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Abstract. Let K be a number field. Fix a finite set of analytic functions f∞ := {f1,∞(x), . . . , fs,∞(x)}
defined on {x ∈ C | |x| > 1} (resp. Cp-valued functions fp := {f1,p(x), . . . , fs,p(x)} defined on {x ∈ Cp |
|x|p > 1}). For β ∈ K, we denote the K-vector space spanned by f1,∞(β), . . . , fs,∞(β) by VK(f∞, β) (resp.

f1,p(β), . . . , fs,p(β) by VK(fp, β)). In this article, under some assumptions for f∞ (resp. fp), we give an estimation

of a lower bound of the dimension of VK(f∞, β) (resp. VK(fp, β)) (see Theorem 2.4 for Archimedean case and
Theorem 8.6 for p-adic case). Applying our estimation, we give a lower bound of the dimension of the K-vector
space spanned by the special values of the Lerch functions over a number field in C (see Theorem 1.1 and Remark 1.2)
and the p-adic analog of the above result (see Theorem 1.3 and Remark 1.4). Furthermore, we also give a lower
bound of the K-vector space spanned by the special values of certain p-adic functions related with p-adic Hurwitz
zeta function (see Theorem 1.5).

1. Introduction

Fix a prime number p. Let Q be an algebraic closure of the rational number field. We

denote by Cp the completion of an algebraic closure Qp of Qp. We denote the normalized

valuation of Cp by | · |p with |p|p = p−1. We fix embeddings ι∞ : Q ↪→ C, ιp : Q ↪→ Cp

and sometimes regard Q as a subfield of C or Cp by the fixed embeddings.
Let us fix a finite set of analytic functions f∞ := {f1,∞(x), . . . , fs,∞(x)} defined on

D∞ := {x ∈ C | |x| > 1}. For an algebraic number field K and an element β ∈ D∞(K) :=
{x ∈ K | |x| > 1}, we denote the K-vector space spanned by f1,∞(β), . . . , fs,∞(β) by
VK(f∞, β). We study the following type of estimation of a lower bound of the dimension of
VK(f∞, β).

(Type A)∞
There exists a subset W∞ of D∞(Q) ×AQ and a function F (∞) : W∞ −→ R≥0 satisfy-

ing the following inequality:

dimK VK(f∞, β) ≥ F (∞)(β,K) for all (β,K) ∈ W∞,
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where D∞(Q) := {x ∈ Q | |x| > 1} and AQ is the set of all algebraic number fields.
We also study the following p-adic analog of the estimation of (Type A)∞. Let us fix a

finite set of Cp-valued functions fp := {f1,p(x), . . . , fs,p(x)} defined on Dp := {x ∈ Cp |
|x|p > 1}. For an algebraic number field K and an element β ∈ Dp(K) := {x ∈ K | |x|p >

1}, we denote by VK(fp, β) the K-vector space spanned by f1,p(β), . . . , fs,p(β).
(Type A)p
There exists a subset Wp of Dp(Q) ×AQ and a function F (p) : Wp −→ R≥0 satisfying

the following inequality:

dimK VK(fp, β) ≥ F (p)(β,K) for all (β,K) ∈ Wp .

where Dp(Q) := {x ∈ Q | |x|p > 1}.
In this article, for a set f∞ := {f1,∞(x), . . . , fs,∞(x)} (resp. fp := {f1,p(x), . . . ,

fs,p(x)}) with some assumptions, we give a statement of type (Type A)∞ (cf. Theorem 2.4)
(resp. (Type A)p (cf. Theorem 8.6)). Using Theorem 2.4 (resp. Theorem 8.6), we give a
lower bound of the dimension of the vector space spanned by the special values of the Lerch
function (resp. the p-adic Lerch function and the function relating with the p-adic Hurwitz
zeta function) for Archimedean case (resp. p-adic case). Firstly, we shall state our result
on estimation of a lower bound of the dimension of the vector space spanned by the special
values of the Lerch function for the Archimedean case. The definition of the Lerch function
is as follows:

� : N × (
C \ Z≤0

)× D∞ −→ C (s, x1, x) �→ �(s, x1, x) :=
∞∑

m=0

x−m−1

(m + x1)s
.(1)

We give a (Type A)∞ estimation of a lower bound of the dimension of the vector space
spanned by the special values of the Lerch function. We define the denominator function as
follows:

den : Q −→ N γ �→ min{n ∈ N| nγ is an algebraic integer} .(2)

We denote the completion with respect to the usual absolute value of K by K∞. Our result is
as follows:

THEOREM 1.1. Let r be a natural number, s1, . . . , sr natural numbers and a1, . . . , ar

rational numbers satisfying 0 < a1 < · · · < ar ≤ 1. We put

A := l.c.m.{den(ai)}1≤i≤r ,

M := l.c.m.{den(ai′ − ai)}1≤i,i′≤r, i 
=i′ ,

S := max
1≤i≤r

si ,

s :=
r∑

i=1

si .
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We denote the set {(β,K) ∈ D∞(Q) × AQ| β ∈ K} by W∞ and define the following
four functions:

f (∞) : D∞(Q) −→ R≥0 by β �→ S log A + S
∑

q:prime
q|A

log q

q − 1
+ S(M + A) + log den(β) ,

g(∞) : D∞(Q) −→ R≥0 by β �→ log max{1, |β|} + (s log s + (2s + 1) log 2) ,

h(∞) : D∞(Q) −→ R≥0 by β �→ s log |β| ,

F (∞) : W∞ −→ R≥0 by (β,K) �→ [K∞ : R](g(∞)(β) + h(∞)(β))

[K : Q(β)]∑τ∈IQ(β)
(f (∞)(τβ) + g(∞)(τβ))

.

Then we obtain the following inequality:

dimK

(
K +

s1∑
v1=1

K�(v1, a1, β) + · · · +
sr∑

vr=1

K�(vr , ar , β)

)
≥ F (∞)(β,K)

for all (β,K) ∈ W∞.

REMARK 1.2. In [11, Theorem 0.2], the second author gave a criterion of linear in-
dependence of special values of the Lerch function over the rational number field. In [8,
Theorem 2.1], N. Hirata, M. Ito and Y. Washio gave a criterion of linear independence of
special values of the polylogarithm functions over algebraic number fields. Theorem 1.1 is a
generalization of the both results [11, Theorem 0.2] and [8, Theorem 2.1].

Secondly, we describe the p-adic case. The definition of the p-adic Lerch function is as
follows:

�̂p : N × (
Cp \ Z≤0

)× Dp −→ Cp (s, x1, x) �→ �̂p(s, x1, x) :=
∞∑

m=0

x−m−1

(m + x1)s
.

Note that the s-th p-adic polylogarithm function is defined by

Lip(s, x) := �̂p(s, 1, x) =
∞∑

m=0

x−m−1

(m + 1)s
for s ∈ N and x ∈ Dp .

For an algebraic number field K , we denote the completion with respect to the p-adic
absolute value of K in Cp by Kp. A p-adic analog of Theorem 1.1 is as follows:

THEOREM 1.3. Let r be a natural number, s1, . . . , sr natural numbers and a1, . . . , ar

rational numbers satisfying 0 < a1 < · · · < ar ≤ 1. We denote the set {(β,K) ∈ Dp(Q) ×
AQ| β ∈ K} by Wp and use the same notation as in Theorem 1.1. We define the following
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four functions:

f (p) : Dp(Q) −→ R≥0 by β �→ s log A + s
∑

q:prime
q|A

log q

q − 1
+ S(M + A) + log den(β) ,

g(p) : Dp(Q) −→ R≥0 by β �→ log max{1, |β|} + (s log s + (2s + 1) log 2) ,

h(p) : Dp(Q) −→ R≥0 by β �→ s log |β|p ,

F (p) : Wp −→ R≥0 by (β,K) �→ [Kp : Qp](h(p)(β) + s log |β|p)

[K : Q(β)]∑τ∈IQ(β)
(f (p)(τβ) + g(p)(τβ))

.

Then we obtain the following inequality:

dimK

(
K +

s1∑
v1=1

K�̂p(v1, a1, β) + · · · +
sr∑

vr=1

K�̂p(vr , ar, β)

)
≥ F (p)(β,K)

for all (β,K) ∈ Wp .

REMARK 1.4. P. Bel gave a (Type A)p estimation of lower bound of the dimen-
sion of the K-vector space spanned by the special values of p-adic polylogarithm functions
{Lip(1, x), . . . , Lip(s, x)} in [3, Theorem 3]. Theorem 1.3 is a generalization of [3, Theo-
rem 3].

We also obtain a lower bound of the dimension of the vector space spanned by the special

values of the following p-adic function. To state our result, we define the function ζ̂p by

ζ̂p : N × Zp × (Cp \ Dp(1, 1−) ∪ {1}) × Dp −→ Cp ,

(s, x1, x2, x) �→ ζ̂p(s, x1, x2, x) := ε(x2)

s − 1

1

xs−1 +
∞∑

m=0

(−1)m+1

(m + 1)! Bm+1(x1, x2)(s)m
1

xs+m
,

where Dp(1, 1−) := {x ∈ Cp | |x − 1|p < 1},

ε(x2) =
{

0 if x2 
= 1

1 if x2 = 1 ,
(s)m =

{
s(s + 1) · · · (s + m − 1) if m ≥ 1

1 if m = 0 ,

and Bk(x1, x2) are defined by the following generating function:

tex1t

x2et − 1
=

∞∑
k=0

Bk(x1, x2)
tk

k!
We give the following estimation of a lower bound of the dimension of the vector space

spanned by the special values of ζ̂p(s, x1, x2, z):
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THEOREM 1.5. We use the notations as before. Let r be a natural number, s1, . . . , sr

natural numbers, a1, . . . , ar ∈ Q ∩ Zp satisfying 0 < a1 < · · · < ar ≤ 1 and α ∈ {α ∈
Q | |α| = 1} satisfying |α − 1|p ≥ 1. Let Wp be the set Dp(Q) × AQ. We put the following
numbers:

B(b) := l.c.m.{den(b + ai)}1≤i≤r for b ∈ Dp(Q) ,

M := l.c.m.{den(ai′ − ai)}1≤i,i′≤r, i 
=i′ ,

S := max
1≤i≤r

si ,

T := min
1≤i≤r

si ,

s :=
r∑

i=1

si .

and define the following four functions:

f (p) : Dp(Q) −→ R≥0 by b �→ S + M(s + r − T − 1) +
∑

q:prime
q|B(b)

log q

q − 1
+ log den(α) ,

g(p) : Dp(Q) −→ R≥0 by b �→ log max{1, |α|} + s log 2 ,

h(p) : Dp(Q) −→ R≥0 by b �→
∑

q:prime
q|B(b)

log q

q − 1
− log p

p − 1
+ log den(α) − log max{1, |α|p} ,

F (p) : Wp −→ R≥0 by (b,K) �→ [Kp : Qp](h(p)(b) + T log |b|p)

[K : Q](f (p)(b) + g(p)(b))
.

Then we obtain the following inequality:

dimK

(
K +

s1+1∑
v1=1

Kζ̂p(v1, a1, α, b) + · · · +
sr+1∑
vr=1

Kζ̂p(vr , ar , α, b)

)
≥ F (p)(b,K)

for all (b,K) ∈ Wp.

REMARK 1.6. When r = 1, P. Bel in [2, Theorem 3.1] also gave a (Type A)p
estimation of the dimension of the vector space spanned by the special values of

{ζ̂p(2, a, 1, b), . . . , ζ̂p(s + 1, a, 1, b)} for s ∈ N and a ∈ Q ∩ Zp:

dimK

(
K +

s+1∑
v=2

Kζ̂(v, a, 1, b)

)
≥ F

(p)

1 (b,K) for all (b,K) ∈ Wp

where F
(p)

1 (b,K) is defined by the same way in Theorem 1.5 for α = 1. In Theorem 1.5, r

is general but we exclude the case α = 1. Thus, Theorem 1.5 is not regarded as a complete
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generalization of [2, Theorem 3.1]. (see Remark 10.10 for the reason why we exclude α = 1
in Theorem 1.5.)

ACKNOWLEDGMENT. The second author would like to thank Professor Noriko Hirata
for her many advises and is grateful to Professor Tadashi Ochiai for his constant encourage-
ment and many comments on an earlier version of the manuscript.

NOTATIONS. Let N := {1, 2, 3, . . . , } be the set of natural numbers. We denote by | · |
the Archimedean absolute value on C. We fix a prime number p. We also denote the ring of

integers of Cp by OCp . We denote the set of algebraic integers in Q by Z. We regard all the

algebraic number fields as subfields of Q. We fix embeddings ι∞ : Q ↪→ C, ιp : Q ↪→ Cp

and sometimes regard Q as a subfield of C (resp. Cp) by the fixed embedding ι∞ (resp. ιp).
For an algebraic number field K , we denote the ring of integers of K by OK and the

set of all embedding K into C (resp. Cp) by IK (resp. I
(p)

K ). For an algebraic number
field K , we denote the set of algebraic number fields containing K by AK . We denote the
completion with respect to the usual absolute value of K by K∞ and the completion with
respect to the p-adic absolute value of K in Cp by Kp. For an algebraic extension K of Q,
we denote {x ∈ K | |x| > 1} by D∞(K) and {x ∈ C | |x| > 1} by D∞. We also denote
{x ∈ K | |x|p > 1} by Dp(K) and {x ∈ Cp | |x|p > 1} by Dp .

We define the denominator function, den : Q −→ N the same as (2). For a natural
number n, we denote the least common multiple of 1, 2, . . . , n by dn. We put μn(b) :=∏

q:prime
q|b

q [n/(q−1)] for natural numbers b and n. In this article, we use X as a variable of

infinite Laurent series and x as a parameter of function on some U ⊂ C or U ⊂ Cp.

Part I. Archimedean case

2. A criterion of linear independence of special values of Archimedean functions

Let f∞ := {f1,∞(x), . . . , fs,∞(x)} be a finite set of analytic functions defined on D∞.
For an algebraic number field K and an element β ∈ D∞(K), we denote the K-vector
space spanned by f1,∞(β), . . . , fs,∞(β) by VK(f∞, β). In this section, for f∞ with some
assumptions (see Assumptions 2.2 and 2.3), we give an estimation of a lower bound of
dimKVK(f∞, β). Firstly, we recall a result of Marcovecchio (cf. [13]) on a lower bound of
the dimension of the vector space spanned by certain complex numbers over a number field,
which is based on a result in Siegel’s article [18]. Let K be an algebraic number field. We put

δK := [K : Q]/[K∞ : R] .(3)
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We denote the complex conjugation by F . For a natural number s and a vector x =
(x1, . . . , xs) ∈ Ks , we denote

h0(x) = 1

[K : Q]
∑
τ∈IK

τ 
=idK,F◦idK

log |τx| ,

and |τx| = max1≤v≤s |τxv|. For an (s + 1)-variable linear form L(X0, . . . , Xs) =∑s
v=0 AvXv ∈ K[X0, . . . , Xs], we use the following notations:

||L|| := max
0≤v≤s

|Av| ,

L(θ) := L(θ0, θ1, . . . , θs) for θ = (θ0, θ1, . . . , θs) ∈ Cs+1 ,

τL :=
s∑

v=0

τ (Av)Xv for τ ∈ IK ,

L := (A0, . . . , As) .

From now on throughout the article, we fix a natural number s ∈ N. The following lemma
was proved by Marcovecchio in [13].

LEMMA 2.1 ([13, Proposition 4.1]). Let K be an algebraic number field. Let θ :=
(1, θ1, . . . , θs) ∈ Cs+1. Suppose that, for all n ∈ N there exist (s + 1) linear forms

L(n)
w (X0, . . . , Xs) =

s∑
v=0

A(n)
v,wXv (0 ≤ w ≤ s; n ∈ N),

with coefficients {A(n)
v,w}1≤v,w≤s ⊂ OK satisfying

det((A(n)
v,w)0≤v,w≤s) 
= 0 .

Assume also that there exist ρ, c, c′ ∈ R satisfying c, c′, ρ+c′ > 0 and the following relations
for all 0 ≤ w ≤ s:

lim supn

log ||L(n)
w ||

n
≤ c ,

lim supn

h0(L
(n)
w )

n
≤ c

′
,

lim supn

log |L(n)
w (θ)|
n

≤ −ρ .

Then we have

dimK (K + Kθ1 + · · · + Kθs) ≥ c + ρ

c + δKc
′ .
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Using Lemma 2.1, we axiomatize the estimation of a lower bound of the vector space
spanned by the special values of certain functions. Let L be an algebraic number field, s a
natural number and

θv : D∞ −→ C

analytic functions for all 0 ≤ v ≤ s with θ0(x) = 1 for all x ∈ D∞. We consider a family of
polynomials

{A(n)
v,w(x)}0≤v,w≤s,n∈N ⊂ L[x] ,

to approximate {θv(x)}0≤v≤s. Introduce a family of functions {R(n)
w (x)}n∈N on D∞, defined

by

R(n)
w (x) =

s∑
v=0

A(n)
v,w(x)θv(x) ,

for 0 ≤ w ≤ s. We put �n(x) = det((A(n)
v,w(x))0≤v,w≤s) ∈ L[x]. We make the following

assumptions on {A(n)
v,w(x)}0≤v,w≤s,n∈N ⊂ L[x]:

ASSUMPTION 2.2. Suppose that there exists a non-empty subset V∞ ⊂ D∞(Q) sat-
isfying the following assumptions:

There exists an integer l such that(4)

R(n)
w (x) = o(x−ns+w+l) (x → ∞) for all n ∈ N and 0 ≤ w ≤ s .

We have �n(β) 
= 0 for all β ∈ V∞ and infinitely many n ∈ N .(5)

There exists a family of functions {Dn : V∞ −→ Z \ {0}}n∈N satisfying(6)

Dn(β) ∈ L(β) and Dn(β)A(n)
v,w(β) ∈ OL(β) for all β ∈ V∞ , 0 ≤ v,w ≤ s and n ∈ N .

ASSUMPTION 2.3. We use the notations as above. Suppose that τ (β) ∈ V∞ for all
β ∈ V∞, τ ∈ IQ(β) and there exist some constants c1, c2, c3 > 0 such that the following
conditions hold for any sufficiently large n.

There exists a function f (∞) : V∞ −→ R>0 satisfying |τDn(β)| ≤ nc1+o(1)enf (∞)(τβ)(7)

for all β ∈ V∞ and τ ∈ IQ(β) .

There exists a function g(∞) : V∞ −→ R>0 satisfying |τA(n)
v,w(β)| ≤ nc2+o(1)eng (∞)(τβ)(8)

for all β ∈ V∞ and τ ∈ IQ(β) .

There exists a family of functions h(∞) :(9)

V∞ −→ R>0 satisfying |R(n)
w (β)| ≤ nc3+o(1)e−nh(∞)(β)

for all β ∈ V∞ .
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Under Assumptions 2.2 and 2.3, we obtain the following (Type A)∞ estimation of
a lower bound of the dimension of the vector space spanned by the special values of
{θv(x)}0≤v≤s.

THEOREM 2.4. Let s be a natural number and

θv : D∞ −→ C

be analytic functions for 0 ≤ v ≤ s with θ0(x) = 1 for all x ∈ D∞. We assume Assump-

tions 2.2 and 2.3 for {θv(x)}0≤v≤s. We assume that the functions f (∞) and g(∞) in (7) and
(8) respectively satisfy the following relations:

f (∞)(τβ) = f (∞)(F ◦ τβ)(10)

g(∞)(τβ) = g(∞)(F ◦ τβ)

for all β ∈ V∞ and τ ∈ IL(β). We denote the set {(β,K) ∈ V∞ × AL| β ∈ K} by W∞. We
define the function

F (∞) : W∞ −→ R≥0 (β,K) �→ [K∞ : R](g(∞)(β) + h(∞)(β))

[K : Q(β)]∑τ∈IQ(β)
(f (∞)(τβ) + g(∞)(τβ))

.

Then we obtain the following estimations of the dimension of the vector space spanned by the
special values of {θv(x)}0≤v≤s:

dimK (K + Kθ1(β) + · · · + Kθs(β)) ≥ F (∞)(β,K)

for all (β,K) ∈ W∞.

PROOF. We fix (β,K) ∈ W∞ and put

θ := (1, θ1(β), . . . , θs(β)) ,

A(n)
v,w := Dn(β)A(n)

v,w(β) ,

L(n)
w (X0, . . . , Xs) :=

s∑
v=0

A(n)
v,wXq for 0 ≤ w ≤ s, ; n ∈ N ,

�(n) := det

⎛
⎜⎜⎜⎜⎝

A
(n)
0,0 A

(n)
0,1 . . . A

(n)
0,s

A
(n)
1,0 A

(n)
1,1 . . . A

(n)
1,s

...
...

. . .
...

A
(n)
s,0 A

(n)
s,1 . . . A

(n)
s,s

⎞
⎟⎟⎟⎟⎠ .

Using the condition (5), we get

�(n) 
= 0 .(11)

Using the condition (6), we get

{L(n)
w (X0, . . . , Xs)}0≤w≤s ⊂ OK [X0, . . . , Xs ] .(12)
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Using the conditions (7) and (8) in assumption 2.3, we obtain:

lim sup
n

log ||τL
(n)
w ||

n
≤ f (∞)(τβ) + g(∞)(τβ)(13)

for any τ ∈ IK . Using the inequality (13), we also obtain:

lim sup
n

h0(L
(n)
w )

n
≤ 1

[K : Q]
∑
τ∈IK

τ 
=idK,F◦idK

(f (∞)(τβ) + g(∞)(τβ)) .(14)

Using the conditions (7) and (9), we obtain:

lim sup
n

log |τL
(n)
w (θ)|

n
≤ −(h(∞)(β) − f (∞)(τβ))(15)

for all τ ∈ IL. Since (11) and (12) are satisfied, we can use Lemma 2.1 for (13), (14) and
(15). Then we have the following inequality:

dimK (K + Kθ1(β) + · · · + Kθs(β)) ≥
[K∞ : R](g(∞)(β) + h(∞)(β))

[K∞ : R](f (∞)(β) + g(∞)(β)) + ∑
τ∈IK, τ 
=idK,F◦idK

(f (∞)(τβ) + g(∞)(τβ))
.

Since we have the relation (10), we have the following equality:

[K∞ : R](g(∞)(β) + h(∞)(β))

[K∞ : R](f (∞)(β) + g(∞)(β)) +∑
τ∈IK

τ 
=idK,F◦idK

(f (∞)(τβ) + g(∞)(τβ))

= [K∞ : R](g(∞)(β) + h(∞)(β))

[K : Q(β)] ∑
τ∈IQ(β)

(f (∞)(τβ) + g(∞)(τβ))
.

This completes the proof of Theorem 2.4. �

Using Theorem 2.4, we obtain the following criterion of linear independence of special
values of {θv(x)}0≤v≤s.

COROLLARY 2.5. Under the same assumption of Theorem 2.4, we obtain the follow-
ing criterion of linear independence of special values of {θv(x)}1≤v≤s.

Suppose (β,K) ∈ W∞ satisfies

s[K : Q(β)]
∑

τ∈IQ(β)

(f (∞)(τβ) + g(∞)(τβ)) < [K∞ : R](g(∞)(β) + h(∞)(β)) .

Then we obtain:

dimK (K + Kθ1(β) + · · · + Kθs(β)) = s + 1 .
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3. A Padé approximation of the Lerch function

Let r be a natural number. From here to the last section, we fix the following numbers:

s1, . . . , sr : natural numbers ,

s :=
r∑

i=1

si ,

a1, . . . , ar : rational numbers satisfying 0 < a1 < · · · < ar ≤ 1 .

In this section, we give a Padé approximation of the Lerch function which is a generalization
of that in [11]. Let �(v, x1, x) be the Lerch function defined in (1). For a positive integer n

and an r tuple of non-negative integers w = (w1, . . . , wr) with 0 ≤ wi ≤ si for all 1 ≤ i ≤ r ,
we put

Q(n)
w (u) := u(u − 1) · · · (u − σn,w + 2)∏r

i=1

[
(u + ai)

si
n (u + n + ai)wi

] ,

R(n)
w (x) :=

∞∑
m=0

Q(n)
w (m)x−m−1 ,

where w = ∑r
i=1 wi and σn,w = ns + w. We define a family of rational numbers

{b(n)
i,j,vi ,w

}1≤i≤r,1≤vi≤si ,0≤j≤n by

Q(n)
w (u) =

r∑
i=1

( si∑
vi=1

n∑
j=0

b
(n)
i,j,vi ,w

(u + ai + j)vi

)
,(16)

and a family of polynomials {A(n)
i,vi ,w

(x), P
(n)
w (x)}1≤i≤r,0≤vi≤si ⊂ Q[x] by

A
(n)
i,vi ,w

(x) =
n∑

j=0

b
(n)
i,j,vi ,w

xj ,(17)

P (n)
w (x) =

r∑
i=1

n∑
j=1

si∑
vi=1

j−1∑
l=0

b
(n)
i,j,vi ,w

xj−1−l

(l + ai)vi
.(18)

By the definition of A
(n)
i,vi ,w

(x), we obtain

(19) degx A
(n)
i,vi ,w

(x) ≤
{

n − 1 for wi < vi ,

n for wi ≥ vi .

REMARK 3.1. For 1 ≤ i ≤ r and w = (w1, . . . , wr) ∈ ∏r
i=1{0, 1, . . . , si}, we have

the following equality:

degA
(n)
i,wi ,w

(x) = n
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for every n ∈ N. In fact, the coefficient of xn of the polynomial A
(n)
i,wi ,w

(x) ∈ Q[x] is

b
(n)
i,n,wi ,w

= u(u − 1) · · · (u − σn,w + 2)∏r
i′=1

[(∏n−1
j=0(u + ai′ + j)si′

)
(u + ai′ + n)wi′

] (u + ai + n)wi

∣∣∣∣
u=−ai−n


= 0 .

Using the rational functions {A(n)
i,vi ,w

(x), P
(n)
w (x)}1≤i≤r,0≤vi≤si ⊂ Q[x], we obtain the

following Padé approximation of the Lerch functions that was proved in [11, Proposition 2.1].

LEMMA 3.2. Under the notation above, we have

R(n)
w (x) = o(x−σn,w+1)(20)

and the following Padé approximation:

(21) R(n)
w (x) =

r∑
i=1

( si∑
vi=1

A
(n)
i,vi ,w

(x)�(vi, ai, x
−1)

)
− P (n)

w (x) .

PROOF. From the definition of R(n)
w (x), we have the relation (20). The relation (21)

follows from the following calculation:

R(n)
w (x) =

∞∑
m=0

r∑
i=1

si∑
vi=0

n∑
j=0

b
(n)
i,j,vi ,w

(m + ai + j)vi
x−m−1

=
r∑

i=1

si∑
vi=0

n∑
j=0

b
(n)
i,j,vi ,w

∞∑
m=0

x−m−1

(m + ai + j)vi

=
r∑

i=1

si∑
vi=0

n∑
j=0

b
(n)
i,j,vi ,w

(
xj�(vi, ai, x) −

j−1∑
l=0

xj−l−1

(m + ai)vi

)

=
r∑

i=1

( si∑
vi=1

A
(n)
i,vi ,w

(x)�(vi, ai , x)

)
− P (n)

w (x) .

This gives the proof of the lemma. �

4. Some estimations

LEMMA 4.1. Let β be a non-zero complex number. There exists c > 0 such that the
inequality

max
1≤i≤r,1≤vi≤si

{|A(n)
i,vi ,w

(β)|, |P (n)
w (β)|} ≤ ncmax{1, |β|n} exp{n(s log s + (2s + 1) log 2)} ,

(22)

holds for any sufficiently large n ∈ N.
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PROOF. We fix an enough large natural number k satisfying the following conditions:

|ai1 − ai2 | >
2

k
and 1 > |ai1 − ai2 | + 2

k
for all 1 ≤ i1, i2 ≤ r, i1 
= i2 .(23)

Firstly, we give an upper bound of {b(n)
i,j,vi ,w

}1≤j≤n,1≤vi≤si for a fixed i. Using the definition

of b
(n)
i,j,vi ,w

given by (16), we get

b
(n)
i,j,vi ,w

= 1

2π
√−1

∫
|u+j+ai |= 1

k

Q(n)
w (u)(u + ai + j)vi−1du .(24)

From the equality (24) and the definition of Q
(n)
w (u), we obtain

|b(n)
i,j,vi ,w

| ≤ k−vi sup|u+ai+j |= 1
k
|Q(n)

w (u)|(25)

≤ k−vi sup|u+j+ai |= 1
k

∣∣∣∣∣ (u + σn,w − 2)σn,w−1∏r
i′=1 (u + ai′)

si′
n (u + n + ai′)wi′

∣∣∣∣∣ .

We give an upper bound of

∣∣∣∣∣ (u + σn,w − 2)σn,w−1∏r
i′=1 (u + ai′)

si′
n (u + n + ai′)wi′

∣∣∣∣∣. We have the following in-

equalities for u ∈ {u ∈ C | |u + j + ai | = 1
k

}
:

|(u − σn,w + 2)σn,w−1| = |(u + j + ai − j − ai) · · · (u + j + ai − σn,w − j − ai + 2)|
(26)

≤ (j + 1) · · · (σn,w + j + 3) .

Estimating a lower bound of |(u + ai′)n| and |u + n+ ai′ | for u ∈ {u ∈ C | |u + j + ai| = 1
k
},

we give a lower bound of |u + j + ai + (ai′ − ai) + (l − j)| for 1 ≤ i ′ ≤ r , 0 ≤ l ≤ n:
(In the case of i ′ = i)

(27) |u + j + ai + (ai′ − ai) + (l − j)| ≥

⎧⎪⎪⎨
⎪⎪⎩

1
k

if l = j − 1, j, j + 1 ,

j − l − 1 if j − 1 > l ,

l − j − 1 if l > j + 1.

(In the case of i ′ > i)

(28) |u + j + ai + (ai′ − ai) + (l − j)| ≥

⎧⎪⎪⎨
⎪⎪⎩

1
k

if l = j − 1, j ,

j − l − 1 if j − 1 > l ,

l − j if l > j .
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(In the case of i > i ′)

(29) |u + j + ai + (ai′ − ai) + (l − j)| ≥

⎧⎪⎪⎨
⎪⎪⎩

1
k

if l = j, j + 1 ,

j − l if j > l ,

l − j − 1 if l > j + 1 .

From the inequalities (27), (28) and (29), we have the following estimation for all 1 ≤ i ′ ≤ r:

|(u + ai′)n| =
n−1∏
l=0

|u + l + ai′ |(30)

=
n−1∏
l=0

|u + j + ai + (ai′ − ai) + (l − j)|

≥ (n − j)!j !
k3n3 .

We also have the inequality:

|u + n + ai′ | = |u + j + ai + (ai′ − ai) + (n − j)| ≥ 1

k
.(31)

From the inequalities (25), (26), (30) and (31), we obtain

k−vi sup|u+j+ai |= 1
k

∣∣∣∣ (u − σn,w + 2)σn,w−1∏r
i′=1 (u + ai′)nsi′ (u + n + ai′)wi′

∣∣∣∣(32)

≤ nc1
(j + 1) · · · (σn,w + j + 3)

((n − j)!j !)s

= nc1
(j + σn,w + 3)!

j !(n!)s
(

n

j

)s

,

where c1 is a positive constant. By using the inequality
(
n
j

) ≤ 2n for the inequality (32), we
get

(j + σn,w + 3)!
j !(n!)s

(
n

j

)s

= (σn,w + 3)!
(n!)s

(
j + σn,w + 3

j

)(
n

j

)s

(33)

≤ nc2
(σn,w + 3)!

(n!)s 22ns+n ,

for some positive constant c2. By using the Stirling formula for the inequality (33), we obtain

(σn,w + 3)!
(n!)s 22ns+n ≤ nc3

(σn,w + 3)(σn,w+3)e−(σn,w+3)

nnse−ns
22ns+n(34)

≤ nc4 exp{n(s log s + (2s + 1) log 2)} ,
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where c3, c4 are some positive constants. From the inequality (34), we conclude that

|b(n)
i,j,vi ,w

| ≤ nc5 exp{n(s log s + (2s + 1) log 2)} ,(35)

for some positive constant c5. From the definition (17), (18) and inequality (35), we obtain
the desired estimation:

max
1≤i≤r,1≤vi≤si

{|A(n)
i,vi ,w

(β)|, |P (n)
w (β)|} ≤ max{1, |β|n}nc exp{n(s log s + (2s + 1) log 2)}

for some constant c > 0. This completes the proof of Lemma 4.1. �

LEMMA 4.2. Let β ∈ D∞. Then there exists C > 0, satisfying

|R(n)
w (β)| ≤ C|β|−ns ,(36)

for all n ∈ N.

PROOF. Let m be a positive integer. Since there is a trivial inequality |Q(n)
w (m)| ≤ 1

for m ≥ σn,w − 1, we the following estimation:

|R(n)
w (β)| ≤

∞∑
m=σn,w−1

|Q(n)
w (m)||β|−m−1

≤ |β|−σn,w

∞∑
m=0

|β|−m .

Since |β| > 1, the sum
∑∞

m=0 |β|−m converges, we obtain the desired estimation. �

For a non-zero algebraic number β, we construct an integer Dn(β) = Dn which satisfies

DnA
(n)
i,vi ,w

(β) ∈ OQ(β) and DnP
(n)
w (β) ∈ OQ(β). Before stating next lemma, we prepare some

notations:

A := l.c.m.{den(ai)}1≤i≤r ,

bi := aiden(ai) for 1 ≤ i ≤ r ,

b := max
1≤i≤r

bi ,

M := l.c.m.{den(ai′ − ai)}1≤i,i′≤r, i 
=i′ ,

ei′,i := M(ai′ − ai) for all 1 ≤ i, i ′ ≤ r ,

e := max
1≤i,i′≤r

ei′,i ,

S := max
1≤i≤r

si .

We give the following lemma.
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LEMMA 4.3. We use the notation as above. Let β be a non-zero algebraic number.
Then we have the following relations:

S!μn(A)sAs(n+1)d
si−vi

e+Mnden(β)nA
(n)
i,vi ,w

(β) ∈ OQ(β)

S!μn(A)sAs(n+1)dS
e+Mnden(β)ndS

b+(n−1)AP (n)
w (β) ∈ OQ(β)

for all 1 ≤ i ≤ r, 1 ≤ vi ≤ si .

PROOF. We construct an integer which is divisible by the denominator of b
(n)
i,j,vi ,w

for

1 ≤ i ≤ r, 1 ≤ vi ≤ si . According to the equation (16), we get

b
(n)
i,j,vi ,w

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

(si − vi)!
(

d

du

)si−vi

Q
(n)
w (u)(u + ai + j)si |u=−ai−j for 0 ≤ j ≤ n − 1 ,

1 ≤ vi ≤ si ,

1

(wi − vi)!
(

d

du

)wi−vi

Q
(n)
w (u)(u + ai + n)wi |u=−ai−n for j = n ,

1 ≤ vi ≤ wi ,

0 for j = n, vi > wi .

(37)

First we calculate
1

(si − vi)!
(

d

du

)si−vi

Q
(n)
w (u)(u+ai +j)si |u=−ai−j for 0 ≤ j ≤ n−1, 1 ≤

vi ≤ si . For c ≥ 0, we put

R
(n)
i,w(u) = (u − σn,w + 2)(u − σn,w + 3) · · · (u − σn,w + si ) ,

Qi,c,n,w(u) = (u − c)(u − c − 1) · · · (u − c − (n − 1))

(u + ai )(u + ai + 1) · · · (u + ai + j − 1)(u + ai + j + 1) · · · (u + ai + n)
,

Qi,c,n−1,w(u) = (u − c)(u − c − 1) · · · (u − c − (n − 2))

(u + ai )(u + ai + 1) · · · (u + ai + j − 1)(u + ai + j + 1) · · · (u + ai + n − 1)
,

Si′,c,n,w(u) = (u − c)(u − c − 1) · · · (u − c − n))

(u + ai′ )(u + ai′ + 1) · · · (u + ai′ + n)
for and i′ 
= i ,

Si′,c,n−1,w(u) = (u − c)(u − c − 1) · · · (u − c − (n − 2))

(u + ai′ )(u + ai′ + 1) · · · (u + ai′ + n − 1)
and i′ 
= i .

From the equality

Q
(n)
w (u)(u + ai + j)si

= u(u − 1) · · · (u − σn,w + 2)∏r
i′=1,i′ 
=i

(∏n−1
j=0(u + ai′ + j)si′ (u + ai′ + n)wi′

)×(∏n−1
j ′=0,j ′ 
=j

(u + ai + j ′)si (u + ai + n)wi
) ,

we can express Q
(n)
w (u)(u + ai + j)si for 1 ≤ i ≤ r, 0 ≤ j ≤ n as follows:

Q(n)
w (u)(u + ai + j)si := R

(n)
i,w(u)

si∏
mi=1

Q
(n)
i,cmi

,w(u) ×
r∏

i′=1,i′ 
=i

⎛
⎝ si′∏

mi′=1

S
(n)

i′,cm
i′ ,w

(u)

⎞
⎠
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where Q
(n)
i,cmi

,w(u) stands for either Qi,c,n,w(u) or Qi,c,n−1,w(u) and S
(n)

i′,cm,w(u) stands for

either Si′,c,n,w(u) or Si′,c,n−1,w(u). Hence, we get(
d

du

)si−vi

Q
(n)
w (u)(u + ai + j)si |u=−ai−j

= ∑
l0+l1+···+ls=si−vi

(si − vi)!
l0! · · · ls ! ×

(
d

du

)l0

Ri,w
(n)(u) ×∏si

mi=1

(
d

du

)lmi

Q
(n)
i,cmi

,w(u)

×∏r
i′=1,i′ 
=i

(∏si′
mi′=1

(
d

du

)lm
i′

S
(n)

i′,cm
i′ ,w

(u)

)
|u=−ai−j .

The same argument of the proof of [11, Lemma 3.3, p.184] , we have

μn(den(ai))den(ai)
ndl

n

(
d

du

)l

Q
(n)
i,cmi

,w(u)

∣∣∣∣
u=−ai−j

∈ Z for 0 ≤ l ≤ si − vi ,(38)

where Q
(n)
i,cmi

,w(u) stands for either Qi,c,n,w(u) or Qi,c,n−1,w(u).

We can express

Si′,c,n,w(u) = (u − c)(u − c − 1) · · · (u − c − n))

(u + ai′)(u + ai′ + 1) · · · (u + ai′ + n)

= 1 + Bi′,0,w

(u + ai′)
+ Bi′,1,w

(u + ai′ + 1)
+ · · · + Bi′,n,w

(u + ai′ + n)
,

where

Bi′,l,w = (−1)n+l+1 (ai′ + l + c) · · · (ai′ + l + c + n)

l!(n − l)! .

Substituting bi′/den(ai′) for ai′ , we get

Bi′,l,w = (−1)n+l+1den(ai′)−n−1 ∏n
k=0(bi′ + den(ai′)(c + l + k))

l!(n − l)! .

Since∏n
k=0(bi′ + den(ai′)(c + l + k))

l!(n − l)! =
∏n

k=0(bi′ + den(ai′)(c + l + k))

(n + 1)!
n!(n + 1)

l!(n − l)! ,

we obtain

den(ai′)
n+1μn(den(ai′))Bi′,l,w ∈ Z for n ∈ N .(39)

Using the relation (39), the equation(
d

du

)l

Si′,c,n,w(u)

∣∣∣∣
u=−ai−j

= d

du

l

1 + (−1)ll!
[

Bi′,0,w

(ai′ − ai − j)l+1(40)

+ Bi′,1,w

(ai′ − ai + 1 − j)l+1
+ · · · + Bi′,n,w

(ai′ − ai + n − j)l+1

]
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for 0 ≤ l ≤ si − vi , and the definition of ei′,i , we obtain

den(ai′)
n+1μn(den(ai′))d

l+1
ei′,i+Mn

(
d

du

)l

Si′,c,n,w(u)

∣∣∣∣
u=−ai−j

∈ Z ,(41)

for 0 ≤ l ≤ si − vi . Similarly, we obtain

den(ai′)
n+1μn(den(ai′))d

l+1
ei′,i+Mn

(
d

du

)l

Si′,c,n−1,w(u)

∣∣∣∣
u=−ai−j

∈ Z ,

for 0 ≤ l ≤ si − vi . Thus we obtain

S!μn(A)sAs(n+1)d
si−vi

e+Mnb
(n)
i,j,vi ,w

∈ Z .(42)

We conclude that S!μn(A)sAs(n+1)d
si−vi

e+Mnden(β)nA
(n)
i,vi ,w

(β) ∈ OQ(β). From the defini-

tion (18) we get the equation

P (n)
w (β) =

r∑
i=1

n∑
j=0

si∑
vi=1

b
(n)
i,j,vi ,w

(
βj−1

a
vi

i

+ · · · + 1

(j − 1 + ai)vi

)

=
r∑

i=1

n∑
j=0

si∑
vi=1

b
(n)
i,j,vi ,w

(
den(ai)

vi βj−1

b
vi

i

+ · · · + den(ai)
vi

(den(ai)(j − 1) + bi)vi

)
.

Since we have S!μn(A)sAs(n+1)d
si−vi

e+Mnb
(n)
i,j,vi ,w

∈ Z, then we conclude that

S!μn(A)sAs(n+1)dS
e+Mnden(β)ndS

b+(n−1)AP (n)
w (β) ∈ OQ(β) .

This completes the proof of Lemma 4.3. �

We denote (0, . . . , 0) ∈ ∏r
i=1{0, . . . , si} by 0. Hereafter, we fix a subset

{wi,j := (w
(1)
i,j , . . . , w

(r)
i,j )}1≤i≤r,1≤j≤si ⊂

r∏
i=1

{0, . . . , si}

satisfying

w
(k)
i,j =

{
0 if k 
= i ,

j if k = i .
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We put the determinant of the following (s + 1) × (s + 1)-matrix

(43)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−P
(n)
0 (x) A

(n)
1,1,0(x) . . . A

(n)
1,s1,0

(x) · · · A
(n)
r,1,0(x) . . . A

(n)
r,sr ,0

(x)

−P
(n)
w1,1(x) A

(n)
1,1,w1,1

(x) . . . A
(n)
1,s1,w1,1

(x) · · · A
(n)
r,1,w1,1

(x) . . . A
(n)
r,sr ,w1,1(x)

...
...

. . .
...

. . .
...

. . .
...

−P
(n)
w1,s1

(x) A
(n)
1,1,w1,s1

(x) . . . A
(n)
1,s1,w1,s1

(x) · · · A
(n)
r,1,w1,s1

(x) . . . A
(n)
r,sr ,w1,s1

(x)

...
...

. . .
...

. . .
...

. . .
...

−P
(n)
wr,1(x) A

(n)
1,1,wr,1

(x) . . . A
(n)
1,s1,wr,1

(x) · · · A
(n)
r,1,wr,1

(x) . . . A
(n)
r,sr ,wr,1(x)

...
...

. . .
...

. . .
...

. . .
...

−P
(n)
wr,sr

(x) A
(n)
1,1,wr,sr

(x) . . . A
(n)
1,s1,wr,sr

(x) · · · A
(n)
r,1,wr,sr

(x) . . . A
(n)
r,sr ,wr,sr

(x)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

by �(n)(x) for every n ∈ N. Then we have the following lemma.

LEMMA 4.4. Let �(n)(x) be as above. Then �(n)(x) are non-zero rational numbers
for all n ∈ N.

PROOF. For w ∈ ∏r
i=1{0, . . . , si}, we define R(n)

w (x), c
(n)
0,w and b(n) by

R(n)
w (x) :=

r∑
i=1

( s∑
vi=1

A
(n)
i,vi ,w

(x)�(vi, ai , x)

)
− P (n)

w (x) = c
(n)
0,w

xσn,w
+ · · · ,

and define

b(n) :=
r∏

i=1

( si∏
j=1

b
(n)
i,n,j,wi,j

)
.

Then, we obtain

�(n)(x) = b(n)c
(n)
0,0 ∈ Q ,

(cf. [11, Lemma 3.4] ). By Remark 3.1 and the definition of c
(0)
0,0, we obtain b(n) 
= 0 and

c
(n)
0,0 
= 0. This completes the proof of Lemma 4.4. �

5. Proof of Theorem 1.1

Theorem 1.1 is proved by using the results of Sections 2 and 3. We use the notations of
the previous sections. Fix a set of rational numbers {a1, . . . , ar } ⊂ Q satisfying 0 < a1 <

· · · < ar ≤ 1. We use Theorem 2.4 for

θ(i,vi)(x) = �(vi, ai , x) : D∞ −→ C, 1 ≤ i ≤ r, 1 ≤ vi ≤ si .
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PROOF OF THEOREM 1.1. We denote the set {(β,K) ∈ D∞(Q)×AQ| β ∈ K} by W∞
and fix an element (β,K) ∈ W∞. Let the polynomials {A(n)

i,vi ,w
(x)}1≤i≤r,1≤vi≤si ,w∈{0,wi,j } ∪

{P (n)
w (x)}w∈{0,wi,j } be defined by (17) and (18). Then, from the equality (21), we have

R(n)
w (x) =

r∑
i=1

s∑
vi=1

A
(n)
i,vi ,w

(x)�(vi, ai, x) − P (n)
w (x) = o(x−σn,w+1) .

The above relation shows that {A(n)
i,vi ,w

(x), P
(n)
w (x)}1≤i≤r,1≤vi≤si ,w∈{0,wi,j } satisfy (4) in As-

sumption 2.2.
We define the following functions

D(∞)
n : D∞(Q) −→ N by β �→ S!μn(A)sAs(n+1)dS

e+Mnden(β)ndS
b+(n−1)A ,

f (∞) : D∞(Q) −→ R≥0 by β �→ s log A + s
∑

q:prime
q|A

log q

q − 1
+ S(M + A) + log den(β) ,

g(∞) : D∞(Q) −→ R≥0 by β �→ log max{1, |β|} + (s log s + (2s + 1) log 2) ,

h(∞) : D∞(Q) −→ R≥0 by β �→ s log |β| .
We note that f (∞) and g(∞) satisfy the relation (10). From Lemma 4.4, we have �(n)(x) 
=
0. This shows that {A(n)

i,vi ,w
(x), P

(n)
w (x)}1≤i≤r,1≤vi≤si ,w∈{0,wi,j } satisfies the assumption (4).

From Lemma 4.3, the family of functions {Dn : D∞(Q) −→ N}n∈N satisfy the assumption

(6). From Lemma 4.3, f (∞) satisfies the assumption (7). From Lemma 4.1 (22), g(∞) satis-

fies the assumption (8). From Lemma 4.2, h(∞) satisfies the assumption (9). We define the
following function:

F (∞) : W∞ −→ R≥0 by (β,K) �→ [K∞ : R](g(∞)(β) + h(∞)(β))

[K : Q(β)]∑τ∈IQ(β)
(f (∞)(τβ) + g(∞)(τβ))

.

Using Theorem 2.4, we obtain the following inequality:

dimK

(
K +

s1∑
v1=1

K�(v1, a1, β) + · · · +
sr∑

vr=1

K�(vr , ar , β)

)
≥ F (∞)(β,K)

for all (β,K) ∈ W∞. This completes the proof of Theorem 1.1. �

Part II. p-adic case

6. Lower bound of the dimension of vector space spanned by p-adic numbers

In this section, we recall an estimation of a lower bound of the dimension of the vector
space over a number field spanned by p-adic numbers. The method is based on that of Siegel
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(cf. [18]) and a p-adic analog of Lemma 2.1. The following Lemma was proved by Pierre Bel
in [2].

LEMMA 6.1 ([2, lemma 4.1]). Let K be an algebraic number field. Let θ :=
(1, θ1, . . . , θs) ∈ Cs+1

p . Suppose that there exist (s + 1) linear forms

L(n)
w (X0, . . . , Xs) =

s∑
v=0

A(n)
v,wXv (0 ≤ w ≤ s; n ∈ N) ,

for all n ∈ N with coefficients {A(n)
v,w}0≤v,w≤s ⊂ OK , which satisfy det((A(n)

v,w)0≤v,w≤s) 
= 0.
Suppose there exist positive real numbers {cτ }τ∈IK and ρ satisfying the following conditions:

lim sup
n

log ||τL
(n)
w ||

n
≤ cτ for each τ ∈ IK and 0 ≤ w ≤ s ,

lim sup
n

log |L(n)
w (θ)|p
n

≤ −ρ for all 0 ≤ w ≤ s .

Then we have

dimK (K + Kθ1 + · · · + Kθs) ≥ [Kp : Qp]ρ∑
τ∈IK

cτ

.(44)

REMARK 6.2. Under the assumption of Lemma 6.1, we assume that {A(n)
v,w}0≤v,w≤s ⊂

Z and there exists c > 0 satisfying lim supn

log ||τL
(n)
w ||

n
≤ c for all τ ∈ IK and 0 ≤ w ≤ s.

Then, for an algebraic number field K satisfying [K : Q] = [Kp : Qp], the conclusion (44)

becomes

dimK (K + Kθ1 + · · · + Kθs) ≥ ρ

c
.(45)

We remark that the right hand side of (45) does not depend on K satisfying [K : Q] = [Kp :
Qp].

7. A construction of Padé approximation of formal Laurent series

In this section, we give a construction of Padé approximation of formal Laurent series
due to the method of Rivoal (cf. [17, Proposition 4] ). Throughout this section, we fix a
subfield L of C.

DEFINITION 7.1. Let A be a real number and f : R>A −→ C a function. We say
f (x) has an asymptotic expansion at x = ∞ over L if there exists a sequence {ak(f )}k∈Z≥0 ⊂
L which satisfies the following condition for all N ∈ Z≥0:

f (x) =
N−1∑
k=0

ak(f )x−k + O
(
x−N

)
(x → ∞) .(46)
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We note that the coefficients {ak(f )}k∈Z≥0 are determined uniquely from f . In fact

aN(f ) =

⎧⎪⎪⎨
⎪⎪⎩

lim
x→∞ f (x) if N = 0 ,

lim
x→∞ xN

(
f (x) −

N−1∑
k=0

ak(f )x−k

)
if N > 0 .

(47)

We define a ring MA
L as follows:

MA
L := {f : R>A −→ C| f has an asymptotic expansion over L at x = ∞} .

From the equality (47), we can define the following L-homomorphism:

πA : MA
L −→ L[[ 1

X
]], f (x) �→

∞∑
k=0

ak(f )
1

Xk
.(48)

REMARK 7.2. Let A,A
′

be real numbers. Suppose A < A
′
, there is a natural ring

homomorphism φ
A,A

′ : MA
L −→ MA

′
L and the set {MA

L , φ
A,A

′ }A∈R becomes a direct system

of rings. We denote the ring of direct limit of the above direct system by ML := lim−→A∈R MA
L .

Note that, since there is the equality (47), the coefficients {ak(f )}k∈Z≥0 in the equalities (46)

depends only on the image of [f ] ∈ ML and are determined uniquely for [f ] ∈ ML. We can
also define an L-algebra homomorphism

π : ML −→ L[[ 1
X

]], [f ] �→
∞∑

k=0

ak(f )
1

Xk
.

By definition of πA and π , we have the following commutative diagram for all A ∈ R,

MA
L

πA−−−−→ L[[ 1
X

]]
iA

⏐⏐$ ∥∥∥
ML −−−−→

π
L[[ 1

X
]] ,

where iA is the canonical homomorphism.

We denote πA(f ) by f̂ (X) for f ∈ MA
L . If L ⊂ Q, there is a natural homomorphism

ιp ◦ ι−1∞ : L[[ 1
X

]] −→ ιp ◦ ι−1∞ (L)[[ 1
X

]].
EXAMPLE 7.3
1. For a natural number s and an element α ∈ Q \ Z≤0, we have �(s, α, x) ∈ M1

Q(α).

The formal Laurent series

�̂p(s, α,X) =
∞∑

m=0

1

(m + α)s

1

Xm+1 ∈ Q(α)
[[ 1

X

]]
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converges on Dp .

2. We fix a pair of algebraic numbers (α1, α2) ∈ (Q∩R>0) × {x2 ∈ Q | |x2| = 1}. Let s

be a positive integer and assume s ≥ 2 if α2 = 1. Then we have �(s, x+α1, α2) ∈ M0
Q(α1,α2)

.

We denote the formal Laurent series obtained by the asymptotic expansion of �(s, x+α1, α2)

with respect to the parameter x at x = ∞ by ζ̂p(s, α1, α2,X) ∈ Q(α1, α2)[[ 1
X

]]. Then we
have the following identity:

ζ̂p(s,X + α1, α2) = ε(α2)

s − 1

1

Xs−1
+

∞∑
m=0

(−1)m+1

(m + 1)! Bm+1(α1, α2)(s)m
1

Xs+m
(49)

where ε(α2) =
{

0 if α2 
= 1

1 if α2 = 1,
and Bk(α1, α2) are defined by the following generating func-

tion:

teα1t

α2et − 1
=

∞∑
k=0

Bk(α1, α2)
tk

k! .

The identity (49) was proved by Katsurada in [10, Theorem 1].
From the later Lemma 10.13, if α1 ∈ Q>0 ∩ Zp and 1 ≤ |α2 − 1|p or α2 = 1 then

ζ̂p(s, α1, α2,X) converges on Dp. Note that ζ̂p(s, α1, α2,X) depends only on s, α1 + X,α2

in this case.

PROPOSITION 7.4 (cf. [17, Proposition 4]). Let l, s be natural numbers. Let f1(x),

. . . , fs (x) ∈ MA
L . Suppose there exists a family of polynomials {P (n)

v (x)}0≤v≤s ⊂ L[x]
which satisfy the following properties:

Let R(x) = P0(x) +∑s
v=1 Pv(x)fv(x). Then R(x) satisfies

R(x) = o(x−l+1) (x → ∞) .

Then, we have degP0(x) ≤ max1≤v≤s degPv(x),R(x) ∈ MA
L and R̂(X) ∈ L

[[ 1
X

]]
satisfying

R̂(X) = P0(X) +
s∑

v=1

Pv(X)f̂v(X) ∈ ( 1
X

)l
.

PROOF. Put qv = degPv(x), q = max1≤v≤s qv and define bv,j by Pv(x) =∑qv

j=0 bv,jx
j for 1 ≤ v ≤ s. From the definition of MA

L , there exists {ak(fv)}k∈Z≥0 ⊂ L

satisfying the following condition for fv(x):

fv(x) =
N∑

k=0

ak(fv)x
−k + o(x−N) (x → ∞) for all N ∈ Z≥0 .(50)
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By using (50) for any N ≥ q , we obtain
s∑

v=1

Pv(x)fv(x) = Q(x) +
s∑

v=1

[ qv∑
j=0

∑
0≤k≤N−N+q≤j−k<0

bv,jak(fv)x
j−k

]
+ o(x−N+q ) ,(51)

where Q(x) is a polynomial with coefficients in L which satisfies degQ(x) ≤ q . Using the
equality (51) in the case of N = l + q − 1 and the assumption

R(x) = P0(x) +
s∑

v=1

Pv(x)fv(x) = o(x−l+1) ,

we obtain P0(x) = −Q(x) and

R(x) =
N∑

k=0

ak(R)x−k + o(x−N) (x → ∞) for all N ∈ Z≥0 ,

where

aN(R) =
{

0 if N < l ,∑s
v=1

∑n
j=0 bv,jaN+j (fv) if N ≥ l .

This shows that degP0(x) ≤ max1≤v≤s degPv(x),R(x) ∈ MA
L and R̂(X) ∈ ( 1

X

)l . That is the
statement of Proposition 7.4. �

8. A criterion of linear independence of special values of p-adic functions

Let fp := {f1,p(x), . . . , fs,p(x)} be a finite set of Cp-valued functions defined on Dp.
For an algebraic number field K and an element β ∈ Dp(K), we denote the K-vector space
spanned by f1,p(β), . . . , fs,p(β) by VK(fp, β). In this section, for fp with some assumptions
(see Assumptions 8.1, 8.2 and 8.3), we give an estimation of a lower bound of dimKVK(fp, β)

by using the method in Sections 6 and 7. Let L be an algebraic number field, A a real number,
s a natural number and

θv : R>A −→ C

be elements of MA
L for 0 ≤ v ≤ s with θ0(x) = 1 for all x ∈ R>A. Firstly, we assume the

following important assumption:

ASSUMPTION 8.1. We assume that θ̂v,p(X) := ιp ◦ ι−1∞ (θ̂v(X) ∈ L
[[ 1

X

]]
converges

on Dp for all 1 ≤ v ≤ s. Namely, θ̂v,p(X) can be regarded as the functions on Dp for all
1 ≤ v ≤ s.

We consider a family of polynomials

{A(n)
v,w(x)}0≤v,w≤s,n∈N ⊂ L[x] ,
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to approximate {θv(x)}0≤v≤s. Introduce a family of functions on R>A, {R(n)
w (x)}n∈N defined

by

R(n)
w (x) =

s∑
v=0

A(n)
v,w(x)θv(x) ,

for 0 ≤ w ≤ s. We put �n(x) = det((A(n)
v,w(x))0≤v,w≤s) ∈ L[x]. We assume the following

assumptions on {A(n)
v,w(x)}0≤v,w≤s,n∈N ⊂ L[x]:

ASSUMPTION 8.2. Suppose that there exist an integer l and a non-empty subset Vp ⊂
Dp(Q) satisfying the following conditions:

R(n)
w (x) = o(x−ns+w+l ) (x → ∞) for all n ∈ N and 0 ≤ w ≤ s .(52)

We have �n(β) 
= 0 for all β ∈ Vp and infinitely many n ∈ N .(53)

There exists a family of functions {Dn : Vp −→ Z \ {0}}n∈N satisfying(54)

Dn(β) ∈ OL(β) and Dn(β)A(n)
v,w(β) ∈ OL(β)

for all β ∈ Vp, 0 ≤ v,w ≤ s and n ∈ N .

ASSUMPTION 8.3. We use the notations as above. Suppose that τ (β) ∈ Vp for all

β ∈ Vp, τ ∈ I
(p)

Q(β) and there exist some constants c1, c2, c3 > 0 such that the following

conditions hold for enough large n.

There exists function f (p) : Vp −→ R>0 satisfying |τDn(β)| ≤ nc1+o(1)enf (p)(τβ)(55)

for all β ∈ Vp and τ ∈ I
(p)

Q(β) .

There exists a function g(p) : Vp −→ R>0 satisfying |τA(n)
v,w(β)| ≤ nc2+o(1)eng (p)(τβ)(56)

for all β ∈ Vp and τ ∈ I
(p)

Q(β) .

There exist functions {En : Vp −→ OCp \ {0}}n∈N satisfying(57)

|En(β)R̂(n)
w (β)|p ≤ nc3+o(1)|β|−ns

p for all β ∈ Vp .

There exists a function h(p) : Vp −→ R>0 satisfying(58)

|Dn(β)/En(β)|p ≤ nc4+o(1)e−nh(p)(β) for all β ∈ Vp .

REMARK 8.4. We use the notations as above. Without assuming (58), we have the
following estimation by using Proposition 7.4:

|Dn(β)R̂(n)
w (β)|p ≤ nc1+o(1)|β|−ns

p

for all β ∈ Vp, 0 ≤ w ≤ s and n ∈ N. The assumption (58) is important to improve the
estimation.
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REMARK 8.5. We define cv,m by θ̂v,p(X) = ∑∞
m=0 cv,m

1

Xm
and suppose that there

exists c > 0 satisfying |cv,m|p < mc+o(1) (m → ∞) for all 0 ≤ v ≤ s. We also assume that
there exists a family of functions {En : Vp −→ OCp \ {0}}n∈N satisfying

En(β)A(n)
v,w(x) ∈ OCp [x] for all β ∈ Vp and n ∈ N .

Then there exists c3 > 0 satisfying

|En(β)R̂(n)
w (β)|p ≤ nc3 |β|−ns

p for all β ∈ Vp and n ∈ N .

Under Assumptions 8.1, 8.2 and 8.3, we obtain the following (Type A)p estimation of

lower bound of the vector space spanned by the special values of {θ̂v,p(x)}0≤v≤s.

THEOREM 8.6. Let L be an algebraic number field, A a real number, s a natural
number and

θv : R>A −→ C ,

be elements of MA
L for 0 ≤ v ≤ s with θ0(x) = 1 for all x ∈ R>A. We assume Assump-

tions 8.1, 8.2 and 8.3 for {θv(x)}0≤v≤s. We denote the set {(β,K) ∈ Vp × AL| β ∈ K} by
Wp. We define a function

F (p) : Wp −→ R≥0, (β,K) �→ [Kp : Qp](h(p)(β) + s log |β|p)

[K : Q(β)]∑τ∈IQ(β)
(f (p)(τβ) + g(p)(τβ))

.

Then we obtain the following estimations of dimension of vector space spanned by the special

values of {θ̂v(x)}0≤v≤s:

dimK

(
K + Kθ̂1,p(β) + · · · + Kθ̂s,p(β)

)
≥ F (p)(β,K)

for all (β,K) ∈ Wp .

Theorem 8.6 is a p-adic analog of Theorem 2.4. Since we can deduce Theorem 8.6 from
Lemma 6.1 by using an argument similar to that used in the proof of Theorem 2.4, we omit
the proof of Theorem 8.6.

COROLLARY 8.7. Under the same assumption of Theorem 8.6, we obtain the follow-

ing criterion of linear independence of special values of {θ̂v,p(x)}0≤v≤s.
Suppose (β,K) ∈ Wp satisfies

s[Kp : Qp](h(p)(β) + s log |β|p) < [K : Q(β)]
∑

τ∈IQ(β)

(f (p)(τβ) + g(p)(τβ)) .

Then we obtain:

dimK

(
K + Kθ̂1,p(β) + · · · + Kθ̂s,p(β)

)
= s + 1 .

In the next section, we prove Theorem 1.3.
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9. Proof of Theorem 1.3

We use the notations of the previous section. Before starting to prove Theorem 1.3, we
show the following lemma.

LEMMA 9.1. Under the notation as above, we define a constant function

En : Dp −→ Z \ {0}, β �→ S!μn(A)sAs(n+1)dS
b+(n−1)AdS

e+Mn .

Then there exists a positive number c satisfying the following inequality:

|En(β)R̂(n)
w,p(β)|p ≤ nc|β|−ns

p for any sufficiently large n .(59)

PROOF. From the relation (42) and the definition of A
(n)
i,vi ,w

(x) and P
(n)
w (x), we have

the following relation:

En(β)A
(n)
i,vi ,w

(x) ∈ Zp[x] for all 1 ≤ i ≤ r, 1 ≤ vi ≤ si ,(60)

En(β)P (n)
w (x) ∈ Zp[x] .

Let a be a positive rational number. We put a1 = aden(a). Then we have the following
inequality: ∣∣∣∣ 1

(m + a)v

∣∣∣∣
p

≤ (den(a)m + a1)
v = mv+o(1) (m → ∞) .(61)

From Remark 8.5, we obtain the desired estimation. �

Fix a set of rational numbers {a1, . . . , ar} ⊂ Q satisfying 0 < a1 < · · · < ar ≤ 1. To
prove Theorem 1.3, we use Theorem 8.6 for

θ(i,vi)(x) = �(vi, ai, x) : R>1 −→ C, for 1 ≤ i ≤ r, 1 ≤ vi ≤ si .

PROOF OF THEOREM 1.3. We define the following functions:

Dn : Dp −→ N by β �→ S!μn(A)sAs(n+1)dS
e+Mnden(β)ndS

b+(n−1)A ,

En : Dp −→ Z \ {0} by β �→ S!μn(A)sAs(n+1)dS
b+(n−1)AdS

e+Mn ,

f (p) : Dp −→ R≥0 by β �→ s log A + s
∑

q:prime
q|A

log q

q − 1
+ S(M + A) + log den(β) ,

g(p) : Dp −→ R≥0 by β �→ log max{1, |β|} + (s log s + (2s + 1) log 2) ,

h(p) : Dp −→ R≥0 by β �→ s log |β|p .

From Lemma 4.4, we have �(n)(β) 
= 0 for all β ∈ Dp(Q). This shows that

{A(n)
i,vi ,w

(x)}1≤i≤r,1≤vi≤si ,w∈{0,wi,j }∪{P (n)
w (x)}w∈{0,wi,j } satisfies (54) in Assumption 8.2. From

Lemma 4.3, the family of functions {Dn : Vp −→ N}n∈N satisfy (55) in Assumption 8.2.
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From Lemma 4.3, f (p) satisfies (56) in Assumption 8.3. From Lemma 4.1 (22), g(p) satis-

fies (57) in Assumption 8.3. From Lemma 4.2, h(p) satisfies (59) in Assumption 8.3. For
Wp := {(β,K)| β ∈ K}, we define the following function:

F (p) : Wp −→ R≥0 by (β,K) �→ [Kp : Qp](h(p)(β) + s log |β|p)

[K : Q(β)]∑τ∈IQ(β)
(f (p)(τβ) + g(p)(τβ))

.

Using Theorem 8.6, we obtain:

dimK

(
K +∑s1

v1=1 K�̂p(v1, a1, β) + · · · +∑sr
vr=1 K�̂p(vr , ar , β)

)
≥ F (p)(β,K)

for all (β,K) ∈ Wp. The above inequality is the one that we want to prove in Theorem 1.3.
�

10. Proof of Theorem 1.5

10.1. A simultaneous Padé approximation of the Lerch function. To prove The-
orem 1.5, we give a Padé approximation of the Lerch function that is different from that of
Section 3. Let r be a natural number. From here to the last section, we fix r natural numbers
s1, . . . , sr , and r rational numbers a1, . . . , ar satisfying 0 < a1 < · · · < ar ≤ 1 and put the
following numbers:

s :=
r∑

i=1

si ,

A := l.c.m.{den(ai)}1≤i≤r ,

M := l.c.m.{den(ai′ − ai)}1≤i,i′≤r, i 
=i′ ,

ei′,i := M(ai′ − ai) for all 1 ≤ i, i ′ ≤ r ,

e := max
1≤i,i′≤r

|ei′,i | ,

S := max
1≤i≤r

si ,

T := min
1≤i≤r

si .

In this section, we give a Padé approximation of the Lerch function {�(vi, x +
ai, x1)}1≤i≤r,1≤vi≤si+1 with variable x.

For a positive integer n and w := (w1, . . . , wr) ∈ ∏r
i=1{0, . . . , si + 1}, we put

H(n)
w (x, u) := (n!)s+r−1 u(u + 1) · · · (u + n)∏r

i=1

[
(u + x + ai)

si+1
n (u + x + ai + n)wi

] ,

H(n)
w (x, x1) :=

∞∑
m=0

H(n)
w (x,m)x1

−m−1 .



LOWER BOUND OF THE DIMENSION OF THE VECTOR SPACE 467

We define a family of rational functions {d(n)
i,j,vi ,w

(x)}1≤i≤r,0≤j≤n,1≤vi≤si+1 by

H(n)
w (x, u) =

r∑
i=1

si+1∑
vi=1

n∑
j=0

d
(n)
i,j,vi ,w

(x)

(u + x + ai + j)vi
,(62)

and a family of polynomials {D(n)
i,vi ,w

(x, x1),Q
(n)
w (x, x1)}1≤i≤r,1≤vi≤si+1 ⊂ Q(x)[x1] by

D
(n)
i,vi ,w

(x, x1) =
n∑

j=0

d
(n)
i,j,vi ,w

(x)x
j
1 ,(63)

Q(n)
w (x, x1) =

r∑
i=1

n∑
j=1

si+1∑
vi=1

j−1∑
l=0

d
(n)
i,j,vi ,w

(x)
x

j−1−l
1

(l + ai)vi
.(64)

In the following, unless we mention, we denote w as an element of
∏r

i=1{0, . . . , si + 1}.
REMARK 10.1
1. By the same argument of the proof of Theorem 1 in [17], we can show that

D
(n)
i,vi ,w

(x, x1) ∈ Q[x, x1] and Q(n)
w (x, x1) ∈ Q[x, x1] .

2. By the same argument as is given in Remark 3.1, we can show the following:

degx1
D

(n)
i,wi ,w

(x, x1) = n for all n ∈ N with w satisfying wi ≥ 1 .

3. Since we have the following equality:

d
(n)
i,j,vi ,w

(x) =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(−1)si−vi+1

(si − vi + 1)!
(

d

du

)si−vi+1

H
(n)
w (x,−u − x − ai)(−u + j)si+1|u=j

for 0 ≤ j ≤ n − 1, 1 ≤ vi ≤ si + 1 ,

(−1)wi−vi

(wi − vi)!
(

d

du

)wi−vi

H
(n)
w (x,−u − x − ai)(−u + n)wi |u=n

for j = n, 1 ≤ vi ≤ wi ,

0 for j = n, vi > wi ,

we have

degxD
(n)
i,vi ,w

(x, x1) = n + 1 for all 1 ≤ i ≤ r, 1 ≤ vi ≤ si + 1 and w .(65)

For simplicity, we denote D
(n)
i,vi ,w

(x, 1) by D
(n)
i,vi ,w

(x) and Q
(n)
w (x, 1) by Q

(n)
w (x). From

the definition of H(n)
w (x, α) and the same argument of the proof of Lemma 3.2 and that of [17,

Corollary 2], we obtain the following proposition.
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PROPOSITION 10.2 (cf. [17, Corollary 2], [2, Corollary 5.2]). Let α ∈ Q satisfying

|α| ≥ 1. Under the notation as above, we put w = ∑r
i=1 wi . Then we obtain H(n)

w (x, α) =
o(x−(ns+w+n(r−1)−3)) (x → ∞) and the following Padé approximation of the Lerch function:

(66) H(n)
w (x, α) =

r∑
i=1

si+1∑
vi=1

{
D

(n)
i,vi ,w

(x, α)�(vi , x + ai, α) − Q
(n)
w (x, α) if α 
= 1 ,

D
(n)
i,vi ,w

(x)�(vi, x + ai, 1) − Q
(n)
w (x) if α = 1 .

10.2. Some estimations. We denote (0, . . . , 0) ∈ ∏r
i=1{0, . . . , si + 1} by 0. Here-

after, we fix a subset

{wi,j := (w
(1)
i,j , . . . , w

(r)
i,j )}1≤i≤r,1≤j≤si+1 ⊂

r∏
i=1

{0, . . . , si + 1}

satisfying

w
(k)
i,j =

{
0 if k 
= i ,

j if k = i .

We denote the determinant of (s + r + 1) × (s + r + 1) matrix⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−Q
(n)
0 (x, x1) D

(n)
1,1,0 . . . D

(n)
1,s1+1,0 · · · D

(n)
r,1,0 . . . D

(n)
r,sr+1,0

−Q
(n)
w1,1 (x, x1) D

(n)
1,1,w1,1

. . . D
(n)
1,s1+1,w1,1

· · · D
(n)
r,1,w1,1

. . . D
(n)
r,sr+1,w1,1

.

.

.
.
.
.

. . .
.
.
.

. . .
.
.
.

. . .
.
.
.

−Q
(n)
w1,s1+1

(x, x1) D
(n)
1,1,w1,s1+1

. . . D
(n)
1,s1+1,w1,s1+1

· · · D
(n)
r,1,w1,s1+1

. . . D
(n)
r,sr+1,w1,s1+1

.

.

.
.
.
.

. . .
.
.
.

. . .
.
.
.

. . .
.
.
.

−Q
(n)
wr,1

(x, x1) D
(n)
1,1,wr,1

. . . D
(n)
1,s1+1,wr,1

· · · D
(n)
r,1,wr,1

. . . D
(n)
r,sr ,wr,1

.

.

.
.
.
.

. . .
.
.
.

. . .
.
.
.

. . .
.
.
.

−Q
(n)
wr,sr +1 (x, x1) D

(n)
1,1,wr,sr +1

. . . D
(n)
1,s1+1,wr,sr +1

· · · D
(n)
r,1,wr,sr +1

. . . D
(n)
r,sr+1,wr,sr +1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

by �(n)(x, x1) for n ∈ N where we denote D
(n)
i,j,w(x, x1) by D

(n)
i,j,w.

Under the notation as above, we have the following lemma that corresponds to the as-
sumption (54).

LEMMA 10.3 (cf. [2, Proposition 5.9], [2, Proposition 5.10]). Let �(n)(x, x1) be as

above. Then �(n)(x, α) has zero only at x ∈ {−a1, . . . ,−ar} for α ∈ {α ∈ Q | |α| = 1} \ {1}
and n ∈ N.

Proof of Lemma 10.3 is based on that of [2, Proposition 5.9]. Before proving
Lemma 10.3, we give some preparatory lemmas.

LEMMA 10.4. Let n be a natural number. Then �(n)(x, x1) is divisible by
∏r

i=1(x +
ai)

si+1.
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LEMMA 10.5. Let n be a natural number and fix x1 ∈ C satisfying |x1| > 1. Then we
have the following relation:

lim
Re(x)→∞

�(n)(x, x1)

xs+r
< ∞ .

Especially, we have degx�
(n)(x, x1) ≤ s + r.

Note that from Lemma 10.4 and Lemma 10.5, there exists a polynomial Q(x1) ∈ Q[x1]
satisfying

�(n)(x, x1) = Q(x1)

r∏
i=1

(x + ai)
si+1 .(67)

LEMMA 10.6. Let n be a natural number. We have �(n)(x, x1) 
= 0 and the following
inequality:

degx1
�(n)(x, x1) ≤ n(s + r) − 2 .

LEMMA 10.7. Let n be a natural number. Then �(n)(x, x1) is divisible by xn
1 .

LEMMA 10.8. Let n be a natural number. Then �(n)(x, x1) is divisible by

(x1 − 1)(s+r−1)n−2.

REMARK 10.9. Lemmas 10.4, 10.5, 10.6, 10.7 and 10.8 are generalization of Lemmas
5.11, 5.13, 5.12, 5.15 and 5.16 in [2] respectively. Since Lemmas 10.4, 10.5, 10.6, 10.7 and
10.8 can be proved by the same method of Lemmas 5.11, 5.13, 5.12, 5.15 and 5.16 in [2], we
omit the proof of them.

PROOF OF LEMMA 10.3. From the equality (68), Lemma 10.6, Lemma 10.7 and
Lemma 10.8, there exists an element δ ∈ Q∗ satisfying

�(n)(x, x1) = δxn
1 (x1 − 1)(s+r−1)n−2

r∏
i=1

(x + ai)
si+1 .(68)

The equality (68) shows Lemma 10.3. �

REMARK 10.10. We explain the reason why we exclude α = 1 in Theorem 1.5 for
r ≥ 2 (cf. Remark 1.6). For a set

{w1, . . . , ws+1} ⊂
r∏

i=1

{0, . . . , si + 1} ,

satisfying wi 
= wj for i 
= j . We denote the following determinant of (s + 1) × (s + 1)
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matrix
(69)⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−Q
(n)
w1 (x) D

(n)
1,2,w1

(x) . . . D
(n)
1,s1+1,w1

(x) · · · D
(n)
r,2,w1

(x) . . . D
(n)
r,sr+1,w1

(x)

−Q
(n)
w2 (x) D

(n)
1,2,w2

(x) . . . D
(n)
1,s1+1,w2

(x) · · · D
(n)
r,2,w2

(x) . . . D
(n)
r,sr+1,w2

(x)

.

.

.
.
.
.

. . .
.
.
.

. . .
.
.
.

. . .
.
.
.

−Q
(n)
ws1+1 (x) D

(n)
1,2,ws1+1

(x) . . . D
(n)
1,s1+1,ws1+1

(x) · · · D
(n)
r,2,ws1+1

(x) . . . D
(n)
r,sr+1,ws1+1

(x)

.

.

.
.
.
.

. . .
.
.
.

. . .
.
.
.

. . .
.
.
.

−Q
(n)
ws−sr +2 (x) D

(n)
1,2,ws−sr +2

(x) . . . D
(n)
1,s1+1,ws−sr +2

(x) · · · D
(n)
r,2,ws−sr +2

(x) . . . D
(n)
r,sr+1,ws−sr +2

(x)

.

.

.
.
.
.

. . .
.
.
.

. . .
.
.
.

. . .
.
.
.

−Q
(n)
ws+1 (x) D

(n)
1,2,ws+1

(x) . . . D
(n)
1,s1+1,ws+1

(x) · · · D
(n)
r,2,ws+1

(x) . . . D
(n)
r,sr+1,ws+1

(x)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

by �̃(n)(x) for every n ∈ N. For r ≥ 2, we will show the following:

�̃(n)(x) = 0 for any sufficiently large n and any {w1, . . . , ws+1} ⊂
r∏

i=1

{0, . . . , si + 1} .

(70)

Then the assumption (55) for {−Q
(n)
wj

(x, x1)}1≤j≤s+1 ∪ {D(n)
i,vi ,wj

(x)}1≤i≤r,1≤vi≤si+1,1≤j≤s+1

is no longer satisfied for any {w1, . . . , ws+1} ⊂ ∏r
i=1{0, . . . , si +1}. For this reason, we have

to exclude α = 1 in Theorem 1.5 for r ≥ 2. We shall prove (70). Fix a set {w1, . . . , ws+1} ⊂∏r
i=1{0, . . . , si + 1} satisfying wi 
= wj for i 
= j . By the same argument as proof of

Lemma 10.4 (cf. [2, Proposition 5.11]), we obtain

r∏
i=1

(x + ai)
si |�̃(n)(x) for all n ∈ N .

Especially we have

deg�̃(n)(x) ≥ s .(71)

Next, we show the following:

lim
Re(x)→∞

�̃(n)(x)

xs
= 0 for enough large n .(72)

Let i and j be integers satisfying 0 ≤ i ≤ r − 1 and 2 ≤ j ≤ si+1 + 1. By adding the(
j +∑i

l=1 sl

)
-th column of the matrix (69) multiplied by �(j, x + ai, 1) to the first column

of the matrix (69), we obtain the matrix (73) below. Note that if i = 0, we mean
∑i

l=1 sl = 0.
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(73)⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

H(n)
w1 (x) D

(n)
1,2,w1

(x) . . . D
(n)
1,s1+1,w1

(x) · · · D
(n)
r,2,w1

(x) . . . D
(n)
r,sr+1,w1

(x)

H(n)
w2 (x) D

(n)
1,2,w2

(x) . . . D
(n)
1,s1+1,w2

(x) · · · D
(n)
r,2,w2

(x) . . . D
(n)
r,sr+1,w2

(x)

.

.

.
.
.
.

. . .
.
.
.

. . .
.
.
.

. . .
.
.
.

H(n)
ws1+1 (x) D

(n)
1,2,ws1+1

(x) . . . D
(n)
1,s1+1,ws1+1

(x) · · · D
(n)
r,2,ws1+1

(x) . . . D
(n)
r,sr+1,ws1+1

(x)

.

.

.
.
.
.

. . .
.
.
.

. . .
.
.
.

. . .
.
.
.

H(n)
ws−sr +2 (x) D

(n)
1,2,ws−sr +2

(x) . . . D
(n)
1,s1+1,ws−sr +2

(x) · · · D
(n)
r,2,ws−sr +2

(x) . . . D
(n)
r,sr+1,ws−sr+2

(x)

.

.

.
.
.
.

. . .
.
.
.

. . .
.
.
.

. . .
.
.
.

H(n)
ws+1 (x) D

(n)
1,2,ws+1

(x) . . . D
(n)
1,s1+1,ws+1

(x) · · · D
(n)
r,2,ws+1

(x) . . . D
(n)
r,sr+1,ws+1

(x)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Since the determinant of (69) is equal to that of (73) by definition, the determinant of (73) co-

incides with �̃(n)(x). Thus, it suffices to show that the determinant of (73) is zero. Denote the

(1, q)-th cofactor matrix of the matrix (73) by �̃
(n)
q (x). We calculate the cofactor expansion

of the matrix (73) at the first row, we obtain:

�̃(n)(x) =
s+1∑
q=1

(−1)q+1H(n)
wq

(x)�̃(n)
q (x) .

From the definition of H(n)
wq

(x), we have

H(n)
wq

(x)�̃(n)
q (x) = (n!)s+r−1

∞∑
m=0

(m)n+1�̃
(n)
q (x)∏r

i=1

[
(m + x + ai)

si+1
n (m + x + ai + n)wq,i

] ,

where wq,i is the i-th factor of wq . Since we have deg�̃
(n)
q (x) ≤ s(n + 1) (see Remark 10.1

3 (65)),∣∣∣∣∣∣
(m)n+1�̃

(n)
q (x)

xs
∏r

i=1

[
(m + x + ai)

si+1
n (m + x + ai + n)wq,i

]
∣∣∣∣∣∣ ≤

∣∣∣∣∣�̃
(n)
q (x)

xs(n+1)

(m)n+1∏r
i=1(m + x + ai)n

∣∣∣∣∣
≤
∣∣∣∣∣�̃

(n)
q (x)

xs(n+1)

(m)n+1

(m + x)n+3

1

xn(r−1)−3

∣∣∣∣∣ ,

and r ≥ 2, we obtain limRe(x)→∞
�̃(n)(x)

xs
= 0 for enough large n. From the relations (71)

and (72), we obtain (70).

We have the following lemma that corresponds to Assumption (54).

LEMMA 10.11 (cf. [2, Proposition 5.5]). Let α be a non-zero algebraic number. Then
we obtain the following relations:

dsi+1
n d

s+r−si−1
e+Mn p[n/(p−1)]pordp(den(ai)) max{1, |α|p}nD(n)

i,vi ,w
(x, α) ∈ OCp [x] ,(74)
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dsi+1
n d

s+r−si−1
e+Mn p[n/(p−1)]pordp(den(ai)) max{1, |α|p}nQ(n)

w (x, α) ∈ OCp [x] .

Let b be a rational number satisfying b + ai 
= 0 for all 1 ≤ i ≤ r . Then we also obtain the
following relations:

dsi+1
n d

s+r−si−1
e+Mn μn(den(b + ai))den(b)den(α)nD

(n)
i,vi ,w

(b, α) ∈ OQ(α) ,(75)

dsi+1
n d

s+r−si−1
e+Mn μn(den(b + ai))den(b)den(α)nQ(n)

w (b, α) ∈ OQ(α) .

PROOF. From the equality (62), we have

d
(n)
i,j,vi ,w

(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

(si − vi + 1)!
(

d

du

)si−vi+1

H
(n)
w (x,−u − x − ai)(−u + j)si+1|u=j

for 0 ≤ j ≤ n − 1, 1 ≤ vi ≤ si + 1 ,

1

(wi − vi)!
(

d

du

)wi−vi

H
(n)
w (x,−u − x − ai)(−u + n)wi |u=n

for j = n, 1 ≤ vi ≤ wi ,

0 for j = n, vi > wi .

(76)

We give natural numbers which are divisible by the denominator of d
(n)
i,j,vi ,w

(x). Firstly, we

calculate

1

(si − vi + 1)!
(

d

du

)si−vi+1

H(n)
w (x,−u − x − ai)(−u + j)si+1|u=j

for 0 ≤ j ≤ n − 1, 1 ≤ vi ≤ si + 1. We have the following equality

H
(n)
w (x,−u − x − ai )(−u + j)si+1

(77)

= (n!)s+r−1(−u − x − ai )(−u − x − ai + 1) · · · (−u − x − ai + n)∏
i′ 
=i

(∏n−1
j=0(−u + (ai′ − ai ) + j)si′+1(−u + (ai′ − ai ) + n)wi′

)(∏n−1
j ′=0,j ′ 
=j

(−u + j ′)si+1(−u + n)wi

)

= (n!)si (−u − x − ai ) · · · (−u − x − ai + n)∏n−1
j ′=0,j ′ 
=j

(−u + j ′)si+1(−u + n)wi

∏
i′ 
=i

Ii′,n(u)wi′ Ii′,n−1(u)
si′+1−w′

i ,

where the functions Ii′,n(u) and Ii′,n−1(u) are as follows:

Ii′,n(u) := n!
(−u + ai′ − ai) · · · (−u + ai′ − ai + n)

for i ′ 
= i ,(78)

Ii′,n−1(u) := n!
(−u + ai′ − ai) · · · (−u + ai′ − ai + n − 1)

for i ′ 
= i .(79)

From the proof of Bel [2, p.204] , we have the following equality:

(n!)si (−u − x − ai) · · · (−u − x − ai + n)∏n−1
j ′=0,j ′ 
=j (−u + j ′)si+1(−u + n)wi

= F(u)G(u)siH (u)(80)
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where

F(u) = (−u − x − ai)n

(−u)n+1
(−u + j), G(u) = n!

(−u)n+1
(−u + j) ,

and

H(u) = (n − u)si+1−wi (−u − x − ai + n) .

Also we have the equalities:

n!
(−u + ai′ − ai ) · · · (−u + ai′ − ai + n)

=
n∑

j ′=0

(−1)j
′ n!
j ′!(n − j ′)!

1

−u + a′
i
− ai + j ′ ,

(81)

n!
(−u + ai′ − ai ) · · · (−u + ai′ − ai + n − 1)

=
n−1∑
j ′=0

(−1)j
′ n!
j ′!(n − j ′ − 1)!

1

−u + a′
i
− ai + j ′ .

(82)

For a non-negative integer ν, we denote
1

ν!
(

d

du

)ν

by ∂ν . From the equality (77), we obtain

1

(si − vi + 1)!
(

d

du

)si−vi+1

H(n)
w (x,−u − x − ai)(−u + j)si+1|u=j(83)

=
∑

ν

∂ν0(F )|u=j

si∏
k1=1

∂νk1
(G)|u=j ∂νsi+1(H)|u=j

×
∏
i′ 
=i

wi′∏
k2=1

∂νk2
(Ii′,n)|u=j

si′+1−wi′∏
k3=1

∂νk3
(Ii′,n−1)|u=j .

Here the sum
∑

ν stands for all possible summation arising from the Leibniz rule. Note that
the ‘index’ of ∂νsi+1 is νsi+1 and it is not νsi + 1. As for the second case of (76), we obtain a

similar presentation to (83). The argument to deduce the presentation for the second case is
the same as (77) to (82) for the first case. Finally, by applying the same argument as the proof
of [2, Proposition 5.5] to these representations for (76), we conclude (74) and (75). �

For a rational number b satisfying b+ai 
= 0 for all 1 ≤ i ≤ r , we denote l.c.m.{den(b+
ai)}1≤i≤r by B(b). We define the following functions:

Dn : Dp(Q) −→ Z \ {0} by b �→ dS+1
n ds+r−T −1

e+Mn μn(B(b))den(b)den(α)n ,

f (p) : Dp(Q) −→ R≥0 by b �→ S + M(s + r − T − 1) +
∑

q:prime
q|B(b)

log q

q − 1
+ log den(α) .

Then from Proposition 10.11, {Dn}n∈N satisfies the assumption (56) and there exists c1 > 0
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such that

|Dn(b)| ≤ nc1enf (p)(b) .(84)

The inequality (84) corresponds to the assumption (56). We have the following estima-
tion that corresponds to Assumption (57).

LEMMA 10.12. Let β be a complex number satisfying β +ai /∈ Z≤0 for all 1 ≤ i ≤ r .
If n ∈ N is enough large, then there exists c > 0 which is independent of n and satisfies the
following inequality:

max
1≤i≤r,1≤vi≤si+1

{|D(n)
i,vi ,w

(β, α)|, |Q(n)
w (β, α)|} ≤ ncmax{1, |α|n} exp(ns log 2) .(85)

PROOF. We fix an enough large natural number k satisfying the following conditions:

|ai1 − ai2 | >
2

k
and 1 > |ai1 − ai2 | + 2

k
for all 1 ≤ i1, i2 ≤ r, i1 
= i2 .(86)

Firstly, we give an upper bound of {|d(n)
i,j,vi ,w

(β)|}1≤j≤n,1≤vi≤si+1 for a fixed i.

We fix 1 ≤ i ≤ r, 1 ≤ vi ≤ si + 1 and 1 ≤ j ≤ n. Using the definition of d
(n)
i,j,vi ,w

(β)

given by (62), we get

d
(n)
i,j,vi ,w

(β) = 1

2π
√−1

∫
|u+j+β+ai |= 1

k

H (n)
w (x, u)(u + β + ai + j)vi−1du .(87)

From the equality (87) and the definition of Q
(n)
w (u), we obtain

|d(n)
i,j,vi ,w

(β)| ≤ k−vi sup|u+β+ai+j |= 1
k
|H(n)

w (x, u)|

(88)

≤ k−vi sup|u+β+ai+j |= 1
k

∣∣∣∣∣∣
(n!)s+r−1(u)n+1∏r

i′=1

[
(u + β + ai′)

si′+1
n (u + β + n + ai′)wi′

]
∣∣∣∣∣∣ .

We give an upper bound of

∣∣∣∣∣∣
(n!)s+r−1(u)n+1∏r

i′=1

[
(u + β + ai′)

si′+1
n (u + β + n + ai′)wi′

]
∣∣∣∣∣∣. We have the

following inequalities for u ∈ {u ∈ C | |u + β + ai + j | = 1
k
}:

|(u)n+1| = |(u + β + ai + j − β − ai − j) · · · (u + β + ai + j + n − β − ai − j)|(89)

≤ (f + j)!(f + n − j)!
where f is a natural number satisfying β + ai + 1

k
≤ f . Estimating a lower bound of

|(u + β + ai′)n| and |u + β + ai′ + n| for u ∈ {u ∈ C | |u + β + ai + j | = 1
k
}, we give a

lower bound of |u + β + ai + j + (ai′ − ai) + (l − j)| for 1 ≤ i ′ ≤ r , 0 ≤ l ≤ n:
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(In the case of i ′ = i)

(90) |u + β + ai + j + (ai′ − ai − β) + (l − j)| ≥

⎧⎪⎪⎨
⎪⎪⎩

1
k

if l = j − 1, j, j + 1 ,

j − l − 1 if j − 1 > l ,

l − j − 1 if l > j + 1 .

(In the case of i ′ > i)

(91) |u + β + ai + j + (ai′ − ai) + (l − j)| ≥

⎧⎪⎪⎨
⎪⎪⎩

1
k

if l = j − 1, j ,

j − l − 1 if j − 1 > l ,

l − j if l > j .

(In the case of i ′ < i)

(92) |u + β + ai + j + (ai′ − ai) + (l − j)| ≥

⎧⎪⎪⎨
⎪⎪⎩

1
k

if l = j, j + 1 ,

j − l if j > l ,

l − j − 1 if l > j + 1 .

From the inequalities (92), (91) and (92), we have the following estimation for 1 ≤ i ′ ≤ r:

|(u + β + ai′)n| =
n−1∏
l=0

|u + β + ai′ + l|(93)

=
n−1∏
l=0

|u + β + ai + j + (ai′ − ai) + (l − j)|

≥ (n − j)!j !
k3n3

.

We also have the inequality:

|u + β + ai′ + n| = |u + β + ai + j + (ai′ − ai) + (n − j)| ≥ 1

k
,(94)

for 1 ≤ i ′ ≤ r . From the inequalities (88), (89), (93) and (94), we obtain

k−vi sup|u+β+ai+j |= 1
k

∣∣∣∣∣ (n!)s+r−1(u)n+1∏r
i′=1 (u + ai′)n

si′+1(u + n + ai′)wi′

∣∣∣∣∣(95)

≤ nc0
(n!)s+r−1j !(n − j)!

((n − j)!j !)s+r

= nc1

(
n

j

)s+r−1

≤ nc2 2sn
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where c0, c1, c2 are positive constants. From the inequality (95) and the definition of

D
(n)
i,vi ,w

(β, α) and Q
(n)
w (β, α), we obtain the desired estimation. �

We define the following function on Dp(Q):

g(p) : Dp(Q) −→ R≥0 by b �→ log max{1, |α|} + s log 2 .

Then there exists c2 > 0 such that

max
1≤i≤r,1≤vi≤si+1,w∈{0,wi,j }

{|D(n)
i,vi ,w

(b, α)|, |Q(n)
w (b, α)|} ≤ nc2eng (p)(b) for all b ∈ Dp(Q) .

(96)

10.3. Proof of Theorem 1.5. We use the notations of the previous section. Before
starting to prove Theorem 1.5, we show the following Lemma relating with the convergence

of ζ̂p(v, a, α, x).

LEMMA 10.13. Let a ∈ Q ∩ Zp and α ∈ {α ∈ Q | |α| = 1} satisfies α = 1 or
1 ≤ |α − 1|p. Let v be a natural number satisfying v ≥ 2 (resp. v ≥ 1) if α = 1 (resp.

1 ≤ |α − 1|p). Then ζ̂p(v, a, α, x) converges on Dp .

PROOF. We claim that the set {|Bk(a, α)|p}k∈N is bounded for (a, α) ∈ (
Q ∩ Zp

) ×
{α ∈ Q | |α| = 1}. Firstly, we assume α = 1. Then we have the equalities

Bk(a, 1) =
k∑

i=0

(
k

i

)
Bia

k−i .

Using Theorem of Clausen-Von Staudt giving an upper bound of p-adic absolute value of
Bernoulli numbers and the assumption for a, we obtain that the set {|Bk(a, 1)|p}k∈N is
bounded. Secondly, we assume 1 ≤ |α − 1|p. Note that, from the definition of Bk(a, α),
we have the following equality:

T eaT

αeT − 1
=

∞∑
k=0

Bk(a, α)
T k

k! =
∞∑

k=0

(
k∑

i=0

(
k

i

)
Bi,αak−i

)
T k+1

k!

where Bi,α is defined by the generating function
1

αeT − 1
= ∑∞

k=0
Bk,α

k! T k. Since 1 ≤
|α − 1|p, we have that the set {|Bk,α|p}k∈N is bounded [12, p.24]. This completes the proof
of this lemma. �

By Lemma 10.13, if we assume that a1, . . . , ar ∈ Zp ∩ Q and α ∈ {α ∈ Q | |α| = 1}
satisfies α = 1 or |α−1|p ≤ 1, then ζ̂p(vi , ai, α, x) converges on Dp. We define the following
functions:

En : Dp(Q) −→ OCp \ {0} by b �→ dS+1
n ds+r−T −1

e+Mn p[n/(p−1)]pordp(A) max{1, |α|p}n .(97)
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Then, from Lemma 10.13, the set of coefficients of ζ̂p(vi , ai, α, x) is bounded for all 1 ≤ i ≤
r, 1 ≤ vi ≤ si . Then, from the relation (74), there exists c3 > 0 such that

|En(b)R̂(n)
w,p(b, α)|p ≤ nc3 |b|−nT

p for some constant c3 > 0 ,(98)

(cf. Remark 8.5). The inequality (98) corresponds to (59) in Assumption 8.3. We define

h(p) : Dp(Q) −→ R≥0 by

h(p)(b) =
∑

q:prime
q|A

log q

q − 1
− log p

p − 1
+ log den(α) − log max{1, |α|p} .

PROOF OF THEOREM 1.5. We use the notations as before. Fix the following set:

{(a1, α), . . . , (ar , α)} ⊂ (
Q ∩ Zp

)× {α ∈ Q | |α| = 1} satisfying 0 < a1 < · · · < ar ≤ 1

and use Theorem 8.6 for

θ(i,vi)(x) = �(vi, x + ai, α) : R>0 −→ C, 1 ≤ i ≤ r, 1 ≤ vi ≤ si + 1 .

From Section 10.1, we defined the following functions:

D
(n)
i,vi ,w

(x, x1) =
n∑

j=0

d
(n)
i,j,vi ,w

(x)x
j

1 ,

Q(n)
w (x, x1) =

r∑
i=1

n∑
j=0

si+1∑
vi=1

j−1∑
l=0

d
(n)
i,j,vi ,w

(x)
x

j−1−l

1

(l + ai)vi
,

H(n)
w (x, x1) :=

∞∑
m=0

H(n)
w (x,m)x1

−m−1 .

In Lemma 10.13, the set {θ(i,vi)(x)}1≤i≤r, 1≤vi≤si+1 satisfies Assumption 8.1. From Section
10.2, we defined the following five functions:

Dn : Dp(Q) −→ N by b �→ dS+1
n ds+r−T −1

e+Mn μn(B(b))den(b)den(α)n ,

En : Dp(Q) −→ Z \ {0} by b �→ dS+1
n ds+r−T −1

e+Mn p[n/(p−1)]pordp(A) max{1, |α|p}n ,

f (p) : Dp(Q) −→ R≥0 by b �→ S + M(s + r − T − 1) +
∑

q:prime
q|B(b)

log q

q − 1
+ log den(α) ,

g(p) : Dp(Q) −→ R≥0 by b �→ log max{1, |α|} + s log 2 ,

h(p) : Dp(Q) −→ R≥0 by b �→
∑

q:prime
q|A

log q

q − 1
− log p

p − 1
+ log den(α) − log max{1, |α|p} .
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In the lemmas in Section 10.1 and 10.2, we can easily check that the functions R(n)
w (x, α) :=

H(n)
w (x, α), {D(n)

i,vi ,w
(x, x1)}1≤i≤r,0≤j≤si+1,w∈{0,wi,j } ∪{−Q

(n)
w (x, x1)}w∈{0,wi,j }, Dn, En, f (p),

g(p) and h(p) satisfy Assumptions 8.2 and 8.3. Applying Theorem 8.6, we obtain the desired
estimation in Theorem 1.5. �
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