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Fundamental Solutions of the Knizhnik-Zamolodchikov Equation of
One Variable and the Riemann-Hilbert Problem

Shu OI and Kimio UENO

Waseda University

Abstract. In this article, we show that the generalized inversion formulas of the multiple polylogarithms of
one variable, which are generalizations of the inversion formula of the dilogarithm, characterize uniquely the multi-
ple polylogarithms under certain conditions. This means that the multiple polylogarithms are constructed from the
multiple zeta values. We call such a problem of determining certain functions a recursive Riemann-Hilbert problem
of additive type. Furthermore we show that the fundamental solutions of the KZ equation of one variable are uniquely
characterized by the connection relation between the fundamental solutions of the KZ equation normalized at z = 0
and z = 1 under some assumptions. Namely the fundamental solutions of the KZ equation are constructed from the
Drinfel’d associator. We call this problem a Riemann-Hilbert problem of multiplicative type.

1. Introduction

The polylogarithms
o Zn
Li = —
ik (2) El”k
n=

and the multiple polylogarithms

. o
Lig, 1,1 (@) = Z =
(r—1)-fold >y esny =0 2 P
satisfy the inversion formula of the polylogarithms [OkU]
k-1 (—logz)/
Lix(z) + Z ———Lik—j(@+Lip, 1.1 (1 —-2)=¢k). 0
- g (k=2)-fold

The special case of k = 2 of the formula is known as Euler’s inversion formula of the diloga-
rithm.
Conversely, in [OiU2], we showed the following theorem:

Received March 23, 2016; revised September 13, 2017
2010 Mathematics Subject Classification: 34M50, 11G55 (Primary), 30E25, 11M06, 32G34 (Secondary)
Key words and phrases: KZ equation, Multiple polylogarithms, Multiple zeta values



2 SHU OI AND KIMIO UENO

THEOREM 1. Let DY), D) be domains of C defined by
D(H:{z:x—i—yi |x <1, —o0o <y < o0},

D(_)z{z=x+yi|0<x, —00 <y < 00},

Put f1(+) (z) = Lii(z). For k > 2, we assume that fk(i) (z) are holomorphic functions on
D) satisfying the functional relation

f<+’(z>+2 ]gZ) @+ 10 @=¢k) @edPnDD),
j=1

here log z is the principal value of the logarithmic function, the asymptotic conditions
d
d—sz(i)(z) -0 (z— 00, z€ DP),

and the normalizing condition

Poy=0
Then we have
Po=Liv@, @=L 10-2 (k=2).
N
(k—2)-fold

This theorem says that the polylogarithms Lix(z) are characterized as the unique holo-
morphic functions on D™® satisfying the inversion formulas of polylogarithms (1) on the
intersection D) N D) under asymptotic and normalizing conditions.

We call a problem of determining holomorphic functions inductively from additive re-
lations on the overlapped domain, a recursive Riemann-Hilbert problem of additive type or a
Plemelj-Birkhoff decomposition of additive type [Bi, M, P].

In this article, generalizing this scheme, we characterize the multiple polylogarithms of
one variable Li, .. k. (z) from the multiple zeta values

1
;(kl,kz,...,kr): Z ﬁ

ny>-->n,>0 nl RN

,,,,,

The multiple polylogarithms of one variable are holomorphic functions on |z| < 1 deter-
mined by the Taylor expansions

ny

Z
Lllq ,,,,, kr (z) = Z N

ny>-->n,>0 nl R
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wherer > 1,k1, ...,k > 1. By using iterated integrals (8), they can be expressed as

ki—1 k—1
. < dZ ! dZ dZ 4 dZ
Ligy....k (2) =/ <—> <—) ,
0 \ 2 11—z z 1—z2

and can be continued onto P! \ {0, 1, 0o} as many-valued analytic functions along the path of

integration, where P! denotes the Riemann sphere.

The generating function (13) of the multiple polylogarithms yields a fundamental solu-
tion of the Knizhnik-Zamolodchikov equation (the KZ equation, for short) of one variable.
This is an ordinary differential equation

dG X X
_=<_0+ 1 )c @)
dz Z 11—z

defined on the moduli space
Mo =P\ {0, 1, 00},

where X, X are generators of the free Lie algebra X = C{X¢, X}, which is a Lie algebra
derived from the lower central series of the fundamental group of Mg 4 [I]. The 1-forms
& = % and & = ld__zz are considered to be dual variables of Xo, X; and generate a shuffle
algebra. This algebra describes iterated integrals of the forms &y and &;.

The fundamental solutions £©(z) and £ (z) of (2) normalized at z = 0 and z = 1 (see
Section 2, Proposition 7) are the grouplike elements in u (X) = C((Xo, X1)), which denotes
the non-commutative formal power series algebra of the variables X, X . These fundamental

solutions satisfy the connection relation

(,c(”(z))_1 LO) = dxy . 3)

Here the connection matrix @xz is known as the Drinfel’d associator [D]. The Drinfel’d
associator @kz is expressed as the generating function (18), appears in Section 2, of the
multiple zeta values ¢ (k1, k2, . . ., k).

In [OkU], it was shown that the connection relation (3) is equivalent to the system of the
functional relations among extended multiple polylogarithms (defined by (10))

Y Li(tw); 1 = 2) Li(v; 2) = ¢ (reg'*(w)) )

uv=w

referred to as “the generalized inversion formulas.” Here w denotes a word of &) and &;. The
inversion formulas (1) of the polylogarithms are the special cases of the generalized inversion

formulas (4) with w = é(])‘ _15 1.

The first purpose of this article is determining functions f(© and £ satisfying the
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following relation

Y FPE@: ) fOw: 2) = cregw))
uv=w
under asymptotic and normalizing conditions (Section 4, Theorem 11). This theorem is a
generalization of Theorem 1 and is also a recursive Riemann-Hilbert problem of additive
type.
Furthermore we establish the existence and uniqueness of a solution (F O (2), FD(2))
to the equation

(F@) " FOG = o )

under certain assumptions (Section 5, Theorem 12). In other words, the fundamental solutions
LD (z) and LV (z) of the KZ equation (2) are completely characterized by equation (5). To
determine functions in such a way is solving a Riemann-Hilbert problem of multiplicative
type, which is the second purpose of this article.

This article is organized as follows: In Section 2, we prepare some terminologies on free
Lie algebras and shuffle algebras, and survey the connection problem of the KZ equation of
one variable due to [OkU] and [OiU1]. In Section 3, we consider in details the generalized
inversion formulas. We prove the generalized inversion formulas directly. In Section 4, we
derive the multiple polylogarithms from the multiple zeta values as holomorphic functions
satisfying the generalized inversion formulas. Finally, in Section 5, we solve equation (5) and
characterize the fundamental solutions of the KZ equation of one variable.

2. The connection problem of the KZ equation of one variable

Let S = S(%o, &1) be a shuffle algebra generated by 1-forms

dz dz
& =—, & =

z 11—z

This is the non-commutative polynomial algebra C(&y, &) generated by &y, & with the shuffle
product w. The shuffle product is defined recursively as

wwl=1ww=w,
(i, w1) w Epwr) =& (wy w (Ew)) + &, (6, wr) wwy),

where 1 is the unit of C(&, &) (that is, 1 stands for the empty word) and w, wy, w> are words

of C(&o, &1).
By virtue of Reutenauer [R], S is an associative commutative algebra and has a Hopf
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algebra structure by the coproduct
-
A"y &) =Y oy @&, &,
k=0

(weregard§;, ...&, (atk =0)and§; , ...&, (atk =r)as 1), the counit £*(&) = 0 and the
antipode p*(&;, ...&,) = (=1)&, ... &,.
The shuffle algebra

is a graded Hopf algebra with the grading defined by the length of words.
The dual of this Hopf algebra with respect to the pairing

1 r=s,ix=jrforl <k<r),
(éi,...éir,Xj,...st)z!

0 (otherwise)

is the non-commutative formal power series algebra U = C{{Xo, X1)). The algebra U is
the completion of the non-commutative polynomial algebra &/ = C(Xo, X1), which is the
universal enveloping algebra U (X) of the free Lie algebra X = C{Xo, X} generated by
Xo, X1, with respect to a grading defined by the length of words:

The algebra U/ (respectively u ) have a co-commutative Hopf algebra structure by the follow-
ing coproduct A, the counit ¢ as algebra morphisms and the antipode p as an anti-algebra
morphism:

AX) =I® X, + X; ®T,
e(X;) =0,
p(Xi) = —X;,
where I stands for the unit (namely the empty word) of U/ (resp. ).
In what follows, we denote conveniently the sum over all words w in S by Z (or similar

weSs
notations), and the dual element of w by the capital letter W (thatis, forw = &;, ...§;, € S,

the capitalization W stands for X;, ... X;, € U).

The following lemmas are basic and will be used in Section 5.
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LEMMA 2. A a-valuedfunction

F) =) fw; W,

weS

which is holomorphic at z = 0 and F(0) = 1, is grouplike if and only if f(w; z) is a shuffle
homomorphism, namely f (w1 w wy; z) = f(w1; 2) f(wa; z) for all words w1, wy € S.

LEMMA 3. Ifa a-valuedfunction

F@) =) fw; )W

weS

is grouplike, holomorphic at 7 = 0 and F (0) = 1, the reciprocal of F(2) is written as

F@) ™' =Y fw:pW) =Y f(p"w): W

weSs weS

We denote by S” and S'° the subalgebras of S defined as
s%=C1+ 8¢,
S = C1 +£S&; .
The algebra S has polynomial ring structures as follows:

PROPOSITION 4 ([R]). Thealgebra S is a polynomial algebra of &y whose coefficients
are in S°, and is a polynomial algebra of &, & whose coefficients are in S'°;

S = $%&] = §"[&, &1.

That is, any word w in S can be written as
w:ijLu%:ZS{LuwijLué({ 6)
J ij

uniquely, where w; € St and w;ij € S0,

We define the regularizing maps reg” and reg!? as the restrictions to the constant terms
of a word with respect to the decomposition (6):

reg’ S = 86] = SO, w=) wjwél > wo (w) €S,
reg'®: 8§ = 8"%, 61— "0 u=> & wwi;wgd > woo (wij € ).

The maps reg® and reg!? are shuffle homomorphisms and are calculated by the following
lemma. This lemma was essentially shown in Proposition 8 and Corollary 5 of [IKZ].
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LEMMA 5 ([IKZ)). 1. Forawordu € S°, we have

ugh = reg®(ug) ) wéy .

j=0

reg®gl) = > (=1 gy ) we .

j=0
2. Forawordu € S'0, we have
gl uE] = Z Zsf w reglo(gf”_’usg_/) wéd, (7
i=0 j=0

m n
reg O ugy) =Y Y (—DHE wE gy wgy
i=0 j=0
Let Dy and D be domains on C defined by
Dp=C\{z=x|x=1},
Di=C\{z=x|x <0}.

Forawordw =§;, ...§, € SO (that is, i, = 1), we define an iterated integral by

: ! w=1,
/ "1 e ~ ®)
0 / &) / Eiy .. &0, (otherwise)
0 0
recursively and extend it to S as a linear map.

Forz e Dpand w = &, ...§, € S%, we define the multiple polylogarithms of one

variable Li(w; z) as
Li(w;z)z/ w:/ i, .. & . )
0 0

These are holomorphic functions on Dy and have Taylor expansions

ni

Ligy 6.6 e = Y. o (<D,

ny>ny-->n,>0 ny...ny

which coincides with Lig, .., (z). In what follows, we consider the multiple polylogarithms
only of one variable, so we omit “of one variable.”

We extend Li(w; z) to S as follows: For a word w = Zj w; W é({ (w; € SO), we set an
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extended multiple polylogarithm by

(log z)/

J!

Li(w; z) = ZLi(wj; 2) (10)
J
Here log z is defined as the principal value on D;. These extended multiple polylogarithms
are holomorphic on Dy N Dy, and the map
Li(e;z) : S — C, w+— Li(w;z) (z€DgNDy)
is a shuffle homomorphism.

LEMMA 6 ([HPH, Ok]). The extended multiple polylogarithms satisfy the following
recursive differential relations:

d Li(u; d . Li(u;
i = 2D L g = S
dz Z dz 11—z

(11)
where u is a word of S.

We observe that the extended multiple polylogarithms can be continued onto P! \
{0, 1, oo} as many-valued analytic functions along the integral paths of (9).

Ifw=&""&...6 '& € $' the limit of Li(w; z) as z tends to 1 in Dy N Dy
converges and defines multiple zeta values:

. . 1
()= lim  Li(w;2) = > e (12)
zeDyND, ny>ny-->n,>0"1 "
The multiple zeta values ¢ (w) are denoted by ¢ (k1, ..., k) as usual.

Under these notations, the specific solution of equation (2) can be written as follows:

PROPOSITION 7 ([OiUl, OkU]). The KZ equation of one variable (2) has the solution
L (z) which satisfies the asymptotic condition

L£O ) = £O )z %0

where L©) (z) is holomorphic at z = 0 and L£O O =L
The solution £ (z) is uniquely characterized by this condition and is a grouplike ele-

ment of U.
Furthermore the solution L (z) is expressed as
LO@) =) Liw; W (13)
weSs
= (X vty w ) (14)

weSs
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=(1-z~ % < Z Li(reglo(w); Z)W)ZXO . (15)
wes

We call the solution £© (z) the fundamental solution of (2) normalized at z = 0. We
also refer to the solution

LD @) =LV @)1 -7,

where Z(l)(z) is holomorphic at z = 1, £ (1) =1, as the fundamental solution normalized
atz = 1.

With respect to the transformation ¢ : z +— 1 — z, we introduce the automorphism * on
S by

(&) =—&,  1"(E) =&,
which is the pull back induced from ¢, and we also introduce the automorphism ¢, on U/ by
1+(Xo) = — X1, 1:(X1) = —Xo,

which is the dual map of t*. Let 7 : § — S be an anti-automorphism defined by = 1* o p*,
that is,

t(§0) =41, T(€1) =60
Furthermore put 7 = t, o p which is an anti-automorphism on I/ satisfying
T'(Xo) = X1, T(X1) = Xo.

Using the transformation ¢ and the automorphism t,, the fundamental solution LD of
the KZ equation (2) normalized at z = 1 is written as

L) = " Li(w; 1 — 2)t(W)

wesS
= <Z Li(reg’(w); 1 — z)t*(W))(l —7) X (16)
wesS
= 7 %o ( > Li(reg''(w); 1 — z)t*(W)) (1—z)~ %1, 17)

wes
The connection relation between £© and £ is described as follows:

PROPOSITION 8 ([D, OkU)). 1. The connection matrix between LO(z) and
LW (z) is given by the Drinfel’d associator

Bz = Prz(Xo, X1) = Y _ £(reg'"w)W. (18)

weSs
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That is, the connection formula reads

LOz) =LY (@) Pkz . (19)
2. The connection formula (19) is equivalent to the system of relations
Y Li(t@); 1 = 2) Li(v; 2) = ¢ (reg'*(w)) (20)
uv=w

for all words w € S.

We call the relations (20) the generalized inversion formulas for extended multiple poly-
logarithms.

This proposition follows from the representation (15), (17), Lemma 3, and the definition
(12) of the multiple zeta values.

3. The generalized inversion formulas for the extended multiple polylogarithms

In the previous section, we derived the generalized inversion formulas (20) from the con-
nection formula (19) of the KZ equation of one variable. However the generalized inversion
formulas can be proved directly as follows.

PROPOSITION 9. Forany word w € S, the generalized inversion formula

Y Li(t); 1 = 2) Li(v; 2) = ¢ (reg'*(w)) 1)
holds.

To prove this, it is enough to show the following lemma. This lemma also plays a key
role to prove Theorem 11 in Section 4.

LEMMA 10. 1. Forany word w in S, we have
d > Li(t@); 1 —2)Li(v; 2) ) =0
— i(t(u); 1 — i(v; =0.
i : z Z
uv=w
2. For anyword w in S, we have
lim > Li(r(u): 1 — 2) Li(v: 2) = ¢ (reg'®(w)) (22)
zeZI)—()>ﬁi)] uv=w
lim Y Li(t(u); 1 — 2) Li(v; 2) = {(reg'*(z(w)) . (23)
z—0

zeDpNDy uv=w

PROOF. 1. We represent the differential recursive relations (11) in terms of the exterior
derivative with respect to the variable z;

dLiGiw;z) = & Li(w;z)  (0=0,1).
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From this, it follows that
dLi(z(&)w; 1 —z) = —§ Li(w; 2) @i=0,1).
Hence, foraword w = &;, ...§;,, we have

d ( Z Li(t(u); 1 — z) Li(v; z))

=d (ZLi(f(Sil i)y L= i, - & z))
k=0

=&, Li¢,...&.:2)
r—1
+ 3 (— i G 61— D LiG,, - &5 2)
k=1

6 L& 55 1= D LiGE, - 6,50))
—& Li(r(&, ...& ) 1—2)
=& LG, .. &30 — & Li, .. .&; 0 +& LG, .. .& ) 1-2)
—& Li(r(&, ... & ) 1—2)
=0.
2. Fora word w = &} or w = &/, the both sides of (22) and (23) are trivially zero. For a word

w= gfw’s(’), w’ € §1°, we will prove (22). One can similarly prove (23).

For w = éfw’éé, w’ € S10 we have

Z Li(t(u); 1 — z) Li(v; 2)

uv=w

k
= Li(r(&): 1 — ) LiGg{ "wgh: )+ > Li(r(fu): 1 —2)Liv; 2). (24)
i=0 uv=w’.§é

u#l

For the second term of the right hand side of (24), by putting u = &u’, we obtain
Li(t(&fu); 1 — z) Li(v; z) = Li(z (§F&ou’); 1 — 2) Li(v; 2)
= Li(t@)€1£y): 1 - 2) Li(v; 2)

7(10g(1s‘_ o) Li(v; z) .

k
=) Li(reg’(r(u)&15y7*): 1 — 2)

s=0
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Since reg’(z(u")&1£) ) # 1 so that

Li(reg ()15 ™)) 1—2) = 0(1 —2)

(z— 1),

and since Li(v; z) diverges at most of logarithmic order as z — 1, we have

Li(r(é{‘u); 1 -2 Li(v;z) -0 (z—1).

Next, we consider the first term of the right hand side of (24). By using Lemma 5, we

have

k
Y Li(r(g)): 1 — 2) Lig; " w'f: 2)

i—0

= Z Li(g): 1 — ) Ligf " w'&f: 2)

i=0
k  k—i
ZZZLI@O, ) Li(E]: 2) Litreg 6™ " w'gy™"): 2) Li(]: 2)
i=0 p=0g=
k k—i
log(1 — 2)) (—log(1 — imp 1
_ ZZ(Og( ' ) (- og(' D | reglOEE el ), )(ogz>
i=0 p=0¢=0 i! p:
k l
1 (=1)? 1
—Y 2| X 55 | ot - oy L6l i SEL L es)
r=0g=0 \i+p rl' p:
From the identity
1P 1 =0,
it o 20,
it follows that
l
(25) = 3 Litreg! (€l w'e)); >(l°gZ)q
q=0
— Li(reg' Gfw'g)): 1) = ¢(reg' (Efw'g))) (- 1).
O

We should observe that some relations among the multiple zeta values are derived from
the generalized inversion formulas. For instance, in the relation obtained by replacing w to

7(w) in (21), we have

Y Li(t@); 1 —2) Li(v; 2) = ¢ (reg'*(z (w))) . (26)

uv=t(w)
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In (26), replacing z to 1 — z and put u = 7(v'), v = 7 ('), we have
> LI ) Li(t@)): 1 = 2) = ¢(reg' Oz (w))) . 27)
u'v'=w

The left hand side of (27) coincides with the left hand side of (21), so that we have the duality
relations for multiple zeta values

¢ (reg'O(w)) = ¢ (reg'(r (w))) (28)

for any word w in S.

We note that the duality relation of the multiple zeta values (28) can be obtained imme-
diately by comparing equations (22) and (23).

4. The Riemann-Hilbert problem of additive type for multiple polylogarithms

In this section, we give a characterization of the multiple polylogarithms using the gen-
eralized inversion formulas. The generalized inversion formulas (21) for a word w € S 10
read

Li(z(w): 1 —2) + Li(w; 2) = ¢(w) — Y Li(r(u): 1 — 2) Li(v: 2). (29)

wvA

Equation (29) says that the right hand side, which is holomorphic on Dy N D1, decomposes to
the sum of Li(t(w); 1 — z) and Li(w; z), which are holomorphic on Dy and D; respectively.
Moreover the length of words appeared in the right hand side are less than the length of the
word w. Hence the characterization of the multiple polylogarithms by using this decomposi-
tion is considered as a recursive Riemann-Hilbert problem of additive type. This problem is
formulated as follows.

THEOREM 11. There exist unique w-homomorphisms f© (e; z), f1(e;2): 5 — C,
which satisfy
OG0 =logz,  fV(E0:2) =log(l —2).
and the following three conditions:
1. Foranyword w € S, fO(w; z) and £V (w; z) enjoy the functional equations
Y PO = creg’w) (zeDoNDy). (30)
uv=w

2. For any word w € S0, fO(w; z) and fV(w; z) are holomorphic on Dy and Dy
respectively and satisfy the asymptotic conditions

d .
d—f(’)(w;z)—>0 (z—> 00, z€D)). (31)
Z
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3. Foranyword w € S'°, fO (w; z) satisfies the normalizing conditions
FOw;0)=0. (32)
The solutions ¥ (e; z) are expressed in terms of extended multiple polylogarithms as
follows:
FOw: 2) = Li(w: 7).,
FPw; z) = Li(w; 1 —z2).

PROOF. By Proposition 9, the functions f@(w;z) = Li(w;z) and fD(w;z) =
Li(w; 1 — z) satisfy all of the previous conditions.

We show that £ (w; z) are uniquely determined by using induction on the length of a
word w.
First, in the case of w = &y, equation (30) reads

O+ Q%2 =0.
Therefore we obtain
FOE; ) = —fO0;2) = —logz = Li(g; 1 — 7).

In a similar fashion, we have

FO%; 2 = — V(& 2) = —log(l — 2) = Li(&; 2)

in the case of w = &.

Next, we assume that f @ (w'; z) = Li(w’; z) and fV(w’; z) = Li(w’; 1 — z) for words
w’ whose length is less than r.

Now, if the result f©@ = Li(w; z) and f! = Li(w; 1 — z) hold for all words w € S'°
of length r, we obtain

O z)=f<ziff Luwijmif({;z>

ij

Y SN

_y LD LD
— i! Jj!
ij

_ Z Li(é}'; 2)! Liwgj: 2) Li(éq; 2)’!
— i! J!

LJ

=Li<25{mw,»j Lus({;z) = Li(w; 2)

i,j
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for any word w € S of length r, since f© (w; z) and Li(w; z) are both shuffle homomor-
phisms and the word w has the unique decomposition (6). In the similar way, we have also
FD(w; z) = Li(w; 1 — z) for any word w € S.

Therefore it suffice to show that f @ (w; z) = Li(w; z) and f©(w; z) = Li(w; 1 — 2)
for any word w € S'0 of length r.

Letw = &, ..., beawordin S 10 of length r. Under the assumption of induction,
equation (30) becomes

r—1
fO@); )+ ) LiG(E, .. &): 1 = D Lit,, . &: ) + fOw; 2)
k=1
=¢(reg""(w)) = ¢(w). (33)

Now we show f(w; z) = Li(w; 1 — z) and f© (w; z) = Li(w; z) by using (31), (32)
and (33). According to Lemma 10.1, we have

r—1
d (Z Li(r (&, ... £,); 1 — D) LiG,, .. & z))
k=1

=—dLi(§, ...&,;2) —dLi(t(&; ... &) 1 —-2).
Thus the differentiation of (33) leads to the equation
df O(w; 2) — dLi(w; z) = —df PV (r(w); 2) + d Li(t(w); 1 — 2) . (34)

Here we notice that both w and 7 (w) are words in $1°.
Since the left hand side (resp. right hand side) of (34) is holomorphic on Dy (resp. Dy),
the both side of (34) are entire functions. By (31), due to Liouville’s theorem, we obtain

df ®(w; z) —dLi(w; 2) =0,
dfV(z(w); z) —dLi(z(w); 1 —2) = 0.
Thus the functions f@ (w; z) and ) (w; z) are determined as
FOw; 2) = Liw; 2) + ¢ O (w), (35)
O 2) =Liw); 1= 2) +cP(w), (36)
where ¢© (w) and ¢V (w) are integration constants.

Finally, we determine the integral constants cOw) and ¢V (w). By (32), cO@w) =0
is clear. Substituting (35) and (36) to (30), we have

> Lite); 1= 2) Li(; 2) +¢P(w) = ¢(w).

uv=w



16 SHU OI AND KIMIO UENO

In this relation, letting z — 1(z € Do N D), we obtain, from Lemma 10 (22),
tw) +cVw) =cw).
Thus we have
cPw)=0

and have completed the proof of this theorem. O

5. The Riemann-Hilbert problem corresponding to the KZ equation of one vari-
able

In this section, we show that the fundamental solutions £©@ (z) and £ () of the KZ
equation (2) are determined by the equation

(L“’(z))_1 L) = oy,

which is a transformation of the connection formula (19).
Namely we find U/-valued functions F ¥ (z) and F(V(z) which are grouplike, satisfy the
relation

(F “’<z>)_1 FO(z) = oxz 37)

in Dy N D; and some conditions. This equation can be interpreted as a decomposition of the
. . o . -1
holomorphic function @kz € Dy N D; to the multiplication of two functions (FV(z))" and

F©(z) holomorphic on Dy and Dy respectively, so that the problem determining the solution
of equation (37) is a Riemann-Hilbert problem of multiplicative type.
We can solve this problem by associating with Theorem 11 as follows.

THEOREM 12. There exist unique U-valued functions F©O(z) and FV () denoted by

FO = (1 - M FO @)X, FO@ =) fOueg"w); oW,  (38)
weSs

FO = Z0FD @)1 -7, FO@) =" fOeg"w); oW,  (39)
weSs

which are grouplike, and enjoy the following conditions:

1. FO(z) and FV(z) satisfy the functional equation

(F“)(z)>_l FOGZ) = dyy . (40)
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2. FO(2) and FV(2) are holomorphic on Dy and D1 respectively and satisfy the asymp-
totic condition

FO2) >1 (z— 00,z€Dy). 41

3. FO(z) satisfies the normalizing condition
FO@) =1. (42)

Then the functions F© (z) and FV (z) give the fundamental solutions of the KZ equation
of one variable normalized at 7 = 0 and 1 respectively.

PROOF. We reduce this problem to Theorem 11. Put

FO) =Y fOw:w,

weS

FO@) =Y fOu w); w.

weSs

Since F©(z) and F(V(z) are grouplike, by virtue of Lemmas 2 and 3, the functions £ (e; z)
are regarded as shuffle homomorphisms from S to C, and the reciprocal of F()(z) is given by

(F(”(z))_1 =Y fOop raw=> fOw):w.

weSs weSs

Under these notation, equation (40) can be written as

(Z FO@); z)U) (Z FOw: z)V) = Pxz =) Clreg ()W

ues ves weS

The coefficient of W of this equation is equation (30).

Next, since f © (w; z) is a shuffle homomorphism and equation (7) holds, we have

FO@) =" fOw:w

=33 rOEwe] XWX}

i,j wes!0

PJ 4 o
=Y 2 D FOE DV reg € wE] T 2 V& XWX

i,j wes!0s=01=0

(Z f(él, Z) ) (Z £ (reg!(w); Z)W) Z [ (&o; 2)/ O‘

il
wes J:
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Comparing this formula and (38), we have

FO&;z) =logz

as the coefficient of X,

FO®E; 2) = —log(l — 2)

as the coefficient of X, and

FOw; 2) = FOww; 2)

(w e s10. word)

as the coefficient of W = XoW’X . Thus the asymptotic condition (41) says that

Qw2 = fQw;2)—0

for any word w in $'° and the normalizing condition (42)

FOw 0= FOw: 0 =0

for any word w in §1°.

In the similar way, comparing the equation

> O reg" (@ (w)); Z)W)

il

(D) 4% (£ NP
FO(g) = (Zf (1" (§0); 2) X

i

(—fV & 2)
— (Z fx

i

and (39), we have

FD(&; 2) =log(l —2),
FOE ) =—1logz,
FOw; 2) = FO @ (w); 2)

i
1

i

1

)
)

Thus the asymptotic condition (41) reads

FPw; 2) = FYE*w); 2) — 0

weS

wes

J

2

J

(w e S'9).

FOE*E); 2 v

(z € Dg — 00)

j! 0

> W eg 0t w)); Z)W>

(—fV(&o; 2))/ i

J
j! 0

(z €Dy — 0)
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for any words w in S'°.

Therefore the functions f)(w; z) satisfy the assumptions of Theorem 11, and so we
have

FOw; z) = Li(w; 2),
FOw; 2) = Li(w; 1 —2).

Consequently,
FO@) =) Liw; W,
weS
FO@) =Y Lit*w); 1 =)W = Y Li(w; 1 — 2)t(W)
weS weSs

are the unique solutions to this Riemann-Hilbert problem. The last claim follows from (14)
and (16). |
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