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On the Unique Solvability
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Abstract. We consider a singular nonlinear partial differential equation of the form
(tor)"u = F(t, x, {(ta,)-/agu}o’a)e,m)

with arbitrary order m and I, = {(j,a) € N x N'; j 4+ |¢| < m,j < m} under the condition that
F(t,x, {Zj,a}(_j,a)elm) is continuous in ¢ and holomorphic in the other variables, and it satisfies F(0,x,0) = 0
and (0F/9z,4)(0,x,0) = 0 for any (j, @) € I, N {|la| > 0}. In this case, the equation is said to be a nonlinear
Fuchsian partial differential equation. We show that if F(z, x, 0) vanishes at a certain order as 7 tends to O then the

equation has a unique solution with the same decay order.

1. Introduction

We denote by (t,x) = (t,x1,...,x,) the variables in R, x C}. Let N = {0,1,...}
and N* = {1,2,...}. Fora = (a1,...,a;) € N* we write |¢|] = o] + --- + &, and
0¥ = (8/0x1)*!---(9/0x,)*. For m € N* we define I,, = {(j,a) € Nx N"; j 4 |a| <
m,j <m}, I ={(j,&) € Ly; || > 0},and N = #I,,,. For R > O and p > 0, we set Dg =
{x = (x1,...,xn) € C"; |xij| < R foralll < i < n}and Dg’ = {z = {Zj.a}w)el, €
CN; |zjal < pforall (j,a) € Iy).

Let Tp > 0, Rp > 0, po > 0, and let F'(z, x, z) be a function on [0, To] x Dg, X D%. In
this paper, we consider the singular nonlinear partial differential equation

(o)™ = F (.6, {4007 8%u} ;) (1.1)

under the following assumptions:

(Ayp) F(¢, x, z) is continuous in ¢ and holomorphic in (x, z);
(A2) F(0,x,0) =0on Dgy;
(A3) (0F/0zj,4)(0,x,0) = 0 on Dg, forany (j,a) € I,}.
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In this situation, the equation (1.1) is called a nonlinear Fuchsian (also known as Gérard-
Tahara type) partial differential equation.

In the case where F (¢, x, z) is a holomorphic function in all the variables (¢, x, z), the
equation (1.1) was studied quite well by Gérard and Tahara [3], Tahara and Yamane [10], and
Tahara and Yamazawa [11].

Some results can be found in the case where F (¢, x, z) is holomorphic in (x, z) but only
continuous in . The linear case was studied by Baouendi and Goulaouic [1], and Lope [4, 5].
In the nonlinear case, Baouendi and Goulaouic [2] considered (1.1) under some particular
conditions, while Lope, Roque and Tahara [6] investigated the first order equation in a more
general setting.

To the best of the authors’ knowledge, the general case for arbitrary order m had not
been solved yet. Thus the purpose of this paper is to solve the equation (1.1) in a completely
general setting.

2. Main result

Let us consider the equation (1.1) under the conditions (A1), (A2), and (A3). By writing
F(t, x, ) into its Taylor series expansion in z, (1.1) may be expressed in the form

)" u=a(t.x)+ Y bja(t,x)(td) 0%u
(j.e)elm

+R2(t,x, {(t9:)7 8%u) 2.1

(j,a)elm)

where a(t,x) = F(t,x,0), bjo(t,x) = (0F/0z;4)(t, x,0), and Ra(t, x, z) represents the
sum of all the remaining terms, each of which has a degree at least two with respect to z.

It is clear from (A2) and (A3) that we have a(0,x) = 0 and b; (0, x) = O for any
(j,@) € L. In order to describe the decay order of the functions a(z, x) and bjo(t,x)ast
tends to 0, we introduce a weight function (1(t) on (0, Ty], which is defined as a continuous,
nonnegative and increasing function on (0, 7p] that satisfies

To
/ &ds < 0.
0 N

By this definition, we have lim;_.o u(#) = 0, and the function

t
o) = / G 4
0 S

is well defined on (0, Ty]. Moreover, we have lim; o ¢(z) = 0 and ¢'(¢) = (¢)/t on (0, Tp).
Typical examples of such functions are ¢° and 1/(— log#)**! with ¢ > 0.
Let 1 (¢) be a weight function on (0, Tp]. We suppose that

a(t,x) = O(u()™) (ast —> 0) uniformly on Dg, , 2.2)
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bjw(t,x) = O(u(®®) (ast —> 0) uniformly on Dg, (2.3)
forany (j,a) € I} .

The characteristic polynomial associated with the equation (2.1) is given by

C(h,x) =AM — Z b;o(0, x)A/

j<m
and the roots Aq(x), ..., Ay (x) of the equation C(A, x) = 0 are called the characteristic ex-
ponents of (2.1). As usual, we assume that
Re;(0) <0, j=1,....,m. (2.4)

Let0 < T < Tp. Forr > 0 and R > 0, we define the region W, by
Wy ={(t,x) €[0,T] xC; [x| +@(1)/r < R}.

Note here that even though the region W, also depends on T and R, this is not indicated in
our notation for the sake of simplicity. We then define two function spaces on the region W,
which can either be W, or [0, T] x Dg.

DEFINITION 2.1. A function w(z, x) is said to belong to the space Zo(W) if w(z, x) €
C%W) and is holomorphic in x for any fixed ¢. In addition, if w(t, x) € C"*(WN{(t, x); t >
0}) and (18,)/ w(r, x) € 2o(W) for j = 1,..., m, then w(r, x) is said to belong to the space
Zim(W).

The following is our main result.

THEOREM 2.2. Supposethat (A1) —(A3), (2.2), (2.3), and (2.4) hold. Then there exist
r>0,R>0,T >0,and M > 0 with Mu(T)™ < pg such that the equation (1.1) has a
unique solution u(t, x) in Zn (W,) that satisfies the estimates

|(t8,)j8§‘u(t,x)| <Mu@®" onW, forall (j,a) € I, .

By setting

P =(t0)" — Y bjolt, x)(td)/

j<m
and
Olul= > bjalt, D@0 8%u +Ra(rx, {0 0%u)  y )
(el
we can write the equation (1.1) in the simple form

Pu =al(t,x)+ ®lu]. 2.5)
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In the next section, we discuss some properties of the unique solution of the equation Pw = g
and other fundamental tools that are needed to prove our main result. In Section 4, we employ
the technique of Nirenberg [8] and Nishida [9] to prove Theorem 2.2 under the condition

a(t,x) = O(u(t)*) (ast —> 0) uniformly on Dg, , (2.6)

and then we prove it in the general case (2.2) in Section 5. In the last section, we give a slight
generalization of our main result.

3. Basic tools

In this section, we present some known results that are essential for our proofs. The first
lemma, which is used to estimate the derivative of a holomorphic function, is due to Nagumo
[7] (see also Walter [12]).

LEMMA 3.1. Let u(t,x) € Zo(W;),a > 0, and K > 0. If the function u(t, x)
satisfies the estimate
K

lu(z, x)| < on Wy,
(R—|x| —@()/r)*

then we have

0 K 1
‘a—u(t,x)‘< e@+) on W, foranyi =1,...,n.
Xi

T (R = x| —p@®)/r)*t!

The next lemma is very important to estimating some integral expressions involving the
weight function w(¢).

LEMMA 3.2. The following estimates hold forany L > 1 and k > 1:

/f p@b  dr a0 e G
0 R—IxI—p(@)/nf T = (R—Ix| =@/’ '
/f n@* dr __ po'r 32
0 R=Ix[—¢@/FT T = kR == ¢@/rF '

PROOF. The first estimate (3.1) immediately follows from the definition of ¢(¢) and
the inequality

/f p@* dr _ pot! /’ p
0 R—1Ix|—e@/rkt = (R—-|x|—@@)/rk )y = ‘
Similarly, we obtain

! w(t)t dt -1 [ ¢'(1)
/0 R — x| — g rf ¢ =10 /0 R —x =g 1"

_ut! r '
Tk [(R—|x|—(p(r)/r)k]0
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n@®E=tr
T k(R — x| — @) /r)k’

which is the second estimate (3.2). d

Now let P be as in (2.5) and consider the equation
Pw = g(t, x). (3.3)

We have the following result which is due to Baouendi and Goulaouic [1], and Lope [5,
Proposition 1].

PROPOSITION 3.3. Suppose that (2.4) holds. Let T > 0 and R > 0 be sufficiently
small, and set W be either [0, T] x Dg or W, (with arbitrary r > 0). Then for any g(t, x) €
Z0o(W) the equation (3.3) has a unique solution w(t, x) € Zn(W). Moreover, if |g(t, x)| <
Ky (t) on W for some K > 0 and for some nondecreasing nonnegative function vy (t), then
we have

|(t8t)jw(t,x)| <MKy@) onWforany j=0,1,...,m,
where A1 > 0 is a constant independent of g(t, x).
For any o € N, we set

1 ifa=0,
|| if |a| > 0.

d(oz):{

The next proposition plays an essential role in the proof of our main result, which makes
use of the method of Nirenberg [8] and Nishida [9].

PROPOSITION 3.4. Suppose that (2.4) holds. Let T > 0 and R > 0 be sufficiently
small, and let w(t,x) € Zm(W,) be the unique solution of (3.3) for a given g(t,x) €
Zo(W,). Then there is a constant A > 0, which is independent of g(t, x), such that the
following estimates hold for any K > 0 and for any nondecreasing nonnegative function
Y (1):

() If1g(t, x)| < Ky (@)u(t)™ on Wy, then for any (j, a) € I, we have

AKYy@p@" @ r!@ 1)

[(23;) d%w(z, x)| < R— x| —o()/r on W, . (3.4)

(2) Similarly, if

Ky @)pu®™
lg@t. 1) = o— = X — o ()/r

o

then for any (j, @) € I, we have

‘ ARy (Op(0" = @rd@
Jjaa
(W0 0w 0l = == e on W (3.5)
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PROOF. Let us show (1). Since R > 0 is sufficiently small, we may assume that
0 < R < 1, which implies that (R — |x| — ¢(t)/r)~! > 1 on W,. By Proposition 3.3, we
know that the unique solution w(¢, x) satisfies

[(t3:) w(t, x)| < A Ky (@©u(@)™ on W, foranyi =0,1,...,m. (3.6)
Let us first show (3.4) for any (j, 0) € I,,. Set
Fio@t, x) = (00 + D) w(t, x) . 3.7)
By (3.6) we have the estimate

Aj oA Ky ()u@)™
R — x| —o@)/r

for some Ao > 0. Since (3.7) is equivalent to the integral equation

[ fiot, x) < AjoMKy@u@®)" <

. Lt dt
wowie.0 = [[(3) o0

by (1) of Lemma 3.2, we obtain

t t . m
|(rat>fw(t,x>|s/ |fj,o(r,x>|dis/ AjoM Ky @)ule)” d
0 : e gy —

_ A oMKy Ou®™ @)

=< on W,,
—Ixl—e@)/r
which proves (3.4) for any (j, 0) € I;,.
Now let us show (3.4) for any (j, @) € I}. Set
fiat,x) = (td; + DI@d,) 9%w(t, x) . (3.8)
By (3.6) and Lemma 3.1, we have the estimate
MKy (O)p @)™
Frat. 0] < =22 Fl
(R — x| —@()/r)
for some A, > 0. Since the equation (3.8) is equivalent to the integral equation
d d
(tat)Jaaw(t X) = / / ‘C\al . )f/a(fl’x)j...ﬂ’
Tl
by (1) and (2) of Lemma 3.2, we obtain
; ! n2 dt dt
ool [ [Cifam ot Skl
o

/ /Tz Aja MKy (@)pu@E)” dry drgl
— x| —p(t)/rll 1 To|



NONLINEAR FUCHSIAN PARTIAL DIFFERENTIAL EQUATIONS 231

_ Aja MKy @u@" @)
(l] = DI x (R = [x] = 9 (1)/1)

This proves (3.4) for any (j, @) € I,}.

From the above computations, it is clear that a suitable A > 0 exists so that (3.4) holds
for any (j, ) € I,,. The estimate in (2) can be proved in the same way, noting that p(¢) <
u(T) < r for sufficiently small 7 > 0. d

n W, .

4. Proof of Theorem 2.2 under (2.6)

In this section, we solve the equation (1.1) under the following assumptions:
ja(t, )l < Ap®)>  on [0, 711 x Dg, , (CRY
1bj.a(t, )| < Bjan@®®! on[0, T1] x Dg, , 42)

forsome A > 0, Bj o > 0((j, ) € I,;l"),O < Ty < Ty,and 0 < Ry < Rp.
Take any 0 < p; < po. We have the following result.

THEOREM 4.1. Suppose that (4.1) and (4.2) hold. Then there exist T > 0, R > 0,
r > 0,and M > 0 with Mu(T)™ < p1 such that the equation (1.1) has a unique solution
u(t, x) € Zn(W,) that satisfies the estimates

[(28:) 0%u(z, x)| < Mu()*" 4@ on W, forall (j,a) € Ly .

We prove this result by the method of Nirenberg [8] and Nishida [9] with a slight modi-
fication so that it can be applied to the case m > 2 without reducing the equation to first order
systems.

Set Ay = [0, T1] x Dg, x DY and

*R
Cr = supl| ——2—(t.x.2)[; (j.@). (. ) € I}
Ay U192j,492ip

Let0 < T < Ty and 0 < R < Rj. As in the previous sections, we set W to be either
[0, T] x Dg or W, (with arbitrary r > 0).

LEMMA 4.2. Let wi(t,x) € Zu(W) (i = 1,2). Ifl(tat)ja)‘fwil < Mu@®"™ < p1
i=1,2)onW forany (j,a) € I, then ®[w;] € Zo(W) (i = 1,2) and we have

|O[wi] — P[wall < Y (Bjo + CRNM)u(@)* @ |(13:)7 9 (w1 — wn)|
(j,)€lm
on W, where Bj o =0 (for j < m).
Before constructing approximate solutions ui (¢, x) (k = 0, 1,2, ...) for the equation
(1.1), we introduce a decreasing sequence of positive numbers {ry}72, that will play an im-

portant role in the proof of their convergence. We take any M > A and then choose a suffi-
ciently small 7 > 0 so that Mu(T)"™ < p;. We also take a sufficiently small R > 0 so that
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Propositions 3.3 and 3.4 are valid on W. Take a constant cp > 0 such that
cozmax{l, CRN?M + Y Bja| 4.3)
()€l

and let A be the same constant as in Proposition 3.4. We choose r( > 0 sufficiently small so
that 0 < 2Acorg < 1 and 0 < ro < 1, and define the decreasing sequence rg > ry > rp > - --
by

k
re=rox [[(1-@Acor)?), k=12.....
p=1

This is a sequence of positive numbers converging to a positive number ro,. Moreover, we

have
(Acoro)k I\k
—=\(=), k=1,2,.... 4.4
1 —re/re—1 (2) “4.4)

In addition to the condition set on T > 0, we also require it to satisfy u(7") < ro.
Now let us solve the equation (1.1). As seen in (2.5), we can consider the equation in the
form

Pu =al(t,x)+ ®lu]. “4.5)

We solve (4.5) by the method of successive approximations. Set ug(t, x) = 0 and define the
approximate solutions u (t, x) € Zm(Wy,_) (k =1,2,...) by

Pur =a(t,x) + Plug—11. (4.6)
Since ry > r¢41 for any k > 0, we have
WoDWu DWe, Do D Wy Do D W,

LEMMA 4.3. For any k > 1, the equation (4.6) has a unique solution uy(t,x) €
X (Wy,_,) which satisfies the following estimates for any (j, a) € Iy:

Aco(Acoro) M u ()= 4@ p(t)

1317 0% (u — ur—1)| < W 4.7

|(080)7 0 (g — ur—1)| < R = —o® /7 onWe . (@47
k

|03 il < )1/ Mp (0>~ on W, . 4.8)

i=1

Before proceeding to the proof of Lemma 4.3, we note that in the equation (4.6), if
uk—1(t,x) € Zm(W,,_,) is already known and on W,, ,, it satisfies |(t8t)j8§‘uk_1(t, x)| <
Mp(¢)™ for any (j, o) € I, then the right-hand side of the equation makes sense and we can
consider it as an equation with unknown function uy.
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PROOF OF LEMMA 4.3. We prove by mathematical induction.
(Base case) By (1) of Proposition 3.4, we see that the equation (4.6) (k = 1) has a unique
solution u1(t, x) € 2, (Wy,) which satisfies

AAp®O> = Or{ O o)
R — x| —¢®)/ro
This leads to (4.7) (k = 1) since M > A, co > 1,and 0 < ryp < 1. Consequently, since
R —|x|—@(t)/ro = @)(1/r1 — 1/r9) on W,,, we obtain
a0ty | < AOMBOTT 00 AconMp
e@)(1/ri —1/ro) L—ri/ro
_ AcoroMp(r)*" 4
- 1L —ri/ro
The last equality follows from (4.4) with k = 1. This proves (4.8) (k = 1).
(Inductive step) Suppose that for each k = 1,2, ..., p, the equation (4.6) has a unique

solution uy(t, x) € 2, (W,,_,) satisfying the estimates (4.7) and (4.8). Let us consider the
equation (4.6) (k = p + 1) on W, , that s,

|(t3,)7 9%uy| <

= (M/2)u@)*" @ on W, .

P’

Pupi1 =a(t,x)+ @lup] onW,, . 4.9)
By Lemma 4.2 we have ®[u,] € %(W,p) and so by Proposition 3.3, (4.9) has a unique
solution 41 (¢, x) € Zm(Wy,).

Let us show (4.7) (k = p + 1). We know that (4,41 — up)(z, x) is the unique solution
of the equation

Plupsrt —up) = ®lup] — ®lup_1] on W, . (4.10)

By (4.7) (k = p), 4.8) (k = p — 1, p), and the fact that rp, < rp—1, W,, C W, and

wu(t) < u(T) < reo < 1, the following estimates hold on er for any (j, o) € Ly:

Aco(Acoro)’ ' Mu )" @e )
R—|x|—o@)/rp

(t0)! 9%up| < Mu()*" =4 < Mp@)"

p—1’

[(t80)7 9% (up — up—1)| <

3

|9 0 up—1] < Mu()*" =@ < Mu@)™ .
Thus, by Lemma 4.2 with wy = u, and w; = u,_1, we obtain
| D[ p] — Plup-1]l

Aco(Acoro)P M pu ()™= 4@ (1)
R—|x|—o®)/rp

< Y Bjw+ CRNM@® x
() €lm

_ Agg(Acoro)” T Mp ()" o (@)

T R—Ixl—e®/r

on er .
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Applying (2) of Proposition 3.4 with () = ()™ ¢(t) to the equation (4.10), we arrive at

the estimate

A\ ABcoro) ™ Mu@>mOr, )
R—|x|—@@)/rp

_ Aco(Acoro)” Mp()*" (1)

= R—Ix|—¢)/r

1(t3) 0% (Ups1 — up)]

IA

on W;,

for any (j, o) € I, where the second inequality follows from the fact that rg(“)

proves (4.7) (k = p + 1).
Now let us show (4.8) (k = p+1). Since R — |x| — (1) /rp = @(t)(1/rpp1 — 1/rp) on
Wi 1, by (47) (k = p + 1) we have

< ro. This

Aco(Acoro)? Mu(t)*m=4@g(t)
o)1 /rpt1 — 1/1p)
(Acoro)PFI M pu(r)?m—d@

(1 _rp+l/rp)

[(t3) 0% (up1 — up)| <

1\p+1 _
— (5) Mup@)> =4 onw, ..
This estimate together with (4.8) (k = p) yields (4.8) (k = p+ 1) when we apply the Triangle
Inequality. This concludes the inductive step and the proof of Lemma 4.3. O

Let us show the existence of a solution of (4.5) by using the approximate solutions

ur(t,x) € Zu(Wy) (k = 1,2,...) constructed in Lemma 4.3. Since ro > ri > rp >

- > roo > 0, by restricting the domain of ux(¢t,x) (k = 1,2,...) to W,
ur(t,x) € Zm(W,,) and

we have

00

k
up(t,x) = Z(ui(t, x) —ui—1(t,x)) on W, .
i=1
As can be seen in the proof of Lemma 4.3, the estimates (4.7) and (4.8) imply that our ap-
proximate solutions converge to a function u(t, x) € Z,(W,,) satisfying |(tat)/agu| <

Mu(r)?"=4@ on W, forany (j, @) € I,,. This proves the existence of a solution of (1.1).
The uniqueness of the solution can be proved in the same way. This completes the proof
of Theorem 4.1.

5. Proof of Theorem 2.2 in the general case

In this section, we prove Theorem 2.2 in the general case, that is, we solve the equation
(1.1) under the following assumptions:

la(t, x)| < Au(®)"™ on]0, T1] x Dg,, 5.1
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bjo(t, x)| < Bjou®® on[0,T1] x Dg, , (5.2)

forsome A > 0, Bjo > 0((j,a) € }),0 <T1 < Toand 0 < R; < Ry.
Take any 0 < p; < po. We have the following result:

PROPOSITION 5.1. Suppose that (5.1) and (5.2) hold. Then there exist T > 0, R > 0,
M > 0 with Mu(T)" < p1, A* > 0, and w(t,x) € Z,([0,T] x Dg) that satisfy the
following conditions:

|(t8t)j8fw(t, )| <Mu@)" on[0,T] x Dg forany (j,a) € I, 5.3)
la(t, x) + ®[w] — Pw| < A*u@®)*" on[0,T] x Dg. 5.4)

Let us assume Proposition 5.1 for a while. Using this result, we can reduce our problem
to Theorem 4.1 in the following way. By setting

a*(t,x) =a(t,x)+ ow] — Pw,
u(t, x) =w(t, x)+ V(t, x),
the equation (1.1) with respect to u (¢, x) can be reduced to the equation
PV =a*(t,x) + O[w + V] — d[w] (5.5)

with unknown function V (¢, x). It is easy to see that the equation (5.5) may be expressed in
the form

)"V =a*(t.x)+ Y b, x)(td) 9LV
(J,a)eln
+ R (1 {1000V ey ) (56)

for some b’]'- o(t, x) and R5(¢, x, z), which are continuous functions in ¢ and holomorphic in
the other variables. Moreover, we have

R2

N ad
bj,(x(tsx) = bj,()l(tsx) + a

Y
e (tv-xv {(lat) 0y w}(i,,g)gm)

= 0(u®") +ow®™ = owm™) (ast — 0)

uniformly on Dp for any (j, @) € ;7. Thus, by applying Theorem 4.1 to the equation (5.6),
we obtain a solution V (¢, x) € Z,,(W,) of (5.5) for some r > 0. This in turn gives the
desired solution u(t, x) = w(t,x) + V(t,x) € Zu(W,) in Theorem 2.2, the uniqueness of
which can be proved by the same reduction technique above.

Thus, to complete the proof of Theorem 2.2, it is sufficient to show Proposition 5.1.

PROOF OF PROPOSITION 5.1.  Set wo(#, x) = 0 and define the approximate solutions
wi(t,x) (i =1,...,m)for the equation (1.1) by

Pw; =a(t,x)+ Plw;_1]. 5.7
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Set w(t, x) = wy, (¢, x). Let us show that this w(z, x) satisfies the conditions (5.3) and
(5.4).

For simplicity, we take 77 > 0 and R; > O sufficiently small so that Proposition 3.3 is
valid for W = [0, T] x Dgr forany0 < T < T; and 0 < R < R;. We also take a constant

co > 0 satisfying (4.3), asequence 0 < Ry+1 < Ry < -+ < Ry < Ry, and then choose a
sequence {M;;i =0, 1, ..., m} such that My = A (the constant in (5.3)) and
I\AjcoM;—
MR- My fori=1,...,m. (5.8)
(Ri — Ri+)™

Finally, we take T > O sufficiently small so that u(7) < 1 and
My + -+ M) (T)" < py.

LEMMA 5.2. Foranyl <i < m, there exists a unique solution w;(t, x) € Z, ([0, T]
x Dg;) of the equation (5.7) that satisfies the following estimates for any (j, a) € Ip:

[(28:)7 8% (wi — wi—1)| < Mip()" =1 on [0, T] x Dg (5.9)

i+l

|(t8,) 0%wi| < (My + - + Mp)u ()™ on [0, T] x Dg (5.10)

i+1
PROOF. Since wo(z, x) = 0, by (5.1) and Proposition 3.3, the equation (5.7) (i = 1)
has a unique solution w1 (¢, x) € Z, ([0, T] x Dg,) and it satisfies |(t8,)jw1| < AMAp@)™

on [0, T] x Dg, forany j =0, 1, ..., m. Then, by Cauchy’s estimate, we obtain
; o] ! AT Ap ()™
Jao m
[(£0;)/ 0y wi| < "R — Ryl <Mip@)" on[0,T]x Dg,
for any (j, @) € I,,. This proves that (5.9) and (5.10) hold fori = 1.

We now proceed to the inductive step. Suppose that for eachi = 1, ..., p, the equation
(5.7) has a unique solution w; (¢, x) € 2, ([0, T] x Dg,) that satisfies the estimates (5.9) and
(5.10). Let us now consider the equation (5.7) (i = p + 1) on [0, T] x DRp+1 , that is,

Pwpyr =a(t,x) + Plwp] on[0,T] x Dg,,, - (5.11)

By Lemma 4.2 we have ®[w,] € Zo([0, T] x Dg
a unique solution w41 (¢, x) € Z ([0, T] x Dg,,,)-

Let us show (5.9) (i = p + 1). We know that (wp+1 — wp)(t, x) is the unique solution
of the equation

) and so by Proposition 3.3, (5.11) has

p+1

Pwpr1r —wp) = @lwy] — Plwp—1] on [0, T] x Dg (5.12)

p+1
By Lemma 4.2 and the induction hypothesis, we have
|Plwp] — Plwp-1]]

< Y (Bjw+ CRNM)u()? ™ x Mpp(y" 7!
(J,a)eln
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< coM,,u(t)mﬂ’ on [0, T] x Dg

p+1

Therefore, by applying Proposition 3.3 to the equation (5.12), we arrive at the estimate
|(tat)f(w,,+1 —wp)| < AlcoM,,u(t)mﬂ’ on [0, T] x DRp+1 forany j =0,1,...,m. Con-
sequently, when we apply Cauchy’s estimates and (5.8), we obtain

|l|! AycoM (1) +P
(Rp+l - Rp+2)‘a|
on [0, T] x Dg,,, forany (j, &) € L. This proves (5.9) (i = p + 1).

The estimate (5.10) (i = p + 1) follows immediately from (5.9) (i = p + 1) and (5.10)
(i = p) when we apply the Triangle Inequality. This completes the proof of Lemma 5.2. O

[(t3)7 9% (Wps1 — wp)| < < Mpyrpn(t)™+P

Now, let us complete the proof of Proposition 5.1. Set R = Ry, and M = M1 +--- +
M,,. Then it follows that the function w(t, x) = wy, (¢, x) belongs to Z;,([0, T] x Dg) and
by (5.10) (i = m), it satisfies the estimate (5.3). Moreover, by Lemma 4.2 we see that this
function also satisfies the estimate

la(t, x) + ®[w] — Pw| = [®[wn] — Plwn-1]|

< Y Bja+ CRNMu®*™ x Myp ()™~
()€l

< coMpup()*™ < A*u(®* on[0,T] x Dg,

for some A* > 0. O

6. A generalization

We finish off by giving a slight generalization of our main result. It is clear that Theo-
rem 2.2 holds when a(z, x) = O (u(¢t)9) for some g € [m, o0). Now, let 0 < g < m, and let
us consider the case

a(t,x) = O(u()?) uniformly on Dg, (ast —> 0). 6.1)

In this case, it seems difficult to solve the equation (1.1) restricted only to the conditions
(A1) — (A3), (2.3), and (2.4). However, we can obtain a unique solvability result by imposing
the following additional assumption on the second-order partial derivatives of R:

2R,

— max{la|,|Bl}— ; N
PP (t,x,2) = O(u(®)™ " ) uniformly on Dg, x D}
J,20%i,B

(ast —> 0) forany (j, @), (i, B) € I,. (6.2)

Note that (6.2) is trivial if g > m.
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THEOREM 6.1. Suppose that (A1) — (A3z), (2.3), (2.4), (6.1), and (6.2) hold. Then
there existr > 0, R > 0, T > 0,and M > QO with Mu(T)? < pg such that the equation (1.1)
has a unique solution u(t, x) in Z,,(W,) that satisfies the estimates

I(tat)jafu(t,xﬂ <Mu@®)? onW,foral (j,a) € I .

Set § = min{qg, 1} > 0. The following lemma shows that Theorem 6.1 can be proved in
a similar way as Theorem 2.2.

LEMMA 6.2. The following statements hold for sufficiently small Ty > 0 and Ry > 0:

(D LetO0 < T <Tiand0 < R < Ry. Let wi(t,x) € Zmu(W) (i = 1,2), where W can
be either [0, T] x Dg or W, (for any r > 0). IfI(tat)ja)‘fw,'I <Mu@®)? (@=1,2)onW for
any (j,«) € Ly, then ®[w;] € Zo(W) (i = 1,2) and we have

|O[wi] — ®[wall < Y (Bja + CRNM)u(0)’[(3,)7 0% (w1 — wy)|
()€l

on W, where Bj o = 0 (for j < m).
(@) Let w(t, x) € 2, ([0, Ti] x Dg,). If 108" 8 w| < Mp(6)? on [0, Ty] x D, for
any (k,y) € Ly, then there exists Cj o > 0 such that

8R2 kqVv Jo|
‘azm (t,x, {@a)*o! w}(k,y)elm)‘ < Cjan®® on[0,T1] x Dg,

forany (j,a) € I},

PROOF. The first result (1) of this lemma can be verified in the same way as
Lemma 4.2.
Let us show the second result. Under the additional assumption (6.2), we see that

R
_2 (t,x, {(l‘at)kaj)c/w}(k,y)elm)

02«
32R2 _
Z ./ 32 0Z; x’{s(tat)ka}:w}(k,}’)elm)dsX(tat)lafw
‘.B)Eln LBOL)a
= 3 0@ tBl=a) x Oty
@i.B)elny

= O(n(®'*") uniformly on Dg, (ast —> 0).
This gives the desired estimate in (2). O

By using (1) of Lemma 6.2, we can find a w(t, x) € Z,,([0, T] x Dg) such that the
conditions (5.3) and (5.4) are satisfied. Following the computations in Section 5, by using
(2) of Lemma 6.2, we can reduce our problem to the same situation in Theorem 4.1. This
completes the proof of Theorem 6.1.
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