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Exponential mixing property for
automorphisms of compact Kahler manifolds

Hao Wu

Abstract. Let f be a holomorphic automorphism of a compact Kahler manifold. Assume
that f admits a unique maximal dynamic degree d, with only one eigenvalue of maximal modulus.
Let u be its equilibrium measure. In this paper, we prove that p is exponentially mixing for all
d.s.h. test functions.

1. Introduction and main results

Let (X,w) be a compact Kéhler manifold of dimension k and let f be a holo-
morphic automorphism of X. Denote by f* the pull-back operator acting on the
Hodge cohomology groups H**(X,C). Recall that the dynamic degree of order
g of f is the spectral radius of f* on H%%(X,C), and denoted by d,. We have
do=di=1. Khovanskii-Teissier-Gromov [11] proved that the function g—logd, is
concave. Thus there are integers 0<p<p’ <k such that

1:d0<...<dp:...:dp/>...>dk:1.

When p=p’ and in addition, when f* acting on HP?(X,C), admits only one
eigenvalue of maximal modulus (necessary equal to d,), there is a unique invariant
probability measure p:=T4 AT_, where T is the Green (p,p)-current of f and T—
is the Green (k—p, k—p)-current of f~!. They satisfy f*(T)=d,T" and f.(T-)=
dr—pT—. Moreover, for any positive closed (p, p)-current (resp. (k—p, k—p)-current)
S of mass 1, we have d,;"(f")*(S) (resp. d;. ", (f")«(5)) converge to T (resp. T_).
And T4 (resp. T-) is the unique positive closed current in the class {T';} (resp.
{T_}). The measure y is called the equilibrium measure of f. For the constructions
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of u, Ty, T, the readers may refer to [10]. And see e.g. [13] and [14] for interesting
examples.

Recall that a function is quasi-plurisubharmonic (quasi-p.s.h. for short) on X
if locally it is the difference of a plurisubharmonic (p.s.h. for short) function and a
smooth one. The following theorem is our first main result.

Theorem 1.1. Let f be a holomorphic automorphism on a compact Kdhler
manifold X of dimension k and let p be its equilibrium measure. Let d, be the
dynamic degree of order q, 0<q<k. Assume that there is a integer p such that
dp s strictly large than other dynamic degrees and d, admits only one eigenvalue
of mazximal modulus d,. Then p is exponentially mizing for bounded quasi-p.s.h.
observables. More precisely, if § is a constant such that max{d,_1,dp+1}<d<d,
and all the eigenvalues of f*, acting on HPP(X,C), except dp, are strictly smaller
than 6. Then there exists a constant ¢>0, such that

| [teorman—( [oan) ( [ van)| <ty 1ol o]~

for alln>0 and all bounded quasi-p.s.h. functions ¢ and ¥ satisfy dd“p>—w, ddy >
—w.

The conditions dd®p>—w, dd“l)>—w in Theorem 1.1 relate to the *-norm de-
fined in Section 2. Another version of Theorem 1.1 has been proved in [9] for ¢, ¥ €
%? and it can be extended to € case, 0<a <2, using interpolation theory between
Banach spaces. In this case, one considers the new system (z,w)— (ffl(z), f(w))
on X xX and the test function ¢(z)y(w), which plays a linear “role” in the new
system. Since ¢(2)1(w) is of class €2 and in particular, it is Holder continuous,
some estimates of super-potentials on the currents with Holder continuous super-
potentials imply the desired result.

However, in the study of complex dynamics, sometimes we need to investigate
the behaviors of the functions with some singularities under the action of f. For
example, the class of quasi-p.s.h. functions or d.s.h. functions (see the definition
below). When ¢ and 1 are not of class of 42, then idea in [9] can not be directly
applied. In this case, firstly, the super-potentials may not be well defined on the
space of non-smooth currents. Secondly, when ¢ and v are not in 42, the func-
tion ¢(2)(w) will not be Holder continuous any more. In the proof, we do some
regularization of quasi-p.s.h. functions. After that we combine the idea in [9] with
some techniques in [15] to prove the main theorem. Similarly estimates of super-
potentials on the currents with Hélder continuous super-potentials also are obtained
at the end of Section 2.

Recall that a function u on X with values in RU{%o0} is said to be d.s.h. if
outside a pluripolar set it is equal to a difference of two quasi-p.s.h. functions. Two
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d.s.h. functions are identified when they are equal out of a pluripolar set. Denote
the set of d.s.h. functions by DSH(X). Clearly it is a vector space and equips with
a norm

fullpsis = [ k|4 |2,
X

where the minimum is taken on all positive closed (1,1)-currents 7% such that
ddu=T+T-T".

A positive measure v on X is said to be moderate if for any bounded family .#
of d.s.h. functions on X, there are constants >0 and ¢>0 such that

v{ize€ X :|(2)| > M} <cem M

for M >0 and Y €.% (see [5], [6] and [8]). The papers [5] and [10] show that if f is
a holomorphic automorphism of a compact Kéhler surface or more generally, on a
compact Kéahler manifold, then the equilibrium measure p of f is moderate. Using
the moderate property of u and following the same approach as in the proof of
[15, Theorem 1.3], we get the following theorem, which removes the boundedness
conditions of ¢ and .

Theorem 1.2. Let f,d,, i be as in Theorem 1.1. Then the equilibrium mea-
sure 1 is exponentially mizing for all d.s.h observables. More precisely, if d is a
constant such that max{d,_1,dp,1+1}<d<d, and all the eigenvalues of f*, acting on
HP?(X,C), except dy, are strictly smaller than 6. Then for any two d.s.h. functions
©, 1, there exists a constant ¢>0, such that

‘/(Wf”)wdu—(/@du)(/wdu)‘gc(dp/(s)—nﬂ
for all n>0.

In Theorem 1.2, the constant ¢ depends on ¢ and . It is not hard to see that
we can take a common c¢ for any compact family of d.s.h. functions.

Now we consider a particular case. When X is a compact Kéahler surface and
f is of positive entropy, Gromov [12] and Yomdin [16] showed that the entropy is
equal to logd;. Thus in this case, dy>1. Moreover, Cantat [1] proved that the
eigenvalues of f*, acting on HY!(X,C), are dy,1/d; and others with modulus 1.
Thus we get the following corollary.

Corollary 1.3. Let f be a holomorphic automorphism of positive entropy on a
compact Kahler surface X. Then the equilibrium measure p is exponentially mizing
for all d.s.h. observables.
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In this paper, the symbols < and 2 stand for inequalities up to a multiplicative
constant.
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2. Super-potentials of currents

In this section, we will introduce the notion called super-potential. The readers
may refer to [7] and [10] for details. Some estimates of super-potentials on a family
of currents with Holder continuous super-potentials are obtained at the end of this
section.

Denote by 2, the real space that generated by all positive closed (g, ¢)-currents
on X. Define a norm ||-||. on 9, by

1€2]], == min{ |||+ |},

where [|QF]:=(QF, wkF~9) are the mass of QF, and the minimum is taken over all
the positive closed currents QF with Q=Q"—Q~. Observe that ||2*|| only depend
on the cohomology classes of QF in H%9(X,R). We have the following lemma.

Lemma 2.1. Let 2 be a real dd®-ezact (q, q)-current on X and assume Q>—S
for some positive closed (g, q)-current S, then ||Q].<2||S]].

Proof. Note that Q+S is a positive closed current and we can write {2 as
Q=(Q+95)-5.
The mass of Q+S is ||.S|| because  is dd®-exact. O

We introduce the *-topology on %,: for a sequence of currents S,, in %, we
say S, converge to a current S in %, if S,, converge to S in the sense of currents
and if ||S, ||« are uniformly bounded. Note that smooth forms are dense in %, for
this topology.

Let 77 be the subspace of %, which contains all the currents of class {0} in
H%(X,R). It is not hard to see 7, is closed under the above topology.

Now we define the super-potential of a current S€ %,. Fix a basis of H#(X,R),
denoted by {a}:={{a1},...,{a:}}. We can take all the o; being smooth forms. For
any RE@,S?HD there exists a real (k—gq, k—gq)-current Ur such that dd°Ur=R.
We call Ui a potential of R. After adding some closed form to Ur we can assume
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(Ug, a;)=0 for all 1<j<t. After that we say Ug is a-normalized. If in addition, R
is smooth, then we can choose Ui smooth.

The a-normalized super-potential s of S is a linear functional on the smooth
forms in 7)) 41> and it is defined by

Us(R):=(S,Ur),

where Up is a smooth a-normalized potential of R. Note that %g(R) does not
depend on the choice of Ug.

If %s can be extended continuously to a linear functional on .@27 g+1 for the
x-topology we defined above, then we say S has a continuous super-potential. If
S G@g , then %s does not depend on the choice of a. If S is smooth, then it has
a continuous super-potential and we have %s(R)=%r(S), where g is the super-
potential of R. The equality still holds if we only assume S has a continuous
super-potential (see [10]).

For 0<l<o0, we define the norm ||-||¢-: and the distance dist; on %, by

Qg := sup [(Q,®)] and dist;(Q,Q):=||Q2=Q|lx—,
]l <1

where @ is a smooth test (k—q,k—g)-form on X. For 0<i<!'<oco, on any ||
||l.-bounded subset of Z,, we have

dist; <dist; < ¢ 1/ (diSt)l/ll

for some positive constant ¢; ;1 (see [10]).
For S€ 9, and constants [>0,0<A<1, M >0, a super-potential %s of S is said
to be (I, \, M)-Hélder continuous if it is continuous and it satisfies

|%s (R)| < M|| R

for all Re @£7q+1 with ||R||.<1. If I’>0 is another constant, the above identity
for dist; and dist; implies that %g is also (I', N, M')-Holder continuous for some
constants A’ and M’ independent of S. And this definition does not depend on the
normalization of the super-potential. We need the following two lemmas which are
originally stated in [9].

Lemma 2.2. Let ReZy ., with ||R|.<1 and Ur is (2, \, M)-Holder con-
tinuous. There is a constant A>0 independent of R, \ and M such that the super-
potential Us of S satisfies

|%s(R)| < A(1+X"tlogt M),

Jor any S€ 20 with || S| <1, where log™ :=max{0,log}.
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Lemma 2.3. Let f,p be as in Theorem 1.1 and let RE@,g_p_H whose super-
potential Ur is (2, A, M)-Hélder continuous. Then there is a constant Ag>1 inde-
pendent of R, X\, M such that the super-potential %y, gy of f«(R) is (2, X, AoM)-Hél-

der continuous.

We will use the above two lemmas to show the following result. A simple case
was shown in [9, Proposition 3.1], which is crucial in the proof of exponential mixing
theorem for ¥ observables for 0<a<2. Since Ty is the unique positive current in
{1}, if S€ Dy, then d;™(f™)*(S) converge to a multiple of Ty .

Proposition 2.4. Let f,dy,é be as in Theorem 1.1 and S€%,. Let r be the
constant such that dy(f")*(S) converge to rTy. Let {R.}oce<1/2 be a family of
currents in @£7p+1 with | Re ||« <1 whose super-potentials %r, are (2, \,e~2)-Hélder
continuous. Let %, and %y be the a-normalized super-potential of d;"(f")*(S) and
T, respectively. Then there exists a constant A>0 independent of the family {R.}
such that

|%,(Re)—r%(R.)| < —Aloge(d,/6)™"
for all n and ¢.
Proof. It was shown in [9, Section 3] and [10, Section 4] that for S€ 2, smooth

and closed, we have |%,(R)—r%,(R)|<(dp/0) ™| R/« for all ReZ}_ ..
can subtract a smooth closed (p, p)-form from S and assume that S 6.@3 and r=0.

So we

Fix a constant dy such that max{d,_1,dp+1}<d9<d and dy satisfies the same
properties of § as in Theorem 1.1. By Poincaré duality, the dynamic degree d,_; of
f is equal to the dynamic degree dk_p+1(f’1) of f~1. Since the mass of a positive
current can be computed cohomologically, we have ||(f™)«(Re)||« <0G || Rel«-

Define R, c:=c 185" (f™)«(R:) where c>1 is a fixed constant large enough
such that ||R,¢||«<1 for all n and . By Lemma 2.3, the super-potential of R, ,
denoted by %, _, is (2, \, Ae~?)-Holder continuous for some Ag>1. On the other
hand, since S 6@37 by definition we have

Un(R:) = d;n%S ((fn)* (Rs)) = C(dp/do)_n%S(RmE)'
Finally, applying Lemma 2.2, we obtain

|%n(Re)| = c(dy /80) ™" |%s(Rn.)| < (dp/00) " (1427  log™ (Afe™))
S—loge(d,/6)™".

This finishes the proof. [
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3. Exponentially mixing of

From now on, let f,d, and § be as in Theorem 1.1, and let S be a fixed positive
closed (p,p)-current of mass 1 on X. Define a sequence of currents S, by S,:=
d,;™(f™)*(S). We know that S, converge to T Fix a basis {a}:={{a1},...,{as}}
of HPP(X,R). Denote by %, and %, be the a-normalized super-potentials of S,
and Ty respectively.

For any bounded quasi-p.s.h. function ¢ on X such that dd®¢>—w, |¢|<1,
we consider the same regularization of ¢ as in [3, Theorem 2.1] (when X=P*
see also [7, Section 2]), which is using a standard convolution and a partition of
unity to regularize the function locally, then gluing them globally by using maximal
regularization function [2, I.5]. So there exists a family of smooth functions ¢.,0<
£<1/2 such that dd°¢.>—w, and ¢. decreases to ¢p:=¢ when e decreases to 0.
And ¢. satisfies the following two estimates:

(3.1) ¢ =@llLrory Se and |gellgz Se72,

where the <’s are independent of ¢.
We define a sequence of functions h,, and h on (0,1/2] by

hn(€) =, (dd°¢e NT-) and h(e) =2 (dd°p-NT-).
By definition,
hn(e) ={(SpANT—, ) —(Sn, K:) and h(e)=(T4ANT_, ) — (T4, K.),

where K. is a smooth closed (k—p, k—p)-form depends on ¢ such that ¢. T — K is
the a-normalized potential of dd°¢.AT_, i.e. (p.T_—K.,a;)=0 for all j. Observe
that h,, converge pointwise to h on (0,1/2].

On the other hand, note that {w*} is a basis of H**(X,R). We consider the
{wk}-normalized super potential of u=T, AT_ and define the function

9(e) =%, (dd ) = (T AT-, ) — (WF, de).

The function ¢ is well defined at e=0 because T+ AT_ has a Hoélder continuous
super-potential (see [10]). We prove two lemmas first.

Lemma 3.1. There exists a constant ¢>0 independent of ¢ such that
[(Sny Ke) =Ty, Ke)| < e(dp/0)™"

foree(0,1/2].
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Proof. Let (an.1,an,2, ..., an,¢) be the vector which represents the class {S,,} in
HP?(X,R) with respect to the basis {a}, i.e. {Sn}:Z§:1 an;{c;}. Let (b1, b, ...,
bt) be the vector which represents {T'; }. Since K. is closed, we have

t
<S T+, Z An,j— a]ﬂK >
j=1
Combining with (¢. T — K., o;)=0 for all j, we get
t
<S T+7 Z an g agv ¢€ >
j=1

On the other hand, by Perron-Frobenius theorem, |[{Sy,}—{T}||<(dp/0)~™ in
the finite dimensional vector space HPP(X,R) (see also [9, Section 3]). Therefore,
we have

[|(an,1—=b1,an2—b2,.csans—be)|| S (dp/06)™"
Finally, observe that (¢, ¢.T_) is uniformly bounded independent of ¢. Hence

[(Sn =T, Ko)| S (dp/6) ™"
The proof of this lemma is finished. O

Lemma 3.2. The function g is Holder continuous at 0, more precisely, there
exists a constant ¢>0 independent of ¢ such that for £€(0,1/2], we have |g(e)—
9(0)|<ce® for some 0<a<].

Proof. Since Ty AT_ has a Holder continuous super-potential, by definition, we
have

lg(e)—g(0)| < M disto(dd ¢, dd°P)*

for some constants 0<a <1, M >0.
Since ¢, is decreasing when e decreases, by definition and estimates (3.1) we
obtain

dista(dd g, dd°@) = sup [(dd°¢e—dd°p, @)= sup [{¢p.—¢,dd°D)]|

@42 <1 1@l 2 <1
S <¢6_¢’wk> = H¢6_¢HL1(UJ’“) Se

since ||®||4= <1 implies +dd°® <c'w*, where ¢’ is a positive constant only depending
on (X,w). Therefore,

9(£)—g(0)| < M dista(dd ¢, dd°p)™ S e

The proof of this lemma is complete. O
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Since ¢. is smooth for every £#0, in particular it is Holder continuous. We
can easily obtain the estimates of h,,(¢)—h(e) for e#£0 by using Proposition 2.4.
Combining with the above two lemmas we get the following key proposition.

Proposition 3.3. Let S, and ¢ be as above. There exists a constant ¢>0
independent of ¢ such that

<Sn/\T77 ¢> - <T+/\T*7 ¢> < C(dp/(s)_n
for all n.

Proof. Again, we fix a constant dp such that max{d,_1,dp+1}<do<d and Jp
satisfies the same properties of § as in Theorem 1.1. By Lemma 2.1, ||dd®®.||« <2 for
all g, thus ||dd°p.AT_||, are uniformly bounded for 1<e<1/2. Since ||¢.| x> Se™2
and T_ has a Holder continuous super-potential (see [10]), by [10, Proposition 3.4.2],
dd°¢.AT_ has a (2, \, Me~2)-Holder continuous super-potential for some constant
A and M independent of ¢. Multiplying ¢ by some constant allows us to assume
M=1 and ||dd°¢p.AT-]|+<1 for all 0<e<1/2. Applying Proposition 2.4 to the
family {dd°¢.AT_} instead of {R.}, we get that for 0<e<1/2,

hn(e)—h(e) S —loge(dy/do) ",

where the < is independent of ¢. Combining this with estimates (3.1), Lemma 3.1
and Lemma 3.2, we have for £€(0,1/2],

<Sn/\T77 ¢> - <T+/\T*a ¢> < <STL/\T77 ¢5> —<T+/\T77 ¢>
= (SnAT-, ¢e) =Ty AT, ¢e) +(T AT, ) = (T AT, ¢)
= hn(€) =h(e)+ (S, Ko) = (T, Ko) +g(e) + (", dc) —9(0) = (", 9)
S —loge(dp/d0) " +(dp/d0) "+ +¢,
where the first inequality is because ¢, is decreasing as € decreasing and S, AT_ is

positive.
Finally, since a<1, by taking e=(d,/do) ™%, we get

(Sn AT, @) = (T AT, ¢) Snlog(dy/d0)(dp/00) " +(dp/00) ™" S (dp/0) "

Since the constant ¢ in Lemma 3.1 and Lemma 3.2 are independent of ¢, the <
above is independent of ¢. [

In Proposition 3.3, the constant ¢ depends on S. Note that we do not have
a lower bound estimate. Otherwise, we can follow the approach in [9] to show
Theorem 1.1 directly. Here we need some extra techniques from [15].
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Proof of Theorem 1.1. Multiplying ¢ and 3 by some constant allows us to
assume ||¢l|pe~<1/2 and ||| Lo <1/2. It is sufficient to prove Theorem 1.1 for n
even because applying it to ¢ and 1o f gives the case of odd n. Using the invariance
of p, it is enough to show that

(3.2) (s (o f™) (W0 f7™)) = (s @) (s ) | < eldp /8) ™™

for some ¢>0. It is equivalent to prove

(s (0o f™) (oo f77)) = (s 0) (s ) < c(dpp /)"

and
(1, (po [ (= f7)) = (1, 0) {t, —00) < e(dp/0) ™.
For j=1,2, we define
el =P’ +jo+A, @] =P +ip—A, f =P Hip+A, ] ==y —jY+A,

where A is a positive constant whose value will be determined later. Consider the
following eight functions on X x X:

(2, w) =] ()9 (w), @j(2,w):=p; (2)i; (w),
where j,l=1,2. We need the following lemma.
Lemma 3.4. The functions @ﬁ are quasi-p.s.h. on X x X for A large enough.

Proof. We only show ®], and ®}; are quasi-p.s.h. because the other cases can
be obtained in the same way. By a direct computation (see also [15, Lemma 3.1]),
we have

10007, = (V? +1+A) ((20+1)i00p+2i0p NIp) +(20+1) (20 +1)idp AN
+(20+1) (20 +1)i0P NOp+ (9> + o+ A) (20 +1)i00Y + 2109 AO).

Combining with the identity
10 NP +iDp NOY+i0Y NDp+idh ANOrh = id(p+1p) AND(p+1p) >0,
we get

000, > (P +19+A) (20+1)i00p+ (0% +p+ A) (2 +1)i0d
+ (207 +20+2A— (20+1) (20 +1))idp A
+(20° +20+24— (20+1)(21)+1) ) i0Y N Ot
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Recall that we assume |||~ <1/2 and ||¢||p=~<1/2. So 2p+1>0,2¢p+1>0. We
take A large enough such that ¢2+y+A, 2 +o+ A, 202 +2¢p+2A— (2p+1) (20 +
1),2¢%+2p+2A—(2p+1)(21)+1) are all positive. Since ¢ and 1 are quasi-p.s.h.
on X and idpAdy,i0pAOY are positive, we deduce that @], is quasi-p.s.h. on
XxX.

For ®;, we have

i00®7, = (—¢* —p+A) ((29+1)i00p+2i0p NOp) — (20+1) (200 +1)i0p N Ot
—(20+1)(2¢+1)idp A+ (9 +p— A) (= (20 +1)i00Y — 2i0P NOY).
Combining with the identity
10p NDp —iDp ANOY —idY NDp+idh N = id(p—1p) AND(p—1p) > 0,
we get
0007, > (=% =+ A) (20 +1)iddp+ (—p* — o+ A) (20 +1)idI)
+ (=29 =200 +24— (2p+1)(2¢p+1) )idp ADp
+(—2¢° =20+ 2A— (20+1) (20 +1) ) iOp NI
Repeating the same argument as above, we get that ®7; is quasi-p.s.h. for A large

enough. The proof is complete. [

We choose A large enough such that all the @;‘: are bounded and quasi-p.s.h. on
X x X. Note that the choice of A is independent of ¢ and ¥. Define w:=nfw+mjw,
where 71, mo are the two canonical projections of X x X onto its factors. Then w is
the canonical Kéhler form on X x X. Recall that we assume dd“p>—w, dd®t)>—w.
From the computations in Lemma 3.4, we deduce that dd°®];>—-3A% when A is
large. And observe that @], is bounded by 442.

Next we consider the automorphism F of X x X which is defined by

F(z,w):= (f71(2), f(w)).

By using Kinneth formula, one can show that the dynamic degree of order k of F' is
equal to df, (see also [9, Section 4]), and the dynamical degrees and the eigenvalues
of F* on H**(X x X, R), except d2., are strictly smaller than d),é. Hence F and dp,6
satisfy the conditions of f and J respectively in Theorem 1.1.

It is not hard to see that the Green (k, k)-currents of F and F~! are T_®T,
and T} ®T_ respectively, and they satisfy

FY(T-@Ty)=dy(T-@Ty), F (T @T-) = dp (T ©T-).

In particular, they have Holder continuous super-potentials. Let A denote the
diagonal of X x X. Then [A] is a positive closed (k, k)-current on X x X. With the
help of F', we get the following estimates.
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Lemma 3.5. There exists a constant ¢>0 such that

(o (@ o ™YW o F7)) = (s 0 Y s 1) < e(dp /6) 7"
and

(s (o o fY W o f 7)) =05 My ) < eldp /0) 7"
for all j,1 and n.

Proof. We only show this lemma holds for ¢} and v, the proofs of others are
similar. For the automorphism F, consider the sequence of currents d,; m(Fm)*[A],
which are positive closed currents of mass 1 converging to T ®T . Since dd°®; >
—3Aw and |®;|<4A2, after dividing ®7; by 442, we can assume dd°®]; >—w and

|®7;|<1. Applying Proposition 3.3 to d,>*(F")*[A], T, ®T_ and ®f, instead of
Sn, T— and ¢, we deduce that there exists a constant ¢>0 such that

(42" (B [AJA (T ©T), 0, ) — (T- O T A (T @T-), 7, ) < ed2/(dyd)) "

for all n. Here c is independent of ¢ and 1 because A is independent of them.
On the other hand, by definition, we have

(" (F") [AINT ©T2), ;) = ([A] dy, 2 (F"). [(T: 9T ) A2Ti])
= ([AINT T ), &f o F ")
=(Te AT- (¢ o )W o F7),

and
(T-@T)NTLT-), @1y ) = (@ u, D11) = (1, 1 ) {1, 7).
This finishes the proof of this lemma. [

Now we can finish the proof of Theorem 1.1 using the invariant property of u.

End of the proof of Theorem 1.1. Consider of; =2, agy=aj; =ay, =aj,=1 and
aj;=aj,=a5,=0. A direct computation gives

S (il o 0 o I oty o o f)

Gl=1,2
=(@o "YW o fTM) +B19% o fr 4B o f T+ Bapo [+ Patho T+ Bs

for some constants 5;, 1 <t<5. We now apply this identity and Lemma 3.5. Observe
that the invariance of p implies that

(@™o fEy = (u, ™) and  (p, ™o fEY = (u, ™).
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Hence the terms involving 3; cancel each other out. We obtain

(oo )W F )~ ) 0) < (0 (afiagi) )eldy/8) ™" =6e(dy/6) "

Jil=1,2

Similarly, taking v;; =2, 71+1 :7;1 :71+2 =75,=1 and 7;2 =751 ="712=0, we get

(s (o P (=00 S 7)) = s @) =) < (D2 (h+50) ) el /6) ™" = 6e(dy /6) .

J,1=1,2

The above two inequalities imply inequality (3.2) and finish the proof of Theo-
rem 1.1. [

Using the moderate property of u and the technical of replacing § by g, we
can prove Theorem 1.2.

Proof of Theorem 1.2. It is enough to prove this theorem for all negative quasi-
p-s.h. functions ¢ and . Multiplying them by some constant allows us to assume
ddcwziwv ddcwsz and <,LL7 |50‘> § 1; <,LL, |1/1|> Sl Define

©1 ::max{wa _M}a wl = maX{% _M}a

and
p2i=p—p1, P2i=¢—11.

Then ¢; and v; are bounded quasi-p.s.h. functions which satisfy dd®p;>
—w, ddi1>—w. Fix a constant dy such that max{d,_1,d,+1}<dp<d and Jy satis-
fies the same properties of § as in Theorem 1.1. Applying Theorem 1.1 to ¢; and
1, we get

‘/(wlof”)% du—(/«m du)(/wl d;L)(g(dp/ao)*”/?M?.

On the other hand, since p is moderate, by [4, Lemma 2.1] or the proof of [15,
Theorem 1.3], we get for some a>0,

lo2llnr(uy S e M2, a1 Se M2,

<efaM/2 67aM/2
~Y 7 *

l2ll 22 () V2l 22 (u) S

From the invariance of y, we have that [[pze f"||1r(u)=l02lLr(n) and [¢go
" ey =lV2llLr(u) for 1<p<oco. We do the following direct computation (see
also [15, Theorem 1.3]),

[ (s (0 F™)) = (pa 0) s )|
=[{p, (1o f+pae M) (W14+12)) — (1, p1492) (1, Y1 +1b2)|
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< s (10 )1 ) — (1) (s 1) | 4| (s (01 0 F ™)) |+ [ (s (020 F™)01)|
+ [ (s (02 0 f™)2) | 41ty 02) (s 1) [+ s 01) (s h2) [+ (12, 2) (11, 2) |
< [, (1 0 F™)01) = (s 1) (s 1) |+ M |2 | 21y + M [ 002 | 22 (1)
o2l L2 Y2l L2 +l02ll L + Y2l g+l ) 1P2l 2 )
< (dy/60) T2 M2 4 (2M 4-2)e“M/2 4 2e =M,

Taking M= (” IOg(dp/5o))/a, we obtain the estimate
(dp/éo)—n/2M2+(2M+2>e—aM/2+2€—aM 5n2(dp/50)_n/2 < (dp/é)_"/Q_

Therefore,

| [eerwan—( [ oan)( [van)| <o

The proof is finished. [

Remark 3.6. In the last step of the proof above, there is an n? appearing in
the middle before replacing dg by . It somehow represents the singularities of ¢
and . The constant ¢ in Theorem 1.1 and Theorem 1.2 can be made more explicit,
but it needs a long calculation so we chose not to do here.
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