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On the existence of curves with prescribed
a-number

Zijian Zhou

Abstract. We study the existence of Artin-Schreier curves with large a-number. We show
that Artin-Schreier curves with large a-number can be written in certain forms and discuss their
supersingularity. We also give a basis of the de Rham cohomology of Artin-Schreier curves. By
computing the rank of the Hasse-Witt matrix of the curve, we also give bounds on the a-number
of trigonal curves of genus 5 in small characteristic.

1. Introduction

Let k be an algebraically closed field of characteristic p>0. By a curve we
mean a smooth irreducible projective curve defined over k. Let X be a curve
defined over k and Jac(X) be its Jacobian. Such a curve has several invariants, e.g.
the a-number and the p-rank. The a-number of the curve X is defined as ax=
dimy (Hom(ay, Jac(X))) with o, the group scheme which is the kernel of Frobenius
on the additive group scheme G,. The a-number of X is equal to g—r where g is
the genus of X and r is the rank of the Cartier-Manin matrix, that is, the matrix
for the Cartier operator defined on H°(X,QL). We refer to [3] and [14] for the
properties of the Cartier operator. The p-rank of a curve X is the number fx
such that #Jac(X)[p](k)=p/*. One sees that 1<ax+ fx <g. Moreover, a curve is
called supersingular if its Jacobian is isogenous to a product of supersingular elliptic
curves.

A curve X of genus g is called superspecial if ax=g. Ekedahl [5] showed
that for a superspecial curve X one has g<p(p—1)/2. It is known that the locus
of principally polarized abelian varieties with given a-number a has codimension

Key words and phrases: Cartier operator, Cartier-Manin matrix, Hasse-Witt matrix, Artin-
Schreier curve, trigonal curve, a-number.
2010 Mathematics Subject Classification: 11G20, 15B33, 14H05, 14F40.



230 Zijian Zhou

a(a+1)/2 in the moduli space A, ®F,, of principally polarized abelian varieties of
dimension g, see [12, Corollary 5.4]. It is interesting to see how these loci intersect
the Torelli locus of Jacobian varieties. The cases with a=g or close to g are here
of special interest. For hyperelliptic curves with p=2, Elkin and Pries [7] gave a
complete description of their a-numbers. For an Artin-Schreier curve X, that is,
a Z/pZ-Galois cover of P!, Farnell and Pries [8] first gave non-trivial examples of
families of Artin-Schreier curves with constant a-number. Booher and Cais [2] gave
upper and lower bounds for a-numbers of Artin-Schreier curves.

For an Artin-Schreier curve of genus g with p=2 and ax=g¢g—1, it was known
that the curve has genus g<3 [15, Corollary 3.2] and can be written as certain form
[7, Theorem 1.2]; for p>3, we show that an Artin-Schreier curve with a-number g—1
has genus g<p(p—1)/2 and can be written as y? —y=f(x) with f(z) a polynomial
whose degree divides p+1, see Proposition 2.2. Moreover, we have the following.

Theorem 1.1. Let k be an algebraically closed field with char(k)=p>3. Let X
be an Artin-Schreier curve of genus g>0 with equation y?—y=f(x). If ax=g—1,
then f(z)€k[x] and if d=deg f(x) then either p=5,d=3 and X is isomorphic to a
supersingular curve of genus 4 with equation

(1) y5—y=x3—|—a1x, a1#07
or p=3,d=4 and X is isomorphic to a supersingular curve of genus 3 with equation
(2) v —y=ax"4azx?, as#0.

Note that for a curve X with ax=g—1, we have fx=0 or 1 since ax+ fx <g.
Moreover by the Deuring-Shafarevich formula [16], an Artin-Schreier curve X has
p-rank (m—1)(p—1), where m is the number of branch points. Hence it is not
possible for Artin-Schreier curves to have ax=¢g—1 and fx=1 when p is odd. We
prove these results mainly by explicitly calculating the action of the Cartier operator
on a basis of holomorphic differential forms. To show the supersingularity we use
the de Rham cohomology.

Let X be an Artin-Schreier curve with ax=¢g—2. Then for p>5, by the
Deuring-Shafarevich formula the curve X can be written as y? —y= f(x) with f(z) a
polynomial. For p=3, we give an explicit form of X, see Proposition 2.5. Moreover,
we have the following.

Proposition 1.2. Let X be an Artin-Schreier curve of genus g>0 given by an
equation y? —y=f(x), where f(x)€k[z] and deg f(x)=d. If d|p+1 and ax=g—2,
then p=7,d=4 and X is isomorphic to the supersingular curve of genus 9 with
equation

y —y=a+tarx, a€k*.
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Recall that a result of Re [13] states that if X is a non-hyperelliptic curve of
genus g, then
ax < ];Ti (%—l—g—i—l) .
The following results improve Re’s bound for trigonal curves of genus 5 in low
characteristics. Note that a trigonal curve of genus 5 is not hyperelliptic; see, for
example, [10, Section 2.1].

Theorem 1.3. Let k be an algebraically closed field of characteristic 2. If X
s a trigonal curve of genus 5 defined over k, then ax <2.

Theorem 1.4. Let k be an algebraically closed field of characteristic 3. If X
s a trigonal curve of genus 5 defined over k, then ax <3.

For g=5 and p=2, Re’s bound says that ax <3, while our result implies that
ax <2. Also for g=5 and p=3, Re’s bound says that a x <4, while our result implies
ax <3.

2. On the existence of Artin-Schreier curves with prescribed a-number

Let char(k)=p>3. Before giving the proof of Theorem 1.1, we recall and prove
several results needed for Theorem 1.1 and give a basis of the de Rham cohomology
for Artin-Schreier curves.

Since ax + fx <g, a superspecial curve has p-rank 0. Moreover for superspecial
Artin-Schreier curves we have the following result of Irokawa and Sasaki [9].

Theorem 2.1. Let k be an algebraically closed field of char(k)=p>3. Let X
be a superspecial Artin-Schreier curve with equation y? —y=f(x), where f(x)€k|x]
and deg f(x)=d>2 with ged(p,d)=1. Then X is isomorphic to a curve given by
yP —y=x% with dlp+1.

For the next step, ax=g—1, we have the following.

Proposition 2.2. Let k be an algebraically closed field with char(k)=p>0. Let
X be an Artin-Schreier curve of genus g>1. If ax=g—1, then

(1) if p=2, then g<3 and the curve X can be either written as y*+y=f(x),
where f(x)€k[z] and deg f(x)=5 or 7, or as y?>+y=fo(x)+1/x with deg fo(x)=1
or 3 and fo(x)exk[x];

(2) if p>3, then g<(p—1)p/2 and X is isomorphic to a curve with equation

P —y=al4aqg_22? 2+ .. +a;x,

where d|p+1. Moreover if d=p+1, then at least one of the a; with 2<i<d—2 is
non-zero. If d<p+1,d | p+1, then at least one of the a; with 1<i<d—2 is non-zero.
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Proof. Part (1) of Proposition 2.2 was known, see for example [7, Theorem
1.2]. Here we only give a proof of part (2).

Suppose that f(z) has poles at 0o, Q1, ..., Qm for some meZsg. Let z—&; be
a local parameter at @Q;. Write x;=1/(z—¢;) for i=1,...,m and zo=x. Then f(x)
can be written as

(3) F@)=fo(@)+>_ i1/ (x=&) = filx:),
i=1 =0

where deg f;(z)=d;. By [17, Lemma 1], a basis of H%(X, QL) is given by B=U", B,
where

By = {z'y’ dzli, j € Z>o, ip+jd < (p—1)(do—1)—2},
By = {2y dz| i € Z>1,j € Lso, ip+jd<(p—1)(ds+1)}, s=1,...m.

The condition ax=g—1 is equivalent to the rank of the Cartier operator rank(C)
being equal to 1. Note that if f(z)=>""", fi(z;) as in (3), we always have z, dze B
for 1<s<m. Note that C(zsdx)##0 and we get rank(C)>m.

If p>3, then by the Deuring-Shafarevich formula, the p-rank of X is 0 since
the a-number of X is g—1. We show the following:

(a) For all p>3, we have d<p+1;

(b) If p=5 and d=4, then rank(C)>2;

(¢) If p>7 and d>3 with dfp+1, then rank(C)>2.
Then by a change of coordinates and by Theorem 2.1, one can easily prove the
existence of non-zero coefficients in f. After excluding the cases where rank(C)>2
or rank(C)=0, what is left are curves with a-number g—1. Note that if d=2 and
f(z)€klx], the curve with equation y? —y=f(z) is superspecial.

By a change of coordinates, we may assume

f(:r)::vd—i—ad,gacd_Q—|—...—|—alac—i—ao7 d>3.
Then a basis of H°(X, QL) is
B=By={z'y/ dz| i,j € Z>o,pi+jd < (p—1)(d—1)—2}.

(a) If d>p+2, then by definition we have zP~!dzeB. There exist [,b€Z>
such that d=Ip+b with [=1 and 2<b<p—1 or [>2 and 1<b<p—1. One can show
xP~1=%y dz€ B by checking (p—1-b)p+d<(p—1)(d—1)—2. Then

C(aP ™"y da) =C(a"~ """ (y" — f(x)) da)
=yC(xP 170 dx) —C (2P~ f(z) dz) #0

as the leading term of zP~1~? f(z) is /P*P~1. This contradiction shows that d<p+1.
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(b) For p=5, by (a) we have d<p+1. If dfp+1, then d=4 and y' dz,y* dz€B.
Additionally, we have C(y®dz)=y*"!dx for i=1,2 and hence rank(C)>2, a contra-
diction. We therefore have d|p+1.

(¢) For p>7 and d<p+1, assume we have dfp+1. Then there exists [€Z~( such
that Id<p<(l+1)d. Furthermore, we have l[d<p—1 and (I4+1)d>p+2 as ged(d, p)=
1 and dfp+1. Then there exists b’ satisfying ld+b'=p—1 for 0<b’' <d—3.

If d=p—1, then =1, t'=0, we get ydz, y*dr€B and C(y’dx)=y'~!dx for
i=1,2. This implies rank(C)>2, a contradiction. If d=p—2, I=1 and &' =1, then
we have i(p—1)<(p—1)(p—2)—2, which implies xy dz, zy*>dzeB. Then C(zydz)
and C(xy? dx) are linearly independent and hence rank(C)>2. Now if d<p—3, we
show that z¥y! dze B. This is equivalent to showing ld+b'p<(p—1)(d—1)—2. By
substituting & with & =p—1—1d in the inequality, we only need to show d(I4+1)(p—
1)>p?+1, which is clear since (I+1)d>p+2.

Now we show that z?'y!dz, 2"yt dzeB. It suffices to show ld+d+bp<
(p—1)(d—1)—2. We have ld+d+bp<(p—1)—b'+d+V'p as b'=p—1—1d. Hence we
only need to show

(4) d<(d—b —2)(p—1)-2.

Note that b <d—3, we have (d—b'—2)(p—1)—2>p—3>d. Then zy'dz,
2%y dzeB and

J .
C(ay’ du) Z ( ) ' He@ fi(x)de) =0, j=11+1.
t=
Put t=1, then C(z¥ f!(z))=C(z* t!¥+...) dz)#0, which implies rank(C)>2. There-
fore we have dp+1. O

Now we will use the de Rham cohomology H},(X) for a curve X of genus g.
Recall that this is a vector space of dimension 2¢g provided with a non-degenerate
pairing, cf. [12, Section 12]. Let X be an Artin-Schreier curve over k of genus g
with equation

(5) y'—y="h(z),

where h(z)€k[xz]\k is non-zero of degree d. Let m:X —P! be the Z/p-cover. Put

Up=7"1(P*—{0}) and Upy=7"1(P'—{oo}). For the open affine cover U={Uy, Uz},

we consider the de Rham cohomology Hj,(X) as in [11, Section 5], i.e
Hip(X)=ZipU)/BirWU)

with ZL%R(Z/{):{(t,o.)l,w2)|t€(9X(UlﬂU2),wieﬁﬁ((Ui),dt:wlfwg} and BcllR(L{):
{(tl—t2,dt1,dt2)|tieoX(Ui)}.
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Under the action of the Verschiebung operator V on HJp(X), one has
V(H}z(X))=H"(X,Q%) and V coincides with the Cartier operator on H°(X, Q%).

For 1<i<g, put s(z)=xh'(x) with h'(z) the formal derivative of h(z) and write
s(x)=s%"(x)+5”(x) with s=¢(x) the sum of monomials of degree <i. Then we have
the following proposition.

Proposition 2.3. Let X be an Artin-Schreier curve over k with equation yP —
y=nh(z), where h(z)€k(z] and degh(x)=d. Then H}n(X) has a basis with respect
to U={Uy,Us} consisting of the following residue classes with representatives in
ZipU):

(6) a;;=1(0,2"y’ dz, z'y’ dx)],
Yy gi(ey) o (p—1-g)sT P (a)yP A
(7) Bij= K ZiL ;i+2 dz, RS dz |,

where i, j€ Lo, pi+jd<(p—1)(d—1)—2 and ¢; j(z,y)=(p—1—j)s="2(z)y? =27 +
(i+1)yP~14.

Proof. We use the exact sequence
0— H°(X, Q%) — Hip(X) — HY(X,0x) —0.

The elements «; ; are images of z'y/ dz under the embedding of H°(X,Q%)—
H(X).

Clearly, w; j=z'y’ dx form a basis of H°(X, Q%) for i,j€Z>q with pi+dj<
(p—1)(d—1)—2. On the other hand, we may identify Ox (Uz) with the k-algebra
k[z,y] defined by (5). Moreover, z'y? with i>0,0<;j<p—1 form a basis of the image
of Ox(Us) in Ox (U1NUz). Additionally, we have x'y’ € Ox (U;) for 0<j<p—1 and
—pi>dj. Then the residue classes [z'y’] form a basis of H*(X,Ox) for i<0,0<j<
p—1 and —pi—dj<0. By substituting i=—(i'+1), j=p—1—7’, the residue classes
[2iT1yP=1=7] form a basis with i>0,0<j<p—1 and pi+jd<(d—1)(p—1)—2.

Now we check the equality that df; j=w; j1—w; 2 for residue classes 3; ;=
[(f@j,wi’j,l,wi’j,g)]. Note that

G g ey dy (i )ty de
fiq= il 22i+2 - 22i+2
_ —(p—1—j)a" P2 Ih (@) dz (i+1)a’yP I de
- 22i+2 - 22142
_ dijlay)de (p-1-j)yP s P (@)de
- pit2 pit2 =Wij,1—Wig,2,

which ends the proof. [
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Remark 2.4. The pairing (, ) for this basis is as follows: (o, j,,Bi,,j.) 70
if (il,jl):(ig,jg) and <a117j1,ﬂ127j2>:0 otherwise. Indeed, for (il,jl):(ig,jg) we
have orde (y? !/ dz)=—1 and hence (a, j,, Biy,j») #0. For other cases, the proof
is similar to the proof of [18, Theorem 4.2.1].

2.1. Proof of Theorem 1.1

Note that by Proposition 2.2 (2), curve X can be written as certain form with
rank(C)=1. For d<2, the situation is trivial and rank(C)=0 for all p>0. Then we
may assume that the polynomial f(x) has the form:

f@)=2%4ag_oz® 2+ +arz, d>2.
Also a basis of H?(X, Qﬁ() is given by forms below:
B ={a"y’ dalip+jd < (p—1)(d—1)—2}.

(1) For p>7, we show that rank(C)#1. Indeed, if a;=0 for i€{1,2,...,d—2,d},
then by Theorem 2.1 we have rank(C)=0. Otherwise, let iy be the largest integer in
{1,2,...,d—2} such that a;,7#0. There are non-negative integers I, m, b satisfying
ld:p+1 and d—2:ml(]+b with bgl()—].

Suppose 2<ig<d—2, we show that zby'~'*"™dxcB. This is equivalent to
showing

bp+(l4+m—1)d<(d—1)(p—1)-2,

for m>1, ig>2. By substituting b=d—2—mig, one can show this is equivalent to
m(pig—d)>2, which is trivial as d|p+1 and m(pig—d) >2p—d>2.

Now if d=p+1, then we have [=1 and 2’y™ dz € B as showed above. If b=0, we
have d—2=p—1=mig. By iy>2, we have m<(p—1)/2. We show that y"*!'dzeB
if p>5. Tt is sufficient to show that (m+1)<(p—1)(d—1)—2=p(p—1)—2. This is
true for p>5. Then C(y™*! dx)#0 and C(y™ dx)#0 are linearly independent. This
implies rank(C)>2 for b=0. Suppose b>1. We show that 2°~1y™*!c B. Note that
d—2=p—1=mip+b. By a similar fashion, we only need to show m(ip—1)(p—1)>4,
which is true if p>5. Then

Whm = C(xPy™ dz) =C (2" (y? — f(2))™ dx) = C((—l)mxba;ﬁ(xio)m dz)+...
=C((-1)™afa?" " dz)+... #£0.
Similarly, we have
Wo—t,mp1:=C(a" Y™ de) =C (a7 (yP — f (@) da)
=C((m+1)(-1)"* a,y1al’a® "  da)+... #£0.

Since wp m and wp_1,m+1 are k-linearly independent, we have rank(C)>2.
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If d|p+1 and d<(p+1)/2, we show that z’y'T™ dx€ B, which is equivalent
to bp+(+m)d<(d—1)(p—1)—2.  Since m(pic—d)>2p—d, we only need to
show m(pip—d)—d<2, which is true for p>7. Hence C(z’y'*™dx)#0 and
C(2Py'*t™~1dx)#£0 by the same method above.

Assume ig=1 and a;=0 for any €2, 3,...,d—2, if d=p+1, by a simple change
of coordinates and by Theorem 2.1 the curve is superspecial and rank(C)=0. Other-
wise we have d<p+1, in this case we have d—2=m+b. We show that 3! +t0=1 dz,
y! ™+t dz € B | which is equivalent to showing

(I+m+b-1)d<(d-1)(p—1)—2 and (I+m+b)d<(d—1)(p—1)-2,
respectively. These can be simplified to
d*>—(p+2)d+2p+2<0, d*—(p+1)d+2p+2<0.

These two inequalities hold for p>11. For p=7, we have d|p+1=8 and hence d>4.
Then those two inequalities also hold.
Moreover, we have

C(yl+m+bfl dx) :C((ypff(x))H"Hb*l dx)
:C((_l)l+m+b71(md)lfl(alx)erb dx)—i—
:C((—1)Z+T’H'b_1a’lwrbavp_1 dz)+...#0

and C(y! ™+t da)=C((—1)Hm+0=1gtbgr=1yP dg)4-...#0. Then rank(C)>2.

(2) For p=>5 and d=p+1=6, to get rank(C)=1 we must have ig>2, otherwise
X is superspecial by Theorem 2.1. Then 2~ 'y™*+! dx, 2by™ dzeB for b>1 and
y™ttdx, y™ dze B for b=0 (similar to the case p=7). This implies rank(C)>2. As
for d=3, if aq_2=a1=0, then it is superspecial by Theorem 2.1. If a;##0, then
y?dr€ B and rank(C)=1.

For the supersingularity, let X be a curve given by equation y°—y=x3+a12
with a3 #0. Then we have H°(X, Q% )=(dz,z dz,ydz,y? dz) and C(H°(X,QY))=
(dx). Moreover by using Proposition 2.3, one can compute that X has Ekedahl-
Oort type [4,3,2] and the curve X is supersingular by [4, Step 2, p. 1379]. For the
definition of Ekedahl-Oort type we refer [6].

(3) For p=3, if d=2 the curve is superspecial. If d=4, then we may assume
that as#0 in f(x), otherwise by a simple change of coordinates we may assume the
curve is given by equation 3° —y=a42*, which is superspecial by the Theorem 2.1.

If az#0, then by a change of coordinate we get f(z)=z*+az2?. A basis of
H°(X,QY) is {dz,x dz,y dz} with C(dz)=C(x dx)=0 and C(ydz)=C(—azz?dz)=
faé/ 3 dz#£0. This implies rank(C)=1. Similarly using Proposition 2.3, a curve
given by equation y®—y=1z%+a2? with a2#0 has Ekedahl-Oort type [3,2] and
hence is supersingular by [4, Step 2, p. 1379].
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2.2. Proof of Proposition 1.2

Let X be an Artin-Schreier curve given by equation y? —y= f(z) with deg f(z)=
d|p+1 and rank(C)=2. We may assume that the polynomial f(x) has the form:

f@)=2%"a4 2272+ .. . +ar1x.

By the proof of Theorem 1.1, there is an integer n€{1,2,...,d—2} such that a,, #0.
Again denote by i the largest integer in {1,2,...,d—2} such that a;,#0 and let
[, m,b be the same as in the proof of Theorem 1.1.

For p>7, if d=p+1, we show that in this case rank(C)>3. Indeed by The-
orem 2.1, we have i(>2 and d—2=p—1=mig+b. If b=0, then d—2=p—1=miy
and m<(p—1)/2. Moreover from the proof of Theorem 1.1, part (1), we have
y™ dx, y™ Tt dze B. We show that y™T2dx€B. It suffices to show that (m+2)d<
(p—1)(d—1)—2, which is equivalent to showing (m+2)(p+1)<p?—p—2 for any
1<m<(p—1)/2. This is true for p>7. On the other hand, note that C(y™ dx),
C(y™*ttdz) and C(y™T2dwx) are linearly independent. Then rank(C)>3 in this
case. Now if b>1, we showed that aPy™ dz, 2’ 'y™*T'dxeB. By a similar ar-
gument as in the case b=0 above, one can show that zby™*! deze B. Additionally,
C(xby™dz),C(z~ty™*+1 dz) and C(xby™+! dx) are linearly independent. Then we
have rank(C)>3 for p>7 and d=p+1.

Now if d|p+1 and d<p+1, then l=(p+1)/d>2. If ig >2, we show that rank(C)>
3 for p>7. Note that we have x’y!*™~1dx, 2%y*™ dx€ B by the part (1) of the
proof of Theorem 1.1. We now claim that 2?y'*™+! dzc B. By definition of B, it
suffices to show

(l+m+1)d+bp < (p—1)(d—1)—-2.

By substituting b=d—2—mip and p=Id—1, the inequality can be simplified to
(igl—1)m>3. This is true as ip>2,1>2 and m>1. For ip=1, we show that
rank(C)>3 for p>11. Note that in this case we have d—2=m. One can easily
show that y!*™ dx,y'*™~! dz€ B by the definition of B. Additionally, we show that
y'tm*ldreB for p>11. Indeed, it suffices to show (I+m+1)d<(p—1)(d—1)-2,
which can be simplified to 2[4+d<p. Note that ld=p+1, we only need to show
2(p+1)/d+d<p which can be rewritten as d?—dp+2(p+1)<0. This is true for
3<d<(p+1)/2.

For p=7 and ip=1, we have d=4 and the curve is given by equation 3’ —y=
2t +az with a; €k*. Then

B= {2y du,|i,j € Z>o, Ti+4j <16}

and C(x'y’ dx)=0 for all i, except (i,7)=(0,4),(0,3),(1,2). Moreover, C(y*dx)
and C(y®dz) are linearly independent and C(y? dx)=£&C(xy? dz) for some £€k*.



238 Zijian Zhou

Then rank(C)=2. Using Proposition 2.3 and by [4, Step 2, p. 1379] as above, the
curve is supersingular.

Now let p=>5. If d=3, then by Theorem 2.1 and Theorem 1.1, we have ax =g or
g—1. For d=6, we get d—2=4=mig+b. Additionally for ic=2, 3,4, one can easily
show that y? dz, y? dz, zy® dr€ B and C(y? dr),C(y® dr) and C(xy? dx) are linearly
independent. Hence rank(C)>3 and ax <g—3 with g=10.

For p=3 and d | p+1=4, by Theorem 2.1 and Theorem 1.1, we have ax >g—1.

Similar to Proposition 2.2, we have the following.

Proposition 2.5. Let k be an algebraically closed field with char(k)=p>3.
Let X be an Artin-Schreier curve of genus g>1 with equation y?—y=f(x), where
f(z)€k(z). If ax=g—2, then

(1) if p=3, then g<T and the curve X can be either written as y>—y=f(x),
where f(x)€k[z] and deg f(x)<8, or as y*—y=fo(z)+ f1(1/x) with fo(x), fi(z)€
k[x] and deg fo(x)<4,deg f1(x)<2;

(2) if p=5, then g<(2p+1)(p—1)/2 and X is isomorphic to a curve with equa-
tion

y—y=f(z), f(z)€klz].

The proof of part (1) is similar to the part (1) of the proof of Proposition 2.2
and hence we omit it. For part (2), one can first show f is a polynomial using
the Deuring-Shafarevich formula and then prove the proposition by analysing the
degree of f.

3. On the existence of trigonal curves with prescribed a-number

Now we study the existence of trigonal curves with prescribed a-number and
give proofs of Theorems 1.3 and 1.4. We deal here with genus 5. It is well known
that a trigonal curve X of genus 5 is a normalization of a quintic curve C' in P2
with a unique singular point [1, Exercise I-6, p. 279], see also [10, Lemma 2.2.1].

3.1. Set up

For a trigonal curve X of genus 5 defined over k, let ¢: X —P! be a morphism of
degree 3. Then using the base point free pencil trick and Clifford Theorem one can
easily show that ¢ is unique (up to isomorphism of P!) and X is not hyperelliptic.

Lemma 3.1. Let p be either 2 or 3. If X is a trigonal curve of genus 5 over
k, then
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(1) X is a normalization of a quintic curve C' in P? with a unique singular
point of multiplicity 2. Moreover,
(i) If C has a node, then C' is given by a homogeneous polynomial F €k[z,y, 2]
of degree b with

F=ay*+f,

where f is a sum of monomials not divisible by z>.
(i) If C has a cusp, then C is given by a homogeneous polynomial F €
klx,y, 2] of degree 5 with

F=x224f,

where f is a sum of monomials not divisible by 23 and the coefficient of 32>

i f is non-zero.

(2) The normalization of any C with one singular point in (i) and (ii) is a
trigonal curve of genus 5.

Proof. Kudo and Harashita proved the lemma for p#2 in [10, Lemma 2.2.1]
(note that we can assume =0 in the statement of Lemma 2.2.1 in [10] since k is
algebraically closed). For p=2, we show that part (1) is true and since the proof of
the other part is similar to the case p>3 we omit it.

Assuming the singular point is (0:0:1), the curve C is given by F=Qz>+f,
where @ is a quadratic form in k[x, y] and f is a sum of monomials in z, y of degree
>2.

If @ is non-degenerate, then C' has a node. We may change coordinates so
that Q equals zy, we arrive at F=xzyz>+ f with f a sum of monomials in z,y of
degree >2.

If @ is degenerate, then C has a cusp. We may change coordinates so that
Q equals =2, we arrive at F=x2234f with f a sum of monomials in z,y of de-
gree >2. [

We recall the following proposition.

Proposition 3.2. ([10, Proposition 2.3.1]) Let X be a trigonal curve of genus
5 defined over k. Let C be an associated quintic curve in P? given by Lemma 3.1.
Let hym (1<1,m<5) be the coefficient of the monomial xP"=tmyPit=im zpki=km p
Fr=1 where

I 1 2 3 4 5
i 3 1 2 2 1
i1 3 2 1 2
1 1 1 2 2

Then the Hasse-Witt matriz H of X is given by H=(hy ).
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3.2. The proof of Theorem 1.3

Let p=2 and X be a trigonal curve of genus 5 defined over k. we start by
simplifying the defining equation of the singular model C' CP? of X.

Lemma 3.3. Let k be an algebraically closed field with char(k)=2. In the
notation of Lemma 3.1 case (i), we can choose [ as

5 11
(3) f (@S byt 43 (@a® iy )oY a0
i=1 i=6
or
5 11
(9) f:Z(aix5—zyz—1)z+Zaixll—zyz—ﬁ.
i=1 =6

For case (ii), we can choose f as
5 11
(10) f= y322+2(ai$571y271)2+2 aizu*’y“G )
i=1 i=6

Proof. For the case (i) of Lemma 3.1, the curve C is given by F=xyz3+f,
where f is the sum of monomials, which have degree >2 in z,y. By a linear
transformation z+— z-+ax+ By, we may assume the coefficients of z2yz? and zy?z2
are zero. Then

5 11
,f: (b0x3+b1y3)22+zaixfnfiyiflz_'_z:aixllfiyifti’
i=1 =6

where by, b1, ai, ..., a11 €k. Note that if (bg, b1)#(0,0), by symmetry we may assume
bp#0. By scaling x— oz, y— By with =1 and a®>=1, we may assume byp=1. On
the other hand, if by=0;=0 in f, then we have
5 11
f= Z aixf)—iyi—lz_'_z: azzti—iyi=o .
i=1 i=6
For the case (ii) of Lemma 3.1, the curve C' is given by F=2%23+f, where f is
the sum of monomials, which have degree >2 in z,y and the coefficient of y32z2
is non-zero. Consider y+—y+~yx and then consider z— z+ax+ Sy, we may assume
the coefficients of 2322, 22y2z? and xy?z? are zero. Moreover, by scaling y+dy with
0%3=1, we may assume the coefficient of y32? is equal to 1. Then we have

5 11
f=v322+ E a;xd "yt Tl E a7y 0 ay, L an ek, O
i=1 i=6

Now we can give a proof of Theorem 1.3.
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Proof of Theorem 1.3. Let C be a singular model of X given by Lemma 3.1.
If C has a node, then by Lemma 3.3, f is either given by (8) or (9). If f is given
by (8), then by Proposition 3.2, the Hasse-Witt matrix H of X is equal to

as 0 a] ay ag
0 a4 a5 a1y aig

(11) a4 G2 a3 Gg9 ag
1000 1
010%b O

Let e; be the i-th row of H. Then e4 and e5 are linearly independent and rank(H)>
2.

Now we show rank(H)>3 in this case. Indeed, if rank(H)=2, then e; for
1=1,2,3 is a linear combination of e4 and e5. By the shape of H, we have

ay=az3=as=ar=a1 =0, ays=ag, az=as, brags=ai1, biaz=ay.
Hence C' is given by

F=qyz’+ (x3+b1y3)22 + (a2w3y+a4xy3)z+a2x5—|—a4x3y2 +brasz?y® +bragy’®

/ 1/2

= (z+a§ 2x+a4 y)2(bry® +a3 4+ xyz)

and C is reducible. This contradiction shows that rank(H)>3.
Now if f is given by (9), then again by Proposition 3.2 the Hasse-Witt matrix
H of X is equal to

as 0 a1 ar ag
0 a4 as a11 ayg

(12) a4 G2 a3 a9 ag
100 0 O
0100 O

Then we have rank(H)>2. Moreover, if rank(H)=2, then we have a;=0 for all
i€{l,...,11} with i#£2,4. This implies

F =xy2® +asx®yz4agry®z = vy (2° +asar’ 2 +agy?)

a contradiction. Hence we have rank(H)>3 if C' has a node.
If the curve C has a cusp, then by Lemma 3.3, f is given by (10). Hence by
Proposition 3.2, the Hasse-Witt matrix of X is equal to

an 0 a] ar ag
0 a4 as a11 ayg
(13) a4 az a3 ag as
0010 O
000 1 O
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Then we still have rank(H)>2. We show rank(H)>3 by showing that C has at
least two singular points if rank(H)=2. Indeed, suppose rank(H)=2. By (13), we
obtain as=a4=ag=ag=a19=0. This implies

F =222 49222+ (a1t +asx?®y? +asy®) e+ araty+agry® +a11y® .

Denote by F (resp. F,, F.) the formal partial derivative with respect to the variable
x (resp. y, z). Note that we have

F,=0, Fy= y2z2+a7x4+agx2y2+a11y4, F,= x222+a1x4+a3m2y2+a5y4 .

By setting =1 in Fy, F}, and F, one can easily show that (1:a:b) is a singular
point. Then there are at least two singular points on C. By the genus formula for
plane curves, the genus of X is less than 5, a contradiction.

Now we have rank(H)>3 for any trigonal curve X of genus 5 over k. Then
ax §2 O

3.3. The proof of Theorem 1.4

Let p=3 and X be a trigonal curve of genus 5 defined over k. We now give
the reductions of the defining equations of the singular model C' CP? of X given by
Lemma 3.1.

Lemma 3.4. Let k be an algebraically closed field with char(k)=3. In the
notation of Lemma 3.1 case (i), we can choose [ as

5 11
(14) (boxg—|—b1y3—|—b2x2y+ngy2)22+Zaix57iyiflz+a6x5+ Z aixllfiyiffi.
i=1 i=8,i#10

For the case (it), we can choose f as
3 . . 5 . .

(15) <y3+z bix4—zyz—1>Z2+Zaix5—zy1—lz+a7x4y+a8x3y2+a10xy4+a11y5.
i=2 i=1

Proof. If C has a node, then by Lemma 3.1, F=zyz3+ f with f the sum of
monomials, which have degree >2 in z,y. By a linear transform z— z+ax+ Sy we
may assume the coefficients of z*y and xy* is zero. Then f is equal to

5
(b 4-b1y® +box?y+bzry?) 2> —I—Z a;xd "y T a b aga® +agxPyt +agriyS +any’ .
i=1
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By Lemma 3.1, if C has a cusp, then F=xyz3+ f with f the sum of monomials,
which have degree >2 in x,y and the coefficient of y322 is non-zero. By a linear
transform z+—z4+oax+ Py, we may assume the coefficients of 2° and z2y? is zero.
Moreover, by scaling 3+ 68y, we may assume the coefficient of y322 is 1. Then we
have

5
f= (y3+b2x2y+b3$y2)22+z air® "y T et agaty +agay? Faroryt +any® . O
i=1

Proof of Theorem 1.4. Let C be the singular model given by Lemma 3.1. De-
note by H the Hasse-Witt matrix of X given by Proposition 3.2 and by e;=
(€1, ... €i5) the i-th row of H. Then we have rank(H)>1 because of the Ekedahl’s
genus bound for superspecial curve [5]. Suppose rank(H)=1. We consider different
cases for the singular point of C.

If the curve C has a node, by Lemma 3.4, f is given by (14). If at least one of
the by, b1 is non-zero, by symmetry we may assume by #0. By scaling we may assume
bo=1. Moreover, by Proposition 3.2, we have es=(2bs,0, 2, b3 +2b3+2az, b +2a;)
which is non-zero. Then e;=\;eq4 with \; €k for i=1,2,3,5. In particular, we have

€5 = (O, 2b3, 2b1, 2b1b3+2a5, 2b1b2+b§+2a4) = )\564 .

This implies that b3=0 and b;b5=0.
If b1 =0, then e5=(0,0,0,2as5, 2a4) is the zero vector. Hence ay=a5=0. Note
that in this case we have e31=2a1; and ez 1=A3e4,1=0. Then a1;=0 and

F =zy23 + (23 +boxy) 2% + (a1t + a0xy+azx?y?) 2+ ax® +agz®y? +aga®y> .

One can easily check that (0:0:1) and (0:1:0) are common zeros of F=F,=F,=
F,=0. Then C has at least two singular points, a contradiction.

Now if b1 #0, then the equation b1bo=0 implies bo=0. Consider a change of
coordinate x+—ax, y— By and multiply F by 1/(a3). The coefficients of 2% and y?
in F become o?/8 and $%b;/a. By taking f=a? and a:bl_l/?’, we may assume
bo=b1=1. Then e5=As5e4 implies as=as and a;=a4. Additionally, we have

e1 = (2a1a3+a3+2ag, a4 2aq, 2a1 a2, 2a1 ag +2a3a6, 2a2a5),

€ = (a%—i—?au, a?+2a2a3 +2(l9, 2@1&2, 2(11(111, 2a2a9+2a3a11) .
Then by e;=MA1e4 and es=M\se4, we have

2 2 2 2
a6=a1, a8:a2—0,1a3, agzal—agag, a1 :a2.
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If a3=0, then one can easily show that (—1:1:0) and (0:0:1) are common zeros of
F=F,=F,=F,=0 and hence are singular points of C, a contradiction. If a3#0,
then F,=2(z3+3°)z+a12* +ar3y+azr®y® +a12y° +a2y* and by substituting

z= (a1 +agz’y+ a3y’ +arey’ +agy') [(x+y)?
in F, and F, and by letting y=1, we have (z(z+y)?F,)|y=1=((z+y)F,)|,=1 and

((2+9)°Fo)ly=1 = (a1 +a1a2)2" + (araz +a3 +2a5) 2" + (a5 +a3)

+(a3+ajaz+2a2) 2> +ajar+al .

Since az#0, one can check that it has solutions with £#—1,0. Then there exists
another singular point on C' which is distinct from (0:0:1), a contradiction.

Now if bg=b; =0, we have e;=(2bz,0, 0, b3 +2as, 2a1) and e5=(0, 2b3, 0, 2as, b3+
2a4). Since rank(H)=1, we have at least one of the by, b3 is zero. By symmetry we
may assume b3 =0. If by #£0, by scaling we may assume by =1. Note that we have e;=
Aieq with \; €k for i=1, 2,3, 5. In particular for =5, it is straightforward to see that
A5=0 and as=as=0. Moreover, ez 2=2a11=A2e42=0. Then by a similar fashion,
one can show that (0:0:1) and (0:1:0) are singular points of C, a contradiction. If
bg :bg :O, then

e1 = (2a1a3+a2, a2, 2a1az, 201 a3+ 2azag, 2a2a¢),  es=(0,0,0,2a2,2a1) .

This implies a1 =a2=0 otherwise e; and e4 are linearly independent. Similarly one
has as=a5=0 by checking the linearly independence of e; and e5. Now we have
eqs=e5=0 and

€1 :(O,O,O,2a3a6,0), 622(0,0,070,2(130,11), €3 = (O,O,a3,2a3a9,2a3ag) .

Since rank(H)=1, we obtain that ag=a11=0 and F=y(xz>+aszx’yz+asx3y+
agx?y?), a contradiction.

Now if C has a cusp, then by Lemma 3.4, f is given by (15). Moreover, by
Proposition 3.2, we have

eq=(2b3,0,2ba, b342a3,2az), e5=1(0,2,0,2bs, 2by+b3+2as) .

If rank(H)=1, then e;=M;e5 with \;€k for i=1,2,3,4. In particular, e4=MAse5
implies Ay=by=bs=as=a3=0. Then we obtain

2
e1=(0,a?,0,2a1as,2a1a7),
2 2
ea = (a5+2a11, af, 2a4a5+2a10, 2a4011 4205010, 204010),
€3 = (2@8, 2a1a4,2a1a542a7,2a1a11+2a4a8+2as5a7, 2a1a10—|—2a4a7) .
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Hence by e;=M\;e5 for i=1,2,3, we get ar=2a1as,as=0, aj9=2a4as,a1; =a2. Addi-
tionally, one can easily check that F'=F, =F,=F, =0 have common zeros (0:0:1), (0:
1:0) if a5=0 and (0:0:1), (0:1/(2as):1) if a5#0, a contradiction. Then rank(H)>2
if C has a cusp.

In any case, we have rank(H)>2 and hence ax <3. O
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