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The doubling metric and doubling measures

Janos Flesch, Arkadi Predtetchinski and Ville Suomala

Abstract. We introduce the so-called doubling metric on the collection of non-empty
bounded open subsets of a metric space. Given an open subset U of a metric space X, the
predecessor Uy of U is defined by doubling the radii of all open balls contained inside U, and
taking their union. The predecessor of U is an open set containing U. The directed doubling
distance between U and another subset V' is the number of times that the predecessor operation
needs to be applied to U to obtain a set that contains V. Finally, the doubling distance between
open sets U and V is the maximum of the directed distance between U and V and the directed
distance between V and U.

1. Introduction

There are many ways to define a distance between two subsets U and V of a
metric space (X,d). For instance, one may consider the minimal distance between
pairs of points (z,y)eU xV, that is inf,cp yev 0(x,y). Obviously, this distance is
not usually a metric on any reasonable family of subsets of X since it equals zero
whenever the closures of U and V have points in common. Thus, if we want to
define a distance between subsets of X in such a way that it satisfies the axioms of
a metric, we need to consider more subtle definitions. In this respect, the Hausdorff
distance,

dp (U, V)=max{sup inf §(z,y),sup inf §(z,y)},
eryEV yev xzeU

is one of the most classical and most used concepts. As is well-known, it defines
a metric on the collection of non-empty compact subsets of X. Moreover, the
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space of all non-empty compact subsets of X with the metric dy inherits many
topological properties (such as compactness or completeness) from the space X.
The applications of the Hausdorff distance and its many variants are numerous and
far-reaching ranging from topology and geometry to computer vision (see e.g. [1], [2]
and [9]).

The Hausdorff distance is very robust with respect to discretizations. If X is
separable, then for any subset SCX and any &, there is a countable set S. C.S that
is e-close to S in the Hausdorff distance. Passing to such a discretization can be a
huge advantage, but, from the point of view of analysis, this causes limitations for
the usage of the Hausdorff distance. For instance, if the space X is endowed with a
measure p, there is in general no way to relate the measures of U and V based on
the Hausdorff distance of U and V alone, no matter how regular the measure y is.

In the present paper, we introduce the so-called doubling metric on the collec-
tion of non-empty bounded open subsets of a metric space. The definition is based
on an intuitive idea of a predecessor of a set. Given an open subset U of a metric
space X, the predecessor U, of U is obtained by doubling the radii of all open balls
contained inside U, and taking their union. The predecessor of U is an open set
and U CU,. The directed doubling distance from U to another set V' is the number
of times that the predecessor operation has to be applied to U to obtain a set that
contains V. Finally, the (symmetric) doubling distance between U and V is the
maximum of the directed distance from U to V and the directed distance from V' to
U. The directed and symmetric distances satisfy the triangle inequality on all open
subsets of X but need not be finite. Restricting the doubling distance to non-empty
bounded open sets, we obtain a genuine metric.

The doubling distance d has a number of important features in terms of the
fine structure of the sets U and V. Firstly, it is invariant under similarity transfor-
mations (see Lemma 2.1). Secondly, for any doubling measure, the measures of two
open sets U,V CX that are close in the doubling distance are comparable. More
precisely, it holds that

(1.1) w(U)>C=34UV) vy,

whenever p is a C-doubling measure (Theorem 2.6). Recall that a measure p on X
is C-doubling, if

(1.2) 0<u(B(z,2r)) <Cu(B(x,r)) < oco.
for all z€ X and r>0. Here B(z, ) denotes the closed ball B(z,r)={yeX : §(y,x)<
r}. Doubling measures play an essential role in modern analysis and the existence

of doubling measures supported by X is an important regularity feature of the space
X. Tt is well known (see [8]) that metric spaces that are complete and geometrically
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doubling support some doubling measures. Without the completeness assumption,
the existence of doubling measures is a subtle question, see [3], [6] and [11]. Recall
that a metric space X is geometrically doubling, if there is an N €N such that each
ball BC X may be covered by N balls with half the radius of B.

Our main result (Theorem 3.2) states that the implication in (1.1) can be
reversed in the case of the so-called simple open sets: a simple open set is a finite
union of open balls. More precisely, the result claims the following: consider simple
open sets U and V' in a metric space X, and suppose that X carries some doubling
measures. If there is a constant K <oo such that

C (V) < (V) < CF (U,

for all C'<oo and all C-doubling measures p on X, then d(U, V)<24K +8.

The paper is organised as follows: In Section 2, we introduce the doubling met-
ric along with its basic properties. We also present an equivalent game theoretic
definition, which could be of independent interest. In spaces that carry doubling
measures, we define a measure variant m of the doubling distance and prove the
basic estimate (1.1) by comparing these two distances. Section 3 is devoted to the
main result providing a sufficient condition for the comparability of the doubling
distance d and its measure variant m. In Section 4, we study continuous func-
tions between metric spaces X and Y that distort the distances d and/or m in a
Lipschitz manner. Such functions relate naturally to maps that preserve doubling
measures, quantitatively, and provide a connection to quasisymmetric maps. Fi-
nally, in Section 5, we discuss an open problem and a definition of porosity based
on the doubling metric.

Acknowledgments. We would like to thank Natalia Chernova, Marcus Pivato,
and John Levy for helpful discussions.

2. The doubling metric
2.1. Main definitions
Consider a metric space (X,d). By a measure on X we always mean a non-
negative countably additive set function on the sigma-algebra of Borel subsets of

X. Let 1<C<oo. A measure p on X is said to be C-doubling if it satisfies (1.2).
Equivalently, p is C-doubling if for each € X and r>0 it holds that

(2.1) 1(O(w,2r)) < Cp(O(a, 7)) < 0,
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where O(x,r)={y€X : §(y,z)<r} denotes the open ball of radius r centered at x.
(The two conditions are equivalent because an open ball is a limit of an increasing
sequence of closed balls, and a closed ball is a limit of a decreasing sequence of
closed balls.) We call p a doubling measure, if it is C-doubling for some C <.
We let D(X) (resp. Dc(X)) be the collection of all doubling (resp. C-doubling)
measures on X.

Throughout the paper, N={0,1,2,...}.

We proceed with the definition of the predecessor operation, and the directed
distance. For an open subset U of X define the predecessor of U to be the set

U.= U {O(z,2r) :x € X and r >0 such that O(z,r) CU}.

Consider also a set VCX. Let U?=U and for each n€N let Urti=(UP),.
Let d_,(U,V) denote the smallest number n such that V' CU}. If no such number
exists, we set d_, (U, V)=4o00. The number d_, (U, V) is called the directed (doubling)
distance between U and V. We state the following obvious properties of d_, for
future reference.

Lemma 2.1. (1) Let U be an open subset of X. Then U, is an open set
and UCU,.

(2) Let U and W be open subsets X. If UCW, then U, CW,.

(3) Let {U;:i€I} be a collection of open subsets of X and {V;:i€I} a collection
of arbitrary subsets of X. Then d_,(U;c; Ui, U;er Vi) <super d (Ui, Vi).

(4) If U is a non-empty open subset of X and if V is a bounded subset of X,
then d_,(U, V) is finite.

(5) The directed doubling distance satisfies the triangle inequality: if U, W, and
V' are open subsets of X, then d_,(U,W)<d_,(U,V)+d_(V,W).

(6) The directed doubling distance is invariant under similarity transforma-
tions. More generally, if f: X —Y is a bijection(*) such that

for all z,ye X, then

1 _d5(fU), f(V))
ST dov) =K

for all open subsets U and V' of X, where K is the smallest natural number with
K>1+log, %

(1) Note that we use the symbols §, d_, to denote the metric/directed doubling distance on
both X and Y.
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Proof. Ttems (1)—(4) are obvious.

We prove the statement (5). We can assume that the right-hand side of the
inequality is finite, for otherwise there is nothing to prove. Thus, let d_,(U,V)=n
and d_,(V,W)=m. Then VCU and W CV,™. Using (2), we see that V" CUI*™
and hence WCU™. Hence d_, (U, W)<m+n.

Finally, to prove (6), we make the following observation: For any z€X, r>0,
we have

O(f(z), Kar) C f(O(z,7)) €

implying that d_,(f(O(z,r)), f(O(z,

, 2r
:U{f(O(x,r)) :O(z,r) CU},
U{f (x,2r)) : O(z,r)CU}.

This together with (3) implies that d_,(f(U), f(U.))<K. Applying this estimate

inductively, we find that if VCU", then d_(f(U), f(V))<Kn. This shows the

inequality d_,(f(U), f(V))<Kd_ (U, V). The lower bound d_(f(U),f(V))>
~1d (U, V) follows by applying the result already obtained to f=t. [

[(O(z,2r)) CO(f(x), K22r),
)))<K. We have:

f(U)
U.)=

Remark 2.2. (a) If meN and
VC U{O(m, 2"r) : O(x,r)CU},

then it is obvious that d_, (U, V)<m. Usually, this implication cannot be reversed:
For instance, consider V'=(—2,2)CR and for any meN, let U=(—1,1)\{k2™™ : ke
Z}. Then d_,(U,V)=2, but V is not contained in the set | J{O(z,2™r) : O(z,r)CU}.

(b) There is nothing special about the constant 2 in the definition of U,. Instead
of doubling the radii of all balls contained in U, we could multiply them by any
given number >1. The distance obtained this way would be bi-Lipschitz equivalent
to the doubling distance.

Next we describe an equivalent game-theoretic definition of the directed dis-
tance. We mention this equivalent definition here, because we feel that the game-
theoretic approach might lead to other, perhaps more subtle, definitions of a metric.

Let an open subset U of X, an n>1, and a point yo€ X be given. Consider the
following n-stage game, denoted I',,(yo):

I To,To 1,71 Tn—1,Tn—-1

I Y Y2 Yn
For each i€{0,...,n—1}, the move (z;,r;)€X xR of player I is required to satisfy
0(yi, x;) <2r;; the move y;11€X of player II is required to satisfy 6(y;y1,x;)<r;.
Player I wins the game if y,, €U. Also, let T'g(yo) be a trivial game where no moves
are being made, and where player I wins if yo€U.
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Lemma 2.3. Player I has a winning strategy in Ty (yo) if and only if yo€U.

Proof. The proof is by the induction on n.

For n=0 the result is obvious. Suppose n€N is such that the result is true for
the game T, (yo), for each yo. Consider the game I';,11(yo)-

Suppose first that player I has a winning strategy in I';,11(yo). Let (zo,70) be
player I’s initial move. The legal moves of player II following (xg,7¢) are points y;
in the ball O(zg, 7). Take a legal move y; of player II. The game that ensues after
the move y; is essentially equivalent to I',,(y1), and player I has a winning strategy
there. Hence the induction hypothesis implies that y; €U]'. We have shown that
O(x9,79) CUM. On the other hand, yo€O(x¢,2ry). We conclude that yoc UM 1.

Conversely, suppose that yo€U?!. Then there are a 2y and an 79 >0 such that
Yo €O(x0,2rg) and O(xzg, o) CUZ. Notice that (zg,ro) is a legal move by player I
in T'py1(yo). Legal moves y; of player IT are restricted to the ball O(zg,rg), and
hence by the induction hypothesis, player I has a winning strategy after each such
move y;. We conclude that player I has a winning strategy in Ty y1(yo). O

We define the doubling distance between open subsets U and V' of X as
d(U,V)=max {d(U,V),d(V,U)} .

It is finite whenever U and V' are non-empty bounded open sets. We let Ux denote
the collection of all non-empty bounded open subsets of X. The following is a
consequence of the part (5) of Lemma 2.1.

Lemma 2.4. The function d is a metric on Ux.
The next lemma is a variant of the familiar 5R-covering theorem.

Lemma 2.5. Suppose that X is separable. Let U be a non-empty bounded
open subset of X. There exists a countable collection C={0(x4,74)} of pairwise
disjoint open balls contained in U such that U,ClJ, O(xa,7ra). If, moreover, §
18 an ultrametric, or if X=R, then the collection C can be chosen so that U,C

U, O(zq, 2rq).

Proof. We define a sequence of subsets U, of U, indexed by ordinals, by recur-
sion as follows: Let Uyp=U. For a successor ordinal a+1, proceed thus: Suppose
that U, has been defined. If it has empty interior, the recursion ends. If its
interior is not empty, we let p,=sup{r:there exists an = such that O(z,r)CU,}.
Choose any point z, and a number r, such that %pagra and O(x4,74)CU,. Let
Uat11=Ua\O(24,74). For a limit ordinal A, define Ux=(, ., Ua-

Notice that for some countable ordinal £ the interior of Ug is empty, for oth-
erwise X would contain an uncountable family of disjoint open balls, contradicting

separability. Thus the collection C={O0(z4,7a):a <} is countable.



The doubling metric and doubling measures 249

Now take any open ball O(z,r) contained in U, and let a<¢ be the largest
ordinal such that O(z,r)CU, (notice that « is well defined by our specification of
the limit step). Then r<p,, and hence %rﬁra. Since O(x,r) is not contained in
Ua+1, it meets the ball O(x4,74). Consequently, O(x, 2r)CO(x,, 7ry). This proves
the first claim of the lemma.

If § is an ultrametric, or if X =R, we can take C to be the collection of open
balls contained in U that are maximal with respect to set inclusion. Separability
of X guarantees that C is countable. Moreover, U=JC, and consequently U,=
U, O(za,2ry). O

The following result provides the first connection between the doubling distance
and the doubling measures.

Theorem 2.6. Let U be an open subset of X and V a subset of X with
d-(U,V)<oo. Let 1<C<oo and p€Dc(X). Then

u(U) > OOV (),
If, in addition, 0 is an ultrametric, or if X=R, then
p(U) > C= OV ().

Proof. We prove the first statement of the theorem. The second statement is
proven similarly. First we argue that for each open subset U of X it holds that

(2.2) wU) = C2u(Us).

Suppose first that U is a non-empty bounded open subset of X. Since X carries
a doubling measure, it is separable. Letting the collection C be as in Lemma 2.5
and using (2.1) we obtain:

wU) <Y wO(@a, Tra)) < Y C*u(O(za, ra)) < CPp(U).

Now let U be a non-empty open subset of X. Take any €U and notice that
U. is the limit of the nested sequence of sets (UNO(x, 1)), C(UNO(z,2)).C.... For
each n€N we have u(UNO(z,n))>C3u((UNO(z,n)).). Taking the limit as n— oo
yields (2.2).

Now let d_,(U,V)=k. Let the sequence U?, U}, ... be as in the definition of the
directed doubling distance. By (2.2) we have u(UP)>C~3u(Ur*!) for each neN.
Since UED V', we obtain u(U)=u(U%)>C=3Fu(UF)>C—3Fu(V), as desired. 0
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2.2. A distance defined using doubling measures

Let X be a metric space that carries at least one doubling measure. Recall
that a Borel set TCX is called thin or thin for doubling measures if u(T)=0 for all
peD(X).

For two Borel sets U,V C X, we define

_ For each 1<C'<o0 and each NGDC(X),}
m_(U,V)=inf{t>0: _
V) { p(U)=C~"u(V)

(where the infimum of the empty set is assumed to be 00). Also let m(U, V)=
max{m_,(U,V),m_(V,U)}.

It is easy to check that both m_, and m satisfy the triangle inequality on the
entire collection of Borel subsets of X. In general, it is perfectly possible that
m(U,V)=o0. This happens, for example, if there is some doubling measure y such
that u(U)=0 while u(V)>0. However, if U and V are non-empty bounded open
sets, then m(U,V) is finite. We state the following simple result for the sake of
completeness.

Lemma 2.7. The function m is a pseudometric on Ux.

Remark 2.8. The function m is not a genuine metric. For take two Borel
subsets of X. If the symmetric difference UAV=(U\V)U(V\U) is a thin set,
then m(U,V)=0. The converse of this statement is also true:(?) if m(U,V)=
0, then UAV is thin. To see this, let F1=U\V and E>;=V\U. If m(U,V)=0,
then for each doubling measure p it holds that p(U)=p(V') and consequently that
w(E1)=u(FEs). Suppose that u(E;)=pu(Es)>0 for some doubling measure u. Define
v(B)=2u(BNEy)+u(B\E;) for each Borel subset B of X. If p is a C-doubling
measure, v is a 2C-doubling measure, since u<v<2u. Moreover, v(F1)=2u(E)>
w(Er)=u(E2)=v(Es), yielding a contradiction.

One could obtain a metric from m in the usual way, by identifying the sets in
Ux that differ by a thin set.

We now state a basic connection between the doubling distance d and the
pseudometric m. The result follows directly from Theorem 2.6.

Corollary 2.9. Let X be a metric space that carries a doubling measure. Then
for all open subsets U, V' of X it holds that m(U,V)<3d(U,V). If, in addition, &
is an ultrametric, or if X =R, then m(U,V)<d(U,V).

(%) We are grateful to the reviewer for pointing out this equivalence, and for supplying the
proof.
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3. When are the two distances comparable?

Having observed that the estimate m(U,V)<d(U,V) holds for all open sets,
we will next turn to the main theoretical result of the paper by investigating when
d(U, V) and m(U, V) are actually comparable. It is quite easy to see that, in general,
d(U,V) can be much larger than m(U, V). As we have previously remarked, if U
and V differ by a thin set, then m(U,V)=0, but the doubling distance d(U, V)
may still be quite large. In fact, as the next example illustrates, one can construct
non-empty bounded open subsets UCV of the real line such that V\U is countable,
while the doubling distance d(U, V) is arbitrarily large.

Ezample 3.1. Let X=R. Take an M €N. Starting from an open interval VCR,
we construct an open set UCV such that V\U is countable, and d(U,V)=M.

To begin, we define an operation — on the collection Ug, which serves as a
left inverse of the predecessor operation. First take an interval (a,b). Define a
decreasing sequence Yo, y1, ... in (a,b) converging to a and an increasing sequence
Xo, X1, ... in (a,b) converging to b as follows:

Yo =

xo=7(3b+a) and zp41 =3 (2b+x,).

NN

(3a+b) and y,4+1 = %(Qa—i-yn)
1
3

We define (a,b)_ to be the set (a,b) with all the points z,, and y,, removed. Equiv-
alently, (a,b)_ is a union of the intervals (yo, o), (Yn+1,Yn), and (Zn,Zn4+1). The
points yo and xo have been chosen so that (yo, zo)«=(a,b). The rest of the sequences
have been chosen so that the left endpoint of each interval (y,,+1,yn)« is @ and the
right endpoint of each interval (2, Z,+1)« is b. This shows that ((a,b)_).=(a,b).

Now take a set U €Ug. Then U can be written, uniquely, as a union of countably
many disjoint open intervals, say (a;,b;), for i€N. We define U_={J;cy(ai, b;)—.
Then (U-).=U.

Now let V be an open interval and U=V be the set obtained from V by
an M-fold application of the operation —. Thus d(U, V)=M. But since V\U is a
countable set we have m(U, V)=0.

3.1. Statement of the main result

A non-empty subset of a metric space X is called a simple open set if it can
be written as a finite union of open balls. According to our main result, if V' and
U are simple open sets, then d(U, V) is comparable to m(U, V).

Theorem 3.2. Let X be a metric space that carries a doubling measure. If U
and V are simple open sets, then d(U,V)<4[6m(U,V)+2].
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Remark 3.3. (a) If U is a simple open set, then its closure clU is a subset
of U,. This observation plays an important role in the proof. It is not true of
general bounded open sets, as Example 3.1 shows. Moreover, this fact implies that
if U and V are simple open sets such that UV but m(U, V)=0, then d(U,V)=1.
This also explains the need for an additive term in the bound of Theorem 3.2.

(b) The assumption that U and V are both simple open sets may seem quite
restrictive at first. On the other hand, the principal application of Theorem 3.2
is Theorem 4.9. For the purpose of establishing the latter result, Theorem 3.2,
restrictive as it may seem, turns out to be sufficient.

(¢) One could extend the applicability of Theorem 3.2 further using the follow-
ing observation: suppose U, V C X are non-empty bounded open sets. Suppose one
can find simple open sets U’, V' such that the doubling distance between U and
U’ and that between V and V' is small. Then the triangle inequality for d and m
along with Theorems 2.9 and 3.2 allows one to obtain an upper bound on d(U, V)
in terms of m(U, V). See Corollary 3.4 below for a more precise formulation.

(d) We haven’t paid too much attention to optimizing the constants in Theo-
rems 2.9 and 3.2. They can be certainly improved.

For Uelx let
Cy =min{d(U,U’) : U’ is a simple open set}.

Corollary 3.4. Let X be a metric space that carries a doubling measure. For
U,V elx, it holds that

d(U,V) <73Cy+73Cy +4[6m(U,V)+2].

Proof. Pick simple open sets U’ and V' as in the definition of Cy, Cy. Applying
the triangle inequality for m together with Theorem 2.9, we have

m(U’, V') <m(U,V)+3Cy +3Cy .
Applying the triangle inequality for d and Theorem 3.2 for U’ and V' then gives
d(U, V)< Cy+Cy+dU", V") <Cy+Cy+4[6m((U', V') +2].

Putting the two estimates together yields the claim. [

3.2. The proof of Theorem 3.2
We prove that for simple open sets U, VC X,

d_(U, V) <4[6m_,(U,V)+2].
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The proof is divided into two parts. In the first part we construct a sequence
of sets U=Wy, W1, ... that serve as a proxy for the iterated predecessors of U, along
with finite partitions S, of W,,,. We remark that the first part of the proof becomes
trivial if X is the real line with its usual metric, or if it is an ultrametric space. In
these cases we could take W, to be U, and S,,, to be the coarsest partition of U™
into open balls.

In the second part of the proof we construct a measure that witnesses the de-
sired lower bound on m (U, V') in terms of d(U, V). Starting with any given doubling
measure A on X, we modify it step by step, as follows: At step m, we squeeze the
measure inside W,,, obtained thus far by a factor €, in such a way that the measure
of each element of the partition S,,41 of the set W, 11 remains unchanged. This
guarantees that the resulting measures are ¢ ~®-doubling for any m. After M steps,
where M is suitably chosen, the resulting measure of the set U behaves as ¢, while
the measure of V' remains bounded below by a positive constant independent of €.
Letting € be sufficiently small then completes the proof.

Part I: Constructing a sequence of sets. Let U be a simple open set. We
construct a sequence of pairs (Wy,Sp), (W1,81), ..., where Wy=U, and for each
méeN, W, is an open subset of X and &,, is a partition of W, into finitely many,
say n.,, non-empty Borel sets. This sequence is required to satisfy the following:

(P1) For each S€S,, there is an open ball O such that SCOCW,,.

(P2) (W) EWing1 © (Wm)il-

(P3) For each S'€S,, there is an S€S,, 1 such that S’ CS; for each S€S,,+1
there is an S’'€S,, such that S'CS.

(P4) For each S€S,,+1, the set S\ W, has a non-empty interior.

Notice that (P1) implies that W, is a simple open set, while (P3) implies that
N1 STy«

Let ng €N be the smallest number such that U can be written as a union of ng
open balls, say Oq,...,0,,. Define Wy=U. Let the partition Sp of Wy consist of
the sets So,i:Oi\UjQ- Oj for i=1,...,n9. The choice of ny ensures that the sets in
Sp are all non-empty. Clearly Sy satisfies (P1).

Suppose that meN is such that we have defined the set W,,, and the partition
Sm={Sm1, s Sm.n,, | satisfying (P1). For each i€{1,...,n,,} define

pi =sup{r: there is an x such that Sy, ; CO(z,7) C (Wy,)«}
The supremum is taken over a non-empty set since S, satisfies (P1). The supremum

is finite since W,,, and hence also (W,,)«, is bounded. Take some x; and r;>p;/2
such that S, ; CO(z;, ;) (Wi, )«
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First we argue that
(3.1) (W) CUL7 O, 3r0).

Take any open ball O(z,r)CW,,. We have z€S,, ;CO(z;,r;) for some ie{1,...,
N +. If it were the case that r; <r, we would have p;<2r, along with the inclusions
Sm.i CO(x4,7;) CO(x, 2r) S (W), )+, contradicting the definition of p;. Thus r<r;,
and therefore O(x, 2r)CO(x;, 3r;). This shows (3.1).

Secondly, for each i€{1,...,n,, }, since O(z;,r;) is contained in (W, )., we have

(3.2) U O(xy, Tri) € (W)t

Take i€{1,...,nm}. Since 2r;>p;, the set O(z;,2r;)\(Wp,). is not empty.
Consequently, the set B(z;,2r;)\ (Wi, )« is not empty. Now since W, is simple,
AW, C(Wy)«. Thus the set B(z;,2r;)\clW,, is not empty. Take a point y; €
B(z;, 2r;)\cl W,,,. Let ny,11 denote the number of distinct points among y1, ..., Yn,, -
Enumerate these points as zi,...,2p,,,,. For each ke€{l,...,n, 1} let Iy={ic
{1,..c;nm}:yi=2r}. Also let i;, denote any element of I, maximizing r; over i€ I}.

Take a k€{1,...,npm41}. Since for each i€ the ball B(z;,2r;) has a point in
common (namely z;) with the ball B(z;,, 2r;, ), and since r; <r;,_, we have

(3.3) O(z;,3r;) CO(x4,,7r;,) for each i€ I}.

Define
Wm+1 = UZZHH O(mlk ) 7rik)'

That W,,+1 satisfies the first inclusion of condition (P2) follows from (3.1) and
(3.3). That it satisfies the second inclusion of (P2) follows from (3.2).
We proceed to define the partition S,,4+1 of Wy,11.

Since the points z1, . are all distinct, and each zj is a point of O(z;, ,

vy Znan
7ri ) \cl Wy, we can choose a 5+>0 small enough that

(a) O(zk, 0) gO('rlk ) 77“ik))

(b) O(z, 0) is disjoint from cl W,,, and

(c) the balls O(21,6),...,O(2n,,,,,9) are pairwise disjoint.

We define Sy, 41 to consist of sets Sp,41.1,...; Smt1nms,- For each ke{l, ...,
Tm+1} the set Sp41 5 is built as follows: we first include the sets Sy, ; for all i€ Ty,
and the ball O(zg,d). Next we add a part of the ball O(z;,, 7r;, ) chosen so that
Sm+1,k is disjoint from the other elements of S,,41. More rigorously, we let for

k€{17 ...,nm+1},
;n+1,k = Uielk Sm,iUO0 (2, 0).



The doubling metric and doubling measures 255

Next we define
Dy = O(Iik ) 7rik)\Uj<k O(xij ) 7rij )

Finally we let Sy, 1 =57, 1 1U..US;, 1

Smt1,k = Smi1 . U(De\Spy1)-

Then W,p1=JSm+1. It remains to verify that S,,11 satisfies conditions (P1),
(P3), and (P4). Condition (P1) is satisfied since Sy,11,5CO(i,, 715, ) SWint1.
Condition (P3) holds since S, ;CSy41,% for each i€l and ke{l,...,ny,11}. To
verify condition (P4), notice that Sy,+1 x \ Wi, contains the open ball O(zy,d). This
concludes part 1.

and

Part II: Constructing a measure. Let U and V be simple open sets, and for
each meN let W,,, and S, be as in Part I of the proof (corresponding to U).

If VCWy, it follows from (P2) that d_,(U,V)<4<4[6m_(U,V)+2]. So we
may assume that V'\ W7 is non-empty. Let M denote the least natural number such
that VCWyyyo. As follows from (P2), W,, CU2™ for each meN, hence d_, (U, V)<
4(M+2). We show that for all small enough >0, there exists an ¢~ 5-doubling
measure g on X such that p.(U)<eMpu (V). This implies M <6m (U, V), leading
to the desired estimate.

To that end, let us begin by choosing any doubling measure A on X. Let
£€(0,1) and meN. For each S€S,,41 let J,,(S) denote the union of the sets
S’€S,, contained in S. Define a Borel function f,,41.: X —R as follows:

! it ng\Wm—&-l
fm+1,5(l‘) =<° if J?EWm
A(S) —eA(Tm(S)) .
A5\ T (S)) if x€ S\ Jn(S) for some SE€S,,41.

Notice that S\ J,(S)=S\W,, has a positive A-measure by condition (P4).
Let po.=A and for me{l,...,M} define a measure p,, . recursively by the
formula

tm,e(E) :/ fmedpim—1, for all Borel sets E'.
E
An easy induction shows that

(3.4) tm.e(E)=AE) for each EC X\W,,
(3.5) Wm (S)=A(S) foreach S€S,,.
Let
A(S)

K:max{m:me{o,...,M—l}, SGSm+1} .
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Notice that this constant K is independent of € and that the functions fi, ..., fare
are bounded above by K.

Let C be the doubling constant of . Take an e<C K5, We next argue
that g is doubling with the doubling constant e ~©.

Take z€X and r>0. Define a number me{0,..., M} as follows: If O(z,2r)C
W, let m be the smallest number such that O(x,2r)CW,,; and if O(z,2r) is
not contained in Wy, let m=M. We estimate pp (O(z,r)) from below and
pare(O(x, 2r)) from above.

First note that

(3.6) pare(O(x, 1)) =M= i, (O(z, 7))
(3.7) par.e(O(w, 2r)) =M= i (O(z,27)).

Indeed, if m=M, the equations are trivially true. And if m< M, they follow since
the functions fas e, ..., fm+1,c are all identically € on W,,.

First suppose that m<5. Since each of the functions f, ¢, ..., fi.- are bounded
below by ¢ and above by K <1/e, we obtain

Mm,e(o(xv T)) > 55 /\(O(l‘, 7”))
fim.e(O(z,2r)) < K°-X\O(z,2r)).

This gives

'LLM’E(O(x’T)) — ,um,a(O(l‘,’I“)) &b —5M SK 30 1>:6
NM,5(0(517727’)) B Mm,E(O(I,%)) Z K )\(O(m,QT)) Z K°C Z .

Now we turn to the case m>5. Since each of the functions f,, c, ..., fm—4a, are
bounded below by e and above by K <1/e, we obtain

(3.8) fim,e(O(z, 7))
,Um,s(O(xa 2T))

We next derive a lower bound on pi,—5..(O(z,r)). First we argue that if a ball
O(z,r/3) meets a set S€S,,_s5, then SCO(x, ). To see this, suppose that O(x,r/3)
meets some SE€S,,_5. By condition (P1), there is an O(2’,7’) such that SC
O(z',r")CWp,—5. It suffices to show that ' <r/3 since then SCO(2',r")CO(x,r).
Suppose on the contrary that r/3<r’. Then O(x,r)CO(2’,5r")C(W,,_5)3, and by
condition (P2), (W,,_5)3CW,,_a. Thus O(z,7)CWy,_a, 50 O(z,2r)C(Wy,—2)« C
Win—1, contradicting the choice of m. Hence we have shown that SCO(z,r). Using
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this inclusion for all S€S,,_5 intersecting O(x,r/3), we arrive at the estimate

pm—s.e(O(x, )W, _5) > Z fim—5.2(S)
SE€S—5:SN0O(z,r/3)#@

= > A(S)

S€Sm—5:SNO(z,r/3)#0
> AO(x, %T) NWin—s),

where the equality in the second line follows by (3.5). On the other hand, in view
of (3.4) we have

Hm—5,(O(@, 1) \Wi—5) = MO(z, 1) \ Wy —5).
Combining these estimates we obtain
(3.10) tm—56(0(z,7)) > AO(z,7/3)).

We next turn to an upper bound on pim,_s5.(0(z,2r)). First we argue that
if a ball O(z,2r) meets a set SES,,_5, then SCO(x,3r). To see this, suppose
that O(z,2r) meets some S€S,,—5. By condition (P1), there is an O(z’,r’) such
that SCO(a’,r")CW,,_5. Suppose first that r/2<7’. Then O(z,r)CO(z’,7r")C
(Win—5)2CW,,_o. Thus O(x,2r)CW,,_1, contradicting the choice of m. Hence
7’ <r/2. But then

SCO(',7")CO(x,3r),

as desired. Using this for all S€S,,_5 we obtain the estimate

Nme),s(O(xa?T)meﬁB) < Z Nme,s(S)
SESm—_5: SN0 (x,2r)#£Q

= > A(S)

S€8m_5: SNO(z,2r)£0
<XO(z,3r)NW,—5).
In view of (3.4) we also have
5,6 (O, 2r) \Win—5) = AO(z, 2r)\ Wy, —5).
Combining these estimates we obtain

(3.11) tm—56(0(z,2r)) <A(O(z,3r)).
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Thus, putting together the three pairs of estimates (3.6)—(3.7), (3.8)—(3.9), and
(3.10)—(3.11), we obtain

e (O, 7)) 5 =5 Hm=5,(0(2,7)) 5 -5 MO(z, %7"» 57-—51—4 < 6
(0022 ’ > AU 37)) r
e (00,20) B a0 2) 5 R MO T e

We have thus shown that z,/ . is e~ 6-doubling.
We argue that the ratio

NM,E(U)

(3.12) 7MM,5(V)5M

is bounded above as €]0. Since each of the functions fi,..., fa is identically
on Wo=U, we have pse(U)=e™-A(U). On the other hand, s (V) is bounded
below by a positive constant that is independent of . Indeed, V' is not contained in
Whrs1. Since VAW CV\cl Wy CV\Wyy, the interior of the set V\ Wy, is not
empty. Hence A(V\Wys)>0. Therefore ppse(V)>pinre (V\War)=A(V\Was). The
result follows.

Finally, we show that M <6m_, (U, V). For suppose to the contrary. Take ¢t such
that m_,(U,V)<t<gM. Since pirs,e €D.~(X), the ratio (3.12) is bounded below
by €%~M . However, the latter bound goes to infinity as €/0. This contradicts the
conclusion that (3.12) is bounded above. O

4. Lipschitz functions with respect to the doubling metric

In this section, we consider a continuous surjective function f: X —Y between
two metric spaces X and Y and study the induced map ®, U f~1(U), from the
collection of non-empty open subsets of Y to that of X. We also consider the
pushforward measures pof~! on Y for measures p€D(X). We are interested in
functions f satisfying some of the following conditions:

(F1) There exists a K <oo such that m(f~1(U), f~1(V))<Km(U,V) for all
sets U and V in Uy .

(F2) There exists a K <oo such that for each 1<C<oo and each peDec(X) it
holds that pof~t€Dex (V).

(F3) There exists a K <oo such that d(f~1(U), f~1(V))<K d(U, V) for all sets
U and V in Uy.

Note that the condition (F3) simply states that the map ® is Lipschitz with
respect to the doubling metric on the collection Uy. Likewise, (F1) says that & is
Lipschitz with respect to the pseudometric m on Uy . The condition (F2) says that
f preserves doubling measures, quantitatively.
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Proposition 4.1. Let f: X =Y be a continuous surjective function. Suppose
that the space X carries at least one doubling measure. Then the conditions (F1)
and (F2) are equivalent, and both are implied by (F3).

Proof. The equivalence of (F1) and (F2) is a direct corollary of the definition
of m.

Suppose that (F3) holds. Take a measure u€D¢(X) and consider an open ball
O(y,r) in Y. Then d_(f~1(O(y,r)), f~1(O(y,2r))) <K, which implies by Theo-
rem 2.6 that u(f~1(O(y,2r))) <C*E u(f~1(O(y,r))). Thus pof L€Dgsx (V). This
shows that (F3)=— (F2). O

Remark 4.2. Let us note that the implication (F3) = (F2) multiplies K by 3
and that the implications (F1) = (F2) and (F2) = (F1) both preserve K. If §
is an ultrametric, or if X =R, then also the implication (F3) = (F2) preserves K.

The following lemma simplifies the verification of condition (F3): it suffices to
check that the condition holds for pairs of concentric balls.

Lemma 4.3. Let f: X =Y be a continuous surjective function. Then f satis-
fies (F3) if and only if there exists a K <oo such that for each y€Y and each r>0
the directed doubling distance between f~1(O(y,r)) and f~1(O(y,2r)) is at most K.

Proof. Let K be as in the lemma. We argue that for Uclfy we have
(4.1) d(f~H(U), fTH(U)) S K.

To see this, let I be the set of pairs (y,r) where y€Y and r>0 such that O(y,r)CU.
For each a=(y,r) in I, let Uy,=f"1(O(y,r)) and V,=f"1(O(y, 2r)). Now we apply
Lemma 2.1: since d_,(Ua, Vo) <K for each a€l, we have d_,(|J,c; UasUper Vo)<
K. But Uye; Ua=f"1(U) and U,y Vo= (Us).

As in the proof of Lemma 2.1(6), applying the estimate (4.1) inductively, we
find that if VCU, then d_,(f~'(U), f~'(V))<Kn. This completes the verification
of (F3). O

We proceed with some examples, starting with a well-known class of quasisym-
metric homeomorphisms.

Ezample 4.4. A quasisymmetric homeomorphism f: X—Y between metric
spaces X and Y satisfies all three conditions (F1), (F2), and (F3). The fact that
quasisymmetric homeomorphisms satisfy (F3) follows directly from the estimates
in [10, Proposition 1.2]. Lemma 16.4 in [4] essentially says that quasisymmetric
homeomorphisms satisfy (F2).

Now recall that the inverse of a quasisymmetric homeomorphism is also qua-
sisymmetric. Hence, if f is a quasisymmetric homeomorphism, then the induced
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map ® is bi-Lipschitz on Uy with respect to the doubling metric. We return to this
connection in Subsection 5.1 below.

The examples below point out two features of the conditions (F1)—(F3). Firstly,
these conditions may well apply to functions that are not necessarily injective.

Ezample 4.5. Let X and Y be non-empty metric spaces, and X XY be equipped
with the supremum metric. Then the projection X xY — X, (z,y)— =z, satisfies the
condition (F3) with the constant K =1, and hence (in view of Remark 4.2), it
satisfies (F2) and (F1) with K=3.

Example 4.6. Let meN and A={0, ...,m}. Consider the space X=A" with its
usual ultrametric given as follows: §(i,j)=2"", if i=i1is... and j=j1jo... are dis-
tinct elements of ¥, and n=n(i, j) is the unique element of N such that 4;...i,,=
J1---Jn and ip417#jn+1.  Now, if we consider the backward shift o: ¥—3,
o (i142%3...)=1%213..., then the condition (F3) holds for o with the constant K=1.
Hence (in view of Remark 4.2), (F2) and (F1) also hold with K=1.

And secondly, even for an injective function f, it is perfectly possible that f
satisfies conditions (F1)—(F3) while its inverse violates them.

Ezample 4.7. Let X={x€(0,1)x[0,1):22=0 or z1=z2} and Y =(0,1)x
{0,1}, equipped, for simplicity, with the supremum metric inherited from R2. De-
fine a homeomorphism f: X =Y by letting f(x)=(z1,0) if 22=0 and f(x)=(z1,1)
if 29>0. It is not difficult to see that f satisfies (F3). To see that f~! does not sat-
isfy (F3), consider the point z=(2r,0) and the balls U,=0(z,r) and V,=0(z, 2r)
in X. Then the doubling distance between f(U,.) and f(V;.) in Y goes to infinity as
r becomes small.

Ezxample 4.8. Consider the setup of Example 4.6. A permutation homeomor-
phism is a map f=f.: ¥—=X given by f(io,i1,...)=(ir0), ir(1),--) Where 7: N=N
is a bijection. It can be checked that for such a permutation homeomorphism, the
condition (F3) holds if and only if

sup(n—r(n)) < oo.
neN

If we choose the function r so that n—r(n) is bounded from above but not from
below, then f=f, satisfies all the conditions (F1)—(F3), but the inverse f~! fails to
satisfy (F3) (in fact it also fails to satisfy (F1)—(F2), see Theorem 4.9 below).

The main result of this section is the following.

Theorem 4.9. Suppose that the metric spaces X and 'Y carry some doubling
measures, and that each closed ball in X is compact. Let f: X —=Y be a continuous
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surjective function such that the preimage of each bounded subset of Y under f is a
bounded subset of X. Then f satisfies condition (F1) if and only if it satisfies (F2),
if and only if it satisfies (F3).

Proof. Suppose that f satisfies (F1). We show that it satisfies (F3). The other
implications follow from Proposition 4.1.

Let K be as in condition (F1). We show that the condition of Lemma 4.3 holds
(with the constant 72K +8).

Take y€Y and 7>0. Under our assumptions on X and f, the set f~* (B(y,7/2))
is a compact subset of X. As it is contained in the open set f=! (O(y,r)), there
exists a simple open set U’ such that

fH(Bly, 57) CU' C 1 (O(y, 7)) -
Likewise, there is a simple open set V' such that
F7H(By,2r) SV C f7H(O(y, 4r)) -
Hence, using Theorem 3.2, we have
d(f~(O(y,r), 1 (O(y,2r))) <d(U", V")
<24m(U",V')+8
<24m (71 (O(y. 37)), f1 (O(y,4r))) +8
<T2K+38,

as required. [

5. Further remarks

We complete the paper by discussing (a) an open problem on a possible connec-
tion between quasisymmetric functions and those that are bi-Lipschitz with respect
to the doubling metric, (b) a definition of porosity based on the doubling metric.

5.1. Bi-Lipschitz functions with respect to the doubling metric

We remarked above (Example 4.4) that if f is a quasisymmetric homeomor-
phism, then both f and its inverse satisty (F3), or, in other words, the induced map
® is bi-Lipschitz with respect to the doubling metric. This leads us to ask under
what conditions the converse is also true.

Below we discuss two simple examples. The first example shows that in general,
a homeomorphism f such that both f and its inverse f~! satisfy (F3) need not be
quasisymmetric.
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FEzample 5.1. Let the metric spaces X and Y have the same underlying set
{0,1} xN. Let the metric dx on X be given by

0 ifi=j,n=m,

1 otherwise.

6X((i7n)7 (.]am)) = {

Let the metric dy on Y be given by

0 if i=j,n=m,
Sy ((i,n), (j,m)) =< 2771 if i#j n=m,
1 otherwise.

Let f be the identity map.

That the identity map is not quasisymmetric is easy to see.

Notice that the doubling distance between any two non-empty sets in X is at
most 1. We show that the doubling distance between any two non-empty sets in
Y is at most 2. This would imply that both the identity maps X —Y and Y —X
satisfy (F'3).

Consider a non-empty set UCY. Let (i,n)eU. We have Oy ((i,n),2 " 1)=
{(i,n)}. Now, the ball Oy ((i,n),27") equals the set {(0,n), (1,n)}, and it therefore
coindices with the ball Oy ((é,n),1). Finally Oy ((i,n),2)=Y. This shows that the
doubling distance between the set U and the whole space Y is at most 2. Hence the
doubling distance between any two non-empty subsets of Y is at most 2, as desired.

Of course, both spaces in the preceding example are discrete, and hence not
uniformly perfect. A slight modification of the first example yields a homeomor-
phism that carries a uniformly perfect space into a space that is not uniformly per-
fect. This contrasts with the behavior of quasisymmetric maps: as is well-known,
quasisymmetric maps preserve uniform perfection.

Ezxample 5.2. We modify the preceding example as follows: Let the metric
spaces X and Y have the same underlying set, [0,1]xN. Let the metric dx on X
be given by
la—b| if n=m,

1 otherwise.

5X((a7 n)7 (b, m)) = {

Let the metric dy on Y be given by

if n=m,

otherwise.

Sy ((a,n), (b,m)) = {§n|a—b|

Thus X is uniformly perfect, while Y is not.
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As before, let f be the identity map.

We argue that the identity map Y — X satisfies (F3). Thus consider a point
(x,n) and r>0. We are interested in computing the dy-distance between U=
Ox((x,n),r) and V=0x((z,n),2r). Consider the following three cases:

e 1<r. In this case U=V=X.

e 7<1<2r. In this case U is a subset of [0, 1] x {n}. Hence U=0Oy ((z,n),2""r).
Moreover the ball Oy ((z,n),2~"*1r) equals all of the set [0, 1] x {n}, and it coincides
with the ball Oy ((z,n),2). And Oy ((z,n),4)=Y.

e 2r<1. In this case both U and V are subsets of [0,1]x{n}. Hence U=
Oy ((z,n),27"r) and V=0y((z,n),27""1r).

Thus in all cases dy (U, V)<2.

A similar argument shows that the identity map X —Y satisfies (F3).

The examples help us fine-tune our question.

Open problem. Suppose that X and Y are uniformly perfect spaces, and
f: X—Y a homeomorphism such that both f and f~1 satisfy (F3). Is f quasisym-
metric?

We know that the answer to this question is affirmative in two special cases.

One is the case where X=Y =R with its usual metric. As is well-known (see
e.g. [5, Remark 13.20]), if a homeomorphism f: R—R satisfies (F2) (or equivalently
if it satisfies (F'3)), then it is quasisymmetric. Notice that in this case we need not
require that the inverse of f satisfies (F3).

The second special case is when X and Y are uniformly perfect ultrametric
spaces. The proof of this fact makes use of the metric characterization of quasisym-
metric maps (see e.g. [7]). We omit the details.

5.2. Porosity conditions

The doubling distance may be used in a natural way to define various concepts
of porosity. Here, we explain one of the many possibilities. Consider a closed subset
S of a metric space X and a point z€S. Define the d-porosity index of S at x as

por,(S,z)= limlionf{d% (O(y,)\S, {z}):ye X, 0<r<a, z€0(y,r)}.

We say that S is d-porous, if the d-porosity index of S at x is finite for all z€.S.
Let us compare the d-porosity with some more classical notions of porosity.
Recall that the upper porosity of S at x€S is defined by

por(S, x) =lim sup {g : O(y, 0) CO(x,r)\S for some y € O(z, T—Q)} .
rl0
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The set S is called upper porous if por(S,z)>0 for all x€S. This is, perhaps,
the most classical notion of porosity, and it has appeared in the literature under
various names and with slightly varying definitions (see e.g. [12] and [13]).

If S is upper porous, it is clear that it is also d-porous. Indeed, if O(z,r)\S
contains a ball of radius 27 %7, then d_, (O(z,7)\S, {z})<k. However, it is possible
that S is (uniformly) d-porous, even if it is not upper porous. For instance consider

11
= | J{-——, — ' CR.
S=1{0}y { k+1’k+1}—R
keN

Then d_,(O\ S, {z})<2 for all z€S and all balls O containing x. However, it is easy
to see that por(S,0)=0.

As the above discussion indicates, d-porosity is, a priori, a weaker condition
than upper porosity. Nevertheless, it can be shown that each d-porous set is o-upper
porous and thus d-porous sets share many properties with upper porous sets. For
instance, any d-porous subset S of X is thin.

Let us briefly discuss a global variant of the d-porosity. Let us say that a
bounded set SCX is (d, my)-porous, for a sequence m, €N, if there are open sets
V,CX disjoint from S such that | J,, V5, is bounded, }_ _y1[V}] is bounded (for
some N, each point in X belongs to at most N of the sets V,,) and d_,(V,,, S)<m,,
for all neN.

It can be shown that this is a generalization of the notion of (a.,)-porosity
introduced in [3]. Given a sequence (o, )nen With 0<ay, <1, the set S is said to
be (ay,)-porous if there is a constant N€N and a sequence of (finite or countably
infinite) coverings B, ={O(zy j,n )} of S by open balls with the following prop-
erties: each ball O(x,, ;,7, ;) contains a sub ball O(y, j, @nrn. ;) CO(Xn, i, Tn, i) \S,
each point of X belongs to at most N different balls O(yn j, anry,;), and the set
U, O@nj,mn,5) 18 bounded.(*)

One can show that if o, =27"»%1 with m,,>2 and S is (a,)-porous, then it is
(d, my,)-porous.

Remark 5.3. Suppose that SC X is compact, all closed balls BC X are compact,
meN, and for all x€ .5, the d-porosity index of S at z is at most m. Using elementary
covering arguments, we may conclude that S is (d,m,)-porous with the constant
sequence m,=m.

We provide a variant of [3, Lemma 4.1] for (d, m,,)-porous sets.

Proposition 5.4. If Y _e"" =00 for all €>0, then each (d,my,)-porous
Borel set SCX s thin.

(®) This last assumption is implicit in [3, Lemma 4.1].
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Proof. Let n€De(X). Suppose that S is a (d,m,)-porous Borel set and let
> nen HVa]<N. Using Theorem 2.6, we get

D ou(S)CTEm <N (Vo) < Np( Vi) -

neN neN neN

Since |J,, Vi is bounded, the right-hand side of the estimate is finite. On the other
hand, Y~ . C ™3™ =o0. This is possible only if pu(S)=0. O
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