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Abstract

First we discuss the background of the issue to Lie algebras. We also show the relationship of our problem and
A.V. Mikhalev’s problem. The main result is proved for Lie algebras. We then consider the Q-group".
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Introduction

First we discuss the background of the work for Lie algebras. We
also show the relationship of our problem and Mikhalev’s problem. The
main result is proved for Lie algebras. We then consider the Q-group.

Definition 1. A Lie algebra L is said to be prime if [U,V] = 0 implies
U=0or V=0 for any ideals Uand U of L.

Definition 2. We say that the ideal P of a Lie algebra P is prime if
the factor algebra L / P is prime.

Definition 3. The intersection of all prime ideals is called the prime
radical P(L) of a Lie algebra L.

The reader may consult the paper of Balaba [1], about theory of the
prime radical of Lie algebras.

Definition 4. A Lie algebra is said to be weakly artinian if the Lie
algebra satisfies the descending chain condition on ideals.

In 2001, Mikhalev has formulated the problem at the seminar
“Rings and modules” in Moscow State University: does there exist
weakly artinian Lie algebra prime radical of which is not solvable?

In studies of Pikhtilkov [2], proved that the prime radical of special
weakly artinian Lie algebra is solvable. It was shown in literature of
Sergey [3], that prime radical of weakly artinian locally nilpotent Lie
algebras is solvable.

Weakened Mikhalev’s problem is solved in framework of
Mescherina [4]. It is proved that the prime radical of Lie algebra is
solvable if the Lie algebra satisfies the descending chain condition for
inner ideals or subalgebras.

It is known that the prime radical of Lie algebra is weakly solvable,
it may not be locally solvable [1].

Now we prove the following theorem.

Theorem 1. Let L be a weakly artinian Lie algebra and P = P(L) be
its prime radical. Then P(L) is locally nilpotent.

Proof. To prove the theorem we need to consider the representation
of a prime radical of the Lie algebra as the lower weakly solvable radical.
This representation was considered in studies of Mescherina [4].

Let 0 (L) be any nonzero abelian ideal of P(L). The ideal o (L) is
contained in the prime radical. Therefore this ideal is exists.

This ideal is contained in any nonzero solvable ideal of prime
radical P(L). If P(L) # 0, then abelian ideal of prime radical P(L) exists

according to the construction of the lower weakly solvable radical
[1]. If P(L) = 0, there is nothing to prove. It was proved in literature
of Jacobson [5], that any nonzero solvable ideal contains a nonzero
abelian ideal.

Further we define an ideal 7 («) € P(L) for each ordinal number «
using transfinite induction. We get the following.

1.7(0)=0.

2. Suppose that for all « < 8 ideals 7 () is defined. Then we define
7 () as follows.

a) 7(p) is an ideal of the algebra L such that 7 (8) /7 (y) =0 (L / 7 (y))
if B =y + 1 is not a limit ordinal.

b) If B is a limit ordinal, then

«(B)= .

r<pB
For reasons of the cardinality we have 7 (8) = 7 (8 +1) for some .
Then 7 (8) = P(L).

Now we construct another representation of prime radical using
nilpotent ideals.

Let o (L) be a sum of all nonzero abelian ideals of P(L). From weakly
artinianess of Lie algebra L, it follows that those abelian ideals are finite.

In the studies of Jacobson [5] it was shown that the sum of nilpotent
ideals of Lie algebra is nilpotent. Therefore, the ideal ¢ (L) is nilpotent.

As above we define the ideal of o («) € P(L) for each ordinal
number « using transfinite induction. We get the following.

1. (0)=0.

2. Suppose that o («) is defined for all « < . Then we define « ()
as follows.

a) « (B) is an ideal of the algebra L such that o (f) /o (y) =0 (L/ 0
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(y)) if B=7y + 1 is not a limit ordinal.
b) If  is a limit ordinal, then

o(B=Jom.
7<p
For reasons of the cardinality we have o () = o (8 +1) for some .
Then o (8) = P(L).

Denote by N(o (L)) the degree of nilpotency of the ideal o (L).

Let be X c P(L) is a nonempty finite set. We shall prove that

everything [ %30y 1oy € X with the left arrangement of brackets
is equal to 0 for some natural 7.

For each x € X we denote by « (x) is an ordinal « such that x€o («)
\ 0 (a —1) is defined, and «, if x€o («) and « — 1 is not defined.

Denote by & = max(a([x;,x, ... 1%, €X))m =N (o (a)).

Consider all the products [¥;%;, .-, ] Those products satisfy the

condition a([x,-l,x-

,2,...,xi’n])<a1.

By definition, put X, = {[x X

i\ i2,...,xim]|xik e X,1<k< m}.

Denote by «, = max, (a(x)), m, = N(o (a,)).

From the above it follows that &, < ;.

ximz]\xik eX,lSksz},

Further by definition, put X3 = {[x,‘l 3 Xy 5

We shall get a sequence of sets X, X,... and a decreasing sequence
of ordinal numbers x>a>.., which cannot be infinite.

Therefore, for some k all elements of X, are zero.

Hence the Lie algebra generated by set X is nilpotent. Then the
prime radical P(L) is locally nilpotent.

According Theorem we get restrictions for constructing the
counterexample to Mikhalev’s problem.

Let L be a weakly artinian Lie algebra. Let P = P(L) denote prime
radical of L.

Consider the derived series
P’ =[P,P],...,P®V = [P®, W], ..
ThenPo> P oP'o...oP"W> ...

As the Lie algebra L is a weakly artinian then the decreasing chain
of its ideals is stabilized, i.e., R = P"*) = P™ for some natural n. Hence
[R,R] = R.

There is a desire to find weakly artinian algebra R which is not
solvable and satisfying the following conditions:

1) [R, R =R
2) P(R) =R.

It was proved in literature of Pikhtilkov [3], that the prime radical
of the locally nilpotent weakly artinian Lie algebra is solvable.

From theorem 1 it follows that the Lie algebra R is locally nilpotent.
We proved that the Lie algebra R is solvable.

Consequently, the Lie algebra L, that is a counterexample to
Mikhalev’s problem, must satisfy condition P(L) # L.

The presentation of the proof of theorem 1 for Lie algebras was carried
out for readability. The theorem 1 is also valid for more general case.

Let A be an additive group (possibly non commutative) with
neutral element 0 graded by a group G. Let this group A has also system
of n-ary algebraic operations Q (for some , satisfying the condition n
> 1). Then this group A is called a graded Q-group if (0, 0,...,0) w =0
forallw e Q.

The set of operations ) is nonempty and contains at least one n-ary
operation with n > 2.

The group A decomposes into the direct sum of normal subgroups
A,8€G. 4;9€G. A are called homogeneous components.

Forall ¢, €4,,a, €4, ,...a, €4, and any n-ary operation w € Q

there exists (4,4,,....a,)we Aglgz»«-g,,'

We say that a graded Q-group A is satisfying 1 if the following
conditions hold:

1) Described above characteristics are performed;

2) Set of elements (al, ay..., an) w are finite for every finite set X &
Aifn>2, a,a,...a EX,weEQ.

Elements of the set /()= UGAg are called homogeneous elements
ge

ofa graded -group A. A nonzero elementa € A is called ahomogenous
element of degree g.

For any nonzero element a € A there exists a unique representation
a=ag +a, +..+4a, . where a € Ag and a, are nonzero elements. The
elements 4, are called homogeneous components of a.

Graded Q-groups can satisfy the conditions that convert them to
the group, associative algebra, non-associative algebra, superalgebra,
conformal or vertex algebras. Various examples of graded Q-groups
can be found in literature of Balaba [1].

We can introduce concepts of graded ideal, graded prime radical
of graded Q-groups. We also can consider solvable, nilpotent, locally
solvable and locally nilpotent graded Q-groups. Definitions of these
concepts can be found in studies of Balaba [1].

Finally we shall formulate the analogue of theorem 1 for graded
Q-groups. The proof of this theorem is omitted.

Theorem 2. Let A be a graded Q-group having the finite condition
and satisfying the descending chain condition on graded ideals. Then
graded prime radical P(A) of graded Q-group A is locally nilpotent.
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