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Abstract. Let K be a number field. Fix a finite set of analytic functions foo = {f1 00(X), ..., f5,00(x)}
defined on {x € C | |x| > 1} (resp. Cp-valued functions f, := {f1 ,(x),..., fs,p(x)} defined on {x € C) |
[x]p > 1}). For B € K, we denote the K-vector space spanned by f1 o0 (B), ..., fs,c0(B) by Vi (foo, B) (resp.
f1,p(B), .-, fs,p(B) by Vi (fp, B)). In this article, under some assumptions for foo (resp. f), we give an estimation
of a lower bound of the dimension of Vg (foo, B) (resp. Vi (fp, B)) (see Theorem 2.4 for Archimedean case and
Theorem 8.6 for p-adic case). Applying our estimation, we give a lower bound of the dimension of the K-vector
space spanned by the special values of the Lerch functions over a number field in C (see Theorem 1.1 and Remark 1.2)
and the p-adic analog of the above result (see Theorem 1.3 and Remark 1.4). Furthermore, we also give a lower
bound of the K-vector space spanned by the special values of certain p-adic functions related with p-adic Hurwitz
zeta function (see Theorem 1.5).

1. Introduction

Fix a prime number p. Let Q be an algebraic closure of the rational number field. We
denote by C,, the completion of an algebraic closure @p of Q,. We denote the normalized
valuation of C,, by | - |, with |p|, = p~!'. We fix embeddings toc : Q = C, 1, : Q = C,
and sometimes regard Q as a subfield of C or C p by the fixed embeddings.

Let us fix a finite set of analytic functions foo = {f1.00(X), ..., fs.c0(x)} defined on
Dy = {x € C | |x| > 1}. For an algebraic number field K and an element 8 € Dy (K) :=
{x € K | |x|] > 1}, we denote the K-vector space spanned by fi sc(f), ..., fs.co(f8) by
Vi (fx, B). We study the following type of estimation of a lower bound of the dimension of
Vi (foo. B).

(Type A)eo

There exists a subset Wy, of Do (@) x Ag and a function F () Wy —> R satisfy-
ing the following inequality:

dimg Vi (fso, B) = F (B, K) forall (8, K) € Wes,
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where Do (Q) :={x € Q| |x| > 1} and Ag is the set of all algebraic number fields.

We also study the following p-adic analog of the estimation of (Type A)s. Let us fix a
finite set of C-valued functions f, := {f1 ,(x),..., fs p(x)} defined on D), := {x € C}, |
|x|, > 1}. For an algebraic number field K and an element 8 € D,(K) := {x € K | |x|, >
1}, we denote by Vi (f,, B) the K-vector space spanned by f1 ,(8), ..., fs,p(B).

(Type A),,

There exists a subset W, of D,(Q) x Ag and a function FP) : W, — R satisfying
the following inequality:

dimg Vi (f,, ) > FP (B, K) forall (B, K) € W,,.

where D,(Q) :={x € Q| |x], > 1}.

In this article, for a set foo = {f1,00(X), ..., f5,00(x)} (resp. £, = {f1,p(x),...,
fs,p(x)}) with some assumptions, we give a statement of type (Type A) (cf. Theorem 2.4)
(resp. (Type A), (cf. Theorem 8.6)). Using Theorem 2.4 (resp. Theorem 8.6), we give a
lower bound of the dimension of the vector space spanned by the special values of the Lerch
function (resp. the p-adic Lerch function and the function relating with the p-adic Hurwitz
zeta function) for Archimedean case (resp. p-adic case). Firstly, we shall state our result
on estimation of a lower bound of the dimension of the vector space spanned by the special
values of the Lerch function for the Archimedean case. The definition of the Lerch function
is as follows:

00 —m—1
(1) ®:Nx(C\Zz) X Dosc —> C (5, x1,%) > O(s,x1,%) := Z (’:lc“‘ixl)b
m=0

We give a (Type A)s estimation of a lower bound of the dimension of the vector space
spanned by the special values of the Lerch function. We define the denominator function as
follows:

) den: Q — Ny — min{n € N| ny is an algebraic integer} .

We denote the completion with respect to the usual absolute value of K by K. Our result is
as follows:

THEOREM 1.1. Letr be a natural number, s, ..., s, natural numbers and ay, . . ., a,
rational numbers satisfying 0 < a; < --- < a, < 1. We put

A :=l.em.{den(a;)}1<i<r,
M :=l.c.m.{den(a; — a)}1<iir<r, i#i’ »

S := max s;,
1<i<r

,
s = Zsi .
i=1



LOWER BOUND OF THE DIMENSION OF THE VECTOR SPACE 441

We denote the set {(B, K) € Dso(Q) x Agl B € K} by Wy and define the following
four functions:

_ 1
F®: Dyo(@) —> Reg by p > SlogA+S Y. % + S(M + A) + logden(B) ,

g:prime

qlA
9 1 Do (Q) —> Rsg by B — logmax({l, |B|} + (slogs + (2s + 1)log2),
h> : Doo (@) —> R=o by B+ slog|Bl,

[Koo : RI(g©(B) + h®(B))
[K 2 QB Yo rery, (FOO@B) + g p)

F : Wy, —> Reg by (B, K) >
Then we obtain the following inequality:

N Sr
dimK<K + ) Ko a, B+ 4 Y K@(vr,ar,m) > FB, K)

vi=1 vr=1
forall (B, K) € Wo.

REMARK 1.2. In [11, Theorem 0.2], the second author gave a criterion of linear in-
dependence of special values of the Lerch function over the rational number field. In [8,
Theorem 2.1], N. Hirata, M. Ito and Y. Washio gave a criterion of linear independence of
special values of the polylogarithm functions over algebraic number fields. Theorem 1.1 is a
generalization of the both results [11, Theorem 0.2] and [8, Theorem 2.1].

Secondly, we describe the p-adic case. The definition of the p-adic Lerch function is as
follows:
—m—1

o0

A A X
®,:Nx (C,\Z<) x D, — C (s,x,x)r—)cb(s,x,x):zg _—
P (Cp\ Z<o) P P 1 P ! — (m + x1)’

Note that the s-th p-adic polylogarithm function is defined by

o —m—1

Lip(s, x) = &p(s, Lx) = Y

m=0

———— fors e Nandx € D, .
(m +1)°

For an algebraic number field K, we denote the completion with respect to the p-adic
absolute value of K in C,, by K,. A p-adic analog of Theorem 1.1 is as follows:

THEOREM 1.3. Letr be a natural number, sy, ..., s, natural numbers and ay, . . ., a,
rational numbers satisfying 0 < a; < --- < a, < 1. We denote the set {(B, K) € Dp(@) X
Agl B € K} by W, and use the same notation as in Theorem 1.1. We define the following
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four functions:

fP:D,@) —> Rsg by B> slog A+ Z —= ~|—S(M~|—A)+10gden(,3)

q: pnme

qlA
L2 Dp(@) —> R>¢ by B +— logmax{l, |B]} + (slogs + (2s + 1) log2),
WP Dyp(@) —> Rz by B+ slog|Blp,

[K) : @p](h(p)(ﬂ) + slog|Blp)
K QB sy (B + 9P (B

Then we obtain the following inequality:

F?P W, — Rxg by (B, K) >

S1 Sy
dimg <1< + ) Kby a4+ ) K&p(vr,ar,m) = F(B. K)

v1=l1 vr=1
forall (B, K) € Wp.
REMARK 1.4. P. Bel gave a (Type A), estimation of lower bound of the dimen-
sion of the K-vector space spanned by the special values of p-adic polylogarithm functions

{Lip(1,x),...,Lip(s, x)} in [3, Theorem 3]. Theorem 1.3 is a generalization of [3, Theo-
rem 3].

We also obtain a lower bound of the dimension of the vector space spanned by the special
values of the following p-adic function. To state our result, we define the function ;“Ap by

£y :NxZ,x(Cp\Dy(1,17)U{1}) x D, —> C,,

- () 1 N (—DmH 1
(s, x1,x2, %) > CP(S,xl,xz,x) = mﬁ X_E)WBMH(XI’XZ)(S)MW’
where D,(1,17) :={x € C, | |x = 1], < 1},
0 ifxy #1 ss+1)---(s+m—1) ifm=>1
€(x2) = . ($)m = .
1 ifxx=1, ifm=20,

and By (x1, x2) are defined by the following generating function:

texlt

e —1 - ZBk(xl, xz)

We give the following estimation of a lower bound of the dimension of the vector space
spanned by the special values of ;A,, (s, x1,x2,2):
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THEOREM 1.5. We use the notations as before. Let r be a natural number, s,

C, Sy
natural numbers, ay, ...,a, € Q NZ, satisfying 0 < a; < ---

<a <landa € {a €

Q | |la| = 1} satisfying |o — 1|, > 1. Let W, be the set D,(Q) x Ag. We put the following
numbers:

B(b) :=l.c.m.{den(b + a;)}1<i<r for b € D,(Q),
M = l.c.m.{den(a; — aij)}1<ii<r, i

S := max s;,
1<i<r

T := min s;,
1<i<r

,
.
i=1
and define the following four functions:

1
FP i Dp(@) —> Regbyb > S+ Ms+r—T -1+ Y iqlﬂogden(a),
=

g:prime

q1B(b)
9P D(Q) —> Rsq by b > logmax({l, |a|} + slog2,

I I
WP ;DY@ — Rogbybis Y qofql — pofpl

+ logden(a) — logmax{1, |a|p},
g:prime
q|B(b)
K,: P (b) + T log |b
F(p):Wp—>R>0by (b, K)I—) [ P Q[’]( ( )+ 0g| |[7)
- [K : QI(fP () + 9P (b))

Then we obtain the following inequality:

s1+1 sr+1
dimK<K + Y Kip(iana.b) 4+ Y Kip(vp.ar e, b)) > FP (b, K)
v1=1 v=1

forall (b, K) € W),

REMARK 1.6. When r = 1, P. Bel in [2, Theorem 3.1] also gave a (Type A),
estimation of the dimension of the vector space spanned by the special values of

{p(2,a,1,b),....Cp(s +1,a,1,b)} fors e Nanda € QN Z:
s+1
dimg <K +Y Ki(v.a.1, b)) > F” (b, K) forall (b, K) € W,,
v=2

where Fl(p)(b, K) is defined by the same way in Theorem 1.5 for « = 1. In Theorem 1.5, r
is general but we exclude the case « = 1. Thus, Theorem 1.5 is not regarded as a complete
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generalization of [2, Theorem 3.1]. (see Remark 10.10 for the reason why we exclude o = 1
in Theorem 1.5.)
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NoOTATIONS. Let N :={1,2,3,...,} be the set of natural numbers. We denote by | - |
the Archimedean absolute value on C. We fix a prime number p. We also denote the ring of

integers of C), by Oc,. We denote the set of algebraic integers in Q by Z. We regard all the
algebraic number fields as subfields of Q. We fix embeddings to : Q— C,: p Q — C,

and sometimes regard Q as a subfield of C (resp. C p) by the fixed embedding (o (resp. tp).
For an algebraic number field K, we denote the ring of integers of K by Ok and the

set of all embedding K into C (resp. C,) by Ix (resp. [ I(f )). For an algebraic number
field K, we denote the set of algebraic number fields containing K by Ag. We denote the
completion with respect to the usual absolute value of K by K, and the completion with
respect to the p-adic absolute value of K in C, by K. For an algebraic extension K of Q,
we denote {x € K | |x| > 1} by Dso(K) and {x € C | |x| > 1} by D. We also denote
{x e K |l|x|p,>1}by Dp(K)and {x € C,, | |x|, > 1} by D,.

We define the denominator function, den : Q@ —> N the same as (2). For a natural
number n, we denote the least common multiple of 1,2, ...,n by d,. We put u,(b) =

]—L,:primeq[”/ @=DI for natural numbers b and n. In this article, we use X as a variable of
qlb
infinite Laurent series and x as a parameter of function onsome U C Cor U C C,,.

PartI. Archimedean case

2. A criterion of linear independence of special values of Archimedean functions

Let foo := {f1.00(x), ..., fs.00(x)} be a finite set of analytic functions defined on Dx.
For an algebraic number field K and an element § € Dy (K), we denote the K-vector
space spanned by f1.00(B), ..., fs.co(B) by Vk(fx, B). In this section, for fo, with some
assumptions (see Assumptions 2.2 and 2.3), we give an estimation of a lower bound of
dimg Vi (fs, B). Firstly, we recall a result of Marcovecchio (cf. [13]) on a lower bound of
the dimension of the vector space spanned by certain complex numbers over a number field,
which is based on a result in Siegel’s article [18]. Let K be an algebraic number field. We put

(3) Sk =K :Q]/[Kw : R].
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We denote the complex conjugation by F. For a natural number s and a vector x

(x1,...,x5) € K*, we denote
@ =—— 3 loglex
o(x) = og|tx|,
[K : Q]
telg
t#idg,Foidg
and |tX| = maxXj<y<s |TXy].

> _oAuXy € K[Xo, ..

LI

L) := L6y, 01, ..

= max |A,][,
O0<v<s

N

TL = Z‘L’(AU)XU fort e I ,

v=0

L := (Ao, ..., Ay).

., 05) for@ = (6, 61, .

For an (s + 1)-variable linear form L(Xo,...
., Xs], we use the following notations:

L0 e CsTL

445

From now on throughout the article, we fix a natural number s € N. The following lemma
was proved by Marcovecchio in [13].

LEMMA 2.1 ([13, Proposition 4.1]).

s
LY (Xo,....X) =Y A" X, 0O<w<sineN),
v=0

with coefficients {A,S’,‘?,)}lsv,wgs C Ok satisfying

det((AY"))o<v,w=s) # 0

Let K be an algebraic number field. Let 6 :=
(1,61,...,6;) € CstL Suppose that, for all n € N there exist (s + 1) linear forms

Assume also that there exist p, ¢, ¢’ € R satisfying c, ¢’, p+c’ > 0 and the following relations

forall0 < w <s:

Then we have

(n)
logllZw Il _

lim sup,, ,
(n)
ho(LL ,
limsupnM <c,
log L (0
fimsup, 2O

n
n

dimg (K + KO + - + K6;) >

ct+p

c+8kc
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Using Lemma 2.1, we axiomatize the estimation of a lower bound of the vector space
spanned by the special values of certain functions. Let L be an algebraic number field, s a
natural number and

6, : Dy — C

analytic functions for all 0 < v < s with 6y(x) = 1 for all x € Do,. We consider a family of
polynomials

{AI()}ZLL(X)}OSU,wfs,neN C L[x],

to approximate {6, (x)}o<y<s. Introduce a family of functions {Rg‘)(x)},,eN on Dy, defined
by

RO () =) AL, ()0, (x) .
v=0

for0 < w < s. We put A,(x) = det((A),(x))o<v.w=s) € L[x]. We make the following

assumptions on {A,(ff?v () }o<v.w<s.nen C L[x]:

ASSUMPTION 2.2. Suppose that there exists a non-empty subset Voo C Doo(Q) sat-
isfying the following assumptions:

(4) There exists an integer / such that
RW(x) = o(x ™+ H) (x — oo) foralln e Nand0 < w <.
(5) We have A, (B) # Oforall B € V and infinitely many n € N.
(6) There exists a family of functions {D,, : Voo —> Z \ {0}},en satisfying
Dy (B) € L(B) and D, (B)AV),(B) € Opp forall B € Voo, 0 <v,w <sandn € N.

ASSUMPTION 2.3. We use the notations as above. Suppose that 7(f) € V4 for all
B € Vo, T € Igp) and there exist some constants ¢y, ¢z, ¢3 > 0 such that the following
conditions hold for any sufficiently large n.

(7) There exists a function f(oo) : Voo —> Ro satisfying |t D, (B8)| < pe1Fo) nf ) (@p)
forall B € Voo and T € Ig(g) -

(8) There exists a function ¢® : Voo —> R satisfying |rAl()’fzv(ﬁ)| < nerto(D) gng™ (p)
forall B € Voo and 7 € Igp) .

(9) There exists a family of functions h(>

Voo —> R satisfying |Rl(;‘)(,3)| < p€3Fo(D) g =nh B

forall B € V.
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Under Assumptions 2.2 and 2.3, we obtain the following (Type A)s estimation of
a lower bound of the dimension of the vector space spanned by the special values of
{Ov(X)}o<v<s-

THEOREM 2.4. Let s be a natural number and
6y : Do — C
be analytic functions for 0 < v < s with 6y(x) = 1 for all x € Dy. We assume Assump-

tions 2.2 and 2.3 for {6, (x)}o<v<s. We assume that the functions £ and ¢ in (7) and
(8) respectively satisfy the following relations:

(10) FO ) = fO(Fo1p)
9@ (p) = " (F o 1)

forall B € Voo and T € I gy. We denote the set {(B, K) € Voo x AL| B € K} by Woo. We
define the function

[Koo : R1(g©(B) + h(B))

F: Wo — Rsg (B, K :
e B R BN Y e T B T 9 )

Then we obtain the following estimations of the dimension of the vector space spanned by the
special values of {6,(x)}o<v<s:

dimg (K + KO1(B) + -+ K65(B)) = F (B, K)
forall (B, K) € We.
PROOF. We fix (8, K) € W and put
0 :=(1,61(8),....0:(B)),
Al = Da(B)AT),(B) .

A
L§g>(x0,...,xs) = ZAI()?)UJXq for 0<w<ws,;neN,
v=0

(n) (n) (n)
AT

Al A AT

A(n) — det 1,0 1,1 1,s
(n) (n) (n)

AlY AT A

Using the condition (5), we get

(11) AW £0.

Using the condition (6), we get

(12) (L™ (Xo, ..., X)}o<w=s C Ok[Xo, ..., X].
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Using the conditions (7) and (8) in assumption 2.3, we obtain:

o loglITLW I s (00)
(13) limsup —=——=*— < [ (zp) + ¢ (1)

n

for any v € Ik. Using the inequality (13), we also obtain:

ho(LYY 1
(14) lim sup O(n ) < K. Ql Z (fp) + g (zp)).
estidy . Foidy

Using the conditions (7) and (9), we obtain:

(n)
(15) lim sup M < —(h™B) — ) (p))

n

forall t € I;. Since (11) and (12) are satisfied, we can use Lemma 2.1 for (13), (14) and
(15). Then we have the following inequality:

dimg (K + K61(B) +---+ K65(p)) =

[Koo : RI(g©(B) + A (B))
[Koo : RI(FOI(B) + g (B)) + > (fOB) + g ()

telg, t#idg,Foidg

Since we have the relation (10), we have the following equality:

[Koo : RI(g©(B) + A (B))
[Koo : RSB+ g BN +Y. ety (fOOEB) + g (1B)

‘[;éidK,FOidK

_ (K tRIGB) +h(B)
[K:QB] X (fO )+ g ()

telyep)

This completes the proof of Theorem 2.4. O

Using Theorem 2.4, we obtain the following criterion of linear independence of special
values of {6, (x)}o<v<s-

COROLLARY 2.5. Under the same assumption of Theorem 2.4, we obtain the follow-
ing criterion of linear independence of special values of {0,(x)}1<vy<s.
Suppose (B, K) € Wy, satisfies

SIK Q] Y (fOB) + g (1B) < [Koo : RIG™(B) + 1™ (B)) .

telgp)

Then we obtain:

dimg (K + K01 () +---+ K6,(B)) =s + 1.
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3. A Padé approximation of the Lerch function

Let r be a natural number. From here to the last section, we fix the following numbers:

S1, ..., S . natural numbers,
r
s = E Si s
i=1
ai, ..., a, : rational numbers satisfying0 <a; <--- <a, < 1.

In this section, we give a Padé approximation of the Lerch function which is a generalization
of that in [11]. Let ®(v, x1, x) be the Lerch function defined in (1). For a positive integer n

and an r tuple of non-negative integers w = (wi, ..., w,) with0 < w; < s; forall1 <i <r,
we put
Q(")(u) u(w—1)---(u — opw +2) ’
[Ty [+ ai (u+n + a;)*i]
o0
RW () =" W (mx—",
m=0
where w = Zle w; and o, = ns + w. We define a family of rational numbers

{b(n)

i jonwll<isrl<vi<s0<j<n bY

n (Vl)

(16) oW () = Z(ZZ ” j:é U;Lw])vl)’

vi=1j

and a family of polynomials {4 _(x), P{" ()} =i<r0<v<s; € Q[x]by

1L,Vj,W
(17) Al w0 = be"}v, x,
) SNy ,m
18 P " .
(18) () = Z”Zl;llioj o A

By the definition of A™ _(x), we obtain

LV, W

) n—1 forw; <uv;,
(19) deg, A, () =
n for w; > v; .
REMARK 3.1. Forl <i <randw = (wi,...,w,) € [[i_;{0,1,...,s;}, we have
the following equality:

degA(n) x)=n

LW, W
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for every n € N. In fact, the coefficient of x" of the polynomial A (x) € Q[x]is

L,w;,w
o B u(u_l)...(u—an’w +2)
T e (T2 + ar + %) @+ ag -+ |

£0.

(u+a +n)"

Uu=—a;—n

f"v) W0, P () i<i<r0<u<si C QIx], we obtain the

following Padé approximation of the Lerch functions that was proved in [11, Proposition 2.1].

Using the rational functions {A

LEMMA 3.2. Under the notation above, we have
(20) R (x) = o(x~omwtT)

and the following Padé approximation:

Q1) R (x) = Z(Z A SO ai, x7! > — P (x).

vi=1

PROOF. From the definition of Rf;l )(x), we have the relation (20). The relation (21)
follows from the following calculation:

p

n) i,],vi, —m—
R = ZZZZ(,H;H)U,X 1

m=0i=1 v;=0 j=0

r Si n ( ) [e¢) x_m
. n
_Z Z Zbi,j,vi,wmg;) (m+a; + j)vi

i=1 v;=0 j=0

. i ey |
_Z Z Zbl(nj)U, w(qu)(vi, ai, x) — [g(; (mx+7al)vz>

i=1 v;=0 j=0
B ™ A
Z(Z Azu w(_x)q)(l),,al,x)) Pw (‘x)
vi=1

This gives the proof of the lemma. O

4. Some estimations
LEMMA 4.1. Let B be a non-zero complex number. There exists ¢ > 0 such that the
inequality
(22)
max  {|A") (B |P{(B)I} < n“max{1, |B|"}exp{n(slogs + (25 + 1) log2)}

I<i<r,1=<v;<s;

holds for any sufficiently large n € N.
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PROOF. We fix an enough large natural number k satisfying the following conditions:

2 2
(23) lai, — ai,| > % and 1 > |a;, — a;,| + % forall 1 <iy,ip <riy #i2.

Firstly, we give an upper bound of {bfnj) vwll<j=n1<v<s; forafixed i. Using the definition

=Jj=n,1=

of bf") given by (16), we get

Vi W
1
(n)
(24) b =
A 27[\/_1 \u+j+a,‘|=%

O™ (u)(u + a; + j)' 'du.

From the equality (24) and the definition of QE;' ) (1), we obtain
(25) 161 ol < KUISUB 11O 0]

(u + On,w — 2)Un.w—1

<k
[Tioy A+ a4 n+ap)®

i
SUP|u 4 jta; =1

(l/l +Un,w _Z)Un.w_l
=i e+ ai)y u+n+ ap)®
equalities foru € {u € C | |u+ j+ai| = t}:

(26)
| = G + Doy 1| = @t j +ai — j —a) - u+ j +ai — opw — j —ai +2)|
<U+D-(onw+ij+3).

We give an upper bound of

. We have the following in-

Estimating a lower bound of |(u +a;/)s| and [u+n +ay|foru € {u € C | lu+ j+a;| = 1},
we give a lower bound of |u + j +a; + (ay —a;)) +( — j)|forl <i’ <r,0<[<n:
(In the case of i’ = i)

i ifl=j—1,j,j+1,
@7 lutjta+@ —a)+U-=NDI=3j—-1—-1 ifj—1>1,

[—j—1 ifl>j+1.
(In the case of i’ > i)
; it1=j—1..
(28) lu+j+ai+ @ —a)+A—Pl=j—-1—1 ifj—1>1,
I—j ifl> .
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(In the case of i > i’)

; ifl=j.j+1.
(29) lu+j+a+ (@ —a)+U—-)I=1j—1 if j>1,
I—j—1 ifl>j+1.

From the inequalities (27), (28) and (29), we have the following estimation forall 1 < i’ < r:

n—1
(30) @+ aidnl =[] lu+1+an|
=0

n—1

=[] lu+j+ai+ @ —a)+— )l
=0

— 7!
@ J)J-.
- k3n3

We also have the inequality:

(31) lut+tn+apl=lu+j+a+ @ —a)+m—-jl=

| —

From the inequalities (25), (26), (30) and (31), we obtain
(M ~Onw + 2)Un.w—1
1—1;’21 (u+a;),"" (u+n+ a;)%
< G+D "'(O—}"l,w."‘j +3)
((n = HjHs
1 (J+ouw+3)!(n §
=_pt_—" ’
jl(nh)s j

(32) KIS =

where ¢ is a positive constant. By using the inequality (7) < 2" for the inequality (32), we
get

(j+an,w+3)!<n)s (an,w+3)!<j+an,w+3> <n>Y
(33) — Y\ .) =— . .
HUBE J (nh)? J J
ne (O—”sw +3)! 2ns+n
- (n)s ’

for some positive constant ¢». By using the Stirling formula for the inequality (33), we obtain

(Gn,w + 3)' 22ns+n - nC3 (O-n’w + 3)(Un,u,'+3)e_(0n,w+3) 22ns+n
(n!)Y - nnse_ns

(34)

< n“exp{n(slogs + (2s + 1)log2)},
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where c3, ¢4 are some positive constants. From the inequality (34), we conclude that

(35) 1™

1, ],Vi,

wl = n“exp{n(slogs + (25 4+ 1)log2)},

for some positive constant cs5. From the definition (17), (18) and inequality (35), we obtain
the desired estimation:

max  {IA{") (B, IPY (B} < max{1, |B|"}n" expln(slogs + (25 + 1) log 2)}

l<i<rl<v<s; 0UW
for some constant ¢ > 0. This completes the proof of Lemma 4.1. O
LEMMA 4.2. Let B € Doo. Then there exists C > 0, satisfying
(36) IRW (B = CIBIT™,
foralln € N.

PROOF. Let m be a positive integer. Since there is a trivial inequality |Q$§’ ) m)] <1
form > 0,,, — 1, we the following estimation:

o0
RPBI< > 1oy g
m:Un,u:_l
o0
<187 Y BT
m=0
Since |B| > 1, the sum Z;’fzo |B]~™ converges, we obtain the desired estimation. O

For a non-zero algebraic number 8, we construct an integer D, (8) = D,, which satisfies

DnAl(nU), w(B) € Oqp) and Dy Pv(‘,")(ﬁ) € Og(p)- Before stating next lemma, we prepare some
notations:

A :=l.cm.{den(ai)}1<i<r,
b; := ajden(a;) for1 <i <r,

b = max b;,
1<i<r

M :=l.cm.{den(a; — aj)}1<iir<r, i2i’ »

.
eii:=M(ay—a;)foralll <i,i' <r,
e = max ey ;,

1<i,i’<r

S := max s;.
1<i<r

We give the following lemma.
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LEMMA 4.3. We use the notation as above. Let B be a non-zero algebraic number.
Then we have the following relations:

Syen ()" A"V den(B)" AL () € O

Slun (A)SAS(n+1)d£+Mnden(rB)ndlf+(n—l)APV(Vn)('B) € OQ(ﬂ)
foralll <i<r,1<v <s;.

PROOF. We construct an integer which is divisible by the denominator of b™ for

1], ,W
1 <i<r 1 <v <s;. According to the equation (16), we get '
(37)
1 d\"" s .
m(a) w @)@+ a; + ) u=—aq;—j for0<j<n-1,
I <v <si,
p™

1 d\""
o V) O e tor =,
r— Yi)-

I <v Sw;,

for j =n,v; > w;.

1 d \"Y
First we calculate m<a) gl)(u)(u +ai+ ) u=—g;—jfor0 < j<n—1,1<
i — Vi)

v; < s;. Forc > 0, we put

R () = (= 0+ 2) @ — 0y +3) (U — 0y +57)

uw—c)u—c—1-(u—c—(mn-—1))
Qi,c,n,w(u)= - - ,
wta)uta+D---(uta+j-Dwwta+j+1) - @+a +n)
u—c)u—c—1)---(u—c—(n—2))
Qi,c,n—l,w(“)=

w+a)w+a+1)--@w+a+j-—Du+a+j+0)--@+a+n-1)"
u—c)u—c—1)---(u—c—n))
wu+a)w+ay+1)---(u+ay+n)
uw—c)u—c—1--(u—c—(n-—2))
w+an)w+ayr+1)---(u+ay+n—1)
From the equality

Sitenw) = forand i’ # i,

Si’,c,n—l,w(”) =

andi’ #i.

O () (u + a; + j)"

B uu—1)---(u—opw+2)
oy (H?;(l)(“ +ay + Y+ ap +n)"i)x (1_[?_—10,1"9é

S a5t a )

we can express Q‘(:)(u)(u 4+ai+ j)iforl <i<r 0<j<n asfollows:

r

Si Sir
OV @ +a+ )" = Ry [T o, e x [T | T s, v

m;=1 i'=1,i"#4i \my=1
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where Ql("c)m w(u) stands for either Qj c.n.w(u) or Qjcn—1,w(u) and s

l,,cm,w(u) stands for

either S;7 ¢ ».w(u) or Sy . n—1.w(u). Hence, we get

du

d S;i—V;
(—) OW () (u + ai + ) lue—ai—j
si—v)! [ d\D g [ d\™
= Z[0+11+~~~+1x=s,‘—vi —— X (d_l/l Ri’w(n)(u) X n:w:l s nggmi*w(u)

Il 1! du
s d [mi/ (n)
r S
X Hi’:l,i’;éi Hmi/=1 <E> Si’,cmi,,w(u) lu=—a;—j -
The same argument of the proof of [11, Lemma 3.3, p.184] , we have

eZforO<l<s; —v;,

1
(38) [n (den(ai))den(ai)”dfl<j—u> Q}ﬁ-)mi,w(“)

u=—aj—j

where Ql(’?m w() stands for either Q; c.n.w(u) or Qj c.n—1.w(Wt).
We can express
u—c)u—c—1)---(u—c—n))

S'/ . =
e = T ar + D a0
14 Biro,w Bi 1w T Bir n.w ’
(u+ar) (w+ar+1) (u+ap +n)
where
s l DECENY s l
Birjw= (—1)”*’“(0’ tita)laytitetn)

NNn—=1)!
Substituting b;s /den(a;) for a;/, we get

(=D den(a;) ™ [TiZo(bir + den(ajr) (c + 1 + k)
I!(n —1)! ’

Bi’,l,w =

Since

[Ti—o(i +den(ay)(c +14k)  [Ti_o(bi +den(a)(c +1+ k) nl(n 4 1)
l(n — D! B (n+ D! (n—D)!

’

we obtain

(39) den(ai/)”“,un (den(a;))By ;. we€ Z forn eN.

Using the relation (39), the equation

d\! d! B/
(40) (d_u> Sit eonw(tt) =— 1+(—l)ll![ L0

- du (air — aj — j)I*!

u=—aj—Jj
Bir 1w Bir nw i|
+ .1 : 4t N, :
(@ —a; +1— (ar —a; +n— ¥
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for 0 <! <s; — v;, and the definition of e;/ ;, we obtain

d l
(41) den(a; )" ! Mn(den(ai/))diljl_l b <E> Sir eomw (1) 2
u=-—a;—j
for 0 </ <s; — v;. Similarly, we obtain
d l
den(al-,)n+lun(den(ai/))dij:[_1+Mn <E> Siren—1.w () - e,
u=-—a;—j

for 0 <[ <s; — v;. Thus we obtain

(42) Stun(AY AN b e 7.

We conclude that S!u, (A)SAS(”“)dj:;["nden(ﬁ)"A}f’v)i’w(,B) € Ogp). From the defini-

tion (18) we get the equation

r n Si i—1
) B’ 1
P =X 6w (Gt i)
1

i=1 j=0v;=1 a
Sy (7den<“f>”fﬁj‘l S . A —
i b} (den(ai)(j — 1) + b)Y

Since we have S, (A)SAS(nJrl)er_AZinbi(?, vi.w € Z, then we conclude that

Stua(A) A VAZ y den(BY"dy), 1y 4 PN (B) € Ogp) -
This completes the proof of Lemma 4.3. O
We denote (0,...,0) € ]_[f=1 {0, ..., s;} by 0. Hereafter, we fix a subset
r
twijo= i) w D hsizri<j=q [0, s}
i=1
satisfying

w® 0 ifk#i,
i,j . . .
j ifk=i.
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We put the determinant of the following (s 4+ 1) x (s + 1)-matrix

P(n)(x) A(n) 0( X) ... Ainzl 0(x) A(”)O(x) A(n) 0(x)

é’?,() Aﬁ"},w,vlm oA w.1<> Ai”fw,lm . Aﬁf?,,w],,(x)

(n) (n) ' (n) . ' (n) . ' (n) '
—Pwm1 (0 A 0 o AT ) e AT ) AT )

(43)

lsl,wr,l

—PUL G AT @) AT ) e AT @) AT ()

—PY (x) Aﬁ’f{,ww @) ... AV L) Aﬁflf,ww @) o AR G0

by A (x) for every n € N. Then we have the following lemma.

LEMMA 4.4. Let A" (x) be as above. Then A™ (x) are non-zero rational numbers
foralln e N.

PROOF. Forw € [[i_,{0, ..., s;}, we define R (), c(") and b™ by

r N (Vl)

R (x) := Z(Z Al("v) W)@ (vi, ai,x)> (n)(x) an‘z 4,

i=1 “vi=1
and define
r Si
(n) ._ (n)
b = ]‘[( bi’n,j,wi’j).
i=1 \j=1
Then, we obtain

AM(x) =My € Q.

(cf. [11, Lemma 3.4] ). By Remark 3.1 and the definition of co 0, we obtain H™ # 0 and

c(()"()) # 0. This completes the proof of Lemma 4.4. O

5. Proof of Theorem 1.1

Theorem 1.1 is proved by using the results of Sections 2 and 3. We use the notations of
the previous sections. Fix a set of rational numbers {ay, ..., a,} C Q satisfying 0 < a; <
- < a, < 1. We use Theorem 2.4 for

Oion(x) =PWi,a;,x) : Do — C, 1 <i<r, 1 <v; <s;.
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PROOF OF THEOREM 1.1. Wedenote the set {(8, K) € Doo(@)xAQI B e K}by Wy

and fix an element (B8, K) € Wx. Let the polynomials {Al(v) w(x)}lfiS,,1Svi5si,we{0,wivj} U

{P‘iyn)(-x)}we{o’wivj} be defined by (17) and (18). Then, from the equality (21), we have

RW (x) = Z Z AL @i, ar,x) = PY () = o(x et

i=1v;=1

The above relation shows that {A(")

O @, PY (0} <i<r 1 zu=sswelow, ) satisfy (4) in As-

sumption 2.2.
We define the following functions

DI : Doo(Q) —> Nby g — S!M(A)SAS("+1>d§+Mnden(ﬁ)"d,f+(n_1)A,

£ Dy (@) —> Rsgby B > slog A+ Z q— + S(M + A) + logden(B) ,

g:prime

qlA
9% : Doo(@) —> Rxo by B — logmax{l, |B]} + (slogs + (25 + 1) log2),
h: Doo(@) —> Rxo by B > slog|B].

We note that £(°) and ¢(® satisfy the relation (10). From Lemma 4.4, we have A" (x) #
0. This shows that {A"

i w&)s PV(V") ()} <i<r1<v;<si,wel0,w, ;) satisfies the assumption (4).
From Lemma 4.3, the family of functions {D,, : D (@) —> N}, en satisfy the assumption
(6). From Lemma 4.3, f(° satisfies the assumption (7). From Lemma 4.1 (22), ¢° satis-
fies the assumption (8). From Lemma 4.2, 1% satisfies the assumption (9). We define the

following function:

[Koo : RI(g©(B) + h®(B))
[K 2 QB Xoreryy,, (FO@B) + g (h)

Using Theorem 2.4, we obtain the following inequality:

F©®: Woo — Rxg by (B, K) >

S1 Sr
dimK<K + ) Kd@iaL B+ 4 Yy K@(vr,ar,m) > F™)(B, K)

v1=1 vr=1

for all (B, K) € Wxo. This completes the proof of Theorem 1.1. a

Part II. p-adic case

6. Lower bound of the dimension of vector space spanned by p-adic numbers

In this section, we recall an estimation of a lower bound of the dimension of the vector
space over a number field spanned by p-adic numbers. The method is based on that of Siegel
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(cf. [18]) and a p-adic analog of Lemma 2.1. The following Lemma was proved by Pierre Bel
in [2].

LEMMA 6.1 ([2,lemma4.1]). Let K be an algebraic number field. Let 6 :=
(1,61,...,65) € (C;‘H. Suppose that there exist (s + 1) linear forms

S
LY (Xo,....X) =Y AMX, O<w<sineN),
v=0

for all n € N with coefficients {A,(ffzu}ogv,wss C Ok, which satisfy det((Ar()}:ll)l))Ofv,wSS) # 0.
Suppose there exist positive real numbers {c;}ce1, and p satisfying the following conditions:

lim su <cgforeacht € Ik and) <w <,

n

log ||TLY]|
n

lim su
n

)
log | Ly, (8
pwf_pforalmswﬂ-

Then we have
[Kp : @p]p
Z‘[EI}( Cr

REMARK 6.2. Under the assumption of Lemma 6.1, we assume that {A,(ff,)v}osv,wfs C

(n)
. e log [|T Ly’ |
7 and there exists ¢ > 0 satisfying lim sup, ————— < cforallt € Ix and0 < w <'s.
n

(44) dimg (K + KOy + -+ -+ K65) >

Then, for an algebraic number field K satisfying [K : Q] = [K, : Q,], the conclusion (44)
becomes

(45) dimg (K + K6y + -+ K6,) > 2.
C

We remark that the right hand side of (45) does not depend on K satistying [K : Q] = [K), :
Qpl.

7. A construction of Padé approximation of formal Laurent series

In this section, we give a construction of Padé approximation of formal Laurent series
due to the method of Rivoal (cf. [17, Proposition 4] ). Throughout this section, we fix a
subfield L of C.

DEFINITION 7.1. Let A be a real number and f : R.4 —> C a function. We say
f(x) has an asymptotic expansion at x = oo over L if there exists a sequence {ax (f)}kez., C
L which satisfies the following condition for all N € Zx: .

N—1
(46) fO) =" ar(Hx ™ +0(xN) (x > 00).

k=0
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We note that the coefficients {ax (f)}rez., are determined uniquely from f. In fact
lim f(x) if N =0,
X—>00
(47) an(f) = =
lim xN(f(x) -> ak(f)x_k) ifN>0.
X—>00
k=0

We define a ring M If‘ as follows:

Mf = {f :R.a — C| f has an asymptotic expansion over L at x = 0o} .

From the equality (47), we can define the following L-homomorphism:

> 1
(48) wa: Mp — Ll f@) e Y e
k=0

REMARK 7.2. Let A, A’ be real numbers. Suppose A < A, there is a natural ring
homomorphism ¢, ,» : M If‘ — M If‘ and the set {M f, @4 4" }acr becomes a direct system
of rings. We denote the ring of direct limit of the above direct system by M := h_I)n AcR M Z‘.

Note that, since there is the equality (47), the coefficients {ax(f)}kez., in the equalities (46)
depends only on the image of [ f] € M and are determined uniquely for [ f] € M. We can
also define an L-algebra homomorphism

> 1
7ML — Ll 1= Y a5z -
k=0

By definition of 74 and 7, we have the following commutative diagram for all A € R,

Mp s Lt

i |

M, —— Lllx]l.
where i 4 is the canonical homomorphism.

We denote 4 (f) by f (X) for feM If‘. If L C Q, there is a natural homomorphism
tpoisd P LI% 11— tp o i (DII£]I.
EXAMPLE 7.3

1. For a natural number s and an element o € @ \ Z<o, we have O (s, a, x) € Mé(a).
The formal Laurent series

. > 1 1
Dys,a,X) = Z m+a)y Xl € Q(O‘)[[%H
m=0
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converges on D,.

2. We fix a pair of algebraic numbers (g, o2) € (QNR-) x {x2 € Q| |x2] = 1}. Let s
be a positive integer and assume s > 2 if «p = 1. Then we have ® (s, x +a1, a2) € M(%(al @)
We denote the formal Laurent series obtained by the asymptotic expansion of ® (s, x +a1, @2)
with respect to the parameter x at x = oo by Z‘,,(s, ar, a2, X) € Qoy, ag)[[%]]. Then we

have the following identity:

6(0{2) 1 o (—1m*! 1
(49) fp(s X +aj,a) = — 11 + gmBm-H(al,az)(S)mW
0 ifor #1 . .
where €(a2) = Ui . and By (a1, o) are defined by the following generating func-
ifap =1,
tion:
0[][ S k
aze’ 7 2::0 k(al,az)—.

The identity (49) was proved by Katsurada in [10, Theorem 1].
From the later Lemma 10.13, if oy € Q-0 NZp, and 1 < | — 1], or ap = 1 then

Ep(s, ai, az, X) converges on D). Note that Ep(s, o1, a2, X) depends only on s, o1 + X, orp
in this case.

PROPOSITION 7.4 (cf.[17, Proposition4]). Let I, s be natural numbers. Let fi(x),

o fs(x) € Mf. Suppose there exists a family of polynomials {Pv(")(x)}osugs C L[x]
which satisfy the following properties:
Let R(x) = Pyp(x) + ij:l Py (x) fy(x). Then R(x) satisfies

Rx) = o(x_l+1) (x —> ).

Then, we have degPy(x) < max|<y<; degP,(x), R(x) € M and R(X) € L[[]] satisfying

N
A 2 l
RX) = Po(X) + D Pu(X) fu(X) € ()"
v=1
PROOF. Put gq, = degPy(x), ¢ = maxi<y<sqy and define b, ; by P,(x) =
Z‘;”ZO bv,jxj for 1 < v < s. From the definition of le‘, there exists {ar(fv)}kez., C L
satisfying the following condition for f, (x):

N
(50) fo@) =) a(f)x ™+ o) (x — oo) forall N € Zs.
k=0
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By using (50) for any N > ¢, we obtain

s s Qv
G Y P fulx) = Q(x)—i—Z[Z 3 bv’jak(fv)xj—k] b o(xNy.
v=1

v=1 j=0 0<k=N
—N+g=<j—k<0

where Q(x) is a polynomial with coefficients in L which satisfies degQ(x) < ¢g. Using the
equality (51) in the case of N = [ 4 g — 1 and the assumption

R(x) = Pox) + Y Py(x) fo(x) = o(x "1y,

v=1
we obtain Py(x) = —Q(x) and
N
R(x) = Zak(R)x_k +o(x Ny (x > oo) forall N € Z=y,
k=0
where
0 if N <1,
an(R) = s . ,
Zuzl Zj:()bv,jaN-i-j(fv) itN >1.

This shows that deg Py(x) < maxj<,<sdegP,(x), R(x) € M]‘:‘ and 7%(X) € (%)l That is the
statement of Proposition 7.4. O

8. A criterion of linear independence of special values of p-adic functions

Letf, := {f1,p(x), ..., fs,p(x)} be a finite set of C,-valued functions defined on D,,.
For an algebraic number field K and an element 8 € D, (K), we denote the K-vector space
spanned by f1 ,(B), ..., fs,p(B) by Vk (f,, B). In this section, for f,, with some assumptions
(see Assumptions 8.1, 8.2 and 8.3), we give an estimation of a lower bound of dimg Vg (f,,, B)
by using the method in Sections 6 and 7. Let L be an algebraic number field, A a real number,
s a natural number and

9U2R>A—>(C

be elements of M f for 0 < v < s with fp(x) = 1 for all x € R. 4. Firstly, we assume the
following important assumption:

ASSUMPTION 8.1. We assume that 8, ,(X) 1= (, o 1} (8,(X) € L[[%]] converges

on D), forall 1 < v < s. Namely, év, p(X) can be regarded as the functions on D), for all
1 <v<s.

We consider a family of polynomials

{AI()}:?U(X)}OSU,wfs,neN C L[x],
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to approximate {6, (x)}o<y<s. Introduce a family of functions on R 4, {R,(ﬁ) (%) }nen defined
by

N

R () = AL, (0)0y(x)
v=0

for0 < w <s. Weput A,(x) = det((A,(ff,)v(x))oSv,wSS) € L[x]. We assume the following

assumptions on {Aﬂ'f’w(x)}ofv,wss,,,eN C L[x]:

ASSUMPTION 8.2. Suppose that there exist an integer / and a non-empty subset V), C
D, (Q) satisfying the following conditions:

(52) R (x) = o(x ™ H) (x — o0) foralln e Nand0 < w < 5.
(53) We have A, (B) # 0 forall B € V), and infinitely many n € N.
(54) There exists a family of functions {D,, : V), —> Z\ {0} }nen satisfying

Dy (B) € Oy and D, (B)AL),(B) € Opp)
forallB € Vp, 0 <v,w <sandn € N.

ASSUMPTION 8.3. We use the notations as above. Suppose that 7(8) € V), for all

BeVyrte I&;) and there exist some constants ci, ¢, c3 > 0 such that the following
conditions hold for enough large n.

(55) There exists function £ : V, — R satisfying [t D, (B)] < per+o() nf? p)

forall p € Vyandt € I} .

(56) There exists a function g : V, — R satisfying |IAI()"’20 B < pe2+o) ng ) (@h)
forall € V,and 7 € 1&1)3) .

(57) There exist functions {E), : V), —> OC,, \ {O0}},en satisfying
[Ea(BYRY (B)]p < n oW1, forall g€ V.

(58) There exists a function hP) Vy, —> Ry satisfying

1Du(B)/En(B)]p < n4T°De="" B forall € V.

REMARK 8.4. We use the notations as above. Without assuming (58), we have the
following estimation by using Proposition 7.4:

IDL(BYRY (B)]p < nerto g ns

forall B € V,,0 < w < s and n € N. The assumption (58) is important to improve the
estimation.
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« 1
REMARK 8.5. We define ¢y, by 0, p(X) = anozo cv,mﬁ and suppose that there

exists ¢ > 0 satisfying |y m|, < mT°D (m — o00) forall 0 < v < 5. We also assume that
there exists a family of functions {E,, : V), —> O(cp \ {O0}},en satisfying

En(B)AJ),(x) € Oc,[x] forall B € V, andn € N.
Then there exists c¢3 > 0 satisfying
|E.(BYRD ()] < n|Bl,"™ forall B € V, andn € N.

Under Assumptions 8.1, 8.2 and 8.3, we obtain the following (Type A), estimation of

lower bound of the vector space spanned by the special values of {év, p(X)}o<v<s-

THEOREM 8.6. Let L be an algebraic number field, A a real number, s a natural
number and

9U2R>A—>(C,

be elements of MZx for 0 < v < s with 0y(x) = 1 for all x € R. 4. We assume Assump-
tions 8.1, 8.2 and 8.3 for {6, (x)}o<v<s. We denote the set {(B,K) € V, x Ar| B € K} by
Wy,. We define a function

[Kp: Qpl(hP(B) + slog|Blp)
= .
(K : QB Yceryqyy (f P (@B) + g7 (1))

Then we obtain the following estimations of dimension of vector space spanned by the special

FP W, — Rog, (B,K)

values of {0,(x)}o<v=s:
dimg (K + Kb (B + -+ Kés,,,(ﬂ)) > FP(B, K)

forall (B, K) € W),

Theorem 8.6 is a p-adic analog of Theorem 2.4. Since we can deduce Theorem 8.6 from
Lemma 6.1 by using an argument similar to that used in the proof of Theorem 2.4, we omit
the proof of Theorem 8.6.

COROLLARY 8.7. Under the same assumption of Theorem 8.6, we obtain the follow-
ing criterion of linear independence of special values of {éu,p(x)}05ugs-
Suppose (B, K) € W), satisfies

S[Kp : QI P (B) + slog|Bly) < [K : QBT Y (fP(h) + g (B)).
telgp)

Then we obtain:

dimg (K + K1, p(B) + -+ Kby p(B)) =s +1.

In the next section, we prove Theorem 1.3.
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9. Proof of Theorem 1.3

We use the notations of the previous section. Before starting to prove Theorem 1.3, we
show the following lemma.

LEMMA 9.1. Under the notation as above, we define a constant function
Ey:Dp —> Z\{0}, B> S'ua(A A DGS o dd
Then there exists a positive number c satisfying the following inequality:

(59) |E, (,3)7@5;1’)[, By < n"|,3|[_,"5 for any sufficiently large n .

PROOF. From the relation (42) and the definition of A" _(x) and P{ (x), we have

1,0, W
the following relation:

(60) E,(B)A" (x) € Zylx] forall 1 <i<r, 1 <v; <s,

i,v;,W

E,(B)PI (x) € Zylx].

Let a be a positive rational number. We put a; = aden(a). Then we have the following
inequality:

1
(61) ‘7 < (den(@)m + ap)’ = m" D (m > 00).
m+a)|,
From Remark 8.5, we obtain the desired estimation. a
Fix a set of rational numbers {ay, ..., a,} C Q satisfying0 < a; < --- < a, < 1. To

prove Theorem 1.3, we use Theorem 8.6 for
Oiv)(x) =P, a;,x) :Roy — C, forl <i<r, 1 <v <s;.

PROOF OF THEOREM 1.3. We define the following functions:

D, : Dy — Nby B > Slu, (A A*0aS  den(B)'dy, (14 -

E,: Dy —> Z\ {0} by B > Sl (A A0S add

f(l’) :Dp — Ryoby B> slogA+s Z 61]0%611 + S(M + A) 4+ logden(B) ,

A

9P D, —> Rsg by B logmax{1, | 8|} + (s logs + (25 + 1)log?2)

hP) . D, —s Rog by B+ slog|fl,.
From Lemma 4.4, we have A®W(B) # 0 for all B € D,(Q). This shows that

{Afﬁj)i’W(x)}15,'3,15Ui53i,w5{0,wi,j}U{Pv(Vn) (x)}we(o,w, ;) satisfies (54) in Assumption 8.2. From

Lemma 4.3, the family of functions {D, : V, —> N},cn satisfy (55) in Assumption 8.2.
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From Lemma 4.3, f(”) satisfies (56) in Assumption 8.3. From Lemma 4.1 (22), g(f’) satis-

fies (57) in Assumption 8.3. From Lemma 4.2, h(P) satisfies (59) in Assumption 8.3. For
Wy :={(B, K)| B € K}, we define the following function:

[K) : @p](h(p)(ﬂ) + slog|Blp)

FO - w R0 by (8, K '
R Y OB ey, SR + P ()

Using Theorem 8.6, we obtain:
dimg (K + Zf,ﬂ:l K®,(vi,a1,B)+ -+ PN Ko, (v, ay, ,3)) > FP)(B, K)
for all (8, K) € W,. The above inequality is the one that we want to prove in Theorem 1.3.
O

10. Proof of Theorem 1.5

10.1. A simultaneous Padé approximation of the Lerch function. To prove The-
orem 1.5, we give a Padé approximation of the Lerch function that is different from that of
Section 3. Let r be a natural number. From here to the last section, we fix r natural numbers
St,...,8, and r rational numbers aj, ..., a, satisfying 0 < a; < --- < a, < 1 and put the
following numbers:

,
s = E Si
i=1

A :=l.c.m.{den(ai)}1<i<r ,

M :=lcm.{den(a; — a;)}i<iir<r, i’ »

e =M(ay —a;)foralll <i,i' <r,
e:= max |ey;],
1<i,i’<r

S := max s;,
1<i<r

T := min s; .
1<i<r

In this section, we give a Padé approximation of the Lerch function {®(v;,x +
ai, X1)Y<i<r1<v;<s;+1 With variable x.

For a positive integer n and w := (wy, ..., w;) € ]_[le{O, ..., 8 + 1}, we put
uwm+1)---(u+n)

[l [+ x +a)i ™ @+ +a; +myv ]

H{P (x,u) == (n)™ !

3

o
HD (x, x1) = Z H® (x, myx; ™.

m=0
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We define a family of rational functions {d(") (X)}<i<r,0<j<n,1<vj<s;+1 by

i,],0i,W

r osi+l n (”l) (x)
62 H (x, LY :
( ) W(x u) lXI:UZ_l]X(:)(M_'_x_'_al_I_J)U,

and a family of polynomials {Dl(r:)) WX x1), OW (x, x)h1<i<r 1<v<si+1 C Q0)[x1] by

n

(63) D L(eox) =y d"oxd
j=0
r n si+lj—1 xj—l—l
o 0 e = 0 5 S )
i ( + a;)v
i=1 j=1v;=11=0
In the following, unless we mention, we denote w as an element of ]_[le {0,...,s; + 1}

REMARK 10.1
1. By the same argument of the proof of Theorem 1 in [17], we can show that

D) (x,x1) € Qlx, xiTand QY (x, x1) € Qlx, x1].
2. By the same argument as is given in Remark 3.1, we can show the following:
degXIDl(u)) W(x, x1) = n for all n € N with w satisfying w; > 1.

3. Since we have the following equality:

dz(r;)v w(x) =
(Dt cd T -
Gi—u+ D) \du Hy' ' (x, —u — x —a;)(—u+ j)" =

for0<j<n—-1,1<v <s;i+1,

- _—
% <%) Y (== x = a) (= + 1)
for j=n,1<v <w,
0 for j =n,v; > w;,
we have
65)  deg, D™ (x,x)=n+lforalll <i<r, 1<v <s+landw.

For simplicity, we denote D™ (x, 1) by p™ (x) and Q(")(x 1) by Q(")(x). From

L,V ,W L,V , W

the definition of 7—[53 ) (x, @) and the same argument of the proof of Lemma 3.2 and that of [17,
Corollary 2], we obtain the following proposition.
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PROPOSITION 10.2 (cf.[17, Corollary 2], [2, Corollary 5.2]). Let o € @ satisfying
|| > 1. Under the notation as above, we put w = Y _;_, w;. Then we obtain ’Hgl)(x, a) =

o(x~sHwin(r=0=3)y (x 5 o0) and the following Padé approximation of the Lerch function:

roosi+1 (n) (n) .
D' 3 ¢ [ 5 ) - 3 f l ’
66)  HW(x,a) = 22! i (X @i, X +ai, ) w (x o) ifa#

S|l e x a1 — 08 () ifa=1.

10.2. Some estimations. We denote (0, ...,0) € []'_,{0,...,s; + 1} by 0. Here-

after, we fix a subset

.
1
{wij = (w,sj), wy})}lgigr,lgjgs,«+1 C H{O, s s+ 1}
i=1

satisfying

w® 0 ifk#i,
i,j . . .
j ifk=i.

We denote the determinant of (s +r + 1) x (s + 7 + 1) matrix

(n) (n) (n) (n) (n)
_Q(o) (. x1) [(’1),1,0 [()l),x1+l,0 l()r),l,o l()r),s,.+1,0
n n n n n
_Qw],l(x'xl) Dl,l,wl,l Dl,.&‘]+l,W1‘] Dr,l,wL] Dr,xr+l,wl,1
o ) o o )

QWI»SIH (. x1) Dlvlvwl,.cl-H D1~S|+qu1,s1+| DV,1~W1,51+| Dr,sr+l,w1,sl+1
o) n ' - ' (ni ' o)
—Qw,,; (x.x1) Ditw,, Dy si41w, D lw, | Dr.srow,

o - o e )
QWr,sr+1 (x,xp) Dl,l,wmr_H Dl,s1+l,wmr+1 Dr,l,wmr_H Dr,errl,w,vSr_*_l

by A®™ (x, x1) for n € N where we denote Dl-(flj)’w(x, x1) by Dl("j)W
Under the notation as above, we have the following lemma that corresponds to the as-

sumption (54).

LEMMA 10.3 (cf. [2, Proposition 5.9], [2, Proposition 5.10]). Let AW (x, x1) be as
above. Then A™ (x, ) has zero only at x € {—ay, ..., —a,} fora € {@ € Q| |a| = 1}\ {1}
andn € N.

Proof of Lemma 10.3 is based on that of [2, Proposition 5.9]. Before proving
Lemma 10.3, we give some preparatory lemmas.

LEMMA 10.4. Let n be a natural number. Then A" (x, x1) is divisible by H?:l (x +
ai)S,‘-i—l-
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LEMMA 10.5. Let n be a natural number and fix x| € C satisfying |x1| > 1. Then we
have the following relation:

A (x, x1)
Re(x)— o0 xSt

Especially, we have deng(")(x, X)) <s+r.

Note that from Lemma 10.4 and Lemma 10.5, there exists a polynomial Q(x1) € Q[x]
satisfying

-
(67) AW e xn) = QG [ Jor +an ™
i=1
LEMMA 10.6. Let n be a natural number. We have A™ (x, x1) # 0 and the following
inequality:
deg, A™(x,x1) <n(s+r)—2.

LEMMA 10.7. Let n be a natural number. Then A™ (x, x1) is divisible by x{.

LEMMA 10.8. Let n be a natural number. Then A(")(x,xl) is divisible by

(xl _ 1)(s+r—1)n—2'

REMARK 10.9. Lemmas 10.4, 10.5, 10.6, 10.7 and 10.8 are generalization of Lemmas
5.11,5.13,5.12, 5.15 and 5.16 in [2] respectively. Since Lemmas 10.4, 10.5, 10.6, 10.7 and
10.8 can be proved by the same method of Lemmas 5.11,5.13,5.12,5.15 and 5.16 in [2], we
omit the proof of them.

PROOF OF LEMMA 10.3. From the equality (68), Lemma 10.6, Lemma 10.7 and
Lemma 10.8, there exists an element § € Q* satisfying

,
(68) A(n)(.x,x1) — SXIL(Xl _ l)(s+r—l)n—2 l_l(x +ai)si+l .

i=1
The equality (68) shows Lemma 10.3. O

REMARK 10.10. We explain the reason why we exclude « = 1 in Theorem 1.5 for
r > 2 (cf. Remark 1.6). For a set

,
wiowe [0, s+ 10,

i=1

satisfying w; # w; fori # j. We denote the following determinant of (s + 1) x (s + 1)
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matrix
(69)
(n) (n) (n) (n) (n)
_szl)(x) D},Z)!wl(x) D%,s)ﬁrl,wl(x) D?z)’wl(x) qusr+1,W|(x)
n n n n n
_sz(x) D1,2,w2(x) Dl,s1+l,w2(x) Dr,2,w2(x) Dr,sr+1,w2(x)
n n o o o
_Qwsl+l(x) Dl,Z,wslH(x) Dl,.&‘]—o—l,wSIH(X) Dr,Z,wSIH(x) Dr,xr+l,w51+1(x)
- w o o o
_Qws—sr+2 ) Dl,Z,wS,SrJrz(x) T Dl,.v]+l,ws,5r+2(x) Y Dr,2,ws,5r+2(x) T Dr,xr+l,w5,s,,+2 )
0 m o o o
_Qws+l ) Dl,2,w5+1 CORNES Dl,‘\‘1+l,w5+1 O Dr,2,w5+1 CORNRES Dr,xr—o—l,wsﬂ )

by A™ (x) for every n € N. For r > 2, we will show the following:
(70)

,

A™ (x) = 0 for any sufficiently large n and any {wy, ..., wey1} C 1_[{0, A T ol §
i=1
Then the assumption (55) for {—Q‘(:j) (x,xDh<j<st1 U {Di(’r:))i’wj (O h<i<rl<v<si+1,1<j<s+1
is no longer satisfied for any {wy, ..., Wy} C ]_[f=1 {0, ..., s; +1}. For this reason, we have
to exclude « = 1 in Theorem 1.5 for » > 2. We shall prove (70). Fix a set {wy, ..., Ws11} C
[T;_,{0,....s; + 1} satisfying w; # w; fori # j. By the same argument as proof of
Lemma 10.4 (cf. [2, Proposition 5.11]), we obtain

,
[ [ +a)A™ ) foralln e N.
i=1

Especially we have
(71) degA™(x) > 5.
Next, we show the following:

A ()
(72) lim 2 W

Re(x)—>oo  X*

= 0 for enough large n .

Let i and j be integers satisfying 0 < i <r —1land2 < j < 5,41 + 1. By adding the
( Jj+ Z;: 1 sl)-th column of the matrix (69) multiplied by ®(j, x + a;, 1) to the first column

of the matrix (69), we obtain the matrix (73) below. Note that if i = 0, we mean Zle s; = 0.
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(73)
(n) (n) (n) (n) (n)
’Hz,vl)(x) D},Z),wl(x) D},s)ﬁrl,wl(x) D?z)!wl(x) Dr,sr+l,w1(x)
n n n n n
Hiyy () D1,2,w2(x) Dl,s1+l,w2(x) Dr,2,w2(x) Dr,sr+l,w2(x)
) m o ] Cw
stIH(x) Dl,2,w51+1(x) Dl,.&‘]—o—l,wSIH(X) Dr,2,w51+1(x) Dr,.\‘,~+l,wsl+1(x)
m w ) L m o
st—sr+2 ) DI,Z,WS,S',+2 CORNES Dl,sl—b—l,ws,swrz O Dr,Z,WS,Sr+2 CORNES Dr,.\‘,~+l,w5,s,,+2 (€
) m ] ] o
st+1 ) Dl,2,ws+| CORNNES Dl,‘\‘1+l,w5+1 O Dr,2,ws+] CORNNES Dr,xr—o—l,wsﬂ )

Since the determinant of (69) is equal to that of (73) by definition, the determinant of (73) co-
incides with A™ (x). Thus, it suffices to show that the determinant of (73) is zero. Denote the
(1, g)-th cofactor matrix of the matrix (73) by A;")(x). We calculate the cofactor expansion
of the matrix (73) at the first row, we obtain:

s+1
AW () =Y (DI HG DA ().
g=1
From the definition of 7—[‘(;"1) (x), we have
0 A ()
- Ay (x)
(n) (n) _ (oS Hr—1 (M) 1 q
Hu (AL (x) = () =1y . :

m=0 1_[;:1 [(m +x+a;), (m+x+a + n)wqj]
where wy ; is the i-th factor of w,. Since we have deg&,(]n) (x) <s(n+1) (see Remark 10.1
3 (65)),

AP (x) (M)nt1
x$OFD T (m + x + ai)n

(M)t 1A4" ()
[Tz [(m Fx+a)itm+x +a + n)w‘”]

AP @) () 1
xs(n+1) (m + x)n+3 xn(r—l)—3

b

A(")(x)

xS

and r > 2, we obtain limge(y)— oo = 0 for enough large n. From the relations (71)

and (72), we obtain (70).
We have the following lemma that corresponds to Assumption (54).

LEMMA 10.11 (cf. [2, Proposition 5.5]). Let « be a non-zero algebraic number. Then
we obtain the following relations:

(74) d:li-i-ld:j_‘}rw—nsi—lp["/([’—l)]pOpo(dCﬂ(tli)) max{1, |O{|p}"D-(n) (x, ) € O(C,, [x],

i,v;,W
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ol str—si—1 _ )
d:lt—‘rld;i_;-wng p[n/(p 1)]p0rdp(deﬂ(ﬂz)) max(1, |a|,)" Q&:,’) (x,q) € O(Cp [x].

Let b be a rational number satisfying b + a; # 0 forall 1 <i < r. Then we also obtain the
following relations:

(75) sl (den(b + ap))den(b)den(e)” D™

e+Mn l,v,-,w(b’ Ol) € OQ(U) ’

ds T , (den(b + ap)den(b)den(@)" QW (b, @) € Oga) -

PROOF. From the equality (62), we have

(76)
1 d si—vi+1 ) Y
- | = Cy—y — ) (— H\si+1 .
(si —vi + l)!(du) Hy " (x, —u —x —ai)(—u + )" |u=j
for0<j<n—-1,1<v <s;i+1,
d(n) (x) — 1 d w; —v; @ ‘
o wroil\a) B e s x e u ) e
| 1)-
for j=n,1 <v <w;,
0 for j =n,v; > w;.

We give natural numbers which are divisible by the denominator of d l.(’;) -

(x). Firstly, we
calculate

1 d si—vi+1
(51 — v + 1)v<5> HP (v, —u = x = ai)(—u + )"
[ .

forO0 <j<n—1,1<v; <s;+ 1. We have the following equality
(77)
HY (0, —u — x —ap) (—u + j)it!
)t N —u—x —ap)(~u—x —a; + 1) - (—u —x —a; +n)

[Tz (1_['}71 (—u+ (@ —ap) + )5 (—u + Gy — ap) + ")wi,) (n?’;l(),j’#j(_u + 0t u ")wi)

() (= x —ap) -+~ (—u—x —a; + ) A st
= n—1 : s 1 : W l_[ Ii’,n(”)w’,Ii’,n—l(”)\' e
J1=0,jrj CUH I U AWy

where the functions /;/ , () and I;s ,—1(u) are as follows:

n!
78 L, (u) = fori’ #1i,
(78) i".n (1) Cutar—a)  (—uta —a+n #

n!
79 L pe1(u) = fori’ #1i.
(79) i',n 1(u) (—u+ay—a) - (—utay —a;+n—1) #

From the proof of Bel [2, p.204] , we have the following equality:
(n!)si(—u — X —ai)...(_u —Xx —aq _,’_n)

[T}z, e (—tt + 35 (—u + my

(80) = Fu)G )" H (u)
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where
(—u—x—aj)y . n! .
Fu)=——"——(@Cu+j), Gu)=——(u+),
(—t)n+1 (=u)n+1
and
Hw)=n—uw) Y (—y—x—a+n).

Also we have the equalities:

1)
n! _ i(_l)j/ n! 1
(cutay —ap o (Cuday —aitm Gt = O di =i+
(82)
n—1 ' 1

n! _Z( l)j, n!
(—u+ap—a)---(—u+ay—a; +n—1) _j’:O Jlfn—j =D —u+a —aj +j

1 /d\’
For a non-negative integer v, we denote = <d_> by 9,. From the equality (77), we obtain
v! \du

1 d si—vi+1 @ 1
I R n e v — A (— NS+ .
3 (si —vi + 1! (du) Hy"(x, —u =x = ap)(=u +j) lu=j

Si
= 00 (Flu=j [] 0w, (Gluzjdu, . (H)lu=,
4

k=1
w;/ s +1—w;r
< [TTT 0w, Urmlu=i [T 0w, Urn—)lu=; -
i'#i k=1 ky=1

Here the sum ), stands for all possible summation arising from the Leibniz rule. Note that
the ‘index’ of 8,,),(_ 41 18 V41 and it is not vy, + 1. As for the second case of (76), we obtain a
similar presentation to (83). The argument to deduce the presentation for the second case is
the same as (77) to (82) for the first case. Finally, by applying the same argument as the proof
of [2, Proposition 5.5] to these representations for (76), we conclude (74) and (75). O

For a rational number b satisfying b+a; # Oforall 1 <i < r, we denote l.c.m.{den(b +
ai)}1<i<r by B(D). We define the following functions:
Dy : Dp(Q) —> Z\ {0} by b > d3 1@ T -T=1 1, (B(b))den(b)den(a)"

e+Mn
]
FP i Dp(@) —> Regbybis S+ M(s+r—T—1+ Y % +logden(a) .
g:prime

q1B(b)

Then from Proposition 10.11, {D,},cn satisfies the assumption (56) and there exists ¢; > 0
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such that
(84) 1D, (b)] < n1e™ 7O

The inequality (84) corresponds to the assumption (56). We have the following estima-
tion that corresponds to Assumption (57).

LEMMA 10.12. Let 8 be a complex number satisfying p+a; ¢ Z<o forall1 <i <r.
If n € N is enough large, then there exists ¢ > 0 which is independent of n and satisfies the
following inequality:

(85) max  {ID" (B, ), 10 (B, @)} < n°max{l, |a|"} exp(ns log2).

. i,v;,W
1<i<r,1<v;<s;+1 b

PROOF. We fix an enough large natural number & satisfying the following conditions:
2 2
(86) lai, — ai,| > % and 1 > |a;, — a;,| + % forall 1 <iy,ip <riy #i2.

Firstly, we give an upper bound of {|dl.(’r;.)’ UI,’W(,B)|}1<j<n,15v,.53,._|r1 for a fixed i.

Wefix | <i <r 1 <v <si+1land] < j < n. Using the definition of d"), | (B)
given by (62), we get
R
B 277\/__1 |u+j+ﬂ+czi\=%

From the equality (87) and the definition of Qg’ ) (1), we obtain

(88)

(87) di(,r}),vi,w(ﬂ) H‘g’l)(x’u)(u +,3 +a ~|—j)”i_1du.

1w B < KTVsup g1t HHY ()

) @

[Tes [t B+ @i ™ @+ B+ n+ap |

< kU .
= KTSUP g gy ji=1

() S (7) I
[Ti— [(u +B+ay  wt+Bn+ ai’)wi/]

following inequalities foru e {fu e C | [u+ 8 +a; + j| = %}:

We give an upper bound of . We have the

@) Wil =lw+p+ai+j—p—ai—j)-w+p+ta+j+n—p—a —j
=+ DU +n= )
where f is a natural number satisfying g + a; + % < f. Estimating a lower bound of

|(u + B +ap)sl and [u+ B+ ay +n|foru € {u € C|lu+p+a;+jl =1}, wegivea
lower bound of |u + B +a; + j + (@ —a;)) + (1 — j)|forl <i’ <r,0<I<n:



(90)

o1

92)
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(In the case of i’ = i)

u+B+ai+j+@ —a—-p+U-pPlzyj-1-1

(In the case of i’ > i)

lu+p+ai+j+ @ —a)+U—-jl=

(In the case of i’ < i)

lu+p+ai+j+ @ —a)+l—-jl=

1

k
I—j—1
1
k
j—1-1
I—j
1
k
j—1
I—j—1
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ifl=j-1,j,j+1,

ifj—1>1,
ifl>j+1.

ifl=j—1,7,
ifj—1>1,
ifl>j.

ifl=j,j+1,
ifj>1,
ifl>j+1.

From the inequalities (92), (91) and (92), we have the following estimation for 1 < i’ < r:

93)

n—1

@+ B +aial =[] lu+B+ar+1l

=0

n—1

=[]lu+B+ai+j+@ —a)+d—jl

=0
(n — !
k3n3

We also have the inequality:

(94)

lu+pB+apy+nl=lu+p+a+j+ @ —a)+®n— =

’

x| =

for 1 < i’ < r. From the inequalities (88), (89), (93) and (94), we obtain

95)

() R (/) P

-
k=SUP gy ji= 1

e @D = !
R

s+r—1
= nC' <n)€ '
J

S ncz 2sn

[Ty e+ a4+ n + ap)r
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where ¢, c1, ¢ are positive constants. From the inequality (95) and the definition of
D™ (B, a) and Q% (B, ), we obtain the desired estimation. O

LV, W
We define the following function on D, (Q):
P): D,(Q) —> Rsg by b > logmax{1, ||} + slog2.

Then there exists ¢ > 0 such that
(96)
max (D" (b, )], 10D (b, )|} < n2e™"® forall b € D, (Q).

l<i<rl<vi<si+lwel0w;} oUW

10.3. Proof of Theorem 1.5. We use the notations of the previous section. Before
starting to prove Theorem 1.5, we show the following Lemma relating with the convergence
of Z‘p(v, a,a, x).

LEMMA 10.13. Leta € QNZ, and a € {a € Q | |a| = 1} satisfies a = 1 or
1 < |a — 1|p. Let v be a natural number satisfying v > 2 (resp. v > 1) ifa = 1 (resp.
1 <|a—1|p). Then fp(v, a,a, x) converges on D).

PROOF. We claim that the set {|Bx(a, o)|p}ren is bounded for (a, @) € ((@ N Z,,) X
{o € Q| |a| = 1}. Firstly, we assume o = 1. Then we have the equalities

k

Bi(a.1)=)_ (lf)Biak_i.

i=0

Using Theorem of Clausen-Von Staudt giving an upper bound of p-adic absolute value of
Bernoulli numbers and the assumption for a, we obtain that the set {|Bi(a, 1)|p}ken is
bounded. Secondly, we assume 1 < |a — 1|,. Note that, from the definition of By (a, @),
we have the following equality:

TeaT o0 Tk o [ k Tk+1
T S B = z(z() ) .

k=0 ’ k=0 \i=0

Bk(x

k!
|a — 1], we have that the set {| B «|p}ken is bounded [12, p.24]. This completes the proof

of this lemma. o

1
where B, is defined by the generating function ———— = > 2 Tk, Since 1 <
ael

By Lemma 10.13, if we assume that ay,...,a, € Z, NQ and o € {a € Qo] =1}

satisfiesae = 1 or |a—1|, < 1, then Z’p(vi, a;, o, x) convergeson D . We define the following
functions:

(97) Ey: Dp(Q) —> Og, \ {0} by b 1> dyHasty - T=1 pln/ =1 podp () max (1, jar| )" .
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Then, from Lemma 10.13, the set of coefficients of E,, (vi,a;,a, x)isbounded forall 1 <i <
r, 1 < v; <s;. Then, from the relation (74), there exists c3 > 0 such that

(98) |E, (b)ﬁg‘ﬁ)p (b, )], <n® |b|;”T for some constant ¢3 > 0,

(cf. Remark 8.5). The inequality (98) corresponds to (59) in Assumption 8.3. We define
h'P) . D,(Q) — Rxq by

1 1
P (b) = E qul o8P —Hogden(a) log max{1, |e|p}.
— 4~ p—

q:prlme

qlA
PROOF OF THEOREM 1.5. We use the notations as before. Fix the following set:
{(a;, ), ..., (ar, @)} C (QﬂZp) x{a€eQ|al = 1} satisfying0 < a; < --- <a, <1
and use Theorem 8.6 for
Oivy(x) =P, x +a;j,) :Reg—C, 1<i<r, 1 <vy <s+1.

From Section 10.1, we defined the following functions:

n

D xox) =Y d" o]

Jj=0
n si+1j—1 xj—l—l
(ZERIED 3D 35 B) DY N tek sy
P A+ ap)v
i=1 j=0v;=11=0

o0
HD (x, x1) 1= Z H (e, myx; ™1
m=0

In Lemma 10.13, the set {6 y;)(x)}1<i<r, 1<v;<s;+1 satisfies Assumption 8.1. From Section
10.2, we defined the following five functions:

Dy : Dp(Q) —> Nby b > dSas i T=1,, (B(b))den(b)den(a)" ,

Ey: Dp(Q) —> Z\ {0} by b > dy+asfy Tt pt /=Dl porte ) max(l, ] )",
o

FP) D (@) —> Rogbyb s> S+ M@ +r—T—1)+ 289 | 1ogden(a),

r = 1

q-

g:prime

q|B(b)
g'P: D,(@Q) —> Rsq by b > logmax{1, ||} + slog2,

logg log p
qg—1

WP : Dp(Q) —> Rogbyb > »

g:prime

qlA

+ logden(a) — logmax{1, |e|,} .
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In the lemmas in Section 10.1 and 10.2, we can easily check that the functions Rff )(x, o) =
Hy (.0, {D)") (. XD <izr0 =541 welow,) U= 0% (. XD hwetow 1 Due En. P,

gP and h(P) satisfy Assumptions 8.2 and 8.3. Applying Theorem 8.6, we obtain the desired
estimation in Theorem 1.5. O
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