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Abstract In quantum dynamical systems, a history is defined by a pair (M, ), consisting of a type I factor M,
acting on a Hilbert space H, and an Ep-group v = (7y¢)+er, satisfying certain additional conditions. In this paper,
we distort a given history (M, ), by a finite family G of partial isometries on H. In particular, such a distortion is
dictated by the combinatorial relation on the family G. Two main purposes of this paper are (i) to show the existence
of distortions on histories, and (ii) to consider how distortions work. We can understand Sections 3, 4 and 5 as the
proof of the existence of distortions (i), and the properties of distortions (ii) are shown in Section 6.
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1 Introduction

Directed graphs, both finite and infinite, play a role in a myriad of areas of applications: electrical networks of
resistors, the internet and random walks in probability theory, to mention only a few. Some of the results in the subject
stress combinatorial aspects of the graphs (e.g. [4,21,24,26,27,28,29,30,32,33]), while others have a more analytic
slant. Applications to quantum theory fall in the latter group, and that is where Hilbert space and noncommutative
operators play a role (e.g. [1,5,6,18,22,23,34,35] through [25,36]).

In [14,6,7], algebraic structures induced by directed graphs, called graph groupoids, have been studied. They
are indeed categorical groupoids (e.g. see [31]). Under the suitable representations of graph groupoids, one under-
stands that the elements of graph groupoids are operators on Hilbert spaces. In particular, we have the canonical
representation of graph groupoids (e.g. [6,7,8,10]). Such representations are the groupoidal version of the well-
known left regular representations of groups (e.g. [37]). It lets us construct von Neumann algebras generated by
graph groupoids. Via canonical representation, the edges and vertices of graphs assign Hilbert-space operators.

Independently, in [15,18,19], we consider the embedding representation of graph groupoids, and study the
corresponding C*-subalgebras in fixed operator algebras B(H). In particular, the author and Jorgensen showed
that if partial isometries on a Hilbert space H are given, then they generate a corresponding graph (and hence an
embedded subgroupoid of B(H)). This provides a connection from Hilbert-space operators to graphs.

The study of graph groupoids is not only interested in operator theory and quantum physics, but also interested
in statistical algebra. For instance, graph groupoids have been used to enlarge the understandings for fractal struc-
tures. Graph groupoids with fractal property are said to be graph fractaloids (e.g. [11,13,16,17,20,9]). There are
sufficiently many graph fractaloids which are not fractal groups.

1.1 Motivation

This paper is highly motivated by the recent works of Arveson (e.g. see [2,3] and the cited papers therein) and those
of the author and Jorgensen (see [15,18]).

In [2,3], the histories are defined and investigated mathematically, and the groupoid actions induced by partial
isometries on a fixed Hilbert space H are considered in [15,18].

This paper starts with the following questions:

(1.1) Are histories distorted?
(1.2) How can we distort histories?
1.2 Technical overview

Let H be a fixed separable infinite dimensional Hilbert space and B(H) an operator algebra consisting of all
(bounded linear) operators on H. Assume that M C B(H) is a type I (sub) factor, and let v = (¢)ter be an
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FEy-group, satisfying (i) the fixed past property, (ii) irreducibility and (iii) trivial infinitely remote past property. The
pair (M, ~) is called a history (of M in B(H)) (see Section 2.4 below).

In [11,12], framings on graphs have been considered; measure-space-framings and group-framings. We are
interested in group-framings under the assumption that groups I" are topological groups, and the graphs G are
regarded as discrete topological spaces consisting of all vertices and edges. The group-framed graph G of G with
its group-frame I' is a topological space which is neither a combinatorial graph nor a group, however it acts like a
usual graph, and generates the (categorical) groupoid G . Interestingly, G - is characterized by the product groupoid
I" x G. The group-framing G~ makes us “distort” the Ey-group ~ of a given history (M, ~y) by the graph groupoid
G of G. In other words, G distorts the fixed history (M, ~) if G acts on H.

Like in our real life, two kinds of distortions may happen; inner distortions (the distortions happened inside the
paradigm) and the outer distortions (the distortions happened outside the paradigm).

In [18], it is shown that if we have a finite family G of partial isometries on a Hilbert space H, then the C*-
subalgebra C*(G) of B(H) is characterized by the groupoid C*-algebra C(G) in B(H), where G is the graph
groupoid of a certain graph Gg induced by G. In this paper, the “special” case introduced in [15] is considered. But
one may/can apply the same approach and techniques for the general case of [18].

We provide the positive answer for our first question (1.1) in Sections 3, 4 and 5. The properties of distorted
histories is shown in Section 6, as an answer for the second question (1.2).

2 Definitions and notations

We first introduce the main objects we use throughout the paper.

2.1 Partial isometries on a Hilbert space

We say that an operator a € B(H) is a partial isometry if the operators a*a € B(H) is a projection. The
characterizations of partial isometries are well known: the operator a is a partial isometry if and only if a = aa*a,
if and only if aa™ is a projection, if and only if the adjoint o™ of a is a partial isometry in B(H), if and only
if a* = a*aa”. Recall that an operator p in B(H) is a projection, if p is self-adjoint and idempotent. That is,
p* = p = p? in B(H). The projections a*a and aa*, induced by a partial isometry a, are called the initial projection
and the final projection of a, respectively.

Every partial isometry « has its initial space

Hiyy = (a"a) H,
and its final space
Hg = (aa*)H,

which are (closed) subspaces of H. Notice that every partial isometry « is a unitary from H};, onto Hg,, in the sense
that

a*a = 1pa aa* = 1ga
init ? fin’

where 1x means the identity operator on an arbitrary Hilbert space .

Suppose a1 and ap are partial isometries on H, and assume that the initial space H;} of a; is (not only Hilbert-
space isomorphic but also) identically the same as the final space H{? of as in H. Or, equivalently, the projections
ajay and aga’ are (not only unitarily equivalent but also) exactly the same projection on H. Then the product a;as
of the operators a1 and as is again a partial isometry on H. Indeed, if we denote the identical projections aja; and

aga3 by p, then
* * ok * * 2
(ala2) (ala2) (a1a2) = a1a2a201a102 = a1 (a2a2) (alal)az = a1p-az = aipaz = aiaz.
Therefore, the operator a;az is a partial isometry with its initial space H{ /1“2 = H;'2 and its final space H!"* =
H{on H.
In general, even though a; and ay are partial isometries, the product ajas is not a partial isometry. Denote the
final projection aga’ of as and the initial projection ajay of aj by p2 and p1, respectively. Then we have obtained

(a1a2) (alaz)*(a1a2) = ajagazaiaiag = a1pepiag # aiag,

in general, because p2p; is not a projection, in general. Recall that pap; is a projection if p1p2 = pap;.
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2.2 Directed graphs and graph groupoids

Recently, countable directed graphs have been studied extensively in pure and applied mathematics. Not only are
they connected with certain noncommutative structures but also they let us visualize such structures. Moreover,
the visualization has a nice matricial expressions, (sometimes, operator-valued matricial expressions depending on)
adjacency matrices or incidence matrices of the given graph (e.g. [14,30,34]). In particular, the partial isometries in
an operator algebra can be expressed by directed graphs (see [15, 18]).

A graph is a set of objects called vertices (or points or nodes) connected by links called edges (or lines). In
a directed graph, the two directions are counted as being distinct directed edges (or arcs). A graph is depicted in
a diagrammatic form as a set of dots (for vertices), jointed by curves (for edges). Similarly, a directed graph is
depicted in a diagrammatic form as a set of dots jointed by arrowed curves, where the arrows point the direction of
the directed edges.

More combinatorially, for us, a directed graph G means the pair (V (G), E(G)), equipped with the fixed direction
on E(G), where V(G) is the vertex set of G, and E(G) is the edge set of G. Since all edges are directed, if e € E(G),
then it has its initial vertex v and its terminal vertex v’. Sometimes, we denote this edge e by e = vev’, to emphasize
the initial and the terminal vertices v and v’. Remark here that the vertices v and v’ are not necessarily distinct in
V(G). For example, if e is a loop-edge, then v = v’ in V(G).

Now, let e, = vieyvy, be edges in E(G), with vy, vj, € V(G), for k = 1,2. Assume that v] = vo in V(G). Then
we have a finite path ejes, connecting the vertex v to the vertex vh, on G. Inductively, we can have finite paths
generated by edges.

Denote the set of all finite paths of G by FP(G). We call FP(G) the finite path set of G. Clearly, the edge
set E(G) is contained in FP(G). Moreover, all elements in FP(G) are the words in E(G). That is, if w is a finite
path in FP(G), then it is represented as a word in E(G): if ey, ..., e, are connected directed edges in the order
e; — eg — -+ — ep on G, for n € N, then we can express w by ej - - - e, in FP(G). If there exists a finite path
w=ej---enp in FP(G), where n € N\ {1}, we say that the directed edges ey, ..., e, are admissible.

The length |w| of w is defined to be n, which is the cardinality of the admissible edges generating w. Also, we
say that finite paths wy = e11- €1k, and wy = egq - - - €9}, are admissible if wiws = €11 -~ €1k, €21 * * " €2k, is
again an element of FP(G), where e11, ..., e1x,,€21,..., e, € E(G). Otherwise, we say that wy and wy are not
admissible.

Suppose that w is a finite path in FP(G), connecting the vertex v; to the vertex vo. Then we write w = viw or
w = wvy Or w = viwve, for emphasizing the initial vertex of w, respectively, the terminal vertex of w, respectively,
both the initial vertex and the terminal vertices of w. Suppose w = vjwve in FP(G) with v1,v2 € V(G). Then we
also say that “vy and w are admissible” and “w and vy are admissible”. Notice that even though the elements w;
and wy in V(G) U FP(QG) are admissible, wo and w; are not admissible, in general. For instance, if e; = viejvy is
an edge with v, vo € V(G) and e2 = vaequs is an edge with v € V(G), such that vs # vy, then there is a finite
path ej ez in FP(G), but there is no finite path eae;, equivalently, the finite path exe; is undefined.

The free semigroupoid F+(G) of G is defined by a set

FH(G) = {0} UV(G) UFP(Q),
with its binary operation (-) on F* (@), defined by
w1 if w; = ws in V(G),
w1 ifw; € FP(G), w2 € V(G) and wi = wiwa,
(wl,wz) — w1 - we = < wy if w; € V(G), wa € FP(G) and wy = wywa,
wiwg if wi, we in FP(G) and wywe € FP(G),
] otherwise,
where () is the empty word in V (G) U E(G). Sometimes, the free semigroupoid F™(G) of a certain graph G does
not contain the empty word (). For instance, the free semigroupoid of the one-vertex-multi-loop-edge graph does not
have the empty word. But, in general, the empty word () is contained in the free semigroupoid, whenever |V (G)| > 1.
So, if there is no confusion, then we usually assume that the empty word is contained in free semigroupoids. This
binary operation (-) on F*(G) is called the admissibility. That is, the algebraic structure (FT(G),-) is the free
semigroupoid of G. For convenience, we denote (FT(G), -) simply by FT(G).

For the given countable directed graph G, we can define a new countable directed graph G 1 which is the
opposite directed graph of GG, with

V(ETY) =v(@), BGTY)={ctecE@G),



4 Journal of Physical Mathematics

where ™1 € E(G™!) is the opposite directed edge of e € E(Q), called the shadow of e € E(G). That is, if
e = vievy in B(G) with vy, vg € V(Q), then e ™! = vpe 1oy in E(G™1) with vg,v; € V(G™1) = V(). This new
directed graph G is said to be the shadow of G. 1t is trivial that

(Ca e

This relation shows that the admissibility on the shadow G ! is oppositely preserved by that on G.
A new countable directed graph G is called the shadowed graph of G if it is a directed graph with

V(G)=Vv(G)=V(GT"), E(G)=EBEG)UEG).

Definition 1. Let G be a countable directed graph and G the shadowed graph of G, and let IF+(@) be the free
semigroupoid of G. Define the reduction (RR) on F(G) by

-1

-1
ww T =v, w

w=1 (RR)
whenever w = vwv’ in FP(@A), with v, € V(é) The subset of IF+(§), satisfying this reduction (RR), is denoted
by F;} (G). And this set F;f (G) with the inherited admissibility (-) from F*(G) is called the graph groupoid of G.
Denote (F;f (G), -) by G. Define the reduced finite path set FP,.(G) of G by

def

=G\ (V(G)u{n).

All elements of FPT(@) are said to be reduced finite paths of G.

FP, (G)

Remark that all elements of a graph groupoid G are reduced words in £ (@)

2.3 Groupoids and groupoid actions

Every graph groupoid is indeed a (categorical) groupoid. This means that a graph groupoid has a (rough but rich)
algebraic structures.

Definition 2. One says an algebraic structure (X, ), s, r) is a (categorical) groupoid if it satisfies that (i) ) C X,
(ii) there exists a partially-defined binary operation (z1,z2) — z1z2, for all 1,22 € X, depending on the source
map s and the range map r satisfying the followings:

(ii-1) =122 is well determined, whenever r(z1) = s(z2), for z1, 22 € X,

(ii-2) (z1z2)x3 = z1(T223), if they are well defined, for 1, x2, 23 € X,

(ii-3) if z € A, then there exist y, 7" € ), such that s(x) = y and r(x) = 3/, satisfying = = yay/,

(ii-4) if z € X, then there exists a unique groupoid-inverse =~ ! satisfying zz ! = s(z) and 2~ 'z = r(x).

For example, every group I is a groupoid (I, {er}, s,r), where e is the group-identity and s = r. The subset
Y of a groupoid X is said to be the base of X.

Remark that we can naturally assume that there exists the empty element () in a groupoid X. The empty element
(0 represents the undefinedness of the operation. By adding @), we can make the partially-defined binary operation
on a groupoid be well defined. Notice that if |Y| = 1 (equivalently, if X' is a group), then the empty word 0 is not
contained in the groupoid X'. However, in general, whenever || > 2, a groupoid X always contain the empty word.
So, if there is no confusion, we automatically assume that the empty element () is contained in X'.

It is easy to check that our graph groupoid G of a graph G is indeed a groupoid with its base V(@)

Let X, = (X%, Vi, Sk, i) be groupoids, for k = 1,2. We say that amap f : X1 — Xs is a groupoid morphism
if () f(Qh) C Yo, (i) s2(f(z)) = f(s1(x)) in Xy, for all x € Xy and (iii) r2(f(x)) = f(r1(z)) in Xy, for all
x € Xj.If a groupoid morphism f is bijective, then we say that f is a groupoid-isomorphism. If there is a groupoid-
isomorphism, then the groupoids X; and X» are groupoid-isomorphic. Algebraically, if f is a groupoid-morphism,
then

f(wiwa) = f(wr) f(w2) in Az,

for all wy,ws € Xj. . .

Recall that if two graphs GG and G2 have graph-isomorphic shadowed graphs G; and G2, then the corresponding
graph groupoids G; and Gy are groupoid-isomorphic.

Let X = (X, ), s,r) be a groupoid. We say that X" acts on a set X if there exists a groupoid action 7 of X, such
that w(x) : X — X is a well-defined function, and

W(Ill‘g) = 7r(:c1> O7T<.Z‘2>, on X,

for all z1,z2 € X, where (o) means the usual composition. Sometimes, we call the set X a X-set.
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2.4 Ey-groups and histories

Let M be a von Neumann algebra acting on a Hilbert space . That is, M C B(H). Define the commutant M’ of
M by

M ¥ {2 € B(H): am = ma, Ym € M} C B(H).
Recall that M is a factor if

MAM =C-1y 2°c,
where “*2° means “being *-isomorphic.”
A von Neumann algebra M is said to be of type I if there exists the minimal subspace Hy of H, such that M is
x-isomorphic to B(Hy). If Hy is finite dimensional, with dim Hy = n, then we say M is of type I, for n € N, and
if Hy is infinite dimensional, then we say M is of type I.

Definition 3. An Ey-semigroup is a one-parameter semigroup o = () acting on M, where R &t {teR:

tERY?
t > 0}, satisfying the followings:

(1) every ay is a #-endomorphism on M, for all t € RT,
(ii) at(lM) =1y, forallt € R,
(iii) g = idps, where id 3y means the identity map on M,
(iv) oz, 0ty = agy 41y, 0n M, forall t1, 15 € RY.

Recall that (Rg‘ ,+) is a semigroup (or a monoid). Thus, by (iii) and (iv), @ = (), .+ forms a semigroup
0

tER,
terd satisfies the conditions (i), (iii) and (iv) (without (ii)), then
we call a, an E-semigroup (e.g. [2,3]). If an E-semigroup « satisfies an additional condition (ii), then this « is said
to be an Eyp-semigroup. Similarly, Eg-groups are defined as follows.

under the composition. If the collection o = (cv)

Definition 4. An Ey-group is a one-parameter group v = (¢ )¢er, such that (i) the sub-classes
+ _ - _
7= ('Vt>teRg7 7= (’y*t)teﬂ{;r

are Eo-semigroups, (ii) vo = idps and (iii) the inverses v, Lof ~¢ are identified with v_¢, for all ¢t € R.

Notice now that every Ey-group v = (v, o) and the “flow” group R = (R, +) are group-isomorphic.
Consider certain pairs (M, ~), consisting of type I factors M, and Fy-groups v = (v¢)¢er acting on M.

Definition 5. Let M be a type I-(sub)factor in a fixed operator algebra B(H), and let U = (U;)er be a one-
parameter unitary group on H, where Uy € B(H) are unitaries, for all ¢ € R. Define the actions ~¢, acting on M,
by

def

ve(m) = UymUy, vVt €R.

Then one has the corresponding Ep-group v = (7¢)ter, acting on M. Assume that M and ~ satisfy the

followings:

(2.4.1) fixed past: v (M) C M, forall t < 0,
(2.4.2) irreducibility: (Uservy:(M))” = B(H),
(2.4.3) trivial infinitely remote past: Nyeryt (M) = C - 1.

Then the pair (M, ~) is said to be a history in B(H ).
Remark that if a group + is defined as above, then it is indeed an Ey-group, acting on M: let

~y¢(m) &t UmU{, Yme M, teR.
Then v = (¢ )¢er is a group satisfying the followings:

(i) (M) =UMU; C M,in B(H), forallt € R,
(1) v (la) = UthUt* = UtU: = 1B(H)’ forall t € R,
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(iii) for any t¢1,t2 € R, and m € M, we obtain that
Yt © Veo (M) = Uty (Utz meZ ) Ufi =Uy Utzm(Utl Ut, ) f= Uty +ts mUt*1 +t2
since U = (U )ter is a one-parameter unitary group on H

= Vtr+tx(m).
@iv) forallm € M,

Vi 0 yy—1(m) = UomU(;1 =m= U(;lmUo = ;-1 0y (m),

by (iii), since Uy & id ;.

Therefore, the group ~ is an Ey-group, acting on M.

Recall that if X is an arbitrary subset in B(H ), then the double commutant X"’ of X is the von Neumann algebra
vN (X), generated by the set X, by the famous double-commutant theorem. So, in the condition (2.4.2), the left-hand
side means the von Neumann algebra v N (~(M)), generated by ¢ (M)’s, for all t € R.

It is useful to think of the group ~ as actions of the time-flow, and the von Neumann algebra M as events or facts
or something happened in the past. Then, the condition (2.4.1) means that the past M is fixed; the condition (2.4.2)
means that the history M is understood fully or wholly inside a fixed paradigm B(H), and the condition (2.4.3)
means the history of M started from the triviality, represented by C.

3 Graph families of partial isometries

In [15], we observed the C'*-subalgebras of a fixed operator algebra B(H ), generated by “certain” finite families of
partial isometries. And in [18], we extend the results of [15] to the “general” case, where we have arbitrary finite
families of partial isometries on H. In this paper, we only consider the structures introduced in [15]. We remark that
the results of this paper are extendable to the general cases of [18]. However, the settings of [15] are more natural
and reasonable for our purpose.

In the rest of this paper, we fix a Hilbert space H, and the corresponding operator algebra B(H ), regarded as a
paradigm where histories are embedded.

Definition 6. Let G = {ay,...,an} be a finite family of partial isometries in B(H ), for N € N. One says that the
family G constructs a finite directed graph G if there exists G, such that

(i) |E(G)| = |g|and [V(G)| = |Gprol, where

Gpro Y aaeGlU{aa” ca g}
Equivalently, there exist bijections g5 : E(G) — G and gy : V(G) — Gpro, such that

gE(e) = gp(ve') = gv (v)gE(e)gv (v),

where gy (v) and gy (v') are the initial and the final projections of gz (e), respectively,

(ii) ej - --en is a nonempty finite path on a graph G if and only if the corresponding operator gg(e1) - - - gg(en) is
a well-defined “partial isometry” in B(H), for all n € N,

(iii) two edges e; and ep are not admissible (ejeg = () if and only if g (e1)gr(e2) = 0g.

The family G is called a G-family of partial isometries in B(H ). Conversely, the graph G is called the G-graph.

The above conditions (ii) and (iii) can be rewritten as follows: two edges e; and ey are admissible if and only if
the initial spaces H/ (1) and the final space HJ” (©2) are (not only Hilbert-space isomorphic, but also) identically
the same in H, as subspaces of H. Equivalently, the edges e; and ex are not admissible if and only if Hi“flf(el) N
Hiﬁi’f(@) = {0y}. That s,

erez # ) — Hiif(el) N HgnE(eQ) = Hflf(el) = Hgf(@),
in H, and

eres = 0 = HIZ) n gIE) = (o,

init

3

where “=" means “being identically the same in H.”
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Let G = {ai,...,an} be a finite family of partial isometries on H, and assume that the initial spaces and the
final spaces of all elements are infinite dimensional. Then the family

= def

G=gug"
generates a C*-subalgebra C*(G) of B(H), where
G* def {a* ta € g}.
That is,

c*(@ =clg] inBa,

where X means the topological closure of X in B(H).

A graph G is connected if, for any pair (vy,v2) of “distinct” vertices, there always exists at least one reduced
finite path w € FP,(G), such that w = vywuvy and w ' = vpw ™~ 1. If not, the graph G is said to be disconnected.

Assume that a graph G is disconnected. Then there exists ¢ € N\ {1}, and full-subgraphs G1, ..., Gt of G, such
that (i) Gi; are connected full-subgraphs of G, (i) V(G) = I_I§=1V(Gj) and E(G) = I_|§:1E(Gj), (iii) the family
{G1,..., Gy} is the “minimal” family satisfying (i) and (ii). The full-subgraphs G, . .., G; are called the connected
components of G.

If G is disconnected, with its connected components G 1oesos G, /@r t e NL{I}, then the shadowed graph G
of G is a disconnected graph with its connected components G'1, . . ., G, where G are the shadowed graphs of G;,
for j =1,...,t. Also, the graph groupoid G of G is partitioned by the graph groupoids G; of G;, for j =1,...,¢,
Groupoid t

UG

j=1

G

VB
set-theoretically, and it is groupoid-isomorphic to the direct product
t
G= & Gj7
j=1

algebraically.
Assumption. From now on, all given graphs are “connected” and “finite.”

Recall that a graph G is finite if |V (G)| < oo, and |E(G)| < oo.

Let G be a connected finite graph, with

]V(@)‘ =n, ‘E(@)] =2N (equivalently,

E(G)| =N).
We will give an indexing on V(a) by {1,...,n}. Thatis, we will let
V(é) = {vl,...,vn} =V(Q).
By indexing the vertices, we can index the elements of E(G) and E(é) (for the fixed indices on V(@)), as
follows:
Tmiij = €miij, i Tij € E(Q)
} , E(@) = Tsij | Tmeij = er_n%ji, if 5 € E(G_l) ,
m=1,...,kij, kij #0

mzl,...,kij7kij750

E(G) = {em:ij

em:ij = Vilm:ijV;
where k;; means the cardinality of edges connecting v; to v;, in G (not in @). By the finiteness of G,

k;; < oo, whenever k;; # 0.

Clearly, “k;; = 0” means that “there is no edge connecting v; to v;” in G.
For instance, if we have a graph G

v, @ = 0y,

G= N

05

then

k12 =2, kiz=1, kog=ksz=ko1 =ks1 =0.
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The admlss1b1hty on G is in fact mdependent from the choice of indexings (see [15 18]). It means that if we fix
one indexing on V(G) (and hence, that on E(G)), and if we fix other indexing on V (G), then the indexed graphs are
graph-isomorphic from each other.

Under the above settings, the graph groupoid G has its matricial graph representation (Hg, ), where Hq is a
Hilbert space defined by

def

Ha = 69J 1 (C&’J)
which is Hilbert-space isomorphic to C®" (n = |V (G)|), and where
m:G— B (’Hg)

is a groupoid action satisfying that

Emwy i 2maj = emug,
w(vj) = Py, w(wmiz) =
* —1
E if £, = e

m:ji m:ji’

where P; is the diagonal matrix in Mn((C) having its only nonzero (j, j)-entry 1, and Em .47 18 the matrix in My (C),
having its only nonzero (i, j)-entry w'™, where w is the root of unity of the polynomial z* | whenever i # j, or it is
the diagonal matrix in My, (C), having its only nonzero (j, j)-entry e’ ?m:3  where Om:j; € R\ {0}, satisfying that
Omy:jj 7 Oms:jj» Whenever my # mo in {1,...,k;;}, whenever i = j.

That is, if v; is a vertex, then

jth
0 0
0
71’(1}]‘) = 1 jth,
0
0 0
and if em:ij € E(G), kjij # 0, then
ith
0 0
(6m 1]) wm jth,
0 0
and if em:jj € E(G), k’jj # 0, then
jth
0
0
7'r(e'm:jj) = 62-0"“7‘]' Jjth,
0

forallm € {1,...,k;;}and4,j € {1,...,n = V(G)|}.
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Under this matricial graph representation (Hq,7) of G, the graph groupoid G generates the matricial graph
C*-algebra
Mg ¥ CE(G) € B(Hg) = Ma(C).
Thus the C*-subalgebra C*(G) of B(H) is x-isomorphic to the affiliated matricial graph C*-algebra
M (Hp) C Mn(B(Hp)), as a C*-subalgebra of B(H), where

T - Tin
Mg (Ho) = (C-1p,) ®c Ma, Mn(B(Ho)) = Do T;; € B(Ho) ¢,
Th1 -+ Thn

where Hj is a subspace of H, which is Hilbert-space isomorphic to the initial and the final spaces of all elements of
g.

Notice that the subspace Hy of H always exists, whenever G is a G-family and G is “connected”. Let a; € G,
with its initial space H; 3, for j = 1,..., N = |E(G)|. By definition, H, % and the final space H’ are Hilbert-space
isomorphic, for all j = 1,..., N. By the connectedness of G, for any k € {1,..., N}, the subspaces H;* and Hiift
are Hilbert-space isomorphic, too. Therefore, we can have a subspace Hy of H.

And the graph groupoid G has its affiliated matricial graph representation (H;, 7TG), where

def Hilbert ,,@n SUDSPACe

Hg € HyoHg =" HY H %=1y, ®mn,

where (H¢,m) is the matricial graph representation of G. Under this representation, we construct the groupoid
C*-subalgebra C (G), generated by G, in B(Hg) C B(H). Notice that C (G) is *-isomorphic to the affiliated
matricial graph C*-algebra M (Hy) (see [15,18]).

Notice also that M (Hp) and Mg are x-isomorphic, however, we want to emphasize the affiliation Hy in
B(H). So, we distinguish the notations M (Hp) and M. That is, we understand M (Hy) as a C*-subalgebra of
B(H), relatively, we understand M as a C*-subalgebra of M, (C) = B(H¢).

Theorem 7 (see [15,18]). Let G be a G-family of finite partial isometries on H, and let G be the graph groupoid of
G. Then the C*-subalgebra C*(G), generated by G, is x-isomorphic to the groupoid C*-algebra C*«(G) in B(Hg),
as C*-subalgebras of B(H ). Moreover, the groupoid C*-algebra C’. (G) is -isomorphic to the affiliated matricial
graph C*-algebra M (Hy). That is,

C*(9) " C76(G) = Mg (H),
in B(Hg) C B(H), where (Hg, 7TG) is the Hy-affiliated matricial graph representation of G.

4 Group-framed groupoids

In this section, we consider a new algebraic structure, called group-framed groupoids, containing both group prop-
erty and groupoid property.
4.1 Group-framing on graphs and corresponding groupoids

Throughout this section, let I" be a topological group, and let GG be a countable directed graph with its graph groupoid
G. Recall that I' is a topological group if the binary operation on I" is continuous under a topology for the set I".

Understand G as a topological space V (G) U E(G), equipped with the discrete topology. Construct the Cartesian
product topological space

FXG:{(g,w):gGG, wGG},
equipped with the product topology of I" and G. Here, the notation “w € G” means that
w € V(G)UE(G).

Definition 8. The topological space I" x G is called the group-framed graph of G with its group-frame I". By G
one denotes this group-framed graph. And the construction of G is called the group-framing of G with I".
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Notice that G - is simply a topological space, which is neither a (pure algebraic) group nor a (pure combinatorial)
graph. And remark that this topological space is “oriented,” by the direction on G. Roughly speaking, the group-
framing is understood as the process attaching a line I" on (every vertex and every edge of) a given graph G.

As in graph theory, we define the partition {V (G ), E(G)} of G as follows:

V(Gp) = {(g,v) cgel,ve V(G)}7 E(Gp) = {(g,e) cgel, ee E(G)}

The sets V(G ) and E(G ) are called the framed-vertex set and the framed-edge set, respectively. Indeed, the

oriented topological space G is partitioned by
Gr = V(Gp) (] E(Gp)
Define now the shadow G;l of G by a new oriented topological space,

1 def -1 —1
Gr =1""xG 7,

where G~ ! is the shadow of G, and '~ = {gf1 :g€TI'}(I'and I'~! are identically the same). That is,
(g,w) € Gp < (g_l,w_l) € G;l,

for all (g,w) € Gp. We call (¢~ 1, w™!) € G;l the shadow of (g,w) € Gp, and, by (g,w)™!, we denote
(gfl, wil). We call this new group-framed graph G;l the framed-shadow of G . By the very definition, the
topological space G;l is oppositely oriented for G .

Similarly, we can define the framed shadowed graph C/l} of G by anew group-framed graph,

é;d:efl“x@,

where G ' is the shadowed graph of G.
Let G be the framed shadowed graph of the group-framed graph G . Then we can define the “admissibility”
on G:

(91,€1) (92, w2) & (9192, ere2),

for all (g, ,%) € C/J;«, where g1 g2 is the product in I', and ej e2 is the admissible product on G. This binary operation,
acting on G, is said to be the framed-admissibility.

Definition 9. Let G be a directed graph with its graph groupoid G, and let I" be a group. Let G- be the I'-framed
graph. Then the groupoid G generated by G is called the framed(-graph) groupoid.

The empty element - of G- is defined to be the elements having their forms
(9.0), Vger,

where ) is the empty word of the graph groupoid G.

This new algebraic structure G is indeed a well-defined groupoid in the sense of Section 2.3, which is neither
a group nor a graph groupoid.
4.2 Product groupoids

In this section, we observe the general case. Let X}, = (X}, Vi, sg, 71 ) be groupoids, in the sense of Section 2.3, for
k = 1, 2. Define a new groupoid X from X and X». Define the set X’ by

Xdéf {(1‘1,332) A X17 xTo € XQ},

denoted also by X; x Xs. Define the binary operation on X" by

(w1, 2) (21, 25) E (2122, 3192),

for all (z1,z2), (¢}, 25) € X, where the first entry 2122 is the product in X7, and the second entry z«} is the
product in X5. And define the source map s and the range map r on X" by

s((@1,22)) € (s1(21),82(w2)), r((w1,22)) & (r1(21), 72 (22)),
for all (z1,2z2) € X. Then it is easy to check that
s(X)Ur(X)=Y1 x Va.
Denote the set )1 x Yo by V.
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Definition 10. The quadruple X = (X,)), s, r) obtained in the above paragraph is called the product groupoid of
X1 and Xs.

By our definition of framed groupoids, we can realize that our group-framed groupoids are product groupoids.

Proposition 11. Let I" be a group and G a directed graph, and let G be the group-framed graph of G with the
group-frame I'. Then the framed groupoid G of G is groupoid-isomorphic to the product groupoid I" x G, where
G is the graph groupoid of G.

Remark 12. In Section 4.1, the symbol “x” in I" x G means the topological Cartesian product. In the above propo-
sition, the symbol “x” in I x G means the (topological) algebraic groupoid product in the sense of Definition 10.

Proof. By definition of G, there exists a morphism
D:Gpr—I'xG

such that

(g, w]) < (g, w),

for all [g, w] € G. (Here, we denote the element (g, w) of G by [g, w] to distinguish the element (g, w) of I' x G.)
It is a well-defined bijection, and it satisfies that

®([g91,w1] [g2,w2]) = D([9192, wrwa]) = (9192, wrwz) = (g1, w1) (g2, w2) = ®((91,w1))P((g2, w2)),

for all [g1,w1], [g2, w2] € Gp. Therefore, the bijection @ is a groupoid-homomorphism, and hence it is a groupoid-
isomorphism. In particular, the above formula implies that

#(s(l9.u) = #([er.o]) = (er.0) = s(@(lg.ul)). D (la.0])) = #([er.o']) = (er.o') = r(@(a.u]))
for all [g, w] € Gp. O

Now, consider the isomorphism theorem.

Theorem 13. Let I}, be groups and G, directed graphs with their graph groupoids Gy, and let G’}k be the framed
graphs of G, with group-frames Iy, for k = 1,2. Then the framed groupoids G?k of G’}k are groupoid-isomorphic
if and only if (i) I'1 and I'> are group-isomorphic, and (ii) the shadowed graphs é\l and é\g are graph-isomorphic.

Proof. (<=) Assume that I'; are group-isomorphic, and the shadowed graphs é; are graph-isomorphic, for k = 1, 2.
It is well known that if G, are graph-isomorphic, then the graph groupoids Gy, are groupoid-isomorphic, for k = 1, 2.
Thus the product groupoids

FkXGk

are groupoid-isomorphic, for £ = 1, 2. Since the framed groupoids (G]}k are groupoid-isomorphic to the product
groupoids Iy, x Gy, the framed groupoids Gl};k are groupoid-isomorphic, for k = 1, 2.
(=) Assume that either (i) 'T}, are not group-isomorphic or (ii) the shadowed graphs C/T‘; are not graph-

isomorphic. Then, clearly, the product groupoids I';, x Gy are not groupoid-isomorphic, and hence the framed
groupoids G’f«k are not groupoid-isomorphic, for k = 1, 2. O

Assumption. In the rest of this paper, we use the group-framed groupoids G and the product groupoids I' x G,
alternatively.

5 Ejp-groupoids

Let M be a type I factor contained in B(H), and let v = (7¢)ter be an Ep-group (in the sense of Section 2.4),
acting on M. That is, v on M satisfies that

(1) vo = idpy, where id ;4 is the identity map on M,
(2) ~t are x-endomorphisms on M, for all ¢ € R,
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3) vt(1py) = 1y, forall t € R,
(4) vty © Vo = Yty 44, forall t1,t2 € R.

We use this Eg-group as a group-frame on a certain (finite, connected) directed graph G.

Let G be the corresponding graph of a G-family of partial isometries in B(H) with its graph groupoid G as
in Section 3. Then, like in Section 4, we have the corresponding group-framed graph G-, and its framed groupoid
G~ Oroupoid v x G. We call G4 the Ey-groupoid.

However, in Section 5.1, we introduce FEj-groupoids in a different way (in a dynamical-system point of
view), which is more useful (algebraically, and operator-theoretically). The key idea of the construction of our
Ey-groupoids (in the sense of Section 5.1) is that v and R are group-isomorphic. That is, there exists a group-
isomorphism,

v €Evy—teR.

In Section 5.2, we establish C*-dynamical systems induced by the Eg-groupoids.

5.1 Ey-groupoids

Let G = {a1,...,an} be a finite family of partial isometries on H, and assume that G construct a connected finite
directed graph G, equivalently, the family G is a G-family in B(H). Then, the groupoid Gg, generated by G, is
groupoid-isomorphic to the graph groupoid G of G.

Define now the topological space Gg by the group-framed groupoid of the framed graph Gy of the G-graph G,
with the group-frame R = (R, +). Then, by Section 4.2, this R-framed groupoid Gp is groupoid-isomorphic to the
product groupoid R x G, under the binary operation defined by

def
(t1,w1) - (t2,ws) = (t1 + to, wiwa),
for (tx,wy) € R x G, for k = 1, 2. Notice that since G is generated by G, we can understand w € G as an operator
on H, too.

Definition 14. Let Gg be the group-framed groupoid induced by the R-framed graph Gg, where G is the G-graph,
where G is the finite family of partial isometries in B(H). One calls G the flowed groupoid of G with the flow R.
The binary operation () on G is called the flowed admissibility.

Now, fix the groupoid action 7& of G, acting on Hy = Ho ® Hc:, in the sense of Section 3. Recall that Hy is
the subspace of H, which is Hilbert-space isomorphic to the initial and final spaces of all elements of G, and H is
a subspace of H, which is Hilbert-space isomorphic to C®IV(SI and hence the tensor product Hilbert space H is
a subspace of H.

Depending on 7 and the given Eq-group ~, we define an action ¢ of Gg, acting on M, by

def
G - (taw) € Gr ? 'YG((taw)) = Vtws
where

def
Yew(m) E Toy(m)nG *,  Ym e M.

Recall that 7§ * = wg,l, for all w € G. So, without loss of generality, we can regard the action v of Gg as
a family (%,w)f&, of actions. Notice that each element ~y; ., of ¢ is a *-endomorphism on M, in B(H), for all
(t,w) € Gg.

The following proposition shows, for any (¢, w) € Gg,

Ye,w(m) = 'Yt(m)ﬂ'gwfl, VYm € M.

This means that the action v of Gy sends an element m € M to the element ~;(m) located at the corner of
B(H) determined by a projection Wgw,l.

teR

Proposition 15. Let vq¢ = (Vt,w)peg

one has

be an action of Gy, acting on M, given as above. Then, for any (t,w) € Gg,

’Yt,w(m) = %(m)ﬂgwq, VYm € M,

where v = (v¢)ter IS the fixed Eg-group, acting on M.
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Proof. Let (t,w) € Gg. Then, for any m € M,

Yoo (m) = T (m)Tg -1 = Ye(m)mg T

since 7§ (or TFS_l) is a matrix, having only nonzero (i, j)-entry (resp. (j, i)-entry), having its form a - 1p,, for some
a € C, whenever w = v;wvj, in the affiliated matricial graph C*-algebra M (Hp), which is *-isomorphic to the
matricial graph C*-algebra Mg

= (M)t 0

The above action 7 satisfies the followings:
O.1.1) v,w(lpr) = Wgw,l, a projection on Hg, for all (¢, w) € Gg. In particular, v, y = O, forall t € R.
Indeed, we can compute

Yew (1ar) = Wt(lM)Wgwfl =1y 'Wgwfl = Wgw*h
by the previous proposition. Also, if w = @) in G, then
0(m) = y(m)ml =0, Ym € M,
since wg =0p.

(5.1.2) 70,0 (m) = mz&

ww—1- tor all m € M, by the previous proposition;

B ¢
VO,w(m) = Vo(m)ﬂ—wwfl = MTypp—15

since g = id ;.
(5.1.3) v, (m™) = (74,1 (m))*, forallm € M, (t,w) € Gg.
Fix (t,w) € Gg. Then, for any m € M,

Yt w (m*) = wa(m*)wfjfl = wg%(m)*wg,l = (ngl”yt(m)wg)* _ (%,w—l(m))*.
The formula (5.1.3) guarantees that
(v, (m)) = -1 (m*), form e M.
(5.1.4) For (t1,w1), (t2, w2) € Gg,
V1w © Veo, wy = Vti+ta,wiws, ON M.

Indeed, we obtain

B G ¢ \_ @ fe G G
Yty we (’Yt27w2 (m)) = Vtr,wi | Twe Ve (m)ﬂ-wgl = Twy \ V1 { Two Vt2 (m)ﬂ-wgl 7Tw;1
G G G
= T, (’Ytl (%2 (m)ﬂw2w2_1>)7rwl_1

by the previous proposition

_ G e} G
= T, (V61 (’yt2 (m))ﬂwzw; Tt
since ﬂ'g ,—1 18 @ projection, having its form of a matrix with only one nonzero diagonal entry 14,
2W2
e G G
= Ty \ Vt1+t2 (m)ﬂ'w2w;1 7Tw1—1
since

_ _ 6 (.G G ¢ _ ¢ G

Ve © Veo = VerHta = Tuy (sz (7t1+t2(m))7fw2—1)7fw1—1 = Twyws (7t1+t2(m))7fw2—1w1—1
_ .G G _
= Twiws (’Ytl-‘rtz (m))ﬂ'(wlwg)*l = Vt14t2, wiwe (m)7

for all m € M. By the previous observations (5.1.1) through (5.1.4), we can conclude that the collection v =
(Vt7w)fu€§@ is indeed an action of the flowed groupoid Gg, acting on M, in B(H).
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Lemma 16. The collection vg = (fyt7w)f1}€§(; is a groupoid action of the flowed groupoid Gg of G, acting on M, in

B(H).

Moreover, by the previous lemma (in particular, by (5.1.4)), we obtain the following theorem, characterizing the
algebraic structure of .

Theorem 17. Let Gg be the flowed groupoid, and let vo = (’yt,w)fueel%; be the groupoid action of Gy, acting on M,

in B(H). Then the action ~¢ is a groupoid (under the usual composition), which is groupoid-isomorphic to Gg.
Proof. Define the morphism
8 (16:0) — G

by

P
Vt,w € Yo — (t,w) € Gp.
Then, it is a bijection. And it satisfies that

@(’th,wl O’Vtz,wz) = ¢(7t1+t2,w1w2) - (tl +t25w1w2) = (t],’lﬂl) (t2aw2) == @(’th,wl)¢(’)’t2,w2)a

for all v¢, .w, € g, for k = 1,2. Therefore, the bijective morphism @ is a groupoid-isomorphism, and hence (v, o)
is actually groupoid-isomorphic to the flowed groupoid Gg. O

By the previous theorem, we can alternatively use v and Gg.

Definition 18. Let vo = (’W»W)Z;GGRG be given as above. Then one calls ¢4 the Fy-groupoid induced by G and ~,

where G is the given G-family of finite partial isometries on H, and + is the fixed Fy-group.

Letyg, = (fyt’w)ffg@l and ag, = (ozs,y)zgg2 be Ep-groupoids, acting on the type I factor M, in B(H ), where
« and ~ are Eg-groups. We say that they are equivalent, if there exists a x-automorphism ¢ : M — M, and a
groupoid-isomorphism @ : G; — Go, such that the following diagram commutes:

Tt w
M——>M
M —— M,

At B (w)

for all ¢ € R. The following theorem provides the characterization of equivalence of Ey-groupoids.

Theorem 19. Let G, be Gy-families of partial isometries, constructing finite connected directed graphs Gy, for
k = 1,2. Assume that v = (vt)ter and o = (o )ier are Eg-groups, and suppose vg, = (’Ytﬁw)fueeRGI and oG, =
(amv)?z,ee]RG2 are the Eg-groupoid induced by Gy, and ~yy, for k = 1,2, where Gy, are the groupoid generated by
Gy, which are the graph groupoids of Gy, for k = 1,2. Then the conditions (i) and (ii) hold if and only if the

Eq-groupoids vq, and ag., are equivalent, where

(i) the Eg-groups v and o v are equivalent,
(i) the shadowed graphs Gy, of Gy, are graph-isomorphic, for k =1, 2.

Proof. (=) Suppose « and ~ are equivalent. Then there exists a x-automorphism ¢ : M — M, such that the
following diagram commutes:

M M

M

— M
Qi
for all ¢t € R. Also, assume that two shadowed graphs G1 and G- are graph-isomorphic. Then, by Section 2.3, the
graph groupoids G and Gy are groupoid-isomorphic. This shows that the flowed graph groupoids G;.g and Go.g are
groupoid-isomorphic, too. So, by definition, the Ey-groupoids v, and a¢, are equivalent, via the x-automorphism
®.

Tt
E—

)
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(«=) Assume now that the Fp-groupoids vg, and ag, are equivalent. This shows that there exists a x*-
automorphism ¢ : M — M, such that the following diagram commutes:

Y, w
M

/| I

- -

Qb (w) ’

where @ : Gy - Go is a groupoid-isomorphism. Then, by the existence of the groupoid-isomorphism &, the shad-

owed graphs GG1 and G are graph-isomorphic: define a graph-isomorphism g : G1 — G2, by g = 45|V (GUE@GL)"

Also, by the previous commuting diagram, we have

1

G G
@(’Yt,w (m)) =¥ (’Yt(m)ﬂ'wzuq) = @(’Yt (m))ﬂ'ww—l
since WS:U,I is a projection, having its form of a matrix, having only nonzero (¢, j)-entry s - 15, for s € C.

=at (W(m))wg@)@(w),l = ar,aw) (#(M))-

. C . . . G1 Go
Since G; and Gy are groupoid-isomorphic from each other, via @, the projections M and 7 B (w)d(w)—1 AT

identical in the matricial graph C*-algebras M, and M, . Therefore, the above formula shows that

@(yt(m)) = oy (np(m)), Ym e M.
Thus the Ey-groups « and « are equivalent. O

The above theorem shows that the equivalence on v is determined by both the graph-isomorphisms on G and
the equivalence on +.

5.2 C*-dynamical systems

Now, let M be a type I factor in B(H), and let yg = (fyt,w)fueeRG be the Ey-groupoid, which is groupoid-isomorphic
to the flowed groupoid Gy of G, where G is the G-graph of a finite graph-family G of partial isometries on H. Then
we naturally define the groupoid C*-dynamical system

(Ma G]Ra ’VG) .
Also, such a dynamical system generates a C™*-algebra
M Xya G]R,

which is the groupoid crossed product C*-algebra. That is, M X~ Gp is the C*-algebra generated by M and Gg
satisfying ~-action.

If Gg acts on M inside B(H), we may say that the C*-dynamical system (M, Gg, v¢) is inner (in B(H)). And
if Gg acts on M in B(K), for some Hilbert space K O H, then we may say that (M, Gg, ) is outer (in B(H)). In
fact, there is no big difference between “innerness” and “outerness,” under the C*-setting. But we want to emphasize
the originally given structure (or paradigm) B(H ), where a fixed history (M, v) is embedded.

6 Distorted histories

Let B(H) be given as before, and let (M, ~y) be a history in B(H), where M is a type I (sub)factor in B(H ), and
v = (7t)ter is an Eg-group, determined by a one-parameter unitary group U = (Uy)¢eR, satisfying the followings:

(i) fixed past: y¢(M) C M, forall t < 0,
(i) irreducibility: (Urery:(M))” = B(H),
(iii) trivial infinitely remote past: Nyery: (M) =C - 1.
We may/can understand that the history (M, ) is a group C*-dynamical system (M, R, ), induced by the group

R acting on the “results or events” M, via the group-action -, which means “what happened, is happening, and will
happen.”
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6.1 Inner distorted histories

Let (M, ) be a given history in B(H ). In this section, we are interested in the distortions occurred by finite families
G of partial isometries “in” B(H).

Let G = {a1,...,an} be a finite family of partial isometries on H, and assume that G constructs a connected
finite directed graph G. Then the family G generates a corresponding subgroupoid of B(H), which is groupoid-
isomorphic to the graph groupoid G of G. Then, for this graph groupoid G, we obtain the flowed groupoid Gg,
which is groupoid-isomorphic to the product groupoid R x G. And, as an action of G, acting on M, we can
construct the Fy-groupoid vg = ('yt,w)fffﬁ, induced by G and ~y. This Egy-groupoid v can explain how to distort
a fixed history (M, ) by G.

Definition 20. Let G C B(H) be a G-family of partial isometries. The pair (M, ) is called the inner distorted
history of (M, v) distorted by G.

Similar to histories, we can understand the inner distorted history (M,~¢) as a C*-dynamical system
(M, Gg,~vqg). We can get the following fundamental properties of an inner distorted history (M, ~¢) of the fixed
history (M, ).

Theorem 21. Let (M, ~q) be an inner distorted history of a history (M, ~), distorted by a finite family G of partial
isometries on H Then.

(1) yw(M) =Ma8, =78 MG, _., forallt <0, andw € G,

(2) (Uter, weat,w(M))" = B(Hc;) where Hg is given in Section 3,

3) mtelR, weGVt,w (M) = {OH}

Proof. (1) Recall that ~y; ,(m) = %(m) Tow—1- f0r all m € M, for (t,w) € Gg. And, by definition, v, (M) C M,

for all ¢ < 0. More precisely, since ~; are x-automorphisms, for all ¢ € R, we have (M) = M, for all ¢ < 0.
Therefore,

’Yt,w(M) =7 (M)TFG -1 =0 Mﬂ'gw—l

ww

for all w € G, whenever ¢ < 0. So, the image ¢, (M) of ;.. is the compressed W*-subalgebra of B(H ), which
is x-isomorphic to M, cornered by the projection m fort < 0, and w € G. That is,

ww—1°

k- 190

’Yt,w(M) = MTrww 1 _ﬂ—gw 1M7T'ww 1.

(2) By (1), we can have that

" 7 /
U ywM)) =( U MG ) = U 2Sy(M)aC > C B(He),
<(tvw)€GR%7 ( )) ((t,w)EGR%( T 1> ((t,w)ecm7T Y(M)m-1 | € B(Hc)

since ¢, (M) is the compressed W*-subalgebra in B(H¢g) C B(H). Moreover,

11 " 1 1!
_ G G _ G G _ G
<(t,wL)Je<GR%’w(M)> = <wLeJG <7rw (th’yt(M)) 7Tw71)) = (u}élGTl'wB(H)ﬂ'w—l) = (“]LGJGB(H)ﬂwwq)

by the irreducibility of the history (M, ~) = B(Hg).
(3) It is clear, by the trivial infinitely remote past property of (M, v), that

_ G _ G _ G _
(t,w?GGg (’Yt,w(M)) B (t,wr;EGR Qﬁ(M)Wwwil) N wQG ((fQR’Yt(M)> ﬂ'ww*1> B wQG ((C ﬂ-wwil) {OH}7

since (C - 75 )N (C-75) = {0} whenever v; # vg in V(G). O

The first property (1) of the above theorem means that the past M is understood only partially by G. The second
property (2) means that the history (M, «) is compressed, and the compressed part of the history lies in the restricted
paradigm B(Hg), where G works. The third property (3) means that the distortion of (M,~) has no common
infinitely remote past.

Let (M,~) be a fixed history in B(H), and let G, be finite families of partial isometries on H, constructing
the corresponding connected finite directed graphs Gy, for k = 1,2. We show that if Gy and G2 have the graph-
isomorphic shadowed graphs G 1 and GQ, then the families G; and Go give the same distortion on (M, ).
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Theorem 22. Let Gy be G.-families of partial isometries on H, where Gy, are connected finite directed graphs, for
k =1,2, and let (M,~) be a given history in B(H). The graphs G}, have graph-isomorphic shadowed graphs Gy, if
and only if the inner distorted histories (M, g, ) of (M,~) (in B(H)) are equivalent, for k = 1, 2.

The proof of the above theorem is the direct consequence of the equivalence of Ep-groupoids obtained in
Section 5.
So, we have the equivalence of inner distortions.

Definition 23. One says that two inner distorted histories (M, v, ) and (M, g, ) of a fixed history (M, ~y) are
equivalent if the Fy-groupoids v, and v¢, are equivalent in the sense of Section 5.

6.2 Outer distorted histories

As before, we let (M, ) be a history in B(H). Suppose G is a finite family of partial isometries on a Hilbert space
K, constructing a connected finite directed graph G. (Remark that the Hilbert spaces H and K are not necessarily
distinct. However, for convenience, we may assume that they are distinct.) Then the groupoid generated by G is a
subgroupoid in B(K), and it is groupoid-isomorphic to the graph groupoid G of the G-graph G.

Construct a bigger Hilbert space /C, containing both H and K as its Hilbert subspaces. For instance, we may
determine K by the Cartesian-product Hilbert space H x K or the tensor product Hilbert space H ® K, or the
direct-product Hilbert space H @ K, and so on.

For our purpose, we choose K as H ® K,

K HeK.

The operator algebra B(K) is *-isomorphic to B(H) ®c B(K). Then the G-groupoid G is embedded in B(K) C
B(K).
Now, let v = (’Yt,w)fgﬂ% be the Ey-groupoid induced by G and ~. For any (¢, w) € Gg, 7 satisfies that

Ve (m) = w(m)S,—1, ¥Yme M(cC B(K))
with
Tt € B(Kg) € B(R)( € B(K)),
where

KC:Kb@( @ (Cfﬁ)Hng?Vm”u»K
veV(G)

Here, Ky is the subspace of K, which is Hilbert-space isomorphic to the initial and the final spaces of all
elements of G in B(K) C B(K). So, under this setting, the pair (M, ) is an inner distorted history of (M, ) in
the new (extended) paradigm B(K). However, it is not an inner distorted history of (M, ) in the originally given
paradigm B(H).

Definition 24. Let (M, ) be given as above in B(K). Then it is called an outer distorted history of (M, ) by G.

We may understand an outer distorted history (M, ) as the history distorted by the activities vg of G
(C B(K)), outside the paradigm B(H).

An outer distorted history (M, ~¢) of the given history (M, ) can be understood as a C*-dynamical system
(M, Gg,~vq), induced by the R-framed groupoid Gg.

Basically, outer distorted histories have the same properties with inner distorted histories like in Section 5.1. The
only difference between inner distorted histories and outer distorted histories is where they are working. That is, an
inner distortion happens in B(H), and an outer distortion happens in B(K), containing B(H ).
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