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Abstract. We study the first hitting time to b of a Bessel process with index v starting from a, which is denoted
by rtgvb), in the case when 0 < b < a. When v > 1 and v — 1/2 is not an integer, we obtain that P(r < révg
()
1

< 00) is

)
1

asymptotically equal to Kfu)t_” +K§v)t_“_l as t — oo for some explicit constants «, ~ and K;U). The constant k&

is known and the aim is to get K;U). Combining our result with the known facts, we obtain the precise asymptotic

formula for every index v.

1. Introduction and main result

Forv € Rlet R® = [R"} ;>0 be a Bessel process with index v defined on a probability

space (§2, F, P) starting from a fixed point a > 0 and denote by ta(”,z the first hitting time to

b of RW),
) =inf{t > 01 R” =b} (inf¢ =o00).

The Laplace transform of the distribution of T ; ”,3 is obtained by solving an eigenvalue problem
and it is expressed in the form of a ratio of the modified Bessel functions ([3, 11, 12]).

In this paper we are concerned with the asymptotic behavior of the tail probability
P(t‘f; > t) or P(t < ILEIJZ < oo) ast — oo when 0 < b < a. This case is interesting
because we need to consider the natural boundary co. Since

a a

2
P(t < I(UZ < oo) = <é> 1)P(r(_bv) > t)
, a ,

for v > 0 ([10, 14]), we only consider the case where v 2 0.
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While the first hitting times of diffusion processes are quite classical objects, some ex-
plicit expressions for the distributions for the Bessel processes have recently been found and
the asymptotic behavior has been also studied. See [1, 7, 8, 15, 16, 17]. In the next section
we recall the results in [7], on which the arguments in this article are based. It should be
mentioned here that this study is applied to a study on heat conductance ([17]) and the Wiener
sausage ([5, 6, 9]).

)
1,

For the asymptotic behavior of P(t <t,, < oo) it has been shown in [8] that
P(t < réug < oo) = Kl(”)t_” +o(t7"7%)

for any ¢ € (0, v/(1 + v)), where the constant /cl(”) is given by

o= (6 - (O
Kk, = — - — (- .
! 2a b a/ Jrw+1)
Recently Hariya [10] has shown a precise estimate for v < 1 and have that when v < 1,

P(t < Ta(v}z < oo) = lcl(”)t_” + 617 01,

where
- b2vK1(V) [1 ~ 1)/~oo (x + 1)21) _x2vdx}
T2 rw+1) . xvH! ’
and whenv =1,
b4 2 b2
P(r < ‘Ca(l}z <o0) = Kl(l)l‘_l - —zait_2 log? + o(r " logt). (1)

2

In the case where v > 1, the following estimate is also given in [10]:

a

—00 < litrll)glft”H{P(t < ILEIJZ < oo) - Kl(u)t_”}

< limsupz'*! {P(r < t‘% < o0) — Kl(v)t_”} <0 2)
—>00
and this estimate is used in the following argument.

Moreover, Chiba [2] has shown a similar precise estimate when v — 1/2 is an integer
and R™ is identical in law with the radial part of (2v 4 2)-dimensional standard Brownian
motion.

The purpose of this paper is to give the precise estimate for the tail probability P(r <
ILEIJZ < oo) when v > 1 and v — 1/2 is not an integer. Our argument is applicable for
other cases, but we concentrate on this case. Combining all the results, we obtain the precise
estimates for all the Bessel processes.

From now on, we use
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for simplicity. The following is the main theorem of this paper.

THEOREM 1. Ifv > 1 andv — 1/2is not an integer, then
P(r < r‘% <o0) = Kl(v)t_” — icz(v)t_”_l +o™"7h

holds as t — 00, where the constant K2(v) is given by

2

W) 1 p2\vHl P = P2 e 4
9= (7)) ( + ).
2 r(w\2 v+ 1 v—1

The proof is based on the representation for the distribution function of r;”}z given in [7]
and the estimates for it shown in [1] and [10].
By a similar method, we can prove the identity (1) when v = 1 and

v
-V

p3\ve —c¢™
) T
(b_5)v B(v,1—v) (" —c7V)cos(mv) _,,
B(v,1/2) r'(1+v)2
when 0 < v < land v # 1/4,1/2,3/4. Since Chiba [2] and Hariya [10] have studied these
cases, we omit the details.

Pt < réug < 00) =<

+ O(t—2l))

a

2. Preliminaries

In this section we recall some known facts concerning r;”}z and modified Bessel func-
tions. We assume that v > 1 and v — 1/2 is not an integer.

The Laplace transform of t ‘EVZ is given by

_a”"Ky(av2))

b=V K, (b/2))
for A > O whena > b > 0, where E denotes the expectation with respect to P and K, is
the modified Bessel function of the second kind or the Macdonald function. We need the

explicit expression for the distribution of rcfjjg given in [7], obtained by inverting the Laplace

()]
|

transform.

It is known that, if v > 3/2, the function K, has finite number of simple complex zeros,
which we denote by z,, ; (j = 1,2, ..., N(v)), and that Re z,, ; < O for each j. The complex
conjugate of a zero is also a zero and the number N (v) is v—1/2 if v—1/2 is an integer and is
the even number closest to v — 1/2 otherwise. Thus we have N(v) = 2when3/2 <v < 7/2,
N(@w) =4 when7/2 <v < 11/2 and so on. If v — 1/2 is an odd integer, K, has a negative
zero and the situation is different. See [9, 13, 18] about the modified Bessel functions.

It is shown in [7] by some residue calculus that, if 1 < v < 3/2,

Pr") > 1) =1-c"2(1 =¥ (1) + ¢ cos(mm) ey (1)

a



606 YUJI HAMANA AND HIROYUKI MATSUMOTO

and, if v > 3/2,
N(@)
Py > 1) =1—c A @)+ Y
j=1

Ku(CZv,j)

——————W(t; 20,5)
Zu,ij+1 (Zv,j)

+ ¢ cos(me (1),

where the functions ¥, ¥, and l1/3(”) are given by

) a=b
i 1.2
'Z10) =,/—/ v e 2" du,
7 Jo

2 [ 2/

Wz(¢;z)=,/—/ be_%”2+ b du, Rez<O,
T

(v) 2 o0 1.2 o0 LEU)()C) xo/tu

W3 (l) = —/ e 24 dM/ —e_Td_x’

T % 0 X

L) () — Ly (cx) Ky (x) — I, (x) K, (cx)
(x) = - , x>0.
¢ Ky (x)2 4+ 721, (x)? + 27 sin(mwv) Ky (x) 1, (x)

Here I, has denoted the modified Bessel function of the first kind. We mention that LE.”) (x) >

0 for any x > 0, which can be derived by the monotonicity of I, and K,. Note that P(r ‘Evg =

oo) = 1 — ¢~2". Hence, what we should consider is that
P(r < r‘% <o0) = () + ¢ cos(nv)llf3(”)(t)

for v € (1, 3/2) and that

Nw g (czv. ;)
Pt <) < 00) = V() + ¢V — N (1 2y )
( ab ) g Zu,jKu+l(Zv,j) "

+ ¢ cos(m)e (1)

forv > 3/2.
Next we recall some estimates for the tail probability in [1] and [10]. It is shown in [1]

that, for any v > 0, there exists a constant C fv) such that
P(r <t’) <o0) S CMi A3)
a,b =1 '
On the other hand, (2) yields that, if v > 1, there exists a constant Cé”) such that

‘P(t < réug < 00) — /cl(v)t_” < Cév)t_”_1 4)

fort > 1.
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3. Proof of the theorem

The proof of the theorem follows from the asymptotic formulae for the functions ¥1, ¥

and W;”). For u € R we set m(u) = [ — 1/2], the largest integer less than or equal to
u — 1/2. Note that

1 3
m(u)+§§u<m(u)+§, m(u+1)=m(u) +1.

We write

B ¢m(a _ b)2m+1
 2m+1

and
2m k
b\2m+l {(—z(c — 1)}
Co) — | b z(c—=1)
an(m: 2) = —@m)lgn(Z) TN Y
k=0
form = 0 and Re z < 0, where

by = 2<_ 1)"1

T 2/ m!’

The following lemma gives limiting behavior of ¥; and ¥5, which is shown in [7].

LEMMA 1. We have that

m(v+1)
i) = Y amy "2 0TI,
m=0
m(v+1)
Wn(ti)= Y axmt " 20V
m=0
ast — oQ.
For simplicity we let
gy C1mE w _ fnernpb T Q)@ — bR
VT 2=y ppy2t Ml 2m(v) —2v +3 ’
00 L(.v)(x) — o2V )
W) _ 12m()+3 c Pv 2m()+2 ,—v
By =b ¢m(u+1)/0 BT T dx /(C_l)xv e Ydv.

We need to give a large time asymptotics of W;”) and the following lemma is important to

derive the main terms of P(z < ta(”g < 00).
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LEMMA 2. Set

2m k poo 7
c—1) L)
aév)(m) = 2m)! g b E 0 /0 x2;1—k+28 e Dax
k=0

form=0,1,...,m©v) and aé”)(m(v +1) = ,81(”) + ﬂé”). Then we have that

o) m(v+1) o) P CVK(U) Cl)KéU)
/ v f) = a v m t—m—l + 1 -V _ t—v—l +o t—v—l
3 0 mz_o 3 (m) cos(mv) cos(mv) ( )

ast — oQ.

We postpone the proof of Lemma 2 to the next section, and we here give a proof of
Theorem 1 admitting the lemma as proved. Form =0, 1, ..., m(v + 1) we set
Yy m) = ai(m) + ¢ cos(nv)aé”)(m)
if ]l <v<3/2and

N(v)

y(l))(m) — C_Q'vOll (m) +C—v Z
j=1

Kv(CZv,j)

- (v)
————— " —ay(m; zy,j) + ¢ " cos(mv)ay (M)
Zu,jKu+l(Zu,j) " 3

if v > 3/2. By Lemmas 1 and 2 we have

m(v+1)
P([ < T‘E:)Z < OO) — Z y(v)(m)t—m—l/Z _I_Kl(l))t—l) _ Kz(l))t—l)—l _I_O(t—l)—l) . (5)

m=0

From (3) we see that each coefficient of ¢~ ~1/2

—m(v)—=3/2

is zero form = 0, 1, ..., m(v). Then, by (4),
the coefficient of ¢ is zero. Therefore, the first term of the right hand side of (5) is
zero and we obtain the assertion of the theorem.

4. Proof of Lemma 2

In this section we give a proof of Lemma 2 to complete the proof of the theorem. We set

2, m(jL)
PW(x) = [Ze 2" = 3" ™
T m=0

for u > 1/2. Note that there exists a suitable constant Cé“ ) such that

1PM ()] £ P x¥0) minfx?, 1. 6)
We write

ety =00 + 0 @) + 0l @),
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where

m(v)

L(U) x/tu
l))(l,) —_ Z ¢m/ (x) /‘;_b MZme—%du ,

7

x/tu
né")(t)=/ P(”)(u)du/ pux® e " dx,
v 0

00 00 L(V) X i
ngv)(t) 2/ P(”)(u)du/ [ e )—pvxz"_l}e_ 7 dx .

For ni”) (t) elementary computations give

o0 x\/;u ee} a — b 2m x\/;u
/ u2me— b du = / (l/l + ) e—(c—l)xe— " du
a=b 0 «/;

v

Moe—1DF 1
_ (=) 2m+1 - —m—1/2
=e T 2m)!b ™ E 0 xizm—kﬂt " ,

which yields

m(v)

0= oy

m=0
To estimate the second term 7, )(t) we prepare the following lemma.

LEMMA 3. Letu > 1/2and u — 1/2 ¢ Z. We have that

o0 1
~2p p(w) _ -
fo u=2P P () dy = 2p¢— ( p) %)
00 p—1
F(Zp)/ w2 p) (w)du = ﬂ 8)
0 cos(mp)

form(un)+1/2 < p <m(p)+3/2.

PROOF. We can deduce (7) directly from

/Oooxq—li +Z ( _1)'1")' _1}dx=F(q)

for-n<g<-n+1,n=0,1,2,...(cf. [4, p. 361)).
Recall the formulae
2z—1

rQz) = Zﬁ F(Z)F(z + %) F(Z + %)F(% N Z) - cosj(Tnz)

(cf. [13, p. 3]). Then we can easily see that (7) gives (8). O
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It follows from (8) that ng))(t) is equal to

pub2u2u—lF(v) v

a—b
— oo b T Qu)~" / T PO (0 )
cos(mv) 0

A simple calculation shows that the first term of (9) is

1 (b_2>v ¢’ —c7V " CUKI(V)

2) To+1)  ~ cos(mv)

-V

cosmTv
Since m(v + 1) = m(v) + 1 and
P @) = PO ) = gy, (10)

the second term of (9) is the sum of the following two integrals:

a=b

p,)bZ”F(Zv)t_”/ T PO ) ay (11)
0
a—b
ovb> b1y Qu)t™" / V=212, (12)
0

The estimate (6) yields that (11) is dominated by

a—b
_ Vi _ _
pob? T 2v)t vc?(’v-i-l)/ T 2mOEDED gy o (o m)=5/2)
0

Moreover, since (12) is

Gmv+1)pvb* IT'(2v)(a — b)zm(V)_2U+3t—m(v)—3/2
2m(v) —2v +3 '

we obtain

v, (V)

C K
n;l))(t) — 1 t—l) _ ﬁl(V)t_m(V)_3/2 + O(t—m(l))—S/Z) .
cos(mv)

To show the asymptotic behavior of ngv) (1), we need an estimate for the function LEV) (x).
For this purpose we prepare a precise estimate for the Macdonald function K, (x) as x | 0.

LEMMA 4. Ifv > 3/2andv — 1/2is not an integer,
2

k0 =52 () 1 - gy o)

and, if 1 <v <3/2,
2

= TR g o)
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PROOF. The first assertion is shown in Lemma 4.3 in [9] and we here give a proof in
the case where 1 < v < 3/2.
We start from the formula ([13, 18]):

- o 2 —1/2 1
Ky(x) = VT e / e—yy2v—1<1 4 _x)” dy, v>—=.
2x)Y T'(v+1/2) Jo y 2

A simple calculation shows that

00 2x\v—1/2 2v -3
/ e—yyZV—l(l + _x)v dy =I'2Qv) + I'Qv)x + Vip(zv)xz
5 y A —1)

where

h@=0+2"""2 -1~ (v— l)Z— l(v— l)(\;_ E)ZZ

forz > 0.
Since 1/2 < v —1/2 < 1, we have

i 52 =50 -3)(-3)

and hence there exists a positive constant C iv) such that | f,(z)| £ C f‘”)zz for z 2 1. On the

other hand, it is easy to see f,(z) = O(z>) as z | 0. From this observation we can conclude
o0 2
[ e (5 )ar = o0
0 y

asx | 0. O

REMARK 1. It may be worthwhile to note that
1 1, 1 )
Ki(x) = —[1 — ~x%log~ 4+ O(x )}
X 2 X
and, if 0 < v < 1,

R =T

asx | 0.
From Lemma 4 we obtain the asymptotic behavior of LE.V) (x)asx | 0. Let

1
bv = 4(c¥ —c™) <C

v+2

—cTv 2y 1
v+ 1 + v—1 )+2(v—1)'



612 YUJI HAMANA AND HIROYUKI MATSUMOTO

LEMMA 5. We have that, if v > 3/2 and v — 1/2 is not an integer,
LY (x) = pox®{1 + &x* + 0(xY))
and that, if 1 <v < 3/2,
LY (x) = ppx®{1 + cyx? 4+ 0(x?")} .

PROOF. We only give a proof for the first assertion. The second assertion can be proved
in the same manner.
By the series representation for 7, (x) we have

) = (%)vir(vlJr T r(ul+ 2) (%)2 + 0(x4)}
= F(vl~|— D (g)v{l + 4(vl+ 1))62 + 0(x4)}

as x | 0. Combining this formula with Lemma 4, we see that the asymptotic behavior of the

denominator of L (x) is

F(v)2<2 2»: 1 ) 3

- 2+ 0eh)

4 x) 0" oW

and that of the numerator is given by

v+2 eV C—v+2 —cv )
0(x?).
v+1 + v—1 )x +067)

From these asymptotic results we obtain the assertion of the lemma. O

¢’ —c7V n 1 (C
2v 8v

We go back to the proof of Lemma 2. It remains to calculating ng'}). We deduce from

(10) that

) =0 + V@),

where

0 © L0 (%) — ppx? _riu
0 :/ b P(”“)(u)du/ ¢ (X)) = py g
a—b 0

X
NG
x © L) = pox® s
&" (1) = $miwr) f , w2 du f — e Vdx,
=z 0
N

Changing the variables by y = (3/7u/b)x, we get

b2v+2 00 P(v+1)(u) 00 b
W), W PY N 2041 —y
§ M= OS] /0 1[‘I—J;”,C><J)(u) 22+2 d”/o Qc <ﬁu)y e~dy,
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where

) 2v
L7 (x) = pyx
ng)(x) = x2v+2

Lemma 5 yields that QE”)(x) converges to p, ¢, as x |, 0, which implies that QE.”) is bounded

on (0, 1]. In [7] it is shown that

LY (x) = %e“—”*(l +o(1))

as x — oo. This yields that there is a constant Céu) such that
10 ()] £ €I 4 p,
for x = 1. Hence it follows that
10 ()] £ €5 max{e™, 1)
for a suitable constant Cé”). By the argument used in [7, p. 5253] we obtain that

)

by 2v—le—y
t

Vitu

e O LA Ol ‘QE”)(
t

is dominated by a constant multiple of
u—2(l)+1)|P(U+l)(u)|y2v—le—3y ) (13)

Here a constant § has been used for min{l, 2b/(a — b)}. It follows from (6) that (13) is
integrable on (0, co) x (0, co). The dominated convergence theorem yields

oo
£7(1) = pocb®2r v + 27! / T R (Y TR
0

We easily see by (8) that the coefficient of the term of r~"~! is equal to

(bz)v2b2(c” —c ) c”xz(v)
2 I'(v)cos(mv)  cos(mv)
To show that the Fubini theorem can be applied to 52(”) (1), we need to check that

o0 o0 x\/Fu
/ du/ Trasy \@u?™ %2100 () |x2 e dx (14)
0 0 [7‘”)

converges. Changing the variable x to y given by y = (3/fu/b)x, we have that (14) is equal
to

b2v+2

o0 o0
t"T/O du/o l[% oo)(u)uzm(”)_z" y e vay . (15)
2,

0t ()
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Similarly to & 1(”) (1), we deduce from 2m (v) —2v < —1 that the integrand of (15) is integrable
on (0, co) x (0, co). This yields that

oo 7 (V) 2 o
Lo (x) — pox de/ ;, L 2m()+2, =5
x a-

NG

u

\’Ez(v)(t) = ¢m(u+1)/0
— ﬁév)t—m(v)—?y/Z .

We now obtain an estimate for ngv) (t) and, combining it to the estimates for n}”) () and 3" (1)
above, we complete the proof of Lemma 2.
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