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Abstract. Kaimakamis and Panagiotidou in [11] introduced the notion of *-Ricci soliton and studied the real
hypersurfaces of a non-flat complex space form admitting a *-Ricci soliton whose potential vector field is the structure
vector field. In this article, we consider a real hypersurface of a non-flat complex space form which admits a *-Ricci
soliton whose potential vector field belongs to the principal curvature space and the holomorphic distribution.

1. Introduction

An n-dimensional complex space form is an n-dimensional Kéhler manifold with con-
stant sectional curvature c¢. A complete and simple connected complex space form with ¢ # 0
(i.e., a complex projective space CP" or a complex hyperbolic space CH") is called a non-flat
complex space form and denoted by M" (o).

Let M be a real hypersurface of M"(c). Then there exists an almost contact structure
(¢, n, &, g) on M induced from M"(c). The study of real hypersurfaces in a non-flat complex
space form is a very interesting and active field in recent decades and many results of the
classification of real hypersurfaces in non-flat complex space forms were achieved (see [1,
13, 17, 18, 20]). In particular, if £ is an eigenvector of the shape operator A then M is called
a Hopf hypersurface, and we note that the following conclusion is due to Kimura and Takagi
for CP" and Berndt for CH".

THEOREM 1 ([1,12,19]). Let M be a Hopf hypersurface in non-flat complex space
form M" (¢),n = 2. If M has constant principal curvatures, then the classification is as
follows:

e In case of CP", M is locally congruent to one of the following:

1. Aj: Geodesic hyperspheres.
2. As: Tubes over a totally geodesic complex projective space CP* for 1 <k <n — 2.
3. B: Tubes over a complex quadric Q,_1 and RP".
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4. C: Tubes over Segre embedding of CP! x CP = ,nisoddandn > 5.

5. D: Tubes over Pliicker embedding of the complex Grassmannian manifold G, 5. This
occurs only forn = 9.

6. E: Tubes over the canonical embedding Hermitian symmetry space SO (10)/U (5).
This occurs only for n = 15.

e In case of CH", M is locally congruent to one of the following:

1. Aj: Geodesic hyperspheres (Type A11) and tubes over totally geodesic complex hyper-
bolic hyperplanes (Type A12).

2. Ay: Tubes over totally geodesic CH* ¢ CH" for some k € {1,...,n —2}.

3. B: Tubes over a totally geodesic real hyperbolic space RH" C CH".

4. N: Horospheres.

In particular, if M has two distinct constant principal curvatures, the classification is as
follows:

THEOREM 2 ([17], Corollary 2 in [3]). Let M be a hypersurface in non-flat complex
space form M" (c) with two distinct constant principal curvatures and n > 2. Then
e in case of CP", M is locally congruent geodesic hyperspheres in CP"(Type Ay);
e in case of CH", M is locally congruent to one of the following:

1. A11: Geodesic hyperspheresin CH".

2. As: Tubes around a totally geodesic CH" ™' ¢ CH™.

3. B: Tubes of radius r = In(2 + +/3) around a totally geodesic real hyperbolic space
RH" c CH".

4. N: Horospheres in CH".

Since there are no Einstein real hypersurfaces in M" (¢) (see [4] and [14]), Cho and
Kimura in [5] considered a real hypersurface in M"(c) admitting a Ricci soliton. The notion
of Ricci soliton, introduced firstly by Hamilton in [7], is the generalization of Einstein metric,
that is, a Riemannian metric g satisfying

1

where A is a constant and Ric is the Ricci tensor of M. The vector field W is called potential
vector field. Moreover, the Ricci soliton is called shrinking, steady, and expanding according
as A is positive, zero, and negative, respectively. In [5], it is proved that there does not admit
a Ricci soliton on M when the potential vector field is the structure field £. At the same time,
by introducing a so-called n-Ricci soliton (1, g) on M, which satisfies

1 .
EEWQ-FRIC—M—/U?@’?:(N

for constants A, u, they gave a classification of a real hypersurface admitting an n-Ricci soli-
ton whose potential vector is the structure field £. In [6], Cho and Kimura also proved that
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a compact real hypersurface of contact-type in a complex number space admitting a Ricci
soliton is a sphere and a compact Hopf hypersurface in a non-flat complex space form does
not admit a Ricci soliton.

As the corresponding of Ricci tensor, in [8] Hamada defined the *-Ricci tensor Ric* in
real hypersurfaces of complex space form as

1
Ric*(X,Y) = E(trace{d) oR(X,9Y)}), forall X,Y eTM,

and if the *-Ricci tensor is a constant multiple of ¢g(X, Y) for all X, Y orthogonal to &, then
M is said to be a *-Einstein manifold. Furthermore, Hamada gave the following result of the
*-Einstein Hopf hypersurfaces in non-flat space forms.

THEOREM 3 ([8]). Let M be a *-Einstein Hopf hypersurface in non-flat complex
space form M"(c),n > 2.
e In case of CP", M is an open part of one of the following:

1. Aj: a geodesic hypersphere;
2. As: a tube over a totally geodesic complex projective space CP¥ of radius o for
— 2.
1 <k<n-—2 wherer = N
3. B: atube over a complex quadric Q,,—1 and RP".

e In case of CH", M is an open part of one of the following:

1. Aj1: a geodesic hypersphere;

2. A2 :atube around a totally geodesic complex hyperbolic hyperplane;
3. B: a tube around a totally geodesic real hyperbolic space RH";

4. N: a horosphere.

Motivated by the works in [5, 6, 8], Kaimakamis and Panagiotidou in [11] introduced a
so-called *-Ricci soliton, that is, a Riemannian metric g on M satisfying

1
EEyyg—i—RiC*—Ag:O, (1)

where A is constant and Ric* is the *-Ricci tensor of M. They considered the case where W
is the structure field £ and obtained that a real hypersurface in complex projective space does
not admit a *-Ricci soliton and a real hypersurface in complex hyperbolic space admitting a
*-Ricci soltion is locally congruent to a geodesic hypersphere.

It is well-known that the tangent bundle M can be decomposed as TM = R& @ D,
where D = {X € TM, n(X) = 0} is called holomorphic distribution. In the last part of [11],
they proposed two open problems:

Problem 1 Are there real hypersurfaces admitting a *-Ricci soliton whose potential vector
field is a principal vector field of the real hypersurface?

Problem 2 Are there real hypersurfaces admitting a *-Ricci soliton whose potential vector
field belongs to the holomorphic distribution D?
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In the present paper, we shall consider the above two problems. For Problem 1, we con-
sider the case of 2-dimensional non-flat complex space forms. Denote by T, the distribution
on M formed by principal curvature spaces of x and I'(7,) by the all smooth sections of 7.
We obtain the following conclusions:

THEOREM 4. Let M be a hypersurface of non-flat complex space form M 2(¢) with a
*-Ricci soliton whose potential vector field W € I'(Ty), x # 0. If the principal curvatures
are constant along & and A& then
e in case of CP2, M is an open part of a tube around the complex quadric, or a geodesic
hypersphere;

e in case of CH?, M is an open part of

(1) a geodesic hypersphere, or

(2) a tube around a totally geodesic CH', or

(3) a tube around a totally geodesic real hyperbolic space RH?, or
(4) a horosphere.

THEOREM 5. Let M be a hypersurface of complex projective space CP?, admitting a
*-Ricci soliton whose potential vector field W € T'(Ty). Then M is an open part of a tube
around the complex quadric.

For Problem 2, we first obtain the following result:

THEOREM 6. Let M be a hypersurface of complex projective space CP? with a *-Ricci
soliton whose potential vector field W € D. If the principal curvatures are constant along
& and A&, then M is locally congruent to a geodesic hypersphere in CP2. Moreover, if
g(AE, &) = 0 then W is Killing.

Furthermore, due to the decomposition TM = R& & D, we have A§ = a& + V, where
V € D and a is a smooth function on M. The following conclusion is obtained:

THEOREM 7. Let M*~" be a hypersurface of complex space form M" (¢) andn > 2.
Then
e in case of CP" there are no real hypersurfaces admitting a *-Ricci soliton with potential
vector fielld W = V;
e in case of CH", if M admits a *-Ricci soliton with potential vector field W =V, it is locally
congruent to a geodesic hypersphere.

This paper is organized as follows. In Section 2, some basic concepts and formulas are pre-
sented. To prove M is Hopf under the assumptions of theorems, in Section 3 we give some
formulas for the non-Hopf hypersurfaces with *-Ricci solitons, and the proofs of theorems are
given in Sections 4, 5, and 6, respectively.
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2. Preliminaries

Let (1\7[ " 79) be a complex n-dimensional Kihler manifold and M be an immersed real
hypersurface of M" with induced metric g. We denote by J the complex structure on M",
There exists a local defined unit normal vector field N on M and we write £ := —JN by
the structure vector field of M. An induced one-form 7 is defined by n(-) = §(J-, N), which
is dual to &. For any vector field X on M the tangent part of JX is denoted by ¢ X =
JX — n(X)N. Moreover, the following identities hold:

P*=—Id+n®E no¢p=0, ¢po&=0, nE) =1, 2)
9(@X, 9Y) = g(X,¥) — n(X)n(Y), A3)
9(X, &) =n(X), 4)

where X, Y € X(M). By (2)—(4), we know that (¢, n, &, g) is an almost contact metric
structure on M.

Denote by V, A the induced Riemannian connection and the shape operator on M, re-
spectively. Then the Gauss and Weingarten formulas are given by

%XY=VXY+g(AX, Y)N, %XNz—AX, 5)
where V is the connection on M" with respect to g. Also, we have
(Vxp)Y =n(Y)AX — g(AX,Y)E, Vx§=¢AX. (6)

M is said to be a Hopf hypersurface if the structure vector field £ is an eigenvector of A.

From now on we always assume that the sectional curvature of M™" is constant ¢ # 0,
ie., M" is a non-flat complex space form, denoted by M" (c), then the curvature tensor R of
M is given by

R(X.Y)Z = %(g(x )X — g(X. 2)Y + (@Y. Z)$X — g(¢X. Z)pY

)
+29(X, ¢Y)¢Z) + g(AY, Z)AX — g(AX, Z)AY ,
and the shape operator A satisfies
(VxA)Y = (Vy )X = 7 (n(08Y = n(1)$X —29(9X. V)£ ) ®)

for any vector fields X, Y, Z on M.
Recall that the *-Ricci operator Q* of M is defined by

1
g(Q*X,Y) =Ric*(X, Y) = Etrace{d) oR(X,¢Y)}, forallX,Y eTM.
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By (7), it is proved in Theorem 2 of [9] that the *-Ricci operator is expressed as
cn
0" =—[F¢*+@a7). ©)

In particular, if Q* = 0 then M is said to be a *-Ricci flat hypersurface. Due to (2) *-Ricci
Soliton Equation (1) becomes

g(Vx W, Y) + g(X, VyW) + ncg(X,Y) — nen(X)n(Y)
+29(@AX, ApY) —249(X,Y) =0,

(10)
for any vector fields X, Y on M.

3. Non-Hopf hypersurfaces with *-Ricci solitons

In this section we assume that M is a non-Hopf hypersurface in M 2(c) with a *-Ricci
soliton. Since M is not Hopf, due to the decomposition TM = R& @ D, we can write A as

AE =af + BU, (11)

where o = n(A§), B = |¢pVe&| are the smooth functions on M and U = —%(ngS eDisa
unit vector field with 8 # 0. Write

N:={peM:B+#0 inaneighbourhoodof p}.
LEMMA 1. On N, we have ApU = 0.

PROOF. 1In view of *-Ricci Soliton Equation (1), we know Ric*(X, Y) = Ric*(Y, X)
for every vector fields X, Y € T M. That means that for every vector field X,

PAPAX = ApAPX . (12)
On the other hand, we have
P*APAX = —APAX + n(APAX)E
= —APAX + g(at + BU, pAX)E
= —APAX — Bg(¢U, AX)§
and
PAPAPX = APpAP>X
= —APAX + n(X)APAE
= —APAX + Bn(X)AgU .

Since B # 0 on NV, we get from (12) that —g(¢U, AX)E = n(X)A¢U. Taking X = & in this
formula, we obtain the desired result. ]
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Since {&, U, ¢U} is a locally orthonormal frame on NV, there are smooth functions y, i, 8
such that
AU = B+ yU + U, ApU =45U + puoU . 13)
By Lemma 1, we have § = u = 0. Moreover, in [16] the following lemma was proved:
LEMMA 2. With respect to the orthonormal basis {&, U, pU}, we have
Vyé =yoU, Veué =0, V& =poU,
VuU = k19U, VouU = kopU, VeU =k3¢U,
VupU = —k\U —y&, VeoudU = kU, VepU = —k3U — B,
where ki, ko, k3 are smooth functions on M.

Applying Lemma 2, we have the following.

PROPOSITION 1. The following formulas on N are valid.:

k3 +af —oU(@) =0, k=0, (14)
ky + B2 —@U(B) = -7 (15)
5B =U@), &) =U(B). (16)
ﬂ2+k3y—ay—ﬂk1=§, (17)
ki +ay —oUB) = —3. (18)

PROOF. By taking X =& and Y = ¢U in Relation (8), we obtain
c
(VeA)PU — (Vyu A)§ = —ZU.

In view of (13) and Lemma 2, the above formula leads to k; = 0 since 8 # 0. Also (14)
and Formula (15) are attained. By a straightforward computation, Relation (8) for X = £ and
Y = U implies (16) and (17). Moreover Relation (8) for X = U and Y = ¢U gives (18). O

Let us assume that W is an eigenvector of A, namely, there is a smooth function x such
that AW = x W holds. On N, in the basis of {&, U, ¢U} the potential vector W may be
expressed as

W = fi§ + LU + f39U,

where f1, f2, f3 are the smooth functions on V.
In view of Lemma 2, by a direct computation, we have

VeW = (E(f1) — f3BE + E(f2) — [3k)U + (/1B + faks +E(f3)eU (19)
VoW = U(f1) — f3y)§ + (U (f2) — f3k)U + (fiv + 2kt +U(f3)eU, (20)
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VouW = ¢U(f1)§ +oU(f2)U + ¢U(f3)9U . (2D
Inserting X = Y = £ into Formula (10), by (19) we find
§(f1) — RB=1. (22)

Furthermore, inserting X =Y = U and X = Y = ¢U into Formula (10) respectively, we get
from (20) and (21) that

U(fr) = fiks+c—ir=0, (23)
dU(f3) +c—1=0. (24)

Also, when X and Y are taken as the different vectors of &, U, and ¢U in Formula (10), a
similar computation leads to

£(f)— fiks+U(f1)) — fay =0,
fiB+ ks +E(f3) +oU(f1) =0, (25)
fiy + Lk +U(f3) +U(f2) =0.

Actually, Lemma 1 shows that at every point of N there exists a principal curvature 0
and ¢U is the corresponding principal vector. It turns out that there are at least two distinct
principal curvatures in non-flat complex space forms (see [15, Theorem 1.5]).

Let A; be the principal curvatures for i = 1, 2, 3, where A3 = 0. We may assume that
e; = cosf& 4 sinbU, ep = sinf& — cosOU are the unit principal vectors corresponding to
A1 and X, respectively, where 6 is the angle between principal vector ej and &. It is clear that
{e1, e2, e3 = U} is also an orthonormal frame. Namely,

Al
Aler, e, e3) = (e1, e2, €3) A2
0
Denote by
cos 6 sind 0
B = sinf —cos6 O
0 0 1
the transformation matrix of two frames, i.e.,
(e1,e2,e3) =(§,U,9pU)B.
Moreover, since
a B 0
AE, U, oU)=E U, o) | B v 0 |,
0O 0 O
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we get

Al
%) BT .

o oo
Il
o

P
14
0

O™ R

A straightforward calculation leads to

1
o=l cos? 0 + A2 sin29, = —(A1 —A2)sin20, y =1 sin® 6 + X2 cos’ 6. (26)
2

If M has only two distinct principal curvatures at any point p € A/, then either A} =
X2 # 0, or one of A1 and A, vanishes. However, the second of (26) will come to 8 = 0 if
A1 = Ap, thus it is impossible. Without loss generality, we set A; = 0 and A # 0. In terms of
[10, Theorem 4], ¢, B and y satisfy

E(@)=§(B) =§&(y) =0,
Ulw) =pa+y).
Using (16), we thus derive o + y = 0 because § # 0. This shows Ap = 0 from the first and
third of (26). Itis a contradiction. Therefore on AV there are three distinct principal curvatures,
i.e., A1, A2 are not zero and A1 # Ap.
Using (16) again, we derive from (26) that
U(h1)cos> 6 + U(rp) sin? @ — (A1 — A2) sin20U ()
1
= ES(M — X2)sin26 4+ (A1 — X2) cos20£(0),
£(L1)sin? 0 + E(A2) cos? 0 + (A1 — A2) sin 20£(9)
1
= EU()\.l — X2)sin26 + (A1 — Ap) cos20U () .
From which we arrive at
U —A2) + U(Ap 4+ A2) cos20 — E(X1 + Ap) sin 26

0) = ,
5®) 2(h — A2)
U®) = —E — A) +EM 4+ Ap)cos20 + U (A + Ap) sin26
2(A1 — A2) ’

Thus we obtain

PROPOSITION 2. Ifon N the principal curvatures are constant along & and A&, then
the following equations hold:

§(0)=U®) =0, 27)
§B)=Ul) =&(y)=U(B)=0. (28)



442 XIAOMIN CHEN

4. Proofs of Theorems 4 and 5

In order to prove our theorems, we first prove the following two conclusions.

PROPOSITION 3. Let M be a real hypersurface in M? (¢) with a *-Ricci soliton whose

potential vector field W € TI'(Ty), x # 0. If the principal curvatures are constant along &
and A& then M is Hopf.

PROOF. Suppose that M is not Hopf, then A/ is not empty. Write W = aje; + azes +
aze3, where ai, ap, as are the smooth functions on V. Since x # 0, a3 = 0 and x = A or
Az. Since aj, ap are not all zero, without loss of generality, we may assume a; # 0, then

AW = xW = x =Xx1 and ap; =0 since Aj # Ap.
Thus the potential vector field can be written as
W =ajcosH& 4+ a;sinbU .

Replacing f; in Formula (22) and f> in (23) by a; cos6 and a; sin 8, respectively, we have

E(aycosf) =X, Uf(a;sinf) =0 (29)
because ¢ = A followed from (24). Similarly, in view of the first equation of (25), we obtain

E(ar1sinf) + U(aycosf) =0. (30)
With the help of (29) and (30), we further obtain
ay(sinf&@B) —cosOU(B)) = —A sin%6 .

By (27), Asin’0 = 0. If sinf # O then A = 0. This leads to a contradiction because
A =c #0. If sinf = 0then W = ajcosbé, i.e., & is a principal vector, which is also a
contradiction. Therefore we complete the proof. O

PROPOSITION 4. A real hypersurface in CP?, admitting a *-Ricci soliton whose po-
tential vector field W € T'(Tp), is Hopf.

PROOF. Suppose that M is not Hopf, then N is not empty. We may write W = bjej +
byey+bses in the basis {e1, e2, e3}, where by, by, b3 are smooth functions on /. By Lemma 1,
ApU = 0, s0 AW = 0 implies by = by = 0, i.e., W = b3¢pU with b3 # 0. Hence (25)
becomes

k3 =—y, &b3)=0, U(bz)=0. (3D
And (23) becomes
—byy =c—A\. (32)
Since b1 = 0, Formula (22) becomes

—b3B = 1. (33)
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So by taking the differentiation of (32) along ¢ U, we derive from (24) that

b3pU(B) = (c —1)B. (34
On the other hand, it follows from (32) and (33) that
y c
= =-—1. 35
573 (35)

If ¢ = X, then Equation (35) shows y = 0. Further, in view of (24) we find ¢U (b3) =
X — ¢ = 0, which means that b3 is constant since £(b3) = U(b3) = 0. Now we derive from
(33) that B is constant. Hence together (17) with (18), we obtain ,82 = —%. It is impossible.

Next we assume ¢ # A. Thus Equation (35) follows y # 0 and Formula (15) follows
from (31)

PUPB) = B> -y + =

1
Substituting this into (34), we get from (32) that
cy\ 1 Y\2 c y
P LU A R
( 47y p 4p2 B
which reduces from Equation (35) that g is constant. Finally we derive a contradiction from
(34). Hence we complete the proof of proposition. O

PROOF OF THEOREM 4. Under the hypothesis of Theorem 4, by Proposition 3, M is
a Hopf hypersurface of 1\712(c), ie., A& = a&. Due to [15, Theorem 2.1], @ is constant. We
consider a point p € M and a unit vector field e € D), such that Ae = ke and Age = ve,
where «, v are smooth functions on M. Then {£, e, ¢e} is a local orthonormal basis of M. By
Corollary 2.3 in [15],

K+v c
= —. 36
5 a+4 (36)

Moreover, by a straightforward computation, we have the following lemma.

KV

LEMMA 3. With respect to {&, e, ¢pe} the Levi-Civita connection is given by
V.& = ke, Ve = —ve, V& =0,
Vee = a)¢e, Vet = vV + arpe, Vee = azge,
Vepe = —aje — k&, Vpepe = —aze, Vege = —aze,
where a1 = g(Vee, pe), ax = g(Vyee, pe), a3 = g(Vee, gpe) are smooth functions on M.

Under the orthonormal basis {&, e, ¢pe} we may assume that there are smooth functions
g1, 92, g3 such that the potential vector filed W can be written as

W = gi§ + qe + g3ge.
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Since AW = y W with x # 0, we getagr = xg1,kg = xg2 and vg3 = X g3.
Next we consider the following cases:

e Case I: g1, ¢, g3 are not equal to zero.
Then k¥ = v = «, which leads to ¢ = 0 from Equation (36). This is a contradiction.

e Case II: Only one of g1, g2, g3 is equal to zero.

If g1 = 0, then k = v. Equation (36) yields (x — %)2 = "‘QI", which shows k = v = const.

and o # k; If go = 0, then « = v, Equation (36) implies k = % with k # o; If g3 = 0,

then k¥ = o, which implies v = "+22a“2, v # a by Equation (36).

e Case III: Two of g1, ¢2, g3 are equal to zero.
When ¢g; = ¢» = 0. Formula (10) for X = & and Y = e implies

In view of Lemma 3, a simple calculation leads to k = —a3. On the other hand, Relation (8)
for X =eandY = ¢ yields (V,A)§ — (VeA)e = —chz)e. By Lemma 3, we find

oK — KV — Kd3 —i—aw:—%. 37

A similar computation using Relation (8) for X = ¢e, Y = £ yields

—av + kv — ka3 +azv = % (38)
Moreover, inserting k = —a3 into the above equation gives
2 C

—qv = —. 39

K —av =4 (39

The combination of (37) and (38) leads to (k — v)(2x + «) = 0 because a3 = —«. If

v = k then @ # k, otherwise, Formula (39) will lead to ¢ = 0. If v # « then k = —% and
V= a’—c
- 4o

When g = g3 =0, we put X = £, Y = ¢pe in Formula (10). By Lemma 3, a3 = —v, so
we get (k —v)(2v +«) = 0 from (37) and (38). If k = v then @ # v as before. If k¥ # v then
v=-—3andk = “i;c.

When ¢» = g3 = 0, Relation (8) for X = e, Y = ¢e leads to ¢ = 0 by Lemma 3, which
is a contradiction.

In a word we have proved that there are two or three distinct constant principal curvatures
on M. For the case of CPZ, by Theorem 2 and [20, Theorem 4.1], M is an open part of a
hypersphere, or a tube around the complex quadric.

For the case of CH?, if M has three distinct principal curvatures, by the proof of [2, The-
orem 1.1], we know that the ruled real hypersurfaces cannot be Hopf, which is a contradiction



REAL HYPERSURFACES WITH *-RICCI SOLITONS 445

with Proposition 3. Thus in this case M has only two distinct constant principle curvatures.
In view of Theorem 2, the real hypersurface M is one of Type A1, A2, B and N.
This finishes the proof of Theorem 4. O

PROOF OF THEOREM 5. Under the assumption of Theorem 5, by Proposition 4 we
know that M is a Hopf hypersurface of CP?. Hence Equation (36) and Lemma 3 are valid.
We adopt the same notations as the proof of Theorem 4.

Since AW =0, we have ag) = kg» = vg3 = 0. If @ = 0 then it follows from Equation
(36) that kv = f—P which means that «, v are non-zero. So we get g = g3 = 0. From the Case
III in the proof of Theorem 4, we know it is impossible.

In the following we assume « # 0, then g; = 0. If ¢, is also equal to zero, then g3 must
be non-zero, and further we obtain v = 0 and k = —% # 0 from the Case IIl in the proof of
Theorem 4. If g> is non-zero then ¥ = 0. Equation (36) implies av = —3, that shows v is a
non-zero constant. Further we know o % v since ¢ > 0.

Summarizing the above discussion, we have proved that there are three distinct constant
principal curvatures in M. Therefore we complete the proof of Theorem 5 by [20, Theo-
rem 4.1]. O

5. Proof of Theorem 6

In this section we suppose that M is a real hypersurface of CP? with a *-Ricci soliton
whose potential vector field W belongs to the holomorphic distribution D. First we prove the
following result:

PROPOSITION 5. Let M be a real hypersurface in CP? with a *-Ricci soliton whose
potential vector field W € D. If the principal curvatures are constant along & and A§ then
M is Hopf.

PROOF. If M is not Hopf then NV is not empty. Let W = cje; + caex + cze3 € D,
where ¢; are smooth functions on AV, then

c1¢c080 4+ cpsinf =0. 40)
Formula (22) becomes
-3 =A. (41)
And by Proposition 2, (23)—(25) accordingly become
U(cy)sin® — U(cp)cosO —c3k3+c—A =0, 42)

oU(c3) +c—A1=0, (43)
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and

E(cy)sin® — &(cp) cosO — c3k3 — 3y =0,
(c1sin@ — ¢z cos@)kz + E(c3) =0, (44)
(c1sinf — cacosO)ky + U(c3) + ¢U(cysinf — cpcos6) = 0.

If c3 = 0, then (41) and (43) show ¢ = A = 0. It is impossible. Thus c3 # 0, which further
implies A # 0 from (41). By (43) and Formula (15), differentiating (41) along ¢ U gives

c ¢
k Z_4-=0. 45
3y + B T t1 (45)
When y = 0, this shows f is constant. So it follows from Formula (15) that 82 = — %, which
is impossible because ¢ > 0. Hence y # 0 and we get from (45) that
2
o PErs
14

If c1 = ¢ = 0, as the proof of Proposition 4, by using (41)-(44), we arrive at a contra-
diction. Thus one of c¢1, ¢ must be not zero.

Without loss of generality we set ¢ # 0. Taking the differentiation of (41) along £ and
U, respectively, we obtain from (28) that £(c3) = U(c3z) = O since B # 0. In view of the
second equation of (44) and (40), we find k3 = 0, that is,

B+ =0
A4
thus 8 is constant. As before from Formula (15) we have ,82 = - % , which is impossible. This
completes the proof. O

PROOF OF THEOREM 6. Under the hypothesis of Theorem 6, by Proposition 5 we
know that M is a Hopf hypersurface of CP%. That means that the structure vector field &
is a principal vector field, i.e., A = a& and a is constant as before.

For any point p € M we consider a unit vector Z € D, such that AZ = pZ, then the
following relation holds (see [15, Corollary 2.3]):

na

(n=3)a0z= (5 +3)oz.

If u = 5 the above equation implies % + 3 =0,1ie, w? + 7 = 0, that is impossible.
Hence p1 # 5, which means that ¢ Z is a principal vector with principal curvature v satisfying
nw+v c
= —. 46
S aty (46)
Now we know that Span{Z, ¢ Z} = D), and {§, Z, ¢ Z} is an orthonormal basis of T, M. By
a straightforward computation, we have

Vz¢Z = —9(VzZ,92)Z — &, VyzZ =vE+g(NpzZ,92)9pZ.

[TAY
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Taking X = Z and Y = ¢ Z in Relation (8) and using the above formulas, we get

_c
py—va=-.
Next we distinguish into two cases.

Case 1. If a # O then it follows & = v by combining with (46) and further u, v are
constant. Furthermore, we find u = v # a, otherwise, the above formula will lead to ¢ = 0.
By Theorem 2 we get that M is of Type Aj.

Case 2. We assume a = 0, then uv = 7. In this case M is a *-Einstein hypersurface
(see [9, Remark 1]). *-Ricci Soliton Equation (1) shows W is a conformal Killing vector
field, i.e., Lwg = 2(A — 5c¢)g. From (7), we calculate the Ricci operator

0X = g{sx —3n(X)E) + hAX — A2X, forall X € TM,
where h = trace(A). Hence by a direct computation we can get that the scalar curvature
r=3c+2uv.
Notice that on an n-dimensional Riemannian manifold a conformal Killing vector field
X,ie., Lxg = 2pg, satisfies

Lxr=2n—1)Ap —2pr,

where r is the scalar curvature (see [21, Eq. (5.38)]). Since uv = %, the scalar curvature

r= 77‘ # 0. Using the above formula we find that W is a Killing vector field.
Moreover, since M is *-Einstein, we derive from Theorem 3 that M is one of Type
A1, As, and B. But according to the list of principal curvatures of Type A1, Az and B hyper-
surfaces (see [15, Theorems 3.13-3.15]), we find that in this case only Type A is satisfied.
Therefore we complete the proof of Theorem 6. O

6. Proof of Theorem 7

Since the tangent bundle 7 M can be decomposed as TM = R& & D, where D = {X €
TM : n(X) = 0}. Then A can be written as

At =as+V, 47

where V € D and a is a smooth function on M. In this section we assume that the hyper-
surface M of M"(c) is equipped with a *-Ricci soliton such that the potential vector field
W=V.

LEMMA 4. On M the following equation is valid:
(VeA)e = Da +2A¢V (48)

where Da denotes the gradient vector field of a.
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PROOF. By (6) and (47), for any vector field X

(VxA)§ = Vx(AE) — AVx§
= X(@a)§ +aVx& +VxV — ApAX.

(49)

Thus
9((VxA)§, &) = X(a) + g(Vx V., &) — g(ApAX, §)
= X(a) — g(V, Vx§) — g(pAX, Af)
= X(a) +29(AX, V).
From the well-known relation g((VxA)§,&) = g((VeA)&, X) (see [15, Corollary 2.1]), we
arrive at (48). d

Next it follows from (49) and Relation (8) that

VxV =(VxA)§ — X)) —aVxé& + ApAX

= (VeA)X — %¢X — X(@)é —apAX + ApAX . (50)
Therefore, by Lemma 4 we have
VeV =(Ve A)§ — §(a)§ — apAs + APAE 50

=—adV + Da — E(a)E +3A¢V .
Since n(V) = 0, differentiating this along any vector X, we have
g(VxV, &) +g(V,¢AX) =0. (52)

In particular, by taking X = & in (52), we find g(Ve V, &) = 0 because of Ve& = ¢ V. Hence,
taking into account X = Y = & in Formula (10), we conclude that 1 = 0.

Take X = & and Y = £ respectively in Formula (10), and it follows from (51) and (52)
that

—apV + Da — §(a)§ +4A¢V —2¢A¢V =0,
—a¢V + Da — &(a)§ +4A¢V =0.

Hence ¢ ApV = 0, which implies A¢V = 0 because of (3) and (47). Differentiating ApV =
0 along vector field £ and using the first equation of (6), (50), and (51), we get

0=Ve(ApV) = (Ve A)pV + A(Ved)V + Ad(VeV)
=V V — %V £ (V)(@)E +aAV + Ad(Da) .
Therefore

VeyV = %v — (pV)(@)E —aAV — A¢(Da). (53)
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If we put X = Y = ¢V in Formula (10), then Equation (53) leads to nc|V|?> = 0, i.e., Visa
zero vector field. Since A = 0, the following proposition is proved:

PROPOSITION 6. Every real hypersurface in a non-flat complex space form M" (o),
n > 2, admitting a *-Ricci soliton with potential vector field V, is a *-Ricci flat Hopf hyper-
surface.

PROOF OF THEOREM 7. Let M be a *-Ricci flat Hopf hypersurface, namely, A§ = a&
and Q*X = 0 for all X, where a is constant. In view of (9), we have %d)zX + (pA?X =0
for all X, which further implies

cn
S ¢X + APAX =0. (54)

For any point p € M, let Z € D), is a principal vector, namely, there is a certain function (1
such that AZ = u; Z, then it follows from (54)

WAGZ = —%aﬁz,

which shows that ¢ Z is also a principal curvature vector, i.e., ApZ = v¢Z withv = —5-.

2u
On the other hand, as before we know that the following relation is also valid:
a ma ¢
—2)apz = (55 + )z 55
(m-3)a0z=(5=+5)¢ (55)

In the following we divide into two cases.

eCaseI: a®> + ¢ # 0.
If w1 = 5 then % + 7 =0, which is a contradiction. Hence 111 # 5 and from (55) we find

that the principal curvature v is also equal (% +7) / (u1 — 7). Hence we obtain that 1

satisfies
ZaM% + (1 4+2n)cuy —acn =0, (56)

from which we can see that it is constant. Thus M has constant principal curvatures. How-
ever, since M is *-Ricci flat, in view of Theorem 1 and Section 3 in [8], we find that there are
no hypersurfaces in CP" satisfying this case.

For the case of CH", in terms of Section 3 in [8], only Type A1 and A, hypersurfaces
may be *-Ricci flat. But for the Type A2, we further get 2n = tanh?(x), which is impossible
since 0 < tanh(u) < 1.

eCaseIl: a2+ ¢ =0.
In this case the ambient space is CH", since ¢ = —a? <0,a #0. If uy # %, by (56), we get
Mu1 =naandv = % If 41 = % then v = na. Hence it is proved that there are three distinct

constant principal curvatures for all p € M.
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However, since M is a Hopf, in terms of Theorem 1 and the analysis of Section 3 in [8],
we know that the Type A hypersurfaces cannot be *-Einstein, and the Type B and Type N
hyersurfaces cannot be *-Ricci flat.

Summarizing this two cases, we complete the proof of Theorem 7. O
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