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Rectifiability, interior approximation and
harmonic measure

Murat Akman, Simon Bortz, Steve Hofmann and José Maria Martell

Abstract. We prove a structure theorem for any n-rectifiable set ECR"*1 n>1, satisfying
a weak version of the lower ADR condition, and having locally finite H™ (n-dimensional Hausdorff)
measure. Namely, that H™-almost all of £ can be covered by a countable union of boundaries
of bounded Lipschitz domains contained in R*t1\E. As a consequence, for harmonic measure
in the complement of such a set E, we establish a non-degeneracy condition which amounts to
saying that H™|g is “absolutely continuous” with respect to harmonic measure in the sense that
any Borel subset of F with strictly positive H™ measure has strictly positive harmonic measure
in some connected component of R\ E. We also provide some counterexamples showing that
our result for harmonic measure is optimal. Moreover, we show that if, in addition, a set E as
above is the boundary of a connected domain QCR"t! which satisfies an infinitesimal interior
thickness condition, then H"|gq is absolutely continuous (in the usual sense) with respect to
harmonic measure for 2. Local versions of these results are also proved: if just some piece of the
boundary is n-rectifiable then we get the corresponding absolute continuity on that piece. As a
consequence of this and recent results in [AHM3TV], we can decompose the boundary of any open
connected set satisfying the previous conditions in two disjoint pieces: one that is n-rectifiable
where Hausdorff measure is absolutely continuous with respect to harmonic measure and another
purely n-unrectifiable piece having vanishing harmonic measure.
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1. Introduction

The connection between regularity of the boundary and properties of harmonic
measure for a domain has been studied extensively; we recall a few relevant results.
In [RR] it was shown that if QCR? is simply connected with rectifiable boundary,
then arc-length measure ¢ and harmonic measure w are mutually absolutely con-
tinuous. In contrast to the simply connected case, in [BJ] it was shown that there
exists a domain in R? which is the complement of a (uniformly) 1-rectifiable set,
for which w fails to be absolutely continuous with respect to 0. A quantitative
version of the result of [RR] was obtained in [Lav]. In higher dimensions, it was
shown that for Lipschitz domains [Dah], and chord arc domains [DJ], harmonic
measure and surface measure are quantitatively mutually absolutely continuous (in
the sense of the Muckenhoupt A, condition). On the other hand, we know that
the analogue of [RR] fails to hold in higher dimensions. Wu [Wu] and Ziemer [Zie]
produced examples of topological 2-spheres in R3 with locally finite perimeter in
which harmonic measure fails to be absolutely continuous with respect to surface
measure and surface measure fails to be absolutely continuous with respect to har-
monic measure respectively. More recently, in [Bad], the author proved that surface
measure o is absolutely continuous with respect to w in an NTA domain  with
locally finite perimeter, thus replacing the upper Ahlfors-David regularity (“ADR”)
condition on 9 assumed in [DJ] by a weaker qualitative condition, namely, local
finiteness of o (the lower ADR bound holds automatically for NTA domains, by the
local isoperimetric inequality). A refinement of the result in [Bad] was obtained in
[Mou], where it is shown that for a uniform domain of locally finite perimeter, with
rectifiable boundary satisfying the lower ADR condition, surface measure is again
absolutely continuous with respect to harmonic measure. Independently, [ABHM]
obtained this result (as well as its converse) assuming “full” (i.e., upper and lower)
ADR.

Let us point out that in all of the results just mentioned (aside from the counter-
example constructed in [BJ]) there is some strong connectivity hypothesis (i.e., sim-
ple connectivity or the Harnack chain condition), and in higher dimensions a special
quantitative openness condition (the so-called “corkscrew” condition). Furthermore,
in light of the Bishop-Jones example, strong connectivity of some sort seems to be
necessary to obtain absolute continuity of harmonic measure with respect to surface
measure. Indeed, the Bishop-Jones domain itself is connected(!), satisfies an inte-
rior corkscrew condition, and has a uniformly rectifiable boundary (in particular,
arclength measure on the boundary is Ahlfors-David regular), yet harmonic measure
has positive mass on a set of arclength measure zero. By contrast, in this paper we

(1) Of course it is not simply connected, nor does it satisfy the Harnack chain condition.
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show, for a large class of open sets in R”t!, n>1, not necessarily connected, with
rectifiable boundaries and locally finite perimeter, that harmonic measure cannot
vanish on a set of positive surface measure. More precisely, in our main result, The-
orem 2.1, we show that if E is a closed n-rectifiable set satisfying some weak local
version of the lower ADR condition, and on which Hausdorff H™ measure is locally
finite, then the surface measure o:=H"| g is “absolutely continuous” with respect to
harmonic measure for R"*1\ E in the sense that any Borel subset of E with positive
surface measure has non-zero harmonic measure in at least one of the connected
components of R\ E. Assuming in addition that E=05) is the boundary of a
connected open set ) satisfying a weak version of an interior corkscrew condition,
we prove in Theorem 2.5 that o is absolutely continuous (in the usual sense) with
respect to harmonic measure for 2. The weak corkscrew condition of Theorem 2.5
is an “interior thickness” condition which guarantees that at infinitesimal scales
any ball centered at the boundary captures a non-degenerate portion of the set.
In particular, the domain constructed in [BJ], for which harmonic measure fails to
be absolutely continuous with respect to o, nonetheless has the property that o is
absolutely continuous with respect to harmonic measure.

The proof of Theorem 2.1 relies on a structure theorem (Theorem 2.3), which
allows us to cover H™-almost all of E' by a countable union of boundaries of bounded
Lipschitz domains contained in R"*1\ E. A similar structure result is involved in the
proof of Theorem 2.5. The novelty of these structure results is of course the fact that
the Lipschitz domains are subdomains of R" ™\ E (or of Q in the case of Theorem
2.5), since n-rectifiability already entails coverage H™-a.e. by Lipschitz graphs. This
approximability by Lipschitz subdomains allows one to use the maximum principle
along with Dahlberg’s Theorem [Dah] to obtain the conclusions of Theorems 2.1
and 2.5. We note that the proofs in [DJ] and [Bad] (see also [Azz]) are also based on
constructive approximation by Lipschitz subdomains, so in some sense the present
paper may be viewed as a qualitative version of those works. Let us mention in
addition that our methods have much in common with the proof of McMillan’s
Theorem given in [GM, pp 207-210]. Somewhat more precisely, McMillan’s Theorem
says that for a simply connected domain QCR?, the set K of “cone points” of
0N is rectifiable, and harmonic measure w and arc-length measure o are mutually
absolutely continuous on K. Here, z€0f) is a cone point if there is a truncated
open cone I' with vertex at x, such that T'C{. Although simple connectivity is
used strongly to establish the direction w< o in McMillan’s theorem, the proof also
contains an implicit structure theorem for the cone set K, which does not really
require simple connectivity. This structure theorem allows one to construct an
open subset(?) Q' CQ, with a rectifiable boundary such that 9Q'NON=E, for any

(?) The open set Q' is a simply connected domain in the case that Q is simply connected.



4 Murat Akman, Simon Bortz, Steve Hofmann and José Maria Martell

ECK. Our structure theorem in higher dimensions says that in the presence of our
background hypotheses (including rectifiability of F), then o-a.e. point on 91 is a
cone point, and moreover, the cone set may be covered by the union of boundaries
of a countable collection of Lipschitz subdomains of R**1\ E.

In Section 5, we present two examples of rectifiable sets which fail to satisfy
either the locally finite perimeter or the local lower ADR, assumptions, and for which
surface measure is not absolutely continuous with respect to harmonic measure.

Finally, in Appendix A, we present some local versions of the previous results
where absolute continuity holds in the rectifiable portions of 92. As an immediate
consequence of this and [AHM?*TV] we obtain that for any connected set whose
boundary has H"-locally finite measure and satisfying the mentioned weak lower
ADR and “interior thickness” conditions, one can decompose its boundary in a
good and a bad piece. The good piece is n-rectifiable and Hausdorff measure is
absolutely continuous with respect to harmonic measure. The bad piece is purely
n-unrectifiable, and has vanishing harmonic measure.

2. Main results

We now state our main result which gives that surface measure is absolutely
continuous with respect to harmonic measure provided the set has locally finite
surface measure, satisfies a weak lower ADR condition and it is n-rectifiable (see
Section 3 for the precise definitions):

Theorem 2.1. Let ECR™! n>1, be a closed set with locally finite H™-mea-
sure satisfying the “weak lower ADR” (WLADR) condition (see Definition 3.3 be-
low). Under these background hypotheses, if E is n-rectifiable (cf. Definition 3.1)
then H"|g is “absolutely continuous” with respect to harmonic measure for R"1\ E,
in the sense that if FCE is a Borel set with H"(F)>0, then wX(F)>0 for some
XeRI\E.

Remark 2.2. Let us note that in the previous result the “absolute continuity”
property needs to be interpreted properly, as we are comparing one measure o with
the collection of harmonic measures {wX} xern+1\g- An equivalent formulation of
the conclusion is that if FCE is a Borel set with w™ (F)=0 for every X eR"+1\
E, then necessarily H"(F')=0. One can restate this in terms of genuine absolute
continuity of H"|g with respect to an averaged harmonic measure:

H'p € & := ZQ*’“%,
E>1
where wk:wgz
Xk €Dy, and {Dy }r>1 is an enumeration of the connected components of R"'H\E .

is the harmonic measure for the domain D with some fixed pole



Rectifiability, interior approximation and harmonic measure 5

Our main result will follow easily from the following structural theorem which
says that under the same background hypotheses we can cover E by boundaries of
Lipschitz subdomains of R**1\ E.

Theorem 2.3. Let ECR" ! n>1, be a closed set with locally finite H™-mea-
sure satisfying the WLADR condition. Then, E is n-rectifiable if and only if there
exists a countable collection {Q;}; of bounded Lipschitz domains with Q; CR" T\ E
for every j, and a set ZCE with H*(Z)=0 such that

(2.4) EcZu(Uan).

As mentioned above, the innovation in Theorem 2.3 is the fact that each Q; is
contained in R" ™1\ E, otherwise this would be the standard covering of a rectifiable
set by Lipschitz graphs. Theorem 2.1 will follow almost directly from Theorem 2.3
and Dahlberg’s Theorem for Lipschitz domains (Theorem 3.13), by the maximum
principle. Additionally, one may view Theorem 2.3 as a qualitative version of the
results in [BH].

Our next results deals with the case on which one starts with a domain
and seeks to approximate its boundary by interior Lipschitz subdomains. This in
particular leads to obtain that surface measure is absolutely continuous with respect
to harmonic measure for (2.

Theorem 2.5. Let QCR"!, n>1, be an open connected set, whose boundary
0 has locally finite H™-measure. Assume that O satisfies the WLADR condition
(see Definition 3.3 below). Assume further that H™(0Q\04+Q)=0 where 0+ Q is the
Interior Measure Theoretic Boundary (cf. Definition 3.6). Then, O is n-rectifiable
if and only if there exists a countable collection {Qijnt }; of bounded Lipschitz domains
with Qij“tCQ for every j, and a set ZCOQ with H™(Z)=0 such that

(2.6) anZu(UaQ;nt).

As a consequence, if O is n-rectifiable (and Q satisfies the background hypothe-
sis above) H"|pq is absolutely continuous with respect to w, where w=wX is the
harmonic measure for Q0 with some (or any) fized pole X €9).

Remark 2.7. The connectivity assumption here is merely cosmetic. If {2 were
an open set rather than a domain then the conclusion would be that H"|sq is
absolutely continuous with respect to w in the sense that if FFCOf) is a Borel set
with H*(F)>0 then w* (F)>0 for some X€Q (or any X in the same connected
component).
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Remark 2.8. Note that (2.6) implies that 9Q\0,QCZ and hence condition
o (00\04+2)=0 is necessary for the approximation of Q by interior Lipschitz sub-
domains.

As a corollary of Theorem 2.5 and the results in [AHM?TV] we have the follow-
ing characterization of n-rectifiability in terms of properties of harmonic measure.

Theorem 2.9. Let QCR"™!, n>1, be an open connected set, whose boundary
O has locally finite H™-measure. Assume that O satisfies the WLADR condition
and that the Interior Measure Theoretic Boundary has full H™-measure. Then 02
is n-rectifiable if and only if H™|sq is absolutely continuous with respect to w, where

w=wX is the harmonic measure for @ with some (or any) fized pole X €9).

Let us point out that this equivalence has been shown in [ABHM] in R"*!,
n>2, under stronger assumptions (namely, for uniform domains of locally finite
perimeter with boundary satisfying the lower ADR, condition).

3. Preliminaries

Throughout the paper we work in R"*!, n>1. H™ will denote the n-dimen-
sional Hausdorff measure. We will work with closed sets ECR™*! in which case we
write o:=H"| . We will also consider open sets QCR" ! not necessarily connected
unless otherwise specified. In such case we shall write o:=H"|sq.

Definition 3.1. (Rectifiability) A set ECR""! n>1, is called n-rectifiable
if there exist n-dimensional Lipschitz maps f;:R" —R"*! such that

(3.2) e (E\U fi(IR{")) =0.

We next introduce a notion that is weaker than the well-known lower ADR
condition:

Definition 3.3. (Weak Lower ADR (WLADR)) Let ECR"! n>1, be
a closed set with locally finite H™-measure. We say the surface measure o:=H"|g
satisfies the Weak Lower Ahlfors-David regular condition (WLADR) if
o(E\E,)=0 where FE, is the relatively open set

H™(B NE
34) FBo=lsep: e A BOINE)
y€B(z,p)NE rm
0<r<p

>0, for some p>0

Let us recall that E is lower ADR if there exists a constant ¢>0 such that
o(B(z,r)NE)>cr™ for all x€E and re(0,diam(E)). Note that this is clearly
stronger than WLADR. Also, if E satisfies the lower ADR condition “locally for
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Q,
Qq
B(0,r) N 0Q,
B(0,r) N 0Q,
0 0
Q, when a < 1 for r small Q, when a > 1 for r large

Figure 1.

small scales” (that is, if for every R the lower ADR condition holds on ENB(0, R),
albeit with constants depending on R, for all 0<r<rp for some rr<R) then
WLADR holds. The WLADR condition says that for o-a.e. x€F there exists a
small ball B, center at x and a constant ¢, such that the lower ADR condition
holds for all balls B’C B, with constant c,. This in particular allows us to deal
with cusps where the lower ADR condition fails as the radius approaches 0 (see
next remark). Let us finally observe that WLADR is strictly stronger than the set
having positive lower density H™-a.e.

Remark 3.5. There are examples of “nice” domains whose surface measure
satisfies the WLADR condition but the lower ADR and/or the lower ADR condition
“locally for small scales” fail. Let Q€R"*!, n>2 be the domain above the graph
of the function |-|* with a€(0,00)\{1}, that is , Qo ={(2', xp+1) ER" xR:zp 41>
|#’|*}. When a>1 the lower ADR condition fails at 0 since o(B(0,7)NdQy,)/r™—0
as r—o0. However, it is easy to see that the lower ADR condition holds “locally for
small scales” and hence WLADR follows. For a <1, there is a cusp at 0, and one can
see that the lower ADR condition at small scales fails since o(B(0,7)N9,)/r™—0
as r—07. However, one can easily obtain the (0 ).=09,\{0} (recall the notation
in Definition 3.3) and hence the WLADR condition holds. See Figure 1.

Our next definition introduces a subset of the boundary of a set in the spirit
of the measure theoretic boundary (see [EG, Section 5.8]) but, here we only look at
the infinitesimal behavior from the “interior”.

Definition 3.6. (Interior Measure Theoretic Boundary) Given a set
QCR"!, the Interior Measure Theoretic Boundary 9, is defined as

. |B(z,7)NQ }
3.7 0:0:=32€0Q: limsup ———————— >0
(3.7) + { PP B, )]
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Let us note that if an open set {2 satisfies a local (interior) corkscrew condition
at €9, that is, if there is 0<r, <diam(9Q) and 0<c,<1 such that for every
0<r<ry there exists B(Xp(y,r), ¢z ) CB(z,7)NEQ then clearly x€0 .

Remark 3.8. Consider the domains €2, as in Remark 3.5. If a>1, Q, does not
have interior corkscrews (for very large scales, the domain is too narrow and one
cannot insert a ball of comparable radius), but it does have interior corkscrews for
small scales. Hence 04Q=00. When a<1, one can see that 0, Q=00Q\{0}: with
the exception of 0 there are interior corkscrews for small scales, but at 0 not only
corkscrews fail to exist but also the lim sup becomes 0.

Definition 3.9. (Truncated Comes) If z=(2,z,,1)ER"! then we write
I, o (2) for the open truncated cone with vertex at z, with axis e,+1, in the direction
en+1, with height h>0 and with aperture a€(0,7), that is,

Fh a( )
= {y (W ynt1): W' =2 < (Yn+1—2n41) tan(a/2), ypi1 € (Zn+1,2n+1+h)}-

We will often suppress o as what will matter is that the aperture is some fixed
positive number. We will sometimes use the notation I'" (in place of T') and T'~ for
the truncated cones in the direction e, +; and —e, 41 respectively, this will only be
necessary for the proof of Theorem 2.5.

The following result can be found in [Mat, Theorem 15.11] with the additional
assumption that H"(E)<oo, however since the n-linear approximability is a local
property it immediately extends to any E having locally finite H™-measure.

Theorem 3.10. (n-linear approximability, [Mat, Theorem 15.11]) Let EC
R™*! be a n-rectifiable set such that H™|g is locally finite. Then there exists EgCE
with H™(Ep)=0 such that if x€ E\Eqy the following holds: for every n>0 there
exist positive numbers r,=r,(n) and Ay=A(n) and a n-dimensional affine subspace
P,=P,(n) such that for all 0<r<r,

(3.11) H"(ENB(y,nr)) > X\er™, forye P,NB(x,r)
and
(3.12) H"((ENB(x,r)\P{"™) <mr™.

Here P is an nr-neighborhood of Py, that is, pm ={yeR" " :dist(y, P.)<nr}.

Theorem 3.13. (Dahlberg’s Theorem, [Dah]) Suppose Q is a bounded Lips-
chitz domain with surface measure o:=H"™|gq then the harmonic measure associated
to Q, w, is in Ax(do). In particular, harmonic measure and surface measure are
mutually absolutely continuous.
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4. Proofs of the main theorems

We shall require two auxiliary lemmas. As mentioned in the introduction, our
arguments here are similar in spirit to the proof of McMillan’s Theorem as given in
[GM].

Lemma 4.1. (Existence of Truncated Cones) Let ECR"! be a n-recti-
fiable set with locally finite surface measure, write c:=H"|g and use the notation
in Theorem 3.10. Given x€ E\ Ey assume that there exists py,c, >0 such that

(4.2) o(B(y,r)NE)>cy 1", VyeB(z,p)NE, 0<r<p,.

For every 0<n<mng(c,):=min{274" 2}, there exists a two sided truncated cone with
vertex at x, height h(n):=n min{r.(n), ps} and aperture a(n):=2 arctan (n_ﬁ/
2)>7/2 which does not meet E. (Note that a(n)—7 as n—07.)

We would like to call the reader’s attention to the following fact. It is well-
known that rectifiability is not affected by adding/removing sets with null H"™-mea-
sure. Hence we could augment E by adding a countable dense set in R**! and the
resulting set will meet any truncated cone. This does not contradict the conclusion
of Lemma 4.1 since (4.2) will not hold for the new set as it requires to have a lower
ADR condition for all small balls near x with the same constant c,.

Proof. Without loss of generality we may take =0 and P,=R"x{0}. Given
0<n<mo(cy) we are going to see that Ty oy (0) CR* T\ E with h(n) and a(n)
are in the statement. Notice that a(n)>7/2 from the choice of 7 and also that
a(n)—m as n—07. A similar argument shows existence of similar truncated cone
in the direction of —e, 1. Suppose (for the sake of contradiction) that there exist
re€(0,h(n)) and z€ D, NE where

(4.3) DT:{z:(z’7zn+1): Znp1=n7T, |z’|<g}
Then since n0§2_4" it follows that

(4.4) ENB(z,n%r) C (ENB(0, 7))\ P,
On the other hand, the fact that ny<c2 yields

(4.5) a(EﬂB(z,nﬁr)) zcwn%r" >nr’,

which together with (4.4) contradicts (3.12). O
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Lemma 4.6. (Existence of Interior Truncated Cones) Let Q be an open
set and whose n-rectifiable boundary, 0SY, has locally finite surface measure H™|gq.
Assume that €I\ (9Q). (recall the notation in Definition 3.3) satisfies the hy-
pothesis of Lemma 4.1 with E=09, p, and ¢, as above. Given >0 there exists
fo="jo () <no(cz) such that if 0<n<ty and

. |B(x,r)NQ|
4.7 limsup ——————>¢
0 P TR
then one of the cones constructed in Lemma 4.1 must be in the interior of Q.
Proof. We may assume again that =0 and P,=R"x {0} and let 0<n<7jy<

no(cs), where 7jp is to be chosen momentarily. If 0<r<h(n) then by a rescaling
argument

+ - + -
(4.8) B Ay, am Y nmam)| _ 1BERMNTL 4 a6 L rm.am)]
|B(z,r)| |B(z, h(n))]

and since a(n)—m as n— 07 one sees that

n _
|B(x, h(n))\ (Fh(n),a(n) UFh(n),a(n))|
|B(x,r0(n))|

as n—07. Choosing g sufficiently small (depending on ¢) we have that

(4.9) 10

+ —
B RN a0 W nm.em)| _ P
|B(x, h(n))|
for any fixed 0<n<7y. On the other hand by (4.7) there exists 0<r<h(n) such
that

(4.10)

|B(x,r)NQ|
———— >¢
|B(z,r)]
It follows from (4.8), (4.10) and (4.11) that at least one of the cones must meet
Q). Recall that neither of the cones meet E=09¢), hence one of the cones must be

(4.11)

interior. O

Proof of Theorem 2.3. We show that E being n-rectifiable implies (2.4) (the
other implication is trivial). Choose {v,,}M_, CS™ (the unit sphere in R"*!) such
that for every v€S™ there exists v,,, 1<m<M, such that angle(v,v,,)<w/8. Set
Pm::V,J,:L, 1<m<M.

Let us recall the definition of E, in (3.4) and note that for every xz€ E, there
exists ¢z, p, >0 such that

o(B(y,r)NE)>c, ", Vy € B(x, p)NE, 0<r<p,.
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We use Theorem 3.10 and its notation. For every k€N an 1<m<M we set
(4.12)  G(k,m):={z € B,\Eo:max{cy, ps, 72} > 27", angle(Py,, P,) <m/8}.

Notice that setting Z=(E\ E.)UFEy we have that o(Z)=0. Also,

(4.13) E:ZU( LAj U G(k,m)).

m=1keN

Hence, (2.4) follows at once if we show that each G(k,m) can be covered by a
countable union of boundaries of bounded Lipschitz domains missing E.

Fix then k€N and 1<m<M and we work with G=G(k, m). By rotation,
we may assume without loss of generality that P, =e;, ;. Write 7;,:=n0(27") (see
Lemma 4.1) and note that by Lemma 4.1 and the definition of Gy, it follows that if
0<n<mny, then for every x€G the cone with vertex at x, axis e,4+1 (in the direction
of e,41), aperture a(n)/2 aperture and height h(n)/2 misses E. At this stage we fix
0<n<ni and write Iy, =T}, o, Where ho=h(n)/2 and ag=a(n)/2. What we have
obtained so far is that 'y, (z) CR"™\ E for every z€G. Now define the “slices”,
Sy, for (€7, as follows

(4.14) Sy = {X: (X1, Xpg1) ER™H X0 € [5 ]11—8, (€+1)%) } .

Set Fy;:=GNS,. Let m be the projection of R"*! onto R" defined by my(z)=
7o', xpy1)=2". Now let pj €N be chosen so that the diameter of a n-dimensional
cube of sidelength 2777 is less than % tan(co/2) and let D, be the collection of
closed n-dimensional dyadic cubes with sidelength 2777.

Claim. For every Q€D),, such that 75 (Q)NF#0,
ho h
(4.15) Qqe= | Fho(x)ﬂ{(z’, Znp1) ER™ iz < (@+1)%+7"}
zeT 1 (Q)NF,

is a bounded star-shaped domain with respect to a ball and hence a bounded Lips-
chitz domain.

Proof of Claim 4. Without loss of generality we may assume {=—1. Let yg be
the center of ( and set Yo =(yq, 22). Take an arbitrary z=(2/, z,41)€my ' (Q)NFy.
Since

h
(4.16) Fmax(x) :=Tp, (m)ﬁ{(z', Zngp1) ER™L 20 < 70}
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is convex, it suffices to show that B(Yg, R) CI'yax(z) for some R independent of .
Note that I's, (2/,0) CI'max(z), so we instead show that B(Yy, R)CI'w, (27,0) for
some R independent of z’. Recall that

(4.17) T,
2

(2',0)={(2', 2n41) : |2’ —2'| < zny1 tan(ao/2), zp41 € (0, %)}

so that K, ={(#, %):\z’—aﬂ < % tan(ag/2)} is a compact subset ofF%l (z,0). Set

1
(4.18) R:= idist (Kx,,ar%l(x’,())) >0

and notice that R has no dependence on 2’. Also, by choice of p;, we have that |yo—
2’| <% tan(ap/2). Hence Y€K, and B(Yq, R)Cl"h70 (2,0) CTmax(x) as desired.
For a proof that bounded star-shaped domains with respect to a ball are bounded
Lipschitz domains see [Maz, Section 1.1.8]. O

Once the claim is proved we observe that by construction, 7=1(Q)NF, CIQqg ¢,
to see this we need only to observe that if zq, 2o € Fy then 2o ¢TIy, (21), since ', (21)
does not meet E. Then we have that

(4.19) G={Jrcly U 9.
£

¢ QeD,,
where we take Qg (=0 if 7= 1(Q)NF,=@. This completes the proof. [

Proof of Theorem 2.1. Let ; be as in the statement of Theorem 2.3 and FFCE
be such that o(F)>0. Then there exists ; such that o(FNoQ;)>0. Pick X€Q;C
RN\ B let ng be the harmonic measure for ; with pole at X and w*X be the

harmonic measure for R**1\ E with pole at X. By the maximum principle and
Dahlberg’s Theorem (Theorem 3.13) it follows that

(4.20) WX (F) > w (FNo%,) >0,
and the proof is complete. [

Proof of Theorem 2.5. We first show that 9Q being n-rectifiable implies (2.6)
(the converse is trivial). For every z€0f) we set

. |B(x, )N
Te :=limsup ——————
r—0+ |B(I,T)|

and recall that 9;Q={x€dQ: 7,>0} and, by hypothesis, o(9Q\9,Q)=0.
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We follow the proof of Theorem 2.3 with E=0f2 with the following modifica-
tions. The set G(k,m) is now defined as

G(k,m):= {x € (09),\(09)¢ : max{cy, pu, T2, 7o} > 27", angle(P,,, Py) < 77/8}

so that (4.13) holds where now Z=(9Q\ ((09).N.Q))U(9)o which again satis-
fies 0(Z)=0 (recall that (0f2). and (0)¢ given respectively in Definition 3.3 and
Theorem 3.10). Again we just need to work with some fixed G(k, m). Now we pick
nk=70(27%) (see Lemma 4.6) and take 0<n<mn. Next, we construct the domains
as in the proof of Theorem 2.3. Recall that in that construction we used the cones
Th,
also in (4.15) we put QZ) ¢ in place of Qg ;. We know already all these are bounded

in the direction e,4+;. To emphasize this, let us write the cones as F:O and

Lipschitz domains. We then may repeat the construction using the cones I'; (in
the direction —e, 1) with the appropriate change in (4.16) and obtain that Q(Z),l is
another bounded Lipschitz domain. Note that by Lemma 4.6, for every z€G(k, m),
we have 7, >27% and then either FZO (z) or I'y, () is contained in Q. This implies
that, if 7= 1(Q)NF,#Q, either QZ) ¢ or €5, is contained in  (recall that both Qg ’
and Q, , connected domains that do not meet 9Q) and we write Q" for the one
that is contalned in Q (if both have this property we just pick one) As before,

(Q)ﬂFgC@Qgtl, to see this we observe that if 21, 2o € Fy then 25 ¢Fh0(z1) since
I‘i(zl) does not meet E=0%2. Then much as before

(4.21) G= UFch J ook,

¢ QeD,,

where we take 98&26 if 771(Q)NFy,=@. This shows that 9§ can be covered by
the boundaries of interior bounded Lipschitz domains, the proof that o< w is just
as in the proof of Theorem 2.1. O

Remark 4.22. From the proof of Theorem 2.3 one can see that given a closed
set ECR™ ML if we write £ for the subset of E containing all “cone points” (z€FE
is a cone point if there is a truncated open cone I' with vertex at xz, such that
ICR™\E) then one has £CU;09; where the ,’s are bounded Lipschitz sub-
domains of R"™1\ E. Hence, for any FCE with H"(F)>0 there is X cR""1\ E
for which w¥ (F)>0. Note that the hypotheses in Theorem 2.1, 2.3, with the help
of Lemma 4.1, guarantee that £ has full H"-measure on FE. Analogously in the
context of Theorem 2.5, if we take the set of “interior cone points” (i.e., cone points
whose associated cone is contained in §2) we can cover it by boundaries of bounded
Lipschitz subdomains contained in €2 and we get the corresponding absolute conti-



14 Murat Akman, Simon Bortz, Steve Hofmann and José Maria Martell

nuity. Again the hypotheses of Theorem 2.5 yield, after using Lemma 4.6, that the
“interior cone points” have full H"-measure on 0f).

5. Counterexamples

In this section we produce examples of domains with rectifiable boundaries for
which surface measure fails to be absolutely continuous with respect to harmonic
measure. The first example is a domain that does not have locally finite perimeter
and the second one, based on a construction presented by Jonas Azzam in January
2015 at ICMAT (Spain), fails to satisfy the WLADR condition. These examples
show that in Theorem 2.5 we cannot drop any of our background hypotheses. As
we will observe below the same constructions allow us to obtain that in Theorem
2.5 we cannot also drop any of our background hypotheses.

Let us point out that the assumption 02 being n-rectifiable is also necessary
by Theorem 2.9. We further note that in [ABHM, Section 4] there is an example in
R3 of a domain which is 1-sided NTA (in particular it is connected and the Interior
Measure Theoretic Boundary has full H"-measure) and its boundary is ADR, (hence
it has locally finite H™-measure and the WLADR condition holds). The boundary is
not rectifiable (it is a cylindrical version of the “4-corner Cantor set” of J. Garnett)
and surface measure is not absolutely continuous with respect to harmonic measure.

In what follows, for a given domain  we will use the notation w3 for the
harmonic measure for {2 with pole at X €Q). In both examples we make use of the
maximum principle, that is, if X€Q'CcQ and FCof) then

(5.1) WS (FROQY) <wi (F).
Example 5.2. For k>1, and n>1, set
Sp={(z,t) eR} T t=27F || >27F}
and define
Q::Riﬂ\(uz‘;lzk), Qk::Ri+l\Ek’ LZZR"X(T’C,OO).

Then € is an open connected domain whose boundary clearly does not have locally
finite H™-measure (any surface ball centered at R™x {0} contains infinitely many
n-dimensional balls of fixed radius). It is immediate to see that ) satisfies the
WLADR condition as (9€),=0% (recall the notation in Definition 3.3). Notice
also that Q satisfies the interior Corkscrew condition (as the sets X, are located at
heights which are separate enough) and hence 94 Q=0€Q. Finally 0Q=(R" x{0})U
(U2 ,3) which is n-rectifiable.
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Take X*=(0, ...,0,2)€Q and we are going show that wg (F)=0 with F=R"x
{0}CoQ. Since QCQy, (5.1) implies that wQ*(F)ng){: (F), hence we just need
to see that wé]: (F)—0 as k—o00. Write A} ={(z,t) R :1t=2"F |z|<27F} C O,
Using the fact that harmonic measures for Q, and ), are probabilities, that ), CQ
and maximum principle (5.1) we see that

wi, (F)=1-wh, (00\F)=1-w, (%) <1-wgy (Sk) =wg (A}).

Since (2, is a translation of R’}™" we can use the classical Poisson kernel for the
upper-half space P(z,t) and one has that

(5.3) W’ (A;c):/ P(y,2—-2"")dy —0, as k — oo.
§ lyl<2-*
This shows that surface measure fails to be absolutely continuous with respect to
harmonic measure w& " and hence with respect to wa for every X €Q since Q is
connected.

To summarize, we have constructed 2, an open connected set, satisfying all the
conditions in Theorem 2.5 with the exception that 0f2 has locally finite H™-measure,
and for which the conclusion of Theorem 2.5 fails.

Remark 5.4. If we repeat the same construction of Example 5.2 in the lower
half-space and let E be the boundary of the resulting open set (which has now 2
connected components), then clearly E satisfies all the hypotheses in Theorem 2.1,
except for E having locally finite H"-measure. In this case we can analogously
prove that for the same set F as before w™ (F)=0 for every X eR"*1\ E, hence the
conclusion of Theorem 2.1 does not hold.

Example 5.5. For k>1, and n>2, set
Sp={(z,t) eRT: t=2"F 2€ A(0,2 Fck) +crZ"},

where ¢, 0 will be chosen, and for x€R", A(x,r):={yeR": |[x—y|<r} is the usual
n-disk of radius r centered at x. Define

Q=R (U2, 5k),  Qp=RYTN\Z,

which is clearly open and connected. Notice that {2 satisfies the interior Corkscrew
condition (note that the sets ¥y, are located at heights which are separate enough),
hence 04 Q=09.

We assume that cj, decays rapidly enough. It is easy to see that 92 satisfies the
upper ADR condition. Also, the WLADR (and hence the lower ADR) fails. To see
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this, given X =(z,0)€0, we can find a sequence of balls By=B(X},27%~2) with
Xi=(cx l;,x, 27%)€0Q such that X — X with l?m €7Z™. But then, for k large enough
H™(Bpno)/(27*2)"~c,—0 as k—oo. Hence R"x{0}CoN\(09Q). (recall the
notation in Definition 3.3) and the WLADR condition fails.

Remark 5.6. Note that the argument that we have just used suggests possible
relaxed version of the WLADR condition. To elaborate on this, first one can easily
see that in the context of (3.4) one can alternatively write

E*:{xGE: lim inf 77 H"(B(y,r)ﬂE)>O}
p—0t yeB(z,p)NE
0<r<p

= {x € E:liminfr;" H*"(BNE) > 0},
B—{xz}

where the liminf is taken over the balls B=B(zp,rp), tp€E, with zp—ax and
rg—0. Consider the set F,., where we replace above the inf with sup or, equiv-
alently, lim inf with lim sup. Note that E,CF,.. One might wonder whether the
WLADR condition can be replaced by the weaker fact H"(E\ F..)=0. In fact,
this is not possible: in the current example with E=0f), one can easily see that
E..=E. More generally, H"(E\ E,,)=0 for all ECR"*! n-rectifiable with H"|g
being locally finite. This follows from [Mat, Theorem 16.2], which states that if
ECR"™"! is n-rectifiable and H"|g is locally finite then the n-density

O"(E,z)= lim (2r)""H"(B(z,r)NE)
r—0t
exists and is equal to 1 for H™ almost every € E. (Note that [Mat, Theorem 16.2]
is stated for H™(E)<oo but this may be easily replaced by the condition that H"|g
is locally finite.)

Let w®) ::wg) and w,g) ::wgi denote harmonic measure for the domains 2 and

Qy, respectively.

Claim. If ¢}, decays fast enough, then w()(F)=0, with F=R" x{0}.

Assuming this momentarily we have defined €2, an open connected set, satisfy-
ing all the conditions in Theorem 2.5 with the exception of the WLADR property,
and for which the conclusion of Theorem 2.5 fails. Again, as in Remark 5.4, we

may obtain a counterexample for Theorem 2.1 that satisfies all its hypotheses but
the WLADR condition.

Before proving our claim we need to recall some definitions. Given O CR™*!
an open and K a compact subset of O we define the capacity of K relative to O
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as

cap(K,O)inf{// |Vo2dY : ¢ €C5°(0), ¢>1 in K}.
o

Also, the inhomogeneous capacity of K is defined as

Cap(i) =int { [ (0P +[Tof)av: oeCr @), 621 K.
Rn+1

Combining [HKM, Theorem 2.38], [AH, Theorem 2.2.7] and [AH, Theorem 4.5.2
we have that if K is a compact subset of B, where B is a ball with radius smaller
than 1, then

H(K)?
(5.7) cap(K, 2B) 2 Cap(K) 2 sup - =
w W)z
where the implicit constants depend only on n, the sup runs over all Radon positive
measures supported on K; and

W(u)(X):Z/ % a X €supp p.

0 t’
We are now ready to prove our claim. We fix k>2, take c;=2"2%" and write
N:Nk::c,;1>1. We are going to show that
(5.8)
cap(B(Xo, s)NEy, B(X0,28)) 28", Xo:=(20,27F) €%y, N7V/2<s<1.
For a fixed Xy and s, write K=DB(Xy,s)NYZ and set pu=2*"s"1 H"|x , and note
that for Xe K

", r<2 kN—1,
(5.9) p(B(X,r)) 2k st 27N, 2NTIErsN
’ 2 knpn N-l<r<s
2 kngn r>S.

To compute W (u)(X) for X € K write

2~kN—1 Nt s 1
W(u)(X):/ +/ +/ +/ . [ II4ITI4IV.
0 2-kN-1 N-1

- S

Then, since s>N~1/2,

I+11 5257 (2—kN—1 +2"’“”N‘"/ @> SN2 <,
2

—kN-—1 rn )~



18 Murat Akman, Simon Bortz, Steve Hofmann and José Maria Martell

where the last bound holds by our choice of N and c;. Furthermore, the last two
estimates in (5.9) easily imply that I774+IV <1 and hence W (u)(X)<1 for every
XeK. This, (5.7), and (5.9) imply as desired (5.8):

cap(B(Xo,s)NEk, B(Xo0,2s)) 2 u(K) 2 s"L
Set
Poi={ (227" - N"12) eR} 0 e R
and observe that for X € Py,
N2 <6(X) :=dist(X, 9Q) = dist (X, X)) <2 N~V/2,
We now define
u(X):=wi(F), Xe,

and observe that u€Wh2(Q;)NC(Qy) since 98y, is ADR (constants depend on k
but we just use this qualitatively) and 1 is a Lipschitz function on 9. Fix
Zy€ Py, and let Z) €Yy, be such that | Zy— Zj|=dist(Zy, 9,) <2 N~V/2. Let Qy, =
Q,NB(Z], %2”“), which is an open connected bounded set. We can now apply
[HKM, Example 2.12, Theorem 6.18] to obtain a=a(n)>0 such that

g—k—2
d

u(Zo) S exp (—Oz/ —8) ~ (2’“N—1/2)@ — 9—ak(n—1)
3N-1/2 S

where we have used u=0 on 9Q.NB(Z),27%"1) and (5.8). Note that the last
estimate holds for any Zy€ P;, and therefore, by the maximum principle,

u(x,t) <2 k=1 (z,t) €y, t>27F_N"1/2,

In particular, if we set Xo:=(0, ...,0, l)eR’}fl, then by another application of the
maximum principle,
WX (F) < wil*(F) =u(Xo) $27*1 —o0,

as k— o0, and the claim is established.
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A. Local theorems

We would like to point out that our method allows to obtain a local version
of Theorem 2.5 (an analogous result can be proved for Theorem 2.1, the precise
statement is left to the interested reader). Let us recall that in Definition 3.3 we
introduced the set (9Q). (cf. (3.4) with E=0%2) formed by the points where the
WLADR condition holds. Also, we remind the reader that 0,2 denotes the Interior
Measure Theoretic Boundary as defined in (3.7) in Definition 3.6.

Theorem A.1l. Let QCR™!, n>1, be an open connected set whose bound-

ary O has locally finite H™-measure. Suppose that FCOQ is H™-measurable,
n-rectifiable and H™(F\ (0Q),)=H"(F\0+Q)=0. Then

(A.2) H'"p < w|p < w.

Additionally, by combining Theorem A.1 with the results of [AHM3TV], we are
able to decompose 0f) as a rectifiable portion, where surface measure is absolutely
continuous with respect to harmonic measure, and a purely n-unrectifiable set with
vanishing harmonic measure.

Theorem A.3. Let QCR"!, n>1, be an open connected set whose boundary
0 has locally finite H™-measure. Assume that 02 satisfies the WLADR condi-
tion and that the Interior Measure Theoretic Boundary has full H™-measure (i.e.,
H™(0Q\ (09),)=H"(00\04+Q)=0). Then, there exists an n-rectifiable set FCON
such that o|p<w, ON\F is purely n-unrectifiable and w(OQ\ F)=0.

To prove Theorem A.3 (assuming Theorem A.1) note that, by the Lebesgue
Decomposition Theorem (cf. [EG, page 42]), there exists a Borel set FCf2, such
that

(A4) U:Uac+as:U|F+0|6fl\F

with 0ae <w and w(9Q\ F)=0. By [AHM3TV, Theorem 1.1 (b)], F is rectifiable. It
remains to show that 90\ F is purely n-unrectifiable. For the sake of a contradiction,
suppose that F’ is a Borel n-rectifiable set such that H™(F'N(ON\F))>0. Then,
by Theorem A.1 applied to the rectifiable set F'N(IN\F), it follows that w(F'N
(09Q\ F'))>0 which contradicts the fact that w(9Q\ F)=0.

To prove Theorem A.1 one can follow the argument in the proof of Theorem 2.5
with the following changes. First, it suffices to see that F' can be covered H™-a.e.
by a countable union of boundaries of Lipschitz domains contained in €. To that
end, we need to modify Theorem 3.10, since we are only assuming that a piece of
0N is n-rectifiable. We would like to emphasize that (3.11) in Theorem 3.10 was
never used in the arguments (the WLADR condition is a somehow stronger version
of it) and hence we only need a version of (3.12).
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Lemma A.5. Suppose that ECR" ! is H"-measurable with H"|g locally fi-
nite. Let FCFE be an H™-measurable and n-rectifiable set. Then there exists
FyCF with H™(Fy)=0 such that for every x€ F\ Fy the following holds: for every
>0 there exist positive numbers r,=r,(n) and an n-dimensional affine subspace
P,=P,(n) such that for all 0<r<r,

(A.6) H"((EﬂB(x,r))\Pé"r)) <nr".

Assuming this result momentarily, one can easily establish versions of Lemmas
4.1 and 4.6 for xe F\ Fy. With these in hand, we let E=0Q and apply Lemma
A5 to find Fy. Following the proof of Theorem 2.5, the sets G(k, m) need to be
intersected with F\Fp, and we also take Z=(F\((0),N0Q;))UFy. From this
point the proof goes through mutatis mutandis, details are left to the interested
reader.

Proof of Lemma A.5. Since F is H"-measurable and n-rectifiable with H"|p
locally finite, we can apply Theorem 3.10 and find F{CF with H"(Fj)=0 such
that for every x€F\F{ the following holds: for every >0 there exist positive
numbers 71 =71 (x,n) and an n-dimensional affine subspace P,=P,(n) such that for
all 0<r<mry

(A7) H"((FOB(z,r)\P{™) < H"((FNB(x, 7))\ P{"™/2) < /2.
Now by standard density estimates (see [Mat, Theorem 6.2 (2)]) we have that

H™(Fy):=H"({z € F:limsup H" ((E\F)NB(z,r)) (2r)"" >0}) =0.

r—0t

Hence, for every x € F'\ F{ the following holds: given 1>0 there exists ro=r2(x,n)>
0 such that for all 0<r<ry

(A.8) H"((E\F)NB(z,r)) <nr"/2.

Set Fo=FjUF{ which clearly satisfies H"(Fy)=0. For every x€ F\ Fy, taking P,=
P.(n) as above, (A.7) and (A.8) give for every 0<r<r,:=min{ry,r2}

H"((ENB(z,r)\P")) < H"((FNB(x,r))\P{") + H" ((E\F)NB(x,7))
<nr",

which proves (A.6). O



[AH]

[ABHM]

[Azz]

[AHMPTV]

[Bad]
[BH]
[BJ]

[Dah)

(DJ]

(EG]
[GM]

[HKM]

[Lav]

[Mat]

[Maz]

[Mou]

[RR]

[Wu

Rectifiability, interior approximation and harmonic measure 21

References

Apams, D. and HEDBERG, L., Function spaces and potential theory,
Grundlehren der Mathematischen Wissenschaften [Fundamental Prin-
ciples of Mathematical Sciences] 314, Springer, Berlin, 1999 (corrected
second printing).

AxKMAN, M., BADGER, M., HOFMANN, S. and MARTELL, J. M., Rectifiability
and elliptic measures on 1-sided NTA domains with Ahlfors-David
regular boundaries, Trans. Amer. Math. Soc. 369 (2017), 5711-5745.

Azzawm, J., Tangents, rectifiability, and corkscrew domains, Publ. Mat. 62
(2018), 161-176.

AzzAaMm, J., HOFMANN, S., MARTELL, J. M., MAYBORODA, S., MOURGOGLOU,
M., ToLsA, X. and VOLBERG, A., Rectifiability of harmonic measure,
Geom. Funct. Anal. 26 (2016), 703-728.

BADGER, M., Null sets of harmonic measure on NTA domains: Lipschitz
approximation revisited, Math. Z. 270 (2012), 241-262.

BoRTz, S. and HOFMANN, S., Harmonic measure and approximation of uni-
formly rectifiable sets, Rev. Mat. Iberoam. 33 (2017), 351-373.
BisHopr, C. and JONES, P., Harmonic measure and arclength, Ann. of Math.

(2) 132 (1990), 511-547.

DAHLBERG, B., On estimates for harmonic measure, Arch. Ration. Mech.
Anal. 65 (1977), 272-288.

DaviD, G. and JERISON, D.; Lipschitz approximation to hypersurfaces, har-
monic measure, and singular integrals, Indiana Univ. Math. J. 39
(1990), 831-845.

Evans, L. and GARIEPY, R., Measure theory and fine properties of functions,
Studies in Advanced Mathematics, CRC Press, Boca Raton, FL, 1992.

GARNETT, J. B. and MARSHALL, D. E.; Harmonic measure, New Mathemat-
ical Monographs 2, Cambridge University Press, Cambridge, 2005.

HEINONEN, J., KILPELAINEN, T. and MARTIO, O., Nonlinear Potential Theory
of Degenerate Elliptic Equations, Dover Publications Inc., New York,
2006.

LAVRENTIEV, M., Boundary problems in the theory of univalent functions,
Amer. Math. Soc. Transl. Ser. 2 32 (1963), 1-35.

MATTILA, P., Geometry of sets and measures in Fuclidean spaces. Fractals
and rectifiability, Cambridge Studies in Advanced Mathematics 44,
Cambridge University Press, Cambridge, 1995.

MAZ’YA, V., Sobolev spaces, Springer Series in Soviet Mathematics, Springer,
Berlin, 1985. Translated from the Russian by T. O. Shaposhnikova.

MOURGOGLOU, M., On harmonic measure and rectifiability in uniform do-
mains, The Journal of Geometric Analysis (2018). https://doi.org/
10.1007/s12220-018-0035-1.

RiESz, M., Uber die randwerte einer analtischen funktion, in Compte Rendues
du Quatriéme Congrés des Mathématiciens Scandinaves, Stockholm
1916, Almqvists and Wilksels, Stockholm, 1920.

Wu, J., On singularity of harmonic measure in space, Pacific J. Math. 121
(1986), 485-496.


https://doi.org/10.1007/s12220-018-0035-1
https://doi.org/10.1007/s12220-018-0035-1

22 Murat Akman, Simon Bortz, Steve Hofmann and José Maria Martell:
Rectifiability, interior approximation and harmonic measure

[Zie] ZIEMER, W., Some remarks on harmonic measure in space, Pacific J. Math.

55 (1974), 629-637.

Murat Akman

Department of Mathematics
University of Connecticut
Storrs

CT US-06269

U.S.A.
murat.akman@uconn.edu

Simon Bortz

Department of Mathematics
University of Washington
Seattle

WA US-98195

U.S.A.

sibortz@uw.edu

Received May 31, 2017

Steve Hofmann

Department of Mathematics
University of Missouri
Columbia

MO US-65211

U.S.A.
hofmanns@missouri.edu

José Maria Martell

Consejo Superior de Investigaciones Cien-
tificas

Instituto de Ciencias Matemaéaticas CSIC-
UAM-UC3M-UCM

C/ Nicolas Cabrera, 13-15

E-28049 Madrid

Spain

chema.martell@icmat.es


mailto:murat.akman@uconn.edu
mailto:sibortz@uw.edu
mailto:hofmanns@missouri.edu
mailto:chema.martell@icmat.es

	Rectifiability, interior approximation and harmonic measure
	1 Introduction
	2 Main results
	3 Preliminaries
	4 Proofs of the main theorems
	5 Counterexamples
	A Local theorems
	References


