z in a conic neighbourhood of
R. Thus we define a family of totally real submanifolds

XoCX, 0<6<6

as follows: Given € > 0, t; > tg > 0, there exists a sufficiently small 8
and a deformation vy of [0, 1) in U satisfying (we write [0,1) 3 ¢ — ~5(t))

vp(t) =€ for t <ty
vo(t) =t for t>t1, 7(0)=0
(3.1) argyp(t) = 0
0 < argyp(t) — argyy(t) < e
0 < 2argy(t) — argyp(t) < 0+,
(see Figure 1). For example, we can set

o (t) = Ptg(t) + t(1 — (1))

where ¢ is a nonincreasing cutoff function that equals 1 for ¢t < ¢y and
0 for ¢ > ty: all except the last two properties in (3.1) are trivially
satisfied. Since we have yg(t) = t + itdp + O(0%)¢ and () =t~ 1y +
it +O(6%)tg’, we compute vy (t)/vo(t) = t =1 +i0¢' (t)+O(6%)¢', hence
the penultimate inequality in (3.1) holds. Similarly,

Y0 (t)/76(t)* = t72(1 — i6¢ + itdg’ + O(6%)¢ + O(6%)tg'),
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U>lo,1)

N

Figure 1: The contour ~y in U.

so the last property is also satisfied.

Using (2.2), and for ¢; and ¢ small enough, we then put Xy ~
(70 x 0X) U X, a totally real submanifold of X. By the procedure
described above, this gives

Ag € UE0(Xy).

Here we use the space of scattering pseudodifferential operators: for a
discussion of the scattering calculus and scattering Sobolev spaces, see
Appendix A or [14].

The assumptions above guarantee that Ay — z is elliptic for arg z <
26, or more precisely,

Ag — z € UE0(Xy) is elliptic for z € C\ *'R, .

In fact, at the boundary (i.e., in SCTSX6X9)7 Ap has the same the scat-
tering principal symbol as (22D,)? + 22Agx, * € yp:

(((1)/1)* ()12 Dy)* + (vo(1) /1) Dox s 0 <t <ty

and the conditions (3.1), with 6 and ¢; small enough guarantee the
ellipticity.
This immediately shows that

Ag— 2z : HE(Xy) — L2(Xp)

is a Fredholm operator for z € C\ e R, and consequently A, has a
discrete spectrum there.

53
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We now want to show that for some 6
o(Ag,)N{z : 2(61 —7) < argz < 202}

=0(Ag,)N{z : 201 —7) <argz <202}, B2 <61 <.
To prove (3.2) we start by recalling a well known [ocal result about

analytic continuation (see [27],[26] and references given there; Figure 2
illustrates the geometry):

Lemma 3.1. Let Q C C" be open, K € Q, and let Ty, t € [0,1] be
a smoothly varying family of totally real submanifolds in ), of mazximal
dimensions, such that TyN(Q\ K) =Ty N(Q\ K) for all t,t' € [0,1]. If
Pisa differential operator with holomorphic coefficients in 2 and Pr,
is elliptic for each t € [0, 1] then

u € D/(Fo)
Pr,u extends holomorphically
to a neighbourhood of (J,¢g 1) I't

vVt € [0,1] 3 u¢ holomorphic near T,
e .
up = us near I's when |s — t| is small enough

(3.2)

Figure 2: The family of totally real submanifolds I's.

In particular v extends holomorphically, to a a possibly multi-valued
function, on a neighbourhood of Ute[o,l] I';. We use this lemma to obtain
the crucial

Lemma 3.2. Assume that 0 < 0y < 01 < 0y and that
zeC\ U R,

02<0<6,
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Then for all k € N
dim ker (Ag, — 2)¥ = dim ker (Ag, — 2)*.
Proof. For € > 0 we introduce a new deformation Xg , , obtained
by replacing g, by 75, 4, shown in Figure 3:
x
Yo,.0, = Vo1 T X (g) Vo5, X € CT(R),
x(t)=0fort <1, x(t)=1fort>2.

This defines a family of totally real submanifolds X§ , , with the prop-
erty that

def 2.0
€ de] , €
01,00 — ATXSLGQ € \IISC (X91,92)7

is uniformly elliptic for z € C\ Uy, <g<q, eR, with all the symbol
estimates independent of €. A local application of Lemma 3.1 (using a
partition of unity on 0X and a construction of suitable I';’s covering
X§, ,) shows that if (Ag, — 2)*ug, = 0 then there exist an open set

W, 0, C X such that

U (Xo \ 0X) C Wo, 5,
02<60<61

and a (possibly multivalued) holomorphic function, U, on Wy, 4,, such
that

UFX%: UQI .

For ug, = Ulx,,, we clearly have (Ag, — 2)*ug, = 0, and we need to
show that

ug, € Lgc(Xﬁ) = up, € Lgc(XGQ) :
Since ( 0.0, — z) is uniformly elliptic in €, we obtain a parametrix:
k
P9€1,92 (Aglﬁz —z)f =1d+ R§1792’
with

Rj, 6, = Otm(1) + HZ™ (X, g,) — HI'(XG, ,),

. N} 2,0
P961,92 . Hgg (Xgl,ez) I H;Z+ (X51,02) .
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Let ¢ € C° have the property that ¢¥» =1 on supp x and ¢ =0 in a
neighbourhood of 0. Then
k
ugl,eg = UrX§1792 ) ( 21,02 - Z) u§1,92 = 0’

and (for simplicity we put & = 1 here)

v <§> Ugy,0, = Piyon (89,00 0/ €)]uy 0,) — Ry 0, ((/€)uf g,)
= Py g0 (1B, 0w/ usy) = B 0, (012 €)ity )

Hence,

e/ 0125, o) < Clun 2. + (/00 i,

< Clluayllzz.x,,) + Cllv(z/0)uosll o x,
+ 00|y (x/e)ull 2, (xs

1’92) ’

§ > e since for v supported where z < 4, |v]l 00 = [zv]lrz <
S| r2,- The second term of the right hand side above is bounded,
and consequently, by taking § > € small, we obtain a uniform bound on
||1/J(x/e)u§1’92||L§C(X51’92), which in turn bounds |\¢($/€)U02||L§C(X92) for
any ¢ € C*°(R) such that ¢» = 1 on the support of ¢. A uniform bound
on ||lug,|z2 ( X,,) 18 an immediate consequence.

Y6

Figure 3: The interpolating contour 7j 4,

In the case the kernel of (Ag, — z)* has higher dimension, the ug,’s
corresponding to independent uy,’s are clearly independent. The roles
of 61 and 0y in the argument can be reversed and that concludes the
proof. q.e.d.

The fact that considering kernels is sufficient is due to the following
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Lemma 3.3. Forzc C\ ¥R,
Ng—z = Hi(Xg) — L3o(Xo)
1s a Fredholm operator with index zero.

Proof. We already pointed out that the Fredholm property comes
directly from the scattering calculus. To see that the index is 0, we
follow [27] and note that the index of Ay — z is constant in {(6,2) : 0 <
6 <6y, z€ C\e*R,}. Thus, we can deform Ay — z, first to Ay + i
and then to A 4 ¢ which is invertible.  q.e.d.

As in [27], we now conclude that for 0 < arg z < 20,

L [G-ngtaz
(33) )= 2mt/w(A Aol =

[0,2m) 2t —v(t) =z+ €, 0<e<k 1,

gives a divisor independent of the choice of 6 and of the choice of the
contour 7y satifying (3.1). It remains to prove Theorem 1 and to show
that mx(z) agrees with the one given there:

Proof of Theorem 1. Suppose that z is not an eigenvalue of
Ag for argz < 20 and that f € CX(X°). We want to construct
R(2)f € C*®(X°), which will be the continuation of (P—¢)~'f, Im ¢ < 0.
Let supp f € K € X°. We can choose 7y satisfying (3.1) so that no
deformation takes place in K. We then put

(3'4) R(Z)f = UrXo , Xo=2X, (AG - Z)UG = f:

where U is the holomorphic continuation of uy, as discussed in the proof

of Lemma 3.2. Near a pole, zg, the resolvent (Ag — 2)~!, can written as

M (20) AG ZO
Z - 4 Rg(z 20) ,
= Z — Zo

where A?(zo)’s are finite rank operators and Ry(z, z9) is holomorphic
near zg. The first term, AY(z), is a projection onto the kernel of
(Ag — 29)M(0) and its Schwartz kernel extends holomorphically to a
neighbourhood of T'z, # < 6, by the method described in Lemmas 3.1
and 3.2. The same is true for the coefficients of the more singular terms
which are given by A? (20) = (Ag — 20)? "1 AY(20). Unique continuation
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of solutions of (Ay — z)M(%0) (which, near Xy = 0X is a restriction
of a holomorphic operator to Xj) also shows that the rank of A9(zg) is
the same as the rank of 1WA?(20)1W, for any W € X° with X \ W
sufficiently close to the boundary. Hence (3.4) provides a meromorphic
continuation of (A — 2)71 : C®(X°) — C®(X°), with poles of finite
rank and with the rank of the residues given by mx. q.e.d.

We conclude with another characterization of multiplicities:

Proposition 3.4.  Let argz < 20 and mx(z) be given by (3.3).
Then there exists a holomorphic family R(Z) defined near z, and finite
rank operators A;(z), such that

then
mx(z) = dim V(z)

Proof. This follows from the usual structure corresponding to the
Jordan normal form (see [27]) and already alluded to in the proof of
Theorem 1. The operators obtained by holomorphic continuation of the
Schwartz kernels of A;(z) : C°(X°) — C*°(X°), have that structure
and that proves the equivalence of the two notions of multiplicity: one
given by the dimension of V' (z) and the other by the rank of the residue
of R(z). q.e.d.

4. The FBI transformation and microlocal deformations

To define a global FBI transformation on Xy we first have to con-
sider admissible phase functions defined on 7% Xy x Xy. Since Xy is
not real analytic we will want functions which are holomorphic in a
neighbourhood of Xy \ W, where W € X N Xy. We allow the presence
of W in case we only have the assumptions of Theorem 2. When the
assumptions of Theorem 4 hold, then W = (.



RESONANCES FOR MANIFOLDS 59

Let D be a small conic neighbourhood of
Ay ={(a,2) e T*X° x X° : 7(a) =z}

and let D be a small open neighbourhood of A in

—_—

(T*X°\W x X\ W)U (T*Wy x W1), WeW?, W eXpnX.

Here ~ denotes a Grauert tube. By a holomorphic function on D we
will mean, somewhat abusively, a function which is holomorphic on
DN (T*X°\ W x X°\ W) and C® on D N (T*Wy x Wy).

A holomorphic function, 5, on 13, will be called an admissible phase
function if, for a € T*X° we have (with 7 : T*X — X, the natural
projection)

d(a,m(@)) =0
dzgg(oz, Z) rzzw(a): —Q¢
(4.1) d? (Im &(a,z)) [p——— %(ag)ld

uniformly on compact sets,

¢ is homogeneous of degree one in a.

Note that for « € T*X°, that is for « real, Im dzq?rz:ﬂ(a): 0, so that

d?(Im ¢) is well defined. _
By taking # small enough, we can make D contain a neighbourhood
of T Xy x Xy. We can then define

o = PlT*xyx X, -

The properties of 5 (4.1), show that for

P

a€ (T Xy CT X\ W x X\ W)U (T*"W7p x Wq),
we have

dg(a, m(a)) =0
(42) dz(lsO(a? Z) rzzw(a): —«

¢ is homogeneous of degree one in a.
Slightly less obvious is the property that

(4.3) d? (Im ¢y(ar, 2))o=r(a)> [{ag)[Id, uniformly on compact sets.
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In fact, since Xy is totally real, d.(Im¢g(a,2)) [,—r@)= 0, and the
Hessian is again well defined. Since € is small, (4.3) follows from the
assumption at 8 = 0.

For a specific choice of ¢ we can follow [24], [32] and put

(4.4) d(a,2) = —(ag,exp;zl(z» + %(a@d(aqj, 2)2,

where d? is the holomorphic continuation of the square of the distance
function.
For u € C°(Xg), we can now define

Tulash) = [ ag(a,z )0z, 2Ju(:)dvoly,
Xo
a=(az,a¢) € T" Xy

The amplitude ag is obtained by restricting an elliptic holomorphic sym-
bol on D, to DN (T* Xy x Xp):

3n

n
_ ar 44
a9 = Al ppe x, 0 xp) 0 @ € Sphg (D).

Here ngl’g denotes the class of semiclassical polyhomogeneous holo-
morphic symbols bounded by h™"(a¢)™ — see [24], (1.6)—(1.8). On
T*Wy x Wy, they are assumed to be the usual symbols. The cutoff

function g is obtained by restricting a cutoff function on X x X to
X9 X Xg:

X@ZXrXQX_Xga XGCOO()? XX)? SuprCﬂ—(‘D)v

where 7 : @X’ — X xX. We assume that x = 1 on a neighbourhood
of {(a,2) e T*X x X : m(a) = a}.

The transformation we introduced has all the essential properties
of the global FBI transformation discussed in Section 1 of [24], when
W = () and all the properties of the C*>* FBI transformation of [31]. Thus

3nn ~
the same argument as those papers shows that there exists b € S 41 (D)
such that we have an approximate inverse of 1"

SHU(Z) = /T*X eii¢g(a’2)b9(a7 2 h)X@(a27 Z)ClOé, by = b[ﬁﬂT*ngXg ’
0
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where ¢} is the restriction to T™ Xy x Xy of the holomorphic continuation

of ¢l 57+ x« x and da is the canonical measure on 7™ Xy. We have

SoTou = u + Rou, u € L(z:omp(XO) )

\8/’;8;]%9(,2, Z'sh)| < CkJ,NhN , W #£0
{ 050, Ry(2,2'; h)| < Cryexp(=1/Ch), W =0,

uniformly on compact sets. This follows as in [24] when W = ) and as
in [31] when W # (), that is when we only use the C>° FBI theory.

When W = () we can use the holomorphy of the phase and the
amplitude to deform the FBI transformation. Let Gy € Cg’l(T*Xg).
We can obtain a Cb! extension of Gy to the Grauert tube of T* Xy with
the property that

(4.5) (dGo)plsT,(T*x4)= 0

where

—~—

J: T,(T*Xg) = T,(T*X) — T,(T*X) = T,(T*Xy)

is the complex structure: Identify T*};ﬁ U, where U is relatively com-
pact neighbourhood of supp Gy, with a neighbourhood of the zero sec-
tion in T*(T* Xy N U) in which J and the metric give the canonical
symplectic structure; then make GG constant on the fibers.

Denoting the extension by the same symbol, G € Cl’l(ﬁ\j(/g), we

now define a Lipschitz I-Lagrangian, R-symplectic submanifold of 7™ Xy:
A, = exp(tHER) (T Xg) C T X,
where
Imo(v, Hg?”) =dGy(v), o=dacNdo,.

Here by a Lipschitz manifold we mean a graph of a Lipschitz function.
We remark that a Lipschitz graph in 7*X over T*X (and hence for
small 6 over T*Xy) which is I-Lagrangian (i.e., its almost everywhere
defined tangent plane is Lagrangian with respect to Im o) can be locally
written as a graph of a differential of a C!'! function G ,on T*X ~ T*R"
(locally):

{(z,) e T*C" : Imx = aRCe;é(Rem,Reg),
e = -2 (Res,Reg) },

ORex
(Rex,Ref) e T"R" ~T* X,
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see [24], [32] and the references given there.
The form — Im (dz| Aic, is compactly supported and (formally) closed.
Since Ayq, is close to T Xy,

HY(Avg,) = HY(T*Xp) = H Y (T*Xy) = H*™1(Xy) = 0,

where the second equivalence is by Poincaré duality. Hence — Im (dz| Aic,
has a unique compactly supported primitive H Ascy which is a Lipschitz
function on Asg,. More explicitly,

fm%zéemw—mﬁmmG—WEQM«wmﬁ

(see Example in Section 1 of [24]). Clearly, Hy,, € Lip (Ai,;R). It
is unique through the normalization that it is equal to 0 for |a,| large
enough.

Thanks to the global properties of the amplitude and the phase
function of Ty we can continue it in a to a neighbourhood J/’*\)?g of
T*Xy in T*X and in particular we can define

TAtGeu(a; h) = Tgu[Atge (ash), a€MNg,.

A deformation argument which despite the irregularity of Ayg, proceeds
as in Section 1 of [24] gives an approximate inverse, S, , with the same
properties as Sy above.

Following [24] (see also [32]) we can now put, for u € C°(Xy),

2
||u”H(X9;AtG97<Oé4>m)

4.6 - a
" = [ g utesh)Pllag) Pre e o,
AtGG

where again da is the canonical measure on the totally real (as a sub-
manifold of T*X ), R-symplectic manifold Ag,. Using ,S’AtG‘9 we can
show the independence of this norm of the choice of a specific phase
function (see Lemma 7.3 in [32] for a similar argument).

As in [32], we now want to replace the norm given in (4.6) by a
locally-defined norm which in which we can do the Bergman kernel
computations which will be necessary to prove Lemma 5.2.

We first introduce some local coordinates. Recall that K denotes
the trapped set of the geodesic flow. Let Y be a neighbourhood of 7(K)
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in X such that Y € X N Xy. We denote by Y a neighbourhood of Y in
X. We then cover Y by holomorphic coordinate charts:

Q
Y C UQq, Xq:8—=C", xq:024NX —R".
qg=1

We also assume that there exist Qg, Xo QZI 3 g, such that x, extend
to holomorphic coordinate maps on the Qg’s.

We now recall the definition of the unitary Bargman type FBI trans-
form: let

L(dz) = (2i)"'dz A dz and ®g(z) = (Im 2)?/2
and define

Tp: L*(R™) — H3 (C") = {u € D'(C") : / u(z)|Pe 2P0/ P L (dz)

(CTL
w is holomorphic on C"},

3n
Tou(z,h) = cnh4/ ef(xfz)Q/Zhu(a:)dx.
R2

Let Qg be an open precompact subset of x,(£2; N X) 4+ iR™ C C" which
can be identified with a subset of Tg’;qX using xq-
We now define a new transformation 7; by

(4.7) Tyu(z,h) = To((Xq_l)*(UngmX))ng ;

which is independent of the extensions of u[%m x up to exponentially
small errors.

The main technical result of Section 6 of [32] relates the globally-
defined norm (4.6) to norms defined using the local transforms (4.7). It
is based on techniques of [8], [23] and we recall it without proof:

Proposition 4.1 We can choose Qg in (4.7) and
@t,q(w) = %(Im w)Q + Fye, Foi € CM(QE) )

Yy € CSO(QEI; [0,1]), ¥ € C°(T*Xp: [0,1]), ¥ = 1 on a neighbourhood of
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Sy X in J/’*\)/(, such that the norm
2
el (x5, v sre) ™)
Q
=2 / Wg| Tyu(w; h)[*e Pt/ L ()
q=1 Qg

o —2H, a)/h m
+A»<1—wux%m%hwe My O () P
tGe

and the corresponding inner product, are equivalent to the ones given by
(4.6), uniformly on compact sets:

1
5HUHH(X9,AtG9;1) < |HU|HH(X9,AtG9;1) < CHUHH(XQ,AtGG;l)a

ueCRW), W e Xy, C=C(W).

The global norms we will now use are given by

|HUH|2 = ”q/)u”%(Xg;T*Xg,l) + 11 - T/’)uuigc(xe) W #0

4.8
B lullZs, = NoullByx, a0y + 10— 0l 2y ) W =10,

where ¢ € C(Xp), v = 1 on a neighbourhood of X N Xy and
(Ag — 2)"1 € UZ(Xy) is elliptic (for argz > —26) on the support
of (1 —1).

We note that these norms are equivalent to the usual L2, norm
(trivially so in the case where W # () uniformly in h for the first norm
but without uniformity in A for the second one:

Oy iz xp) < Nlulll® < Cyllullrz x,) »

—C/h C/h
e ¢/ ullzz (x,) < Mulllfe, < e / 1wl 22, (x,) -

5. Proof of the main estimate

To prove Theorems 2 and 4 we will use the method originating from
[23] with improvements from [27] and [28].
Proof of Theorem 2. We will show that for

wp €C, Rewg>0, Imwy=—-19<0,
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we have
11(h 8¢ — wo)ulll* = ((ro + 1)* — O(h)) [Ilull|?
(5.1) — O(p + e)|1Qunulll?
rank Quo = Oy (h7"), h<ho(0), p< po(0)
where ¢y > 0 is fixed by our construction of the deformation -y, and
can be made as small as desired.

To obtain this let us introduce ¢ € CZ°(Xg) and s € C*°(Xy), such
that ¢f +¢3 = 1. Then

1(h?Ag — wo)ull|* = [ll¢1 (h?Ag — wo)ull|* + [[|w2(h*Ag — wo)ul||?
> > (h2 A0 — wo)wsulll® = > Itbi, h2Aglul|®

i=1,2 i=1,2

=2 [lli(h?Dg — wo)ull s, h* Aglull.

i=1,2

By Proposition A.10, [1h;, h2Ag] € U571 (Xg) = hW 50 (Xp). Fur-

thermore,
< C (I ((h*Ag — wo)u, u) | + lull 12, (x,))

< C(lllulll +1ll(h*Ag — wo)ulll)?.

a2

h (XH)

Hence

s, 2 Aglulll = O)(llulll + (A Ap — wo)ulll), i=1,2,

and we conclude that

lI(h*Ag —wo)ull® = Y [I(h*Ag — wo)tbsull?

=1,2
— O(R) (lI(h*Ag — wo)ulll* + [[lulll?) -

Thus we can consider ¥;u, i = 1,2, separately. For the case i = 2 we
need the following

Lemma 5.1. If supp ¥ is sufficiently close to 0 Xy then
1
I1(h*Ag = Rewo)ihaul]| > ozl
6,

m(Agvpau, You) > —Cel[[oull]?,

where € = max{z(m) : m € supp 2}, 0 < e K 0.

65
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Proof. To prove the first inequality we extend Ay from supp - to an
operator Qg € \IfgéO;LO(Xg) so that o222(Qg) — w # 0 for w € R.. This

is possible since it holds for a?COO(Ag) over the support of ¥ (which

taken to be sufficiently close to 9Xp). Then h?Qy — Rewy is uniformly
elliptic in the semiclassical scattering calculus (see Proposition A.11 in
Appendix A), and consequently we have a parametrix:

Ty(h*Qgp — Rewp) = Id + Ry,
Ty = Op(1) : Li(Xp) — Hip(Xp)
Ry = 0g(h) : L, 1(Xg) — Le(Xop) -
Hence for small h, (I + Rg)™! = Op(1) exists and
l(h*2Ag — Rewo)toull]® =|[(h*Qp — Rewo)toul||”
> C_lH(the — Rewp) 2“\\%30()(9)
CO)""C I+ Rg) ™!
Ty(h*Ag — Rewp)y 2u||L2 (Xo)
)5 uls )
> C0)” 1C¢,2|H1/Jzu|||2-
To prove the second inequality we can assume that
Xp Nsupp g ~ (eie[O, €] x 8X> N supp ¥z ,
so that (see Section 3 above and Section 3 in [14]),
Ay = 2 [(932DI)2 +i(n—1)23D, + $2A6X] + 23Diff (X),
and consequently
Im(Agtpou, You)
> sin 20 (||2” Do (o) | 2, + (2 Aox (Vou), You))
= Ce (10®Dalthaw) 1z, + (2*Box (2u), o) + laul3s ) |
from which the inequality follows. q.e.d.
Using the lemma we conclude that
[1(h*Ag — wo)tpaull® = [[(h*Ag — Rewo)poull]? + r§|[vzull
(5.2) + 2ro Im(h? Agtpou, 1hou)
> (Co2 +18 = Cen®no ) [I[waull]
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and hence we need to prove (5.1) with u replaced by 1ju. There are
many alternative ways to proceed and we choose the C*° FBI transform
approach as described in [31] (see methods of Sections 3 and 5 of [28],
and references given there for a slightly different approach). We first
demand that ¥ = 1)1, as we certainly may by changing ¢ in the
definition of ||| e |||. Since that means changing v in a way dependent
on 6, we obtain a new 6 dependent constant. Then

I1(h?Ag — wo) (1)
=T (h*Ap = wo)rt) 1227+ x,y dar)
= [ lo2(20) — wol T (1) 727+ x, gy + OWI{AD) 1wl
> (ro + 1) I T (1) | 227+ x, da)
— O+ €0) 11 {asjon(ag) —wol <rotid T 1 T2 (1 X o)
— O(h)|llrull?,

(5.3)

where we used the facts that Imog(Ay) > —egReoa(Ayg) with € as
small as desired depending on the construction of 7y (described in (3.1);
see also the proof of Lemma 5.1), hence

(5.4)
lo2(Ag) —wo| <o+ p = (ro+ M)Q — |oa(Ag) — w0]2 < C(p+e€).

We have also used the intertwining property of T: when P is a second
order semi-classical differential operator then

TP (1) Byt = N2 (PYT 1) By
+O(h)|(hD)ul 72y, -
We were able to drop (hD) in the last inequality in (5.3) because of the
classical ellipticity of Ay — wg. We are using o2 to denote the (total)
semiclassical symbol of a second order operator on a compact manifold
or over the interior of a noncompact one.

It is a well known fact (recalled in [31]) that there exists an operator
Qp,;, such that

T (s (8g) ol <ro + 3 1T = Qo+ On (B (ag) ™),
rank @9# =0h™")),

where II is the orthogonal projection on L?(T*Xj,) onto the image of
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T{/;h zbvl € CX(Xyp), zZl = 1 on supp ¥1. This concludes the proof of
(5.1).

For the reader’s convenience we now recall the counting argument
from [23, 27, 28]. Let us take wy = 1 — iryg with ro small and let
21, ,2zN be the eigenvalues of h?Ag — wo in D(wo,ro + 1/2). The
characteristic values of h?Agy — wy are defined as the the eigenvalues
U1, fo, - - . of the self-adjoint operator [(h2Ag —w)*(h2Ay —wg)]% (with
the convention that if there are only finitely many eigenvalues we repeat
the bottom of the essential spectrum infinitely many times). A version
of the celebrated Weyl inequality says that

pa oy < 21— wol -+ 2y — wol

(see Appendix A to [23]). Thus we need to estimate the number of p;.
The estimate (5.1) and the max-min principle show that

def _n
M(p) = #{pj + pj <ro+p} <Cp,h™",

(5.5) 1
i < inf aess([(h2A9 — wo)*(hQAe —wp)]2) — 1o,

where, by Lemma 5.1, inf oess > ro+1/Cy — see (5.2). (Equation (5.2)
suffices because the essential spectrum is determined by behaviour near
infinity—see for instance [2].) Equation (5.1) also shows that p1 > ro—e
where € > 0 can be made as small as desired by appropriate construction
of 9. If N < M (p) then we have a desired local bound on the number
of zj’s. If N > M (p) then, by the Weyl inequality,

(ro — )M (g + )N MW < (1 + p/2)N
—

N< <1og (“”))1 log (”’ * “) M) < Cug(h™™).

ro+ p/2 g — €

From the local bound we obtain the global bound by a covering argu-
ment, and we have proven Theorem 2. q.e.d.

Proof of Theorem 4.  The proof is basically a simpler version of
the proof given in Section 8 of [32], with the large part coming again
from Sjostrand’s work, [23]. The only significant difference compared
to [32] is the same as in the proof of Theorem 2. Therefore we restrict
ourselves to an outline.

The manifold Xy is a scattering manifold which differs from X only
on a small neighbourhood of the boundary. Hence the same construction
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of the escape function Gy works near the boundary and the same escape
function G can be used near K C T*X NT*Xy — see Section 2.
Hence we obtain a global escape function, é@, satisfying (2.9). Let
3 € C°(Xp) have the following properties

supps C {y =1}, Imog(Ag) > C’;l Reoa(Agy) on supp (1 —3),

where t in (4.8) is chosen as in the proof of Theorem 2. We then put
Go = P3Gy, and use it in the definition of ||| e |||+c, given by (4.6) and
(4.8). The point is that, where the cutoff function produces the failure
of H,Gy > 0, we already have the ellipticity of the imaginary part of
o2(Ayg).

As in the proof of Theorem 2 we only need to consider qu (by
choosing 11 and 1), as the estimate involving 1¥ou is the same as the
proof of Theorem 2.

The proof of the following lemma follows from the proof of Lemma
8.4 of [32]. It depends on the fact that Im o2(Ag)[a,, > 0, so that (5.4)
holds with C(u + €o) replaced by Cu (see Lemma 5.3 below and the
properties of the escape function, G, in (2.9)).

Lemma 5.2. If u € C*(Xy) and 11 is as in the proof of Theo-
rem 2, then with a suitable choice of 1 and 1, ’s in Proposition 4.1, and
for t small enough and negative, p < po(0), h < ho(0),

9 2
I[(h°Ag — WO)(¢IU)’||H(XQ;A10971)

> ((ro + 1)* = Ot lnulllFrxynee, 1)
(5.6) ’

Q
— O > 4 Tyulls,,
q=1

where @41 is as in Proposition 4.1 and féft is the characteristic function

of
(5.7)

7o g ({0 € Mgy NTY 5 |02(B0) e, (@) —wol® < (ro+)%}) |
where T*Y is a complex neighbourhood of T*Y in f*\)/(, o2(Ayg) is the
holomorphic continuation of the principal symbol of Ay and where

Kq TY > (2, =001 (w, 2)) — (W, Owq(w, 2)) € T*C" ,
q(w, 2) = 5(xq(2) —w)?,

and 7 : T*C"™ — C" is the natural projection.
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As in Section 3 of [23], for any € > 0 there exist finite rank operators

=, such that for v € H%q’t(Qg)

/g (v — EG )|!<1>qt<06\| 2,0

1
rank Efl‘f <min{ M : supp f;ft C U B(wj,eh2), w; € Qﬁq
Jj=1

We now recall another lemma crucial in [8], [23], and [32]:

Lemma 5.3. Let p denote the holomorphic extension of the prin-
cipal symbol of A to T*X and pg its restriction to T*Xg. Then

(exptHIm”( )) = po(m) — itHy,Go(m) + O(t*) + O(t),

(5.8)
m e T*Xg,

where g9 = Repy and the last error term can be omitted in T*Y
C T*Xg NT*X. Moreover, in a neighbourhood W of K in S!X we
have

(5.9) p(exptHImU( )) =p(m) —i(1+O(t))tHg,Go(m), meW.

For the case at hand, of manifolds and irregular escape functions, the
proof is given in Section 8 of [32]. Note that we took ¢ to be negative so
that we guarantee a non-negative imaginary part of the symbol.  q.e.d.

Using the lemma and the definitions of f,;’s, Z,;’s and of the
Minkowski dimension, m, we conclude that for any number m > m
we have

_ 1\ ~2n
rank 27 < Cpr—mt/2 (ehZ)

When K is of pure dimension then we can take m = m.
Consequently Lemma 5.2 and the argument based on Lemma 5.1
give
(2 Ag — wo)ulllig, = ((ro + p)* = O(h) — Ole)) lllulllic,
~ Qg “ulll, ,
rank Q,g,e < C€u(2nfﬁL+1)/2hfn'

For Ch < p < pp < 1 we can now apply the Weyl estimates for
eigenvalues in terms of characteristic values (see Section 7 of [28]) to
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obtain the bound O(u(?»~™+1)/2p=") on the number of resonances of
1
h?A in |Rez — 1] < p2/C, —Imz > p. When p = Ch'~® then a

1 _
covering argument gives the bound (’)(ff?(170‘)h<1*a)<2”+m*1)/2h*") =
(@) (h_”+(1_°‘)(2_m/2)) on the number of resonances in

|Rezfl|§l, —Imz>Ch'™, 0<a<1.

Another covering argument (see Section 7 of [28]) completes the proof
of Theorem 4. q.e.d.

Appendix A

The algebra of semiclassical scattering pseudodifferential operators
is defined on any manifold X with boundary. The non-semiclassical ver-
sion of this calculus has been known for a long time. On R"™ (identified,
for our purposes, with the interior of its radial compactification) it was
studied by Shubin [22], Parenti [17], and Cordes [1]; it is also the Weyl
calculus for the metric

|dz? |de|?
1422 1+ ¢P

(see [10]). On manifolds it has been discussed by Schrohe [20], [21],
Melrose [14], and Melrose-Zworski [16]. The approach to the calculus
described below is a hybrid of those of Schrohe [20] and Melrose [14]. A
different perspective on the semiclassical scattering calculus on R™ can
also be found in [8].

The classical versions of all the following concepts can be recovered
by setting h = 1 throughout (and will be written without the subscript h
or the index indicating powers of h). We will indicate when the classical
case departs from the semiclassical; otherwise, all results hold “with h
omitted.”

We begin by defining the semiclassical scattering algebra on the
ball, considered as the radial compactification of R". We define this
compactification by identifying B™ with S, the upper hemisphere of
the unit sphere in R", and mapping

RC:Z’—><<§>,<21>>651

(see Figure 4.) We can use z = (RC™1)*|z|™" as a boundary defining
function for S.
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R®
><(Z’ Y 4‘%

RC(z) St

Figure 4: The radial compactification of R"

Definition A.1. A function a € C*((0, 1) xT*R"™) is a semiclassical
scattering symbol of multiorder (m, 1, k) (we write a € S™H*(R™)) if for
all multiindices «, 8 € N, we have

0207 a| < Coph™(2) 7).

In the interests of brevity, we will restrict ourselves in this paper to
the smaller class of polyhomogeneous symbols, denote S;'fl’ék; these are
symbols a € C*([0,1) x T*R™) such that

a(h, 2, 5) ~ h_k Z hilal+i3,m—i2

11,12,i3=0

where a, 4 is independent of A and homogeneous in z and § of order —p
and ¢ respectively, and the expansion means

N1,N2,N3
alh,z,€) =" Y hlapgi meg, € SV LN FLNSH (R,
11,i2,83=1
This definition is clearer if we radially compactify T*R™ in both
base and fibers to obtain S7 x S%; we can use v = 1/|z|, 0 = 1/[{| as

boundary defining functions in the respective factors. Then a (polyho-
mogeneous) symbol «a is a function of the form

h=*c=mzlag, where ag € C*([0,1) x St x SY)

Definition A.2. An operator A : S(R") — S’(R") is an element
of the space \IIZCL’#(R”) of (polyhomogeneous) semiclassical scattering
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pseudodifferential operators if it is given by

1

(A.10) Au(z) = (271']1

)” / G0 (h, 2, € )u(w)dw dE.

where a € ng{ék (R™).

Before transferring our definition to arbitrary manifolds with bound-
ary, we define a residual space of operators:

Definition A.3. Let X be a manifold with boundary. The residual
—00,00,—00 .
space W_ 37~ (X) consists of operators

A:C(X) — h®C®(X),

i.e., operators with Schwartz kernels in hA°°C>(X x X). (Here the space
C>(X) consists of smooth functions on X vanishing to infinite order at
0X, and C~*°(X) is the dual space of distributions; to make the pairing
possible, we assume a scattering metric is fixed on X.)

We can consider the operators on R™ in Definition A.2 as operators
on C‘X’(Sﬁﬁ) via radial compactification. More generally, we can, by
localization, extend the definition to any manifold with boundary, by
the following proposition

Proposition A.4. Let A € WIp"(R") and let ¢ : R — R" be a
diffeomorphism such that RC oy oRC™! extends from (S7)° to a diffeo-
morphism S" — S%. Then

Yt o Ao (¥l € WIPH(R™).

Proof. The following argument is mostly from [20], where the inter-
ested reader can find further detail.

Applying the Kuranishi trick of change of fiber variable, we now find
that under ¢, (A.10) pulls back to the same expression with a replaced
by
]det 81/}2/8@0]‘ .

\det F; ij | ’

where Fjj(z,w) = fol O;/0z;(2t + w(l —t))dt. F and det 0y /0w are
clearly smooth on S x S” by our assumptions on . Furthermore, we
have a polyhomogeneous expansion

a(h, ¥(2), (F) ™' (z,w)¢)

(R i e I S LN S
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with 1); homogeneous of degree j; hence ¥”(z) = O(|z|™"), and we
estimate

1Fij (2, w) = Fij(w)]| < Clz — w] e 9" (2t +w(1 = 1))
telo,

< Cmax{|z| ™, Jw| ™}z — wl.

Hence if x(z,w) = ¢(]z —w|/(z)) with ¢ a smooth cutoff supported
sufficiently near zero, then Fj; is invertible on supp x. Furthermore, one
can show that

( 1 )n/ei(z—w)'f/h(l—X(z,w))a(h,w(z)7

2rh
|det 8w1/8w3|

t\—1 —00,00,—00
(F ) (Z’ w)g) \det Fz]| d£ S \Ilsc,h (X)

so that modulo residual operators, 1)* o A o (1»~1)* has Schwartz kernel

\det 8%/811)] ‘

< 1 )n/ei(zw)f/hx(z,w)a(h,w(z)v(Ft)1(z’w)€) |det Fyj|

— dE.
2mh ¢

Modulo a further residual error, we can rewrite this in the form

(;Th) / G h, 2, €) de

in the usual manner, setting

det 0v; /0w,
A1) b= (e walh o), (7)) S
and
lafj—lel
(A12) (h,2,€) ~ S0 GO, 2w, )

[0}

the appearance of y in the definition of b is irrelevant to the definition
of @ owing to the restriction to the diagonal; the same is true of the Ja-
cobian factors. The 1);’s and therefore F}; are polyhomogeneous; hence
the symbol @ is also polyhomogeneous. q.e.d.
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Definition A.5. Let X be a manifold with boundary. Then an
operator A : C®(X) — C~(X) is in WL¥(X) if for every ¢1, ¢ with
supp ¢1 N supp ¢2 = 0, we have

P1Apy € U T (X),

sc,h

and on the other hand, if ¢; and ¢9 have support in an open set U C X
such that there is a diffeomorphism ¢ : U — V C S7%,

(RC)*(¢_1)*¢1A¢2(¢)*(RC_1)* e \Ifm’l’k(Rn).

sc,h

These operators form a calculus:

Proposition A.6. Let A € U™ (X) and B € \IJ:ZIZI7kI(X) then

sc,h
/ / /
AB € W R () and A* € BIR(X).

(The proof proceeds just as with the ordinary Kohn-Nirenberg cal-
culus; for the explicit symbol computations on R", see Section 7 of [3].)

There is a principal symbol map for the semiclassical scattering cal-
culus that contains more information than just the ordinary principal
symbol of the pseudodifferential operator over X°; the symbol measures
how the operator behaves under conjugation by oscillatory distributions
near 0X (the “boundary at infinity”) as well as by distributions sup-
ported in X° with oscillatory Fourier transform (this is the traditional
notion of principal symbol). We begin by describing where the symbol
lives:

Definition A.7. Let V,(X) denote the Lie algebra of vector fields
on X, tangent to 0X. Let *T'X be the vector bundle on X whose
sections lie in zV;. Let T™* X be its dual bundle. Let *T" X denote the
fiber radial compactification of **I*X (it is a manifold with corners).
Let %¢S* X be the unit cosphere bundle of ¢T™ X, considered as the fiber
boundary of “T"X.

Definition A.8. Let A € U1""(S%) be given by

Au(z) = (271m)n/ei(z_w)'g/ha(h,z,ﬁ)u(w)dwd{.

(in Euclidean coordinates) with a € Sg;l’é’k(R”). Let (RC™! xRC™1)*a

denote the pullback of a to h™*¢~™z! times a smooth function on

75
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[0,1) x ST x S Then the symbol of A is defined as

oM (4) = (RCTIxRC)"a
. h=ka=mzlC>(]0,1) x ST x S7)
h=F+lg=m+lglH1Coo([0,1) x ST x ST).

Loosely speaking (i.e., forgetting about overall powers of defining
functions), we can think of the symbol as the restriction of
(RC™* xRC™)*a to the boundary of [0,1) x ST x S7. The part of
the symbol defined in [0,1) x (S%)° x 0S5} is just the ordinary prin-
cipal symbol of A as a pseudodifferential operator on R™. Note that
[0,1) x S x S is a manifold with corners with three codimension-one
boundary faces (unless n = 1).

The manifold S7 x S% should really be thought of as SCT*SL as is
indicated by

Proposition A.9. Definition A.8 makes invariant sense, i.e.,

:Z’}ll’k(A) is an invariantly defined element of

hRammaleoo((0,1) x T 87T) /h o gl H1eoo([0,1) x *T"S7).

Proof. Evaluate (A.11) at z = w and insert it into the a = 0 term
of (A.12); the other terms vanish at each of the three boundary faces
h=0,z=0,0=0. q.ed.

As a result of Propositions A.4 and A.9, the definition of o, can

be extended to a map

bk gk Xy

sc,h sc,h
— hkemmalc([0,1) x T X)) /hFHog—mH e ((0,1) x *T" X)),
where X is a manifold with boundary.

Example . Let A be the Laplacian with respect to a scattering
metric g on S?. Let A be the corresponding Laplace-Beltrami operator.
Then A € U2°(X) and h2A € ¥2%%(X). We have

020 (W2A) = g(2,€) = o200(A),

where we abuse notation, confusing ¢(z,&) with its restriction to the
various boundary faces in question. See [14].
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The semiclassical scattering symbol has all the desirable properties
of a commutative symbol:

Proposition A.10. The symbol map is multiplicative:  if
AcU™HR(X) and B € 9N (X)), then

sc,h

+m/ 14 k+k Lk rUK
J;:;hm (AB) = U:Z,h (A)O’:;h (B),

and o™F(A%) = ™R (4),

sc,h sc,h
There is a short exact sequence

0 — \I]mfl,l%»l,k‘fl(X) - \I]m,l,k‘(X)

sc,h sc,h

oln® hTRemmaleoo([0,1) x FTTX)

- SC=* -
h—k—i—la—m—&-lxl-&-lcoo([()’ 1) x T X)

That o, is the “correct” notion of symbol is demonstrated by

Proposition A.11. If A € \Ilgéﬁlk(X) us elliptic in the sense that
O_m,l,k
sc,h

B e " R(X) such that

sc,h

(A) does not vanish on d([0,1)x"T" X)) then there exists a parametriz

AB — Id, BA — Id € U_°>">°(X),

sc,h

If 0:;‘7’2’]{(/1) does not vanish on 0 x *T" X then the same is true for

h sufficiently small.
If o™ (A) does not vanish on 0,1) x 8T X then there exists

sc,h

Bew " M(X) such that

AB —Id, BA —Id e U_°Y(X).

sc,h

The proof is the usual iterative argument.

Remark. In the classical case, the symbol is a function only on
(T X). Nonvanishing of oy.(4) on (T X) ensures invertibility of
A modulo W (X).

We now introduce a scale of Sobolev spaces adapted to the semiclas-
sical scattering calculus.

Definition A.12. Let L2 (X) denote the space of distributions on
X that are square-integrable with respect to a scattering metric, and
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let L2, ,(X) = C([0, 1); L%(X)). Set
Hi,(X)
- {u € C([0,1):C~®(X)) : 2~ (1d + h2A)™ 2y e ¢([0, 1); Lgc(X))}
and
HM(X) = {u € C™®(X) : 27!(Id + A)™ 2 € Lgc(X)}

with  a boundary defining function and A the Laplacian with respect
to a scattering metric.

Proposition A.13. Let A € V™" (X) and p,q € R. Then

sc,h
A=O(h™*) : HES(X) — HE T (X).
Let B € UIY(X). Then
B: HRY(X) — HE™(X)

s bounded. . .

The inclusions ch’?h(X) C ch”g (X) and HRY(X) c HET (X) are
compact if p <p', q,q .

The proof is by the usual Hérmander square root method [10] to
show boundedness on L?, together with the basic properties of the cal-

culus. Compact embedding of weighted Sobolev spaces is also standard.

Appendix B (with Edith Mooers)

The complex scaling method can be applied efficiently in many con-
crete situations—see references in [19]. In the simplest case, when there
is a single hyperbolic orbit, numerical computations show the accuracy
of the semiclassical results recalled in the Example in Section 2. We
now briefly describe the numerical method used. We stress that we can-
not compute the resonances explicitly by the special function methods
which are available for the case of the hyperbolic cylinder (see [7] and
references therein)

The Laplacian (2.10) decomposes into a family of one-dimensional
operators depending on the spectral parameter n of the circle. The
resonances for each of these operators are computed by first applying
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Figure 5: The catenoid.

complex scaling (a substitution r = 7’¢?) in one dimension, and then
reducing the problem to finite dimension by truncating a basis of L?(R).
The simplest basis to choose, and one particularly well-adapted to this
problem (because of the presence of a non-degenerate potential maxi-

mum), is that of eigenfunctions of the quantum harmonic oscillator.

Figure 6: Resonances for the catenoid with @ = 1, and the lattice given
by the first terms of the semiclassical approximation (2.11).

This program was implemented in Mathematica,© using the first 50
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of the built-in Hermite functions. Matrix elements for the complex-
scaled operators were computed numerically, and the eigenvalues of
the resulting nonselfadjoint matrix were then evaluated. Most of these
eigenvalues correspond to the rotated continuous spectrum. Computa-
tions for several angles of complex scaling were compared in order to
sift out eigenvalues which correspond closely to actual resonances.
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