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L' and L>®-boundedness of Wave Operators for
Three Dimensional Schrodinger Operators
with Threshold Singularities
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Abstract. It is known that wave operators for three dimensional Schrodinger operators —A + V' with threshold
singularities are bounded in LP ®R3) for 1 < p < 3in general and, for 1 < p < oo if and only if zero energy
resonances are absent and all zero energy eigenfunctions ¢ of —A + V satisfy f V(x)x*p(x)dx = 0 for |a| <
1. We prove here that they are bounded in L'(R3) if and only if zero energy resonances are absent. We also
show that they are bounded in L (R3) if no resonances are present and all zero energy eigenfunctions ¢ (x) satisfy
ng x*V(x)p(x)dx = 0 for 0 < || < 2. This fills the unknown parts of the L”-boundedness problem for wave
operators of three dimensional Schrodinger operators.

1. Introduction

Let Hy: = —A be the free Schrodinger operator on the Hilbert space H: = L?(R™)
with domain D(Hp) = {u € H: 0% € H, |a| < 2}and H: = Hy+ V, V being the
multiplication with real measurable function V (x) such that |V (x)| < C (x)~% for some § > 2,

x) = (1 + |x|2)%. Then, H and Hy are selfadjoint in #, the spectrum of H consists of
absolutely continuous part [0, c0) and a finite number of non-positive eigenvalues of finite
multiplicities and, wave operators W4 defined by the strong limits
Wi: = lim /e iHo (1.1)
t—=+o00
exist and complete: they are unitary from H to the absolutely continuous subspace H,.(H)
of H for H (see e.g. [16]). They enjoy the intertwining property and

f(H)Pye(H) = Wy f(Ho) Wi (1.2)

for any Borel functions f on R!, where P,.(H) is the orthogonal projection onto Hyc(H).
The intertwining property reduces the mapping properties of f(H) P,.(H) to those of f(Hp)
provided that corresponding properties of Wy are established. Thus, the L?-boundedness
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of W1 has attracted interest of various authors and following results have been obtained un-
der various conditions on V. We remark that that the L”-boundedness almost automatically
implies the Wk-P_boundedness for 0 < k < 2, see e.g. [24].

We write L2 (R™): = L?>(R", (x)2°dx) for o € R and define for 1/2 < s < & — 1/2
that

N: ={uelLl’ R"): — Au+ Vu=0}.

The space A is independent of s, A" N L?(R™) is the eigenspace of H with eigenvalue 0
and, u € N\ L%(R™) is called (threshold) resonance of H. If m > 3, we have N = {u €
L (R™): u+ (—A)"'Vu =0} and, u € N satisfies as |x| — oo that

lim |x|m_2u(x) = Cp(V,u) where (V,u): = / Vx)u(x)dx .
[x]—00 R

It follows that, if m > 5, N C LZ(R’”) and resonances are absent and, if m = 3 and m = 4,
u € N is an eigenfunction of H if and only if (V,u) = 0. We say H is of generic type if
N = {0} and of exceptional type otherwise. For a Banach space X, B(X) is the Banach space
of bounded operators in X. Following results have been obtained by various authors.

(1) If H is of generic type, Wi € B(L?(R™)) forall 1 < p < oo ifm > 3 ([20, 21, 3]), for
l<p<ooifm=1(19,2,5])and m = 2 ([22, 12]). If m = 1, W4 are unbounded
in L' or L™ ([19, 5]). It is unknown if W is bounded or not in L' or L*® if m = 2.
(2) Suppose H is of exceptional type, then:

a) If m =1, Wy € B(LP(R™)) foralll < p < ocobutnotforp =1orp =
([19, 2, 5)).

(2b) If m = 3, W4 are bounded in L? (R™) for 1 < p < 3 in general and, for1 < p <
oo if and only if all u € N satisfy (V, x%u) = 0 for |a| < 1 ([24]).

(2c) If m = 4 and if all u € N satisfy (V, u) = 0, viz. if resonances are absent, then
Wi e BILP(R™) forl < p <4,forl < p <ooif (V,x%u) =0 for || <1
and, also for p = oo if (V, x%u) = 0 for || < 2 ([13, 9]).
2d) If m =5, We € B(LP(R™)) for 1| < p < m/2 in general, for 1 < p < m if and
only if all u € N satisfy (V,u) = 0,for1 < p < ocoifand only if all u € N
satisfy (V, x%u) = 0 for |a| < 1 and also for p = oo if (V, x%u) = 0 for |o| <2
([8, 6, 23]).
When m = 2 and N # {0} or when m = 4 and resonances are present, nothing is known and
the problem is still open. (See, however, Note added in proof which appears at the end of the
paper.)
In this paper, when m = 3 and N # {0}, we prove in particular that Wy are bounded in
L'(R?) if and only if N C L?. More precisely we prove the following theorem:
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THEOREM 1.1. Suppose that |V (x)| < C(x)~"~¢ and H is of exceptional type. Then,
W are bounded in L' (R3) if and only if zero energy resonances are absent from H, or all
u € N satisfy (V,u) = 0. In this case W+ are bounded in LP (R>) for 1 < p < 3 in general
and, for 1 < p < oo if and only if all u € N satisfy (V,x%u) = 0 for |a| < 1. Ifallu e N
further satisfy (V, x*u) = 0 for |a| = 2, then Wy are bounded in L.

For 1 < p < oo, the theorem is known and we present here the proof of the if part which
is different from the one given previously in [24]. We also take advantage of this occasion to
correct the incomplete and partly wrong proof of Lemma 4.1 (3) and Lemma 4.4 (4) in [24]
on the unboundedness of W4 in L1 (R3).

We refer readers more about the L? boundedness of wave operators to the literature
mentioned above and, jump into the proof of the theorem immediately. We think that the decay
assumption on V is unnecessarily too strong, however, we do not pursue better conditions
here. We shall often use Schur’s lemma that the integral operator

Ku(x) = /Y K (x, )dv(y)

is bounded from L? (Y, dv) to L?(X,du) forall 1 < p < oo if K (x, y) satisfies
sup/ |K(x,y)ldu(x) < oo, sup/ |K(x,y)|dv(y) < oo. (1.3)
y Jx x Jy

In what follows we often identify the integral operator K with its kernel K (x, y) and say K or
K (x, y) is admissible if (1.3) is satisfied. We also say that K (x, y) is an L? bounded kernel
if K is bounded in L?(R3). We write x (F) for the characteristic function of the set F and
a<|.;b means |a| < |[b]. For 1 < p < oo, |lull, = llullLrx) for various X. We denote
by C various constants whose specific values are of no importance. If the constant depends
on some parameter, say £2, it will be denoted by C,. We adopt the physic convention that
the inner product is linear in the second component and anti-linear in the first and denote it
indistinguishably by (u, v) or (i, v). Furthermore we use this notation whenever the integral
on the right of

(u,v) = (u,v): =/ u(x)v(x)dx
R3
makes sense. For functions u(x), v(x), |u)(v| is an operator defined by

lu)(vl f(x): =ux)(v, f).
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2. Reduction to the low energy analysis

We prove the theorem only for W_ and write W_ = W in the sequel. The conjugation
Cu(x) = u(x) changes the direction of time and results for Wy = C ~lw_C follows imme-
diately from the ones for W_. We write C™ for the upper half plane and define for A € C*
that

Go(N): = (Ho—2»)"', Go): =H -7,

For the free resolvent Go()), we have

1 [ Ml
Go®u(x) = 4 /R O

The limiting absorption principle ([1]) and the absence of positive eigenvalues ([14]) imply
that, foro > 1/2, boundary values of (x)"°Go(X)(x) ™ and (x) " G(1){x)~? for . € R\ {0}
exist in B(L2(R?)) and are locally Holder continuous. When u € Lg, o > 1/2, the stationary
theory of scattering (e.g. [16]) implies that W can be represented via the boundary values of
the resolvents in the form

1 N
Wu=u— lim —,/ GV (Go(L) — Go(—=A)urdx 2.1
el0,Ntoo WL Jo

which we simply write as

1 o0
Wu=u—— GV (Go(h) — Go(—=A))urda . 2.2)
Tt Jo
We decompose W into the high and the low energy parts
W=W.+W.: =WW¥(Hy + W& (Hy), 2.3)
by using cut off functions @ € C;°(R) and ¥ € C*°(R) such that
PO +v(H =1, ®(OA>)=1lnearAi=0 and ®HA%) =0 for |A| > Ao

for a small constant 1y > 0. We have proven in our previous paper [23] that, under the
assumption of this paper, W- is bounded in L?(R?) for all 1 < p < oo and we have nothing
to add in this paper for W~.. Thus, in what follows, we shall be devoted to studying

1 oo
< =®(Ho) — ;/O GMV(Go(r) — Go(=A)AP(Ho)dA . 2.4

Evidently @ (Hpy) € B(L? (R%)) forall 1 < p < oo and we have only to study the operator Z
defined by the integral of (2.4), which we rewrite as

Zu = _% /oo GoMV (1 + GoMV) " (Go(h) — Go(—=A)AF (Wudx (2.5)
0
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by using the resolvent identity G(A)V = Go(M)V (1 + Go(M)V)~! for » > 0 and by defining
F(A) = @(1\2).

We shall use the following well known results (see e.g [23]) on the behavior of (1 +
Go(\)V)~! near the threshold A = 0. We write £: = N N LZ(R3). Functions u € N’ satisfy

1 V(u(y)

"= e

dy

and, as |x| — oo,

L(u) o -1
ux)=——4+0(x|™%), Lm): = —/ V(x)u(x)dx . (2.6)
|x| 4 JR3

It follows that £ = {u € N': L(u) = 0} and dim N /€ < 1. For ¢ € &, we have
Pl < Cx)72, xeR’, @7
and, for resonances u, with L(u) # 0,
u(x) = L@)|x|™ + 0(Ix[™),  |x| = oo. 2.8)

These properties will be frequently used in what follows. Following [11], we say that H is
of exceptional type of the first kind if £ = {0}, the second if £ = N and the third kind
if {0} € & C N. The orthogonal projection in H onto £ will be denoted by P. We let
Dy, D1, ... be the integral operators defined by

1 . )
Dju(x): =i e lx =yl tu(ydy, j=01,....

so that we have a formal Taylor expansion

1 el M=l . j
Go(Mu(x) = — fm e u(y)dy = J;(M) Dju.

If H is of exceptional type of the third kind, —(Vu, u) is an inner product of A and there
exists a unique ¥ € A such that

—(VY,u)=0, Vue&, —-Viy,¥)=1 and —L)>0.
We define
0: =¥+ PVDVYy e N 2.9)

and call it the canonical resonance ([11]). If H is of exceptional type of the first kind, then
dim A = 1 and there is a unique ¢ € N such that —(V ¢, ¢) = 1 and —L(¢) > 0 and we call
this ¢ the canonical resonance.
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PROPOSITION 2.1. Let m = 3 and let V satisfy |V (x)| < Cx)™8 for some § > 3.
Suppose that H is of exceptional type of the third kind and let ¢ be the canonical resonance
and a = Ami|(V, )| 2. Then:

_1_ﬂ_PVD3VPV_E 510
I+ Go)V) " = TR w— A|¢)<¢|V+E(K), (2.10)

where E()) is the operator valued function which, when substituted for (1 + Go(A)V)~!
in (2.5), produces an operator which is bounded in LP(R?) for all 1 < p < oo. If H is
of exceptional type of the first or the second kind, (2.10) still holds with P = 0 or ¢ = 0
respectively.

3. L'-unboundedness with resonances
If zero energy resonances are present, then Proposition 2.1 shows that their contribution
to the operator Z is given via the canonical resonance ¢ by
ia [
Zru: =—— GoMIVe)(Vel(Go(r) — Go(=1) F(Muda, (3.1
0

where a = 4mi|(V, ¢)|~2 # 0. We show that Z, is bounded in L?(R3) for 1 < p < 3 but
notfor p = 1 or 3 < p < co. We use the following lemma.

LEMMA 3.1. Suppose that K (x, y)f‘.\C(x)_l(y)_lﬂxI — |y|)_2_€f0rs0me e>0.
Then,
Ku(x) = /R3 K (x, y)u(y)dy

is bounded in LP (R®) forany 1 < p < oo ife > O and, forall 1 < p < oo ife = 0. The
same is true if K (x, y) <. C{x) = = () 71 (x| = [y) 72

PROOF. For ¢ > 0, the lemma immediately follows from Schur’s lemma. When ¢ = 0,
we have

72 2
R rrr | fu(r)ldr
() (r)(lxl —r)?

Since the right side is rotationally invariant, we have

Ku(x)§|.|C/ fu(r)zf u(ro)dw.
0 S2

2
P

(1 0525 6 F furDar |
Kull? C/ / prr= p(re| fu(r)Ddr J
IKule =€ Ao e —n2 g

00 00 21, .1=-2 2
- C/ / (p)yr (r)y P (re|fu(r)Ddr
—Jo 0 (p—r)?

dp .
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2 2 2 2
We may estimate (p)7 ' (r)! "7 by C{p —r)? "if p <2andby C{p —r) "7 if p > 2. It

follows that unless p = 1 or p = oo we have a y > 1 such that

2 p
o o0 ™ d
e, =c ([ [0,
0 0 (o—r)

1/p

and Young’s and Holder’s inequalities imply

o0 1/p
IIKu||p§C</0 r2|fu(r)|pdr> < Cllullp -

Since (x)7¢(y) ¢ < Ce{x —y) %, the second statement follows from the first. This completes
the proof of lemma. o

LEMMA 3.2. Let Z, be the operator defined by (3.1). Then, Z, is bounded in LP(R3)
for1 < p < 3 butnot for p=1norfor3 < p < oo.

PROOF. It is known that Z, is bounded in L? (R?) for 1 < p < 3 ([24]). We give here
the proof for 1 < p < 3 which is different from the one given in [24]. The integral kernel of
Z, is given by

L FE [ ety VO (VO) W) F ()
Z,(x,y)—; - /O /e T2y —allw —yp “wdedh. G

Since F € C3°([0, 00)), we immediately see that, with a constant C > 0,

ez [ 1VOQVOWI, € 53

lx —zlfw =yl — @)

and x(||x] — |y|| < DZ,(x,y) and )((||x|2 — |y|2| < 1)Z,(x, y) are admissible kernels.
Indeed, we have

su/ dx —su/ ay =C <
W st @00 a Je= @) ’

(@l = 1P < Ll = Iyl > 1) € {@oy): x| < Lyl < 1) and Z,(x, y) is
obviously admissible on {(x, y): |x| < 1, |y| < 1}. Thus we may and do ignore the parts of

R} xR} where [|x|—|y|| < 1 or||x|*=|y|*| < 1 in the proof. We decompose the exponential
functions e/ 2l and e!Mw—y! a5

eI = M L M x 2y, r O X, ) = MR 34

MWl = oM L G Yy w) ) r(h, yw): = @MY g (35)
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and write Z, (x, y) as a sum of four kernels: Z,(x, y) = ijl Zj(x,y),

_ . _ "ia Vo) @Ve)(w)
Zjtw ) = T //Rﬁ 16712|x—zllw—ylFJ(x’Z’w’z)dwdZ

where Fi, ..., Fy are respectively given by

o
Fi=F(x,zwy): = Zi/ eMIEND L x, 2 (A, y, w)F (),
T 0
S .
F=Fkxwy): = Zi/ MIEIEND - (£ y, w)F(L)da

T 0

o0 .
Fy=F3(x.2.y): = Zi/ DG, 2 F(A)dA,
+ 0

o0
Fy= F4(x,y): = Z:t/ eHMIEEYD Fd .
T 0

Here and hereafter the symbol ) * | means that the sum should be taken of the summands with

upper signs and the ones with lower signs. We estimate F1, ..., F4 using integration by parts.
We use the following properties of r (X, x, y):

r0,x,y) =0, h(r(xA,x, y)h=o=xi(lx — y| — |x]), (3.6)

Br Gyl <y k=01, 3.7

(1) We first show that Z(x, y) is an admissible kernel. We apply integration by parts three
times to F7. Then, (3.6) and (3.7) imply

Fi(x,z.w,y) =Y <(|xliﬁa§{r(x, X, r(EA, y, w)F(M)}h=o
+
Fi

+m /Ooo eMIEDRS (0, x, 2)r (£, y, w)F(A)}dA)

3 3
§ZC(1+|Z|+|w3|) SC(1+IZI~I—|w3I)
T (x| £ 1y]) (Ixl = 1yD

Recall that we are assuming |V (x|| < C(x)~77¢. It follows that

I+ |zl + Iw|)3I(V¢)(Z)(V¢)(w)Idwd - c

Z1(x,y)<).C =
D= C T = )P —2llw =] CT =D O)

and Z;(x, y) is admissible by virtue of Lemma 3.1 (recall that we are ignoring the parts where
(x, y) satisfies [|x| — |y[| < Lor [|x|*> — [y|*| < D).
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(2) We apply integration parts twice to F> and write it in the form

3 —i(Iw—Y|—2|)’|):F /”emqﬂiwaf{r(ﬁ,y,w)f(M} o).
—\ (xI£yD 0 (x| £ 1y])

After another integration by parts we see that the integral terms are bounded by C(1 +
|w |)3 (x|£ly |)_3 and, when inserted into Z>(x, y), they produce admissible kernels bounded
by C(x)~(y)~'(|x| & |y)~3. Thus, modulo the admissible kernel

Zz(x,y>zz—7"/ (w =yl = WDVOOVOw)
+

Ro 1672(|x| £ [y)? - |x — z[|lw — y|

_ Z ap(x) (lw—yl— |}’|)(V§0)(w)dw (3.8)
+

(x| £ yD? Jrs 4 - |w —y|

Note that this is bounded in modulus by C(x)~'(y)~!(|x| — |y|)™% and Z, is bounded in
LP(R3) forany 1 < p < oo by virtue of Lemma 3.1.
(3) For F3, we apply integration by parts twice as in (2):

i(lz = x| = |x]) /°° (el S r O, x, D) F (1))
F3 = _ ar].
’ ;(jF CET R (x| £ [y])?

By applying integration by parts once more as in (2) we see that the second terms on the
right are bounded by C (1 + 1zD3 (x| & |y])~3 and their sum produces the kernel bounded by
C(lx] — |yD73(x)~1(y)~! when inserted into Z3(x, y), which is admissible. Thus modulo
the admissible kernel
Fa (Iz = x| = IxD(Ve) () (Ve)(w)
Z3(x,y) = Z —

dzdw
7 Jre 1672(1x| £ [y)?x — zl|lw — y|

+
_a 1 1 (Iz =xI = IxD(Ve)(2)
7 \(x[+1yD=  (xl=1yD R? 4r|x —z|
‘ 4alx||yle(y) / IZII(VQD)(Z)IdZ<I | c
m(lxl 4+ yD2(xl = 1yD? Jre Amlx —zl 7 (xl+ IyD2(x| = |yD?
Thus, Z3(x, y) is admissible.
(4) Again an integration by parts shows that

i i oo
B,y =Y =+ + / YD B o) dx)
=2 <(|x|i|y|) I=hh o ¢ @)

+

Y

Here F' € C5°((0, 00)) and the integral terms are bounded by C(|x| & [y[)~N for any N. It
follows that the sum of the integral terms produces an admissible kernel bounded by C (|x| —
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[y) =N (x)~"(y)~! and, modulo the admissible kernel

+ 14 1%
Zy(x.y) =y a Vo) (@) (Vo) (w)

Z Fap(x)p(y)
(x| £ |y Jre 1672|x — z||w — y|

dzdw = .
(x| £ [y

+ +

(5) We prove that Z, is unbounded in L'(R?). The combination of (1) to (4) implies that
modulo admissible kernel Z, (x, y) is equal to

Zyea(x.y) = %w(x) ( ) ( + [ylp(y)

eI+ D2 T (Rl = 1yn2

a <<p(x)<p(y) _ pMe(y)
T

P =R )+ R 39
lx] =+ [yl |x|_|y|) 1(x, ) (X, y) (3.9)

where
1
c= —/ Vx)ex)dx = —L(p) > 0.
47T R3

We prove that Z,.y is unbounded in L' (R3) by contradiction. Take u € C{° (R3) such that
u(x) =0, u(x) = 0for x| > 1 and [ps u(x)dx = 1 and, define

U (x) = n3u(nx), fn(x>=/Rszred(x,y>un(y>dy, n=1.2...

We have |lu,|l1 = 1,n=1,2,.... Forany R > 100 and 100 < |x| < R,

. 2ac ¢(x
lim f,(x) = _90( 2) .
n—00 T |x|

It follows by Fatou’s lemma that

2
IaCI/ |<P(x2)|dx:/ lim | £, (0)ldx
7 Jioo<ixj<r |xI 100<|x|<R "=

<lim inf / | fa(Oldx < 1Z, lgr) -
100<|x|<R

n—oQo

Since |@(x)| = C|x|~! for a constant C > 0 for |x| > 100, this cannot happen for sufficiently
large R > 0 and Z, is unbounded in L (R3).
(6) We next prove that Z, is bounded in LP(R3) for 1 < p < 3. We have shown that Z, is
bounded in L?(R3) for I < p < oo and it suffices to show that the operator R, defined by
the kernel R>(x, y)x ((Ix|> — |y|®) = 1) is bounded in L? (R?) for 1 < p < 3. We have

-1
209 Ollx] Al AL (3.10)

Rou(x) = — ——
T IxP=ly21=1 X5 — |



THREE DIMENSIONAL SCHRODINGER OPERATORS 395

and |p(x)||x| € L®(R3). Hence, it suffices to show this for

~1
T = | B ay.
I — |yl

AP—pyiz1 X2

Since Tu(x) is spherically symmetric, we have by using polar coordinates and by changing
variables

1 P
( f ’ |Mu(ﬁ)|dr) dp
lo—r|=1 P —T

where M, (r) = [q u(rw)dw. Here —1 < %—% <p—-1ifl < p <3and ,o%_]’zj isan (A),

(S}

D=
(SS]

1 o
ity <20 [

weight on R. It follows that by the weighted inequality (see e.g. Theorem 9.4.6 of [10]) that
o 1 o
iTulf = ¢ [ A Wnrar<c [ RMo R < .
0 0

(7) We finally prove that Z, is unbounded in L?(R3) for p > 3. It suffices to prove this for
R,. It follows from (3.9) that, for every compact £2 C R there exists a constant C > 0 such
that for a sufficiently large L > 0

5 Clp()|
[R2(x, y)| = e yl>L, xef2.

Since |y|™2 ¢ L9(|]y| > L) for any ¢ < 3/2 and L > 0, the Riesz representation theorem
implies that R; is unbounded in L? (R3) for any p > 3. This completes the proof. O

LEMMA 3.3. Suppose ¢ € E. Then, Ri(x, y) and Ry(x, y) with ¢ in place of ¢ are
LP (R3) bounded kernels for all 1 < p < oo. If ¢ further satisfies (V, x*¢) = 0 for |a| < 1,
R and R, are admissible.

PROOF. Ri(x,y)and Ry (x, y) then satisfy
Ri(x, )< 1 Cx)2(xl = IyD 20~ Ralx, y)<p Cx)2(x P = Iy~ oL

Thus, Ry (x, y) and R>(x, y) define bounded operator in L” (R3) forall 1 < p < oo by virtue
of Lemma 3.1. They are bounded also in L' (R?) because

SUP/ dx <Csup/ooL<oo
v Jxliylizt 2 Axl=1yD2 ~  y Jo e = 1yD? '

su/ dx <4 su /ML<OO
yp xP—lyi2iz1 ()2 (x2 = [y1?) ~ yp 0o Vryr—Iy?

If (V,x%®) = 0 for |a| < 1, then |¢(x)| < C(x)">¢ forane > 0 and R and R, are
admissible by virtue of Lemma 3.1. O
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4. Contribution of zero-energy eigenfunctions
By virtue of Proposition 2.1 and Lemma 3.2, the following proposition shows that W4

is bounded in L' (R3) if and only if H has no threshold resonances.

PROPOSITION 4.1. Suppose that the threshold resonance is absent from H. Then, W
is bounded in LY(R?).
If H has no resonances then (2.10) becomes

P PV D3VPV
(I +GowV)™' = SO+ EQ). SO) = =5 — + (4.1)

and we need study the operator Z; defined by
; o0
Zsu: = l—/ GoM)VSA)V(Go(h) — Go(—=2)u)F (M) d . 4.2)
T Jo

We recall that all ¢ € £ = PL*(R?) satisfy (V, ¢) = O and ¢ (x)<, .| C(x)~? for a constant
C > 0. We take the real orthonormal basis {¢1, ..., ¢4} of £ and write Zsu = Zsou + Z;u,
where with ajx = in "' (¢;, VD3Vex) € R,

d [
Zsou: = Z ajk/() Go(MV@i(Vr, (Go(h) — Go(—A)u) F(A)dA, (4.3)
jk=1

d .
o dxr
Zsju: = ; ;T— /0 GoMVe;j{Vej. (Go() = Go(=A)u)F(A)—. 4.4

LEMMA 4.2. (1) Forany1 < p < o0, Z is bounded in L? (R?).
) If all ¢1, ..., ¢q in addition satisfy fR3 xjV(x)p(x)dx =0for j =1,2,3. Then Zy is
bounded in L”(R3)f0r all1 < p < oo.

PROOF. The proof of Lemma 3.2 and Lemma 3.3 implies the lemma. O

In what follows, we say for operators 7' depending on ¢ € £ (or the space &) that T
or T(x, y) depends generically on ¢ (resp. &) if T is bounded in LP?(R?) for 1 < p < 3in
general, for 1 < p < oo if ¢ (resp. all ¢ € &) satisfies (V, x%*¢) = 0 for |o| < 1 and, for
1 <p<ooif¢ (resp. all ¢ € £) does (V, x*¢) = 0 for |o| < 2.

LEMMA 4.3. The operator Zg| depends generically on E.

PROOF. Definefor j =1,...,d that

Zsiju: = %/0 GoMWIV; (V. (Goh) — Go(=m)u) F(MA~"da, 4.5
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so that Z51u = 27:1 Zs1, ju. We prove the lemma only for Zy1 1, which we denote by Z and
¢1 by ¢ for short. The proof for others is similar. As in the proof of Lemma 3.2, by splitting
M=yl = pfAl L piAXTe (4 x| y) and etc., we decompose Z as

Zu=7Zu+ Zy+ Zzu—+ Zu.

Thus the integral kernels of Z1, ..., Z4 are given respectively by
2 = E /°° / i) O X DD 3 WVIQVIWIER) ;.
— 7 Jo 1674|x — z||lw — y| A

s

N[O i ER W VHQEHWEG) | dh
G INE onflx w1

Zs: = Zil_ o0 e,»,\(|x|i‘y‘)r()wxaZ)(V¢)(Z)(V¢)(w)F()»)dwdzd_)»,
T TJo

1672 |x — z||lw — y| A
Ziu: = Z:{:l— /oo/em(lx'i‘y‘)(V¢)(Z)(V¢)(w)F(A)dded—A.
— 7 Jo 1672|x — z||lw — | A
These operators differ from the corresponding Z1, . .., Z4 in the proof of Lemma 3.2 only by

the constant a and by ¢ and 1 ~'dA replacing ¢ and d respectively. We write

1
r(u,x,y) =id(x =yl = [xDri@x, x, y), iz = / eH=yI=lhlgg  (4.6)
0

and etc. We have
G, <1, G x, < IyIF/k!. 4.7)
We estimate Zju, ..., Z4u individually in the following four lemmas. ]

LEMMA 4.4. Modulo an admissible kernel we have

(4.8)

i (el = vl 2 DIxly e o)
2= o TEEEE

and Z1 is bounded for all 1 < p < oo. If ¢ satisfies (V, x*¢) = 0 for |a| < 1, then Z1(x, y)
is an admissible kernel.

PROOF. By virtue of (4.6), we have

zicn = | (Z / M (0, 1, Dy (0, . w)AF(A)dA)
+

(Ix =zl = [xD(w = y[ = [yD (V) (2) (V) (w)
X dwdz
1672 |x — z||lw — y|

(x =zl = ¥D(w =y = YDV )V (w) |

1672)x — z||lw — y|

i
= /W1(x,z, w, y)

g

wdz ,
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where the definition of W; should be obvious. We have |Wi(x, z, w, y)| < 2||AF]|; and
|Z1(x,y)| < C(x)"'(y)~!. Thus, the part of Z{(x,y) on ||x| — |y|| < 1 is admissible as
remarked in the previous section and we ignore the region {(x, y): ||x| — |¥|| < 1} in what
follows in the proof. We apply integration by parts twice to Wi (x, z, w, y) and obtain

-1
Wi, z,w,y) =Y ———— + Yi(x, 2, w, y), 4.9)
= (x[£1yD

-1 oo
Yo =S / P Gy (b, x, 2y (b v, w)AF (1) d
E:(IXIinI)2 0

Since [ Vé(x)dx =0and ¢ + (—A)~'V¢ = 0, we have

/<|x—z|—|x|)(v¢><z>dzz_|x| VDG 4o~ o) (4.10)

4|x — z| 4r|x —z|

and the likewise for the integral involving (V ¢) (w) with respect to dw. Thus, the contribution
to Z1(x, y) of the boundary term in (4.9) is given by

Ix[1ylp ()¢ (y)
Z (x| £ [yD?

By virtue of Lemma 3.1 both + and — terms are L? bounded kernels for all 1 < p < oo
and they are admissible if (V, x*¢) = 0 for |@| < 1. On the other hand the contribution of
Yi(x, z, w, y) to Z1(x, y) produces an admissible kernel since further integration by parts and
(4.7) imply

(I + 2| + lw))?
Yi(x, z, w,y)§|.|C2:—3
—  (xIx1[yD

and, its contribution to Z; (x, y) is bounded in modulus by

3
CZ/ lz[w[(1 + |z] + [wD (V) (z) (V) (w)]

dwdz
Ix — zllw — yI(lx| £ |y])3

B Z y)(IXI £ 1yD?

which is an admissible kernel. This proves the lemma. O

LEMMA 4.5. Modulo an admissible kernel

2i x (x| = Iy[l = Dix[¢(0)]yl¢(y)

X2 — [y[?

and Zj is bounded for all 1 < p < oo. If ¢ satisfies (V,x%@) = for |a| < 1, Zr(x, y) is
admissible.

Zo(x,y) = @.11)
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PROOF. The proof goes in parallel with that of Lemma 4.4. By virtue of the same
reason as in the proof of Lemma 4.4, we ignore the part of Z>(x, y) on {(x, y): [|x|—|y|| < 1}.
Using (4.6) and (4.10), we write Z>(x, y) as

L (Zf AU y)m)dk) (w =31~ W DEOT S W)
axlw =yl

Applying integration by parts, we have

(0.¢]
Walx, w, y): =Z/ D (o w, R =Y ——— 1 1
—Jo — x| £ Iyl
i oo
Y2 = Ya(x, w, y): 227/ HIEND Gy (£, w, y)F (L)) d
— IxI =1yl Jo

The contribution of the boundary term in W»(x, w, y) to Z>(x, y) is given by virtue of (4.10)
by

Zi (w =yl = [yDo®)VP)w) = Z L p(x)lylo(y) @.12)
/g

T (xl £y - 4m|w — yl T x| £yl
which we put on the right of (4.11). Further integration by parts twice shows that
w—y|— c + |w))?
Yz(x,w,y)=Z<:F(| yl Izyl) +0< 1+ I)3>>
T 2(Jx| £ [yD (Ixl %= 1yD

and, modulo the admissible kernel produced by the second term, the contribution to Z(x, y)
of Y> is given by

Tl P (w =y = lyD* (Vo) (w) Clg o)l x]]y]
> 2 dwsy.| 557
— (xI£1yD= Jrs 4ot |w — y| D Ax = =1y

which is also admissible on {(x, y): [|x| — [y|| = 1}. If {V,x;¢) = O for j = 1,2, 3, then
|¢(x)| < C(x)~3 and (4.11) also becomes admissible. This proves the lemma. d

LEMMA 4.6. Modulo an admissible kernel

=2 x(llx] = Iyl = DI g yId ()
7 FEETE

and Z3 is bounded for all 1 < p < oco. If ¢ satisfies (V, x*¢) = 0 for |a| < 1, then Z3(x, y)
is admissible.

Z3(x,y) =

(4.13)

PROOF. The proof goes in parallel with that of Lemma 4.5 and we ignore the part of
Z3(x,y) for ||x] — |y|| < 1. By using (4.6) and (4.10) once more we write Z3(x, y) in the
form
IXI)(V¢)(Z)¢(y)

4 |x — z|

1 —
Z3(x, y) = ;/RS Wix 2, y) =2 = , (4.14)
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S .
Witr z,y): = & / MR (1, x, 2)F(R)d. (4.15)
T 0
Application of integration by parts shows that
4
W3(x,z,y) = Zm+ Y3(x,2,), (4.16)
+i (x| /
3(x,z,y): = Z e Wik, x,2)F(A) dA . (4.17)
— el = Iyl Jo

The contribution of the boundary term of W3 in (4.16) is given by virtue of (4.10) by

Z +i [ (x—z] - |)CI)(V</>)(Z)<15(y)dZ _ Z i [x|p(x)p(y)
— 7 Jee (x|E|yDdmlx —z] T |x[ £yl

, (4.18)
+

which is equal to the right of (4.13) for ||x| — |y|| > 2. This is an L? bounded kernel for all
1 < p < oo and, is admissible if ¢ satisfies (V, x*¢) = 0 for |a| < 1 by virtue of Lemma
3.1. Further integration by parts implies

Fr10,x,2) / Gty (10 X, DFG)”
Z (x| % [y)? Z (Ix| £ [y)?

Y3(x,z,y) =

Here, we have
i
r0,x,z) = E(Ix —zl—|x])

and the contribution of the boundary term in Y3 to Z3(x, y) is given by purely imaginary

3 Fi (Ix =z = |x])? (V¢)(Z)¢(y)
— 2(x| £ [yD* Jrs 4m|x — z|
_ 2ifx|]yl (Ix — 2z = |x])? (V¢)(Z)¢(y)
(IxI = [yD*(x| + [yD?* Jrs 4|y — z|
ClxllylleI - ¢

= = I D2(x ]+ D) — (x = [y )2

and, this is admissible. Applying integration by parts once more, we see that the integral term
for Y3(x, z, ¥) is bounded in modulus by

C(z)?
Xi: (Jx| £ [yD?

and its contribution to Z3(x, y) is bounded by

3 Cleml c
— (X[ 1yD3x) ~ (xl = [yD3 ) (y)?
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which is again admissible on ||x| — |y|| > 1. This concludes the proof of the lemma. d
For studying Z4, we need the following lemma.
LEMMA 4.7. Suppose$ > 1 and k > 2.

(1) The integral operator K whose kernel satisfies
1
K (x, )| < /1 ()20 =01y °d0. x,y € R (4.19)

is bounded in L? (R®) forall 1 < p < 3.

(la) If (4.19) is satisfied with (x)_2(y)_2 in place of (x)_z(y)_1 in the integrand, then K is
bounded in L? forall 1 < p < oo.

(2) Let K;,0 <t <1 be the integral operator define by

1
Ki(x,y): :/1<x>—2f<y>—"“—”<|x|—9|y|>—5d9, x,y e R, (4.20)

Then, K is bounded in L'/ (R3),0 <t < 1.
(3) The following is an admissible kernel:

~ 1
K(x,y): 2/1 ()72 ) x| — 0yl ode . (4.21)

PROOF. (1) It suffices show that K is bounded in L' (R?) and L? (R?) for2 < p < 3.
By using polar coordinates, we estimate

1 o0 dr 4 .
[keoar=c [ [T ) o ta e

and K is bounded in L' (R3). For 2 < p < 3, Minkowski’s inequality implies

1/p 1
</R3IK(x,y)|”dx> < C<y)_1/0 G(@lyhdo,

([ e N\
G(9|y|)—(/0 Wdr) .

For |y| < 1 and for |y| > 2 with 8|y| < 2, we use the obvious estimate

G@ly]) < C < o0. (4.22)

When 0|y| > 2, split (0,00) =1 UL, I ={r >0:0|y|/2 <r <30|y|/2}and I, = {r >
0: |r —0|y|| = 0|y|/2} and estimate by using that2 —2p < -2

202 N oty 423
< P .
</I r— 01y ’) =cobhr #:29
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r(r)y=2r >1/p —s
Ty oll: . 424
(/I T—sdr) = ceb 4.24)

Combining (4.22), (4.23) and (4.24), we obtain for |y| > 1 that

1 C
/0 G(9|y|)d9<C< f (9|yl>1’ + 01y~ 5)d9> ol

Thus, for any 2 < p < 3, we have

I/p »
(f K (x, y>|”dx> <C{y) e L7 TR (4.25)
R

and Minkowski’s inequality implies

1/p
IKullp < /R3 </R3 IK(x,y)I”dX) lu(y)ldy < CII(y>_2|Ip%lllu|Ip- (4.26)

(1a) If (4.19) is satisfied with (x)~2(y)~2 in place of (x)~2(y)~!, then (4.25) is bounded by

C(y)~3 which is in Lﬁ forall 1 < p < oo and, (4.26) is satisfied for all 2 < p < oo.
Statement (1a) is proved.
(2) Let K, for z € C with 0 < Rz < 1 be the integral operator defined by

1
K (x,y): =/1 ()72 () U= (x| — ]y)) 0l .

Then, it is obvious that K, is an analytic family of admissible growth on 0 < 9z < 1 and
continuous on 0 < Rz < 1 in the sense of Stein [17]. It is easy to see that

1
sup f f xX)"2(|x| = 0]y])%do ) dx < C < o0, (4.27)
yeR3 R3 -1
1
sup/ / V) 7*(x| —0ly))°db | dy < 0. (4.28)
xeR3 R3 -1
and the first part of lemma follows by Stein’s interpolation theorem. Two estimates (4.27) and
(4.28) show that K (x, y) is admissible. |

LEMMA 4.8. Modulo the kernel which depends generically on ¢ € &,

' 1 6 1
24(x,y)s—i¢(x>¢(y>|y|-f x(ixl+ Ol > 1) 4 (4.29)
P L oD

PROOF. Using (4.10): (=2A)"'Ve¢ = —¢ once again, we simplify

Zi(x.y) = —¢(x)¢(y) f ol (i —'“y')m)
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1 00
= —laﬁ(x)aﬁ(y)lyl/ <f em(lx'JrQy)F(A)dA) de . (4.30)
—1 0

T
Break up Z4(x, y) into
Za(x,y) = Z7 (x, y) + Z5 (x,y)

by inserting 1 = x (||x|+6|y|| < D+ x(||x|+6]|y|| > 1) in front of d6 of (4.30). We clearly
have

2 1
Z5 (x, =) ;/o [P )Wy Ix (x| = Oyl < 1)do
and, Lemma 4.7 imply Z 45 (x, y) depends generically on ¢ € £.

For studying Z7 (x, y), we apply integration by parts:

0 : 00 LHir(xI+01y) F/ (),
/ el)»(\x\+0|)’|)F()L)d)L — o + i/ gd . 4.31)
0 lx| + 01yl 0 lx| + 61yl

Since F' € C5°((0, 00)), the integral term on the right is bounded for any N = 1,2, ... by

C{|lx|+6|y])™™ when ||x|+0]y|| > 1 and its contribution to Z; (x,y) is bounded in modulus
by

>

1
C/ 19PN
1 (el elyhy

which depends generically on ¢ € £. The contribution of the first term on the right of (4.31)
to Z; (x, y) is given by the right of (4.29) and the lemma is proved. O

COMPLETION OF THE PROOF OF LEMMA 4.3. We combine previous lemmas and
observe that the right sides of (4.11) and (4.13) cancel each other. It follows that the lemma
holds if the sum Ko(x, y) of those of (4.8) and (4.29),

i x(lxl = Iyl = DIxllyl ()¢ ()
Ko(x,y): = — 4.32
0. y) §n (x| £ y])? @32
' ! 0 1
—i¢<x)¢(y)|y|~f (il +60 > 1) 433)
7 L kel

generically depends on ¢ € £. We write |x| = (|x| £ |y|) F |y| in (4.32). Then,

i x(lx] =1yl = DIyl x)o ()
432 - - x| % Iy

+
_ 4ix (] = Il = DIy Pe )¢ ()
2 (x] = yD2(x] + 1y])?
Cx(lx = Iyl = DIy 2o ()
=l (x[—1yD?
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and it is easy to see that this depends generically on ¢ € £. Thus, it suffices to show the same
for

i x(lxl = Iyl = 1) /1 x(lx| +6lyll > 1)
— — de | .
7 P (; NE L el e] )

We remark that

$PMIY Xl — Iyl < 1) _ Cx(llxl = Iyll < D
(x| = [y1) =1 (x)(y)

is an admissible kernel and, by virtue of Lemma 3.1 and Lemma 4.7 (1),

(4.34)

HEERCED
B P@dMIyIx (x| — Iyl = 1)
T (xl £ 1yDOx] £ DAx] £ [yD + ([ £ [v))
pDPWMIyIx (x| — Iyl = 1)
(Jx] = Iy])?

1 1
¢ )dMIylx(lx] =yl = 1)( >

is L? bounded kernel for 1 < p < oo in general and is admissible if ¢ satisfies (V, x*¢) =0
for |a| < 1. We have

1 1
/ x(lxl+ 01yl < Dex)oe Wyl ) < CN/ ¢ X))yl 49. N=1.2.. ..
-1 (lx] +01yl) —1 (Ixl+olyny

and

1 1 1
6 1 - do
/_1¢(x)¢(y)|y|x(||x|+ [yl > )<|x|+9|y| <|x|+9|y|>)

B /1 16D y1x (x| +61y]l > 1)
=) (Ix+61y])2

do

and Lemma 4.7 likewise implies that both depend generically on ¢ € £. Thus, for concluding
the proof of the lemma, it suffices to show that

Lo@emlyl Z;—f B
7 PN ED T ke

i ! 1 !
_ i _ de 4.35
;nqﬁ(x)(ﬁ(}’)lﬂ/o <(|x|:i:|y|) (|x|:i:9|y|)> (3

also depends generically on ¢ € £. But, we have

1 1 _ F=OIyI((x] £ IyD + (x| £61yD)

(Il £1yD  (xlE0lyl)  (xl £ yD{Ixl £01yDClxl £ [y + (x[ £ O1y])
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1 =0yl _d-9 ( |yl + |yl )

SR ED N 0D = 2 \Ixl£ D02 T (=l £6h])2

and

1 1 1
435)<, . C —2< )d@.
@39=11 /0 W= nme =y

Thus, (4.35) produces a bounded operator in L'(R?). On the other hand we have for any
0<f<1land0<e<1that (x| £60]y)~" < (x)!*|y[*~"01"~" and

PV _

EETIN <) T eIy e (4.36)

Here for pg and p; sufficiently close to 3 such that pg < 3 < py, o (x)(x)!7¢ e LP(R3) for
all p > poand ¢(y)|y|~¢ € L”/(R3) for all p < p; and, (4.35) is an L? bounded kernel for
all pop < p < 3, hence, by interpolation for all 1 < p < 3 in general. If (V, x%¢) = 0 for
la| < 1, then ¢(y)|y|~¢ € L' and (4.35) is bounded in L>°(R?) and, by interpolation, in all
L”(R3), 1 < p < oo. This completes the proof. O

ADDED IN PROOF. After the paper was accepted, we were informed of the paper
“On the L?-boundedness of wave operators for two dimensional Schrodinger operators with
threshold obstructions” by M. B. Erdogan, M. Goldberg and W. Green where authors proves
that wave operators are bounded in L? for all 1 < p < oo if there is an s-wave resonance or
eigenvalue only at zero (arXiv: 1706.01530).
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