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Abstract. We consider the leafwise Brownian motion on a mapping torus of a homeomorphism on a compact
metric space. We prove a central limit theorem for a class of additive functionals of the leafwise Brownian motion
starting at any quasi-regular point and apply it to the leafwise Brownian motions on generalized Kronecker foliations.
As an auxiliary result, we also give an elementary proof of the characterization of harmonic measures for the leafwise
Brownian motion on the mapping torus.

1. Introduction

The notion of harmonic measures for leafwise Brownian motions on a compact foliated
manifold was introduced by L. Garnett [8]. She showed that (1) such a measure always
exists on any compact foliated Riemannian manifold, (2) any bounded Borel function on the
manifold being harmonic along each leaf is constant on almost every leaf with respect to
any finite harmonic measure, and (3) a Borel measure on the manifold is harmonic if and
only if it is locally (in a given foliated chart) decomposed into a measure on the transversal
and measures on the plaques each of which is expressed as a product of a positive harmonic
function and the Riemannian volume of the plaque. After Garnett [8] and [9], characterization
and statistical properties of harmonic measures are well studied by many authors in the case
of Anosov foliations of negatively curved manifolds (e.g. [1], [10], [14], [16], [17], [21] etc.).
A. Candel [2] improves Garnett’s approach and extends it to the general theory of harmonic
measures for foliated spaces. Candel considered a leafwise diffusion operator on a foliated
space and defined the notion of harmonic measures with respect to it. We note that harmonic
measures are characterized as invariant measures for the diffusion process generated by the
operator. The basic results for foliated spaces and harmonic measures are available in [3] and

[4].
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In this paper we consider a mapping torus M of a homeomorphism F on a compact
metric space M. Itis one of the simplest foliated spaces, which is a topological space obtained
by considering the product space R x M and identifying (u, x) with (v — 1, Fx) foru € R
and x € M. By the construction each leaf of M inherits the usual flat structure from the
real line. Therefore the leafwise Brownian motion X = {X?};cy, on MF is defined to be
the diffusion process satisfying X7 %) () = wp(u + B(t), x) for t > 0, where {B(t)};>0
denotes a one-dimensional standard Brownian motion and 7 : R x M — Mp is the natural
projection. For a continuous real valued, non constant function f and z € MFr, we consider
the following stochastic process A = {Aj (r)} with parameter A > 0 defined by

At
A5 (1) = A F(X*(s) ds.

We are interested in the central limit problem of the occupation time process A as A — 0o
under some appropriate conditions. We consider a point z € MF for which there exists a
harmonic probability measure m, such that lim;_, 5o (1/1) fé g(X2(s))ds = |, M, 9dmz holds
almost surely for any continuous function g on Mfr. Such a point is called quasi-regular for
X. The totality of quasi-regular points is denoted by Qx. Note that it is not hard to see that
each point in a closed leaf is quasi-regular. In addition, we show later that an arbitrary point
of a leaf containing a quasi-regular point z turns out to be quasi-regular and the corresponding
harmonic measures are identical with m, (Proposition 2.4). The main purpose of this paper is
to show the following.

THEOREM (Theorem 2.2 and Remark 2.4). Let z be a quasi-regular point and f a real-
valued function which is not constant along each leaf. If there exists a leafwise C* function ¢
such that f = Apg, then the process (1/ \/X)Ai converges in law to the Brownian motion with
variance 4thF (VL g)2 dm; as A — oo, where Ay, and V|, denote the leafwise Laplacian and
the leafwise gradient.

Next we make the following observation so as to explain about the significance of the
limit theorem above. A leaf L of M is isometric to the one-dimensional torus R/nZ with an
integral perimeter n or the real line R according as it is closed or not. In the former case, the
leafwise Brownian motion restricted to L behaves as the Brownian motion on R/nZ and the
normalized arc length measure m on L is a unique invariant measure for the restricted process
to the leaf L. Thus it is not hard to verify that if f satisfies || My fdm =0,thenforanyz € L

the process (1/ \/X)Aﬁ converges in law to a Brownian motion (not necessarily standard but
with non-degenerate variance) as A — oo. The invariant measure m for the restricted process
can be considered as an invariant measure for the original leafwise Brownian motion, that is, a
harmonic measure supported on L. In the latter case, the leafwise Brownian motion restricted
to the leaf L behaves as the Brownian motion on R. Since it is well-known that the Brownian
motion on R is null recurrent and it does not have a finite invariant measure, it is not so easy

to find an appropriate condition for the convergence in law of the process (1/ «/X)Ai starting
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at z € L. For example, if f is compactly supported on L, then for z € L either (1/1)!/ 4Ai

or (1/ \/X)Ai converges in law to a nontrivial process according as the integral of f with
respect to the Lebesgue measure on L vanishes or not (see Theorem 4.4 in Section I1I-4.4 in
[13]). But it often happens that a non closed leaf L of M is locally dense, that is, dense
in a neighborhood of L in MFr. In such a case, the restriction of f to the leaf L is neither
compactly supported on L nor integrable with respect to the Lebesgue measure on L. On the
other hand, it is easy to see that if the leaf L passes through a point which belongs to the
mr-image of the support of a non-atomic invariant measure for F, then L is locally dense
in M. Thus it turns out that we can not apply the above mentioned result on the Brownian
motion on R to L in many interesting cases.

Summing up the above argument, in the case when the starting point z belongs to a closed
leaf L, we have that there exists a natural harmonic probability measure and we can show the
central limit theorem for A by the standard technique. On the other hand, in the case when
the leaf L containing the starting point z is not closed, the leafwise Brownian motion restricted
to L does not have a finite invariant measure. In particular, if the underlying dynamical system
F has non-atomic invariant measures, the global continuity of the observable f prevents us
from applying the known limit theorem for one-dimensional Brownian motion to the restricted
process. Therefore, the existence of non-atomic invariant probability measure of F seems to
make the problem complicated at the first glance. But our result illustrates that it is not so as it
seems. In fact, there is a one-to-one correspondence between the set of harmonic probability
measures for the leafwise Brownian motion X on the mapping torus Mr and that of invariant
probability measures for the underlying dynamical system F. The correspondence is natural
and explicit in the sense that if a harmonic measure m for X is corresponding to an invariant
measure  of F, we have

£ dm =/ (f o r)u, x)d(l x 1)

MFp [0,1)xM

for any continuous function f on M, where [ is the Lebesgue measure on the unit interval
[0, 1). We can investigate the asymptotic behavior of the leafwise Brownian motion with
respect to harmonic measures by using the ergodic properties of the invariant measures for
underlying dynamical system. Thus the correspondence and its auxiliary results play impor-
tant roles in this paper. Noting that there are no non-constant nonnegative harmonic functions
on R, we see that the correspondence above is deduced from the local characterization of har-
monic measures in the general theory (e.g. see [4] and [14]). But we shall treat it as Theorem
2.1 and give it an elementary proof in the sake of self-containedness.

The paper is organized as follows. In Section 2, we give the statement of our results after
reviewing some fundamental facts. Section 3 is devoted to the proof of Theorem 2.1. We
prove the main theorem (Theorem 2.2) in Section 4. Finally we apply our results to the case
when the underlying homeomorphism is uniquely ergodic in Section 5. We note that we try
to make our arguments as self-contained as possible except for the use of the basic facts in
stochastic analysis and the infinitesimal generator for contraction semi-group. We note that
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the basic notions and results that we need can be found in Chapter I, II, and III in [13] and
Chapter VIII in [6]. So we do not need the general theory of foliated space and harmonic
measures established in [2] and [4].

2. Preliminaries and the results

First of all we recall some notions. Let M be a compact metric space and let F' be a
homeomorphism of M onto itself. Obviously, the product space R x M is a foliated space with
leaves R x {x} for each x € M. The continuous Z-action definedon Rx M by Z x (Rx M) >
(k,u,x) = (u —k, F*x) € R x M is properly discontinuous and it maps leaves to leaves.
The quotient space (R x M)/Z is a compact foliated space called the mapping torus of F
and we denote it by Mp. For (u,x) € R x M, we often write as [u, x] = wr(u, x) to
denote the equivalence class containing (u, x), where 7r : R x M — Mfp is the natural
projection. Clearly mf restricted to (u — 1/2,u 4 1/2) x M is a homeomorphism onto its
image U, = nrp((u — 1/2,u + 1/2) x M) for each u € R. In particular, (U,, ¢,) gives a
foliated chart for M, where ¢, is the inverse branch of 7 on U,,. Let C(MF) be the Banach
space of continuous functions on M endowed with the supremum norm | - ||o. One can
easily see that a function f on MF belongs to C(MF) if and only if f o mf is a continuous
function on R x M. Furthermore, f € C(Mp) implies that the family {f o mr(u, x)}xem
of functions in # € R is equicontinuous and each element of which is uniformly continuous
since both M and Mr are compact. Namely we have

lim sup sup|fomp(v,x)— fomp(u,x)]=0 foreachu € R and

310 v:lv—u|<é xeM

: ey

lim sup |fomp(u,x) — fomp(v,x)]=0 foreachx e M.

810 u,veR : lu—v|<s

The leaf of MF passing through z € MF is denoted by L. It is easy to see that Ly, ] is

identified with a one-dimensional flat torus with perimeter n if x is a periodic point of F with
the least period n and L[, x] is identified with R if x is not periodic point of F. In any case
leaves are one-dimensional smooth manifold with the usual flat metric and we can consider
differentiation along the leaf. Therefore the gradient V, f along the leaf can be defined so
that the formula

Vi f(lu, x]) =

M(u, x) )
ou

holds if f is of class C! along each leaf. For nonnegative integer r let C; (Mp) be the
totality of functions f of class C" along each leaf satisfying (V1) f € C(MF) for any k with
0 < k < r. Since it is easy to construct a function in C7°(M ) separating given two points in
M, the Stone-Weierstrass theorem yields that C7°(MF) is dense in C(Mr). One can easily

see that a function f on Mp belongs to C; (MF) if and only if f o p is C; (R x M) i.e.
f o mF is r times partially differentiable function on R x M in the first coordinate and its
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partial derivative (V7)X f orp = 9K(f orr)/du is a continuous function on R x M for each
k with 0 < k < r. Clearly the leafwise Laplacian Ay is given by the formula

3*(f omr)
ou?

AL f(u, x)) = (VL) f([u, x]) = (u, x) 3)

for f € C2(MF).
The following is an easy consequence of the fundamental theorem of calculus.

PROPOSITION 2.1. Consider a function f € C(MF). For the existence of a solution
g € Ci (MF) of the equation Vi g = f, it is necessary and sufficient that there exists a
function ¢ € C(M) satisfying

1
/0 f(u, x]) du = ¢(Fx) — ¢(x) “)
for any x € M. Moreover, for the existence of the solution h € CI% (MF) of the equation

Aph = f, it is necessary and sufficient that there exist ¢ and v € C(M) satisfying the
equations (4) and

1
/0 uf ([u, x]) du = ¢(Fx) — (Y (Fx) — ¥ (x)) 5)

foranyx € M.

PROOF. First assume that g € C}‘(M F) satisfies Vg = f. By virtue of the funda-
mental theorem of calculus, we have

t
g([r, x]) = g([0, xD) +/0 S (lu, x]) du

holds for (¢, x) € R x M. Since f([u — 1, Fx]) = f([u, x]) and g([u — 1, Fx]) = g([u, x])
hold for (u, x) € R x M, we have

t—1
o(lt — 1, Fx]) = ¢([0, Fx)] + /0 F(lu, Fxl)du
t—1
— 4(10, Fx]) + / F(lu+ 1, x]) du
0
t
— 4([0. Fx]) + /1 (L x1) du

1
= g([0, Fx]) — g([0, x]) — /0 S (lu, x)du+ g([z, x]) = g([z, x]) .

Thus we reach the equation (4) with ¢(x) = ¢([0, x]).
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Conversely, assume that there exists ¢ € C(M) satisfying the equation (4) for any x €
M. Define g : Rx M — Cby

t
3(t.%) =¢(x)+/0 Pl x]) .

Then by using the identity f([u — 1, Fx]) = f([u, x]) again, we have
-1
30 =1 Fx) = g(Fx)+ [, FxDdu
0
-1
= ¢(Fx) +/ Su+1,xD)du
0

t
=<o(Fx>+/1 £l x]) .

It is easy to see from the equation (4) that the function in the last line equals (¢, x). Thus g
determines the function g € C i (MF). Now the proof of the first assertion is complete.

In order to prove the second assertion, we may assume that there exists g € Ci (MF)
such that it satisfies V7 g = f and the equation (4) holds for x € M with ¢(x) = ¢([0, x]).
It suffices to show that the equation V; h = g have a solution in C i (MF) if and only if there
exists ¢ € C(M) satisfying the equation (5) for any x € M. On the other hand we see from
the first assertion that the former is equivalent to the existence of ¢ € C (M) such that

1
/O g([r. x)ydr =y (Fx) — ¥ (x)

for any x € M. Since we know that g([t, x]) = fotf([u, x])du + ¢(x) for (t,x) e Rx M,
the left hand side of the above equation is calculated as

1 1/ ot
/ gz, x]) dt =/ (/ f([u,X])du) dt + ¢(x)
0 o \Jo

1
_ /0 (1 — ) f (lu, xT) du + p(x)

1
=@(Fx) — /0 ufl(u, x])du

by the Fubini theorem and the equation (4). Thus we arrive at the desired result.
O

Next we introduce leafwise Brownian motions on the mapping torus. Let B = {B(t)};>0
be a one-dimensional Brownian motion starting at O defined on a probability space (£2, F, P).
Given (1, x) € Rx M the leafwise Brownian motion on M. starting at [u, x] is an M r-valued
stochastic process X!"¥1 = {X[*¥1(1)},-¢ defined by X"~¥I(t) = [u + B(t), x] fort > 0.
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xtox] = (x-x1(1)},5¢ is a diffusion process on the mapping torus Mr as well as a diffusion
process on the leaf L, ). In fact, we can show that X[“*] = {X[#*](r)},5¢ gives a Feller
semi-group on C(Mp). To this end and for later use for + > 0 and a bounded Borel function
f on MFp, we define

T (. x) = E [ fxX"@)] = E[£(1u+ B@).xD] . (©)
We note that we can rewrite it as

T@) f(u,x]) = Z E[f(u+B@),x]); k <u+B@t) <k-+1]

keZ
= fu, xDpt,v—u)dv

,{EZZ/[k,k+l) @)
ZZ/ f(v, F*xDp@t,v+k —u)dv,

kez 7101

where p(t,v) = (1/+/2mt)exp(—v?/2t). In the case of the mapping torus it is not hard to
prove the following. We give a proof for our convenience.

PROPOSITION 2.2. The family of positive operators {T (t)};>o restricted to C(MF)
turns out to be a Feller semi-group. Precisely we have the following.

(1) Foranyt > 0Qwe have T (t)C(MFp) C C(MF).

) Fors, t>=0and f € C(Mp),wehave T(s+1t)f =T@®)T(s)f.

(3) Foranyt = 0and f € C(Mp), T () flloo = Il floo-

(4) Forany f € C(Mp),lim; o IT () f — flloo = 0.

(5) The domain D(A) of the infinitesimal generator A of the semi-group contains the
space C3 (M) and f € C3(MF) yields Af = (1/2)ALf.

PROOF.  First we recall that f € C(MF) if and only if f o rr € C(R x M). By the
definition (6), the assertion (1) follows from the bounded convergence theorem. The assertion
(2) follows immediately from the Markov property of the Brownian motion B = {B(t)};>0,
since we see that for fixed x € M f([u, x]) = f omr(u, x) is a bounded continuous function
in u € R. The assertion (3) is obvious from the definition (6). The assertion (4) is verified as
follows. Take any f € C(MFp). Recall that the family { f o wr(u, x)}xepm of functions in u is
equicontinuous and the first equation in (1) holds. Therefore we see that for any ¢ > 0, there
exists § > 0 such that sup, ¢y , yer:ju—vj<s |f (4, x]1) — f([v, x])| < e. Thus we have for
any (u,x) e Rx M

[T @) f([u, x]) = f(lu, xDI = [ELf ([u + B@®), x]) — f([u, xD]|
< E[|f([u+ B@),x]) — f([u,xD|: [B(®)] < 4]
+ E[lf([u+ B@),x]) — f([u, xD]; [B(1)] = 4]
<e+2flloP(B®)] =8 -0 (—0).
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This implies that the assertion (4) is valid.
It remains to prove the assertion (5). For f € C% (MF) we have only to show that

| TOSf - 1 _
| P L] o

Since for fixed x € M f o wp(u, x) is C? function in u, we can apply the Ité formula to
f omp. Thus we have

t l t
f([u—I—B(t),x])—f([u,x])=/0 VLf([u~|—B(s),x])dB(s)—|—§/0 Apf(lu+B(s),x])ds .

Since the first term in the right hand side is a martingale with mean zero, by taking expectation
we have

1
T(r)f([u,xn—f([u,x]):/o STOALS ([, x]) ds.

Therefore we have

—_ t
T(”f([“’x]t) f([”’x])—%ALf([u,xD:%/o (T(s) AL f (T, 1) — AL f (T, x])) ds .

Applying the assertion (4) to Ay f, we obtain the desired result. O

REMARK 2.1. The corresponding result to Proposition 2.2 plays a crucial role in the
general theory of leafwise diffusions on foliated spaces in [2] but it is not so easy as in the
present case.

In what follows we call the stochastic process X* = {X*};>¢ defined in the above the leafwise
Brownian motion on M starting at z. The family X = {X?},cpm, of the leafwise Brownian
motions is simply called the leafwise Brownian motion on MF.

Now we consider harmonic measures. A Borel measure m on Mp is called a harmonic
measure for the leafwise Brownian motion if

/ Apf(z)ydm =0 ®)
Mg

holds for any f € CI% (MF). Combining Proposition 2.2 with the fact that C% (MF) is dense
in C(MF), we easily show that the harmonic measure is characterized as an invariant measure
for the leafwise Brownian motion.

PROPOSITION 2.3. A Borel probability measure m on M is a harmonic measure for
leafwise Brownian motion if and only if

/ T(0) f () dm = / £ dm ©
MFp Mg

holds for any f € C(MF) and for anyt > Q.
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PROOF. Assume that a Borel probability measure m satisfies (9) for any f € C(MF)
and for any r > 0. Consider the case when f € C% (MF). The assertion (5) in Proposition 2.2
guarantees us to differentiate the constant function ¢ +— f My T (t) f (z) dm by differentiating
the integrand. Thus we obtain the equation (8). Conversely, assume that a Borel probability
measure m is harmonic. Since C% (MF) is dense in C(MF), it suffice to show the equation (9)
forany f € C% (MF). If we notice the fact that 7(¢) f € C% (MF) for t > 0 and the assertion
(5) in Proposition 2.2 yields

Te+hf-ToOf 1

li —ALT(t =0,
im 5 AL ()fHoo

h—0

we easily see that the function ¢ f M T(t)f(z)dm is differentiable with derivative
fMF(l/Z)AL T(t) f(z) dm = 0. Thus we reach the equality (9). O

REMARK 2.2. By virtue of Proposition 2.3, we see that the strongly continuous con-
traction semi-group {7 (¢)};>0 on C(MF) extends to a strongly continuous contraction semi-
group on L? (m) with 1 < p < oo for any harmonic probability measure m. We also denote
it by (T (1)}s20-

Now we state the structure theorem of harmonic measures for leafwise Brownian motion.
Since it plays an important role in this paper, we give an elementary proof and some auxiliary
results in the next section.

THEOREM 2.1. Let p be an invariant measure for a homeomorphism F from a com-
pact metric space M onto itself. Consider the measure m,, defined by

f@dm, = / S ([, x]) d(l x ) (10)
[0,1)xM

MF 1)x

for each continuous function f on Mp, where l is the one-dimensional Lebesgue measure.
Then my, is a harmonic measure for the leafwise Brownian motion on M. Conversely, if
m is any harmonic measure for the leafwise Brownian motion on M, there exists a unique
invariant measure [ for F' such that m is given as m, defined by the equality (10).

REMARK 2.3. By virtue of Theorem 2.1, there exists a natural one to one correspon-
dence between the set of invariant probability measures ZM (F) for the homeomorphism
F and that of harmonic probability measures HM (X) for the leafwise Brownian motion.
Therefore we can say that the study of the members of HM (X) is equivalent to that of the
members of ZM(F). At least in this sense, the ergodic theory of a dynamical system via
invariant measures is regarded as a special case of the ergodic theory of a foliated space via
harmonic measures.

In order to state the main results we need the notion of quasi-regular point for the leafwise
Brownian motion. To this end we first recall the notion of quasi-regular point of a dynamical
system (e.g. see [5]). For a homeomorphism F on a compact metric space, a point x € M is
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called a quasi-regular point for F if for any f € C(M) the limit lim,,_, o (1/1) ZZ;(I) f(Fkx)
exists. The totality of quasi-regular points for F is denoted by Q r. Following the definition of
quasi-regular points for a homeomorphism, we call a point z € M a quasi-regular point for
the leafwise Brownian motion X if forany f € C(MF) the limit lim;_, oo (1/7) fot f(X*(s))ds
exists P-a.s. The totality of quasi-regular points for X is denoted by Qx. Note that the
set Qx is depending only on the law of the Brownian motion B by definition. Indeed, if
we choose another Brownian motion B’ and consider the corresponding leafwise Brownian
motion X’, we see that the laws of X and X’ coincide and consequently we have Qx = Qx'.
We summarize the basic facts concerned with the quasi-regular points for X in the following
proposition.

PROPOSITION 2.4. (1) Consider the set

Ox(Mp x £2) = {(z,w) € Mp x 2

t
: tlim (l/t)/ f(X*(s, w)) ds exists forany [ € C(MF)},
—00 0

then Qx = {z € Mrp : P(Ox(Mfr x $2);) = 1}. Consequently, Qx is Borel measurable
subset of M.

(2) m(Qx) = 1 for any harmonic probability measure m for X.

(3) Foranyz € Qx,we have L; C Qx. In particular, there exist a harmonic probabil-
ity measure m; for X and a measurable set A with P(A) = 1 such that w € A yields

t
lim 1/ FXY (s, w))ds:/ fdm, (11)
t—oo t 0 Mp

foranyw € L, and f € C(MF).
(4) Foranyz € Qx,m; is a unique measure such that the equality (11) holds for w = z
and for any f € C(MF). Consequently, we have m,, = m; for all w € L,(C Qx).

PROOF.

(1) Obviously the set Ox(f) = {(z,w) € Mp x £ : lim;_ s (1/1) féf(Xz(s,a)))ds
exists} is B(MF) x F-measurable for each f € C(MFp). Since C(MF) is a separable Banach
space, we can choose a countable subset {f,} which is dense in C(MF). It is easy to see
that Qx (Mp x 2) = ﬂ;’f;l Ox(fy). Therefore Qx(MF x §2) is B(MF) x F-measurable.
Thus the Fubini theorem for measurable sets yields that the z-section Qx(Mfr x £2); is
JF-measurable for each z € M and the function ¢(z) = P(Qx(Mr x £2);) is B(MF)-
measurable. Hence Qx = ¢~ ({1}) is B(MF)-measurable.

(2)  Since the set Q x depends only on the law of the Brownian motion, we may assume
that (§2, F, P) is the canonical one-dimensional Wiener space. i.e. 2 = C([0,00) — R)
is the totality of continuous real-valued functions w on [0, c0) endowed with the metric
p(wr, ) = Zf,ozl 27" (maxo<r<p |w1(t) —w2 (1)) A1) for w1, wr € §2, F is the topological
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Borel field of §2, and P = Py is the one-dimensional Wiener measure with the initial distribu-
tion &g (see Section I-4 and Section I-7 in [13]). Note that the Brownian motion B = {B(¢)}
starting at O is given by B(w, t) = w(¢) in this case. Therefore the leafwise Brownian motion
X-x1 starting at [u, x] with (1, x) € R x M is given by X“*1(¢, ) = [u + w(1), x]. We
consider the semi-flow of translations {6;};>0 on 2 defined by

Brw)(s) = w(t +s5) —w(t) for s>0.

The translation invariance of the Wiener measure implies that ({0;}, P) is a continuous param-
eter measure-preserving dynamical system. We define a semi-flow {©®;};>¢ of skew product
transformations on Mr x §2 by

O1(z, 0) = (X*(t, w), ;) 12)

for (z, w) € Mf x §2. The semi-group property of {&;},~¢ is verified as follows. Write as
z = [u, x] with (u, x) € R x M. Then we have

Orys([u, x], w) = ([u + w( +5), x], O 150) = ([u + w(s) + Osw) (1), x], 0;(Osw))
=0O([u + w(s), x], sw) = O;(O([u, x], w)) .

For a Borel probability measure m on MF, it is easy to show that m is a harmonic
measure for X if and only if m x P is an invariant measure for {®;}. Therefore if m is
a harmonic probability measure for X, we can apply the ergodic theorem to the continuous
parameter measure-preserving dynamical system ({®;}, m x P) and the function g on Mr x £2
expressed as g(z,w) = f(z) for (z,w) € Mp x §2, where f € C(MF). Noticing the
equation g(®;(z, w)) = f(X*(t, w)), we see that lim;_, oo (1/7) f(ff(XZ (s, w)) ds exists m x
P-a.e.(z, w). Therefore we have (m x P)(Qx(f)) = 1 and consequently, we have (m x
P)(Ox(MFpx$2)) =1. Thus P(Qx(MF x$2);) = 1 holds m-a.e.z. This yieldsm(Qx) = 1.

(3) We may assume that (2, F, P) is the canonical one-dimensional Wiener space
again. We first recall the well-known fact that if T is a tail event, then we have P,(T) = 1 for
allu e Ror P,(T) =0 for all u € R, where P, is the probability measure on (£2, F) so that
o = {w(t)};>0 is observed as the Brownian sample path starting at u P,-a.s. i.e. the measure
defined by P,(A) = P{w : w +u € A}) for A € F in our case. We note that a detailed
proof of the fact can be found in p.17 of [7] for example.

For f € C(MFr),c € R, v € R, and x € M, the set A(f,c,v,x) = {w € £2
limy— 00 (1/1) fot f([v+w(s), x])ds = c} is obviously a tail event. By the definition of quasi-
regular point we see that if 7 = [u, x] is a quasi-regular point, there exists a constant c(f, x)
depending only on x and f € C(MF) such that

P(A(f, c(f. x), v, x)) = Py(A(f, c(f, x), 0, x)) = P, (A(f, c(f, x), 0, x))
= P(A(f.c(f,x),u,x)) = 1.

Choose a countable dense set { f,,} in C(Mp) and put A = ()2, ﬁvEQ A(fn, c(fn, x), v, x).
Then obviously we have P(A) = 1 and we can show that A is the desired set in the assertion
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(3) as follows. For any f € C(MF) and ¢ > 0, there exists n such that || f — fillco < €.
Clearly we see that |c(f, x) — c(fy, x)| < €. Therefore we have forany v € Qandw € A

t
lim sup ;/0 F XA (s, w))ds — e(f, x)

t—0o0

1 ! 1 [
<lim sup |~ / Fxs, w)) ds — ” / fn(XP¥ (s, w)) ds
0 0

t—0o0

+ le(fu, x) —c(f, x)] < 2¢.

—0o0

t
+ lim % f Fo (X (s, ) ds — e(fp. x)
0

Next choose any # € R and ¢ > 0. Then the second assertion in (1) yields that there exists
8 > Osuchthat | £ (X"~X)(r, 0))— £ (XI"¥)t, 0))| = | f(luto (@), x])— f (vt @), x])| <
for any v € R with [u — v| < §. Therefore if we choose v € Q with |u — v| < §, we have

1 t
lim sup —/ FXMA (s w))ds — c(f, x)
t—o0 |1 Jo
1 [ 1 [!
<lim sup —/ F (XX (s, w))ds — —/ Fxx(s, w)) ds
t—o0 |1 Jo t Jo

<e€.

t
+ lim ‘%f FX(s, w)) ds — e(f, x)
— 00 O

Hence we have lim,_oo(1/1) [y f(X[**I(s, @))ds = c(f,x) holds for any f € C(Mp),
v € R, and w € A. Finally, since c(-, x) : C(MF) — C is bounded positive linear functional
with ¢(1, x) = 1, there exists a probability measure m satisfying c(f, x) = fMFf dm;, by
the Riesz representation theorem. Obviously, m;, is a harmonic measure for X.

(4) It follows immediately from the assertion (3). d

For z € Mp and f € C(Mp) we define a new process ¥y = {Y;(r)};>0 with positive
parameter A by
At

1
Yy = 7o F(X*(s)ds. 13)

Now we are in a position to state the main theorem.

THEOREM 2.2. Let f be a real-valued function in C(MFr) such that there exists g €
CI% (MF) satisfying f = Arg. Consider the process Y; defined by (13). Then for any quasi-
regular point z in Qx, the processes Y; converge in law to the Brownian motion W yy(;) with
variance (f)(z)t as . — 00, where m is the harmonic probability measure associated to the
point 7 and { f)(z) is given by

(F)2) = 4 / (V1g)> dm . (14)
Mr
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The proof of Theorem 2.2 will be given in Section 4. We finish this section with the following.

REMARK 2.4. (1) For astationary reversible Markov process, Kipnis and Varadhan
[15] proved the same kind of central limit theorem as above under extremely general setting.
If we choose a harmonic probability measure m as the initial distribution of the leafwise
Brownian motion and consider the process Y)f” = {Y )f” ()}t>0 instead of Y f, then we can
apply their result. But as noted by themselves in Remark 1.7 of [15], their idea is not directly
applicable to the limit problem concerned with m-almost everywhere initial point z. Although
there are other papers which prove the central limit theorem with following their approach for
a stationary ergodic Markov process (e.g. see [12]), we can not directly apply them by the
reason above and the assumption of the ergodicity.

(2) For the sake of convenience we regard the process which is constantly O as a Brown-
ian motion with variance 0 in Theorem 2.2 because ( f)(z) possibly vanishes and the Brown-
ian motion W/ () is degenerate. We just give a sufficient condition for non-degeneracy. Let
Z € MF be a quasi-regular point. If f satisfies the following conditions (a) and (b), we have
(f)(z) > 0, as a consequence the Brownian motion W )(,) is non-degenerate.

(a) There exists a real-valued element g € C% (MF) such that f = Ay g. Equivalently,
there exist real valued continuous functions ¢ and ¢ on M satisfying the equations (4) and
(5) forany x € M.

(b) f is not constant on supp m;.

Indeed, from the conditions (b), we can find a point w € supp m; such that f(w) # 0.
Therefore from the condition (a) we can find a point w’ € L, satisfying V; g(w’) # 0. Thus
(VL g)2 > 0 holds in a neighborhood U of w’. On the other hand, from Theorem 2.1, m,
can be expressed as m, for some invariant measure u for F. Therefore by making use of the
Fubini theorem we can conclude that L,, C supp m,. Hence

(1/H{f) () = /M (Veg)*dm; > /U (Vig)rdm. > 0.

Note that the condition (c) below yields the condition (b).

(c) f is not constant along each leaf of M.
It is obvious that if (a) and (c) are satisfied, the variance (f)(z) is non-degenerate for any
quasi-regular point z for X.

(3)  Let a harmonic probability measure m for X be given. We give a rather artificial
method of constructing a function f € C (M) which satisfies the assumption in Theorem 2.2
and (f)(z) > 0 holds on a set of m-measure positive. To this end, we assume that we have
real-valued functions p € C[0, 1] and & € C(M) such that

(i) The support of p is a compact subset of (0, 1) and fol up(u)du # 0.

(ii)) Putn =& o F — &. Then we have f u!n(x)|du # 0 for an invariant probability
measure u for F' withm =m,.
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Define a function f :Rx M — Rby f(u,x) =p—knFx)fork <u <k+1
and x € M. Then it is obvious that f determines a function f € C(Mp) with f (u,x) =
f([u, x]) for (u,x) € R x M. We can show that there exists functions ¢ and ¢ in C(M)
satisfying the equations (4) and (5) in Proposition 2.1. Indeed, if we choose as ¢ = 0 and

Y= —( fol up(u) du)é, then it is easy to see that they satisfies the equations (4) and (5) on
M. Thus we have verified the condition (a). Next, the condition (ii) yields that u(n # 0) > 0.
Therefore by virtue of Theorem 2.1, we see that m, (Qx N wr([0, 1) x (n # 0))) > 0. Thus
we obtain that Qxy N wr ([0, 1) x (n # 0)) is not empty. By virtue of the conditions (i) and
(i), z € Ox Nr([0, 1) x (n # 0)) yields that f is not constantly zero on the leaf L, C Qy.
Hence (f)(z) > 0 holds.

(4) In the case of a non-degenerate diffusion with generator A on a compact smooth
manifold M, it is well-known that for any continuous function f satisfying |, yfdm =0,

we can find g € C%(M) such that Ag = f, where m denotes the unique diffusion invariant
probability measure. We shall illustrate later with Example 5.3 that we can not expect this
sort of result in the case of the leafwise Brownian motion on a mapping torus in general.

3. Structure of harmonic measures

In this section we prove Theorem 2.1. The following elementary inequalities are useful
in our arguments.

LEMMA 3.1. Consider the Gaussian kernel p(t,v) = (1/+/27t) exp(—v2/2t) (t >
0, and v € R). Then we have the following inequalities.
(1)  There exists a constant C1 > 0 such that foranyt > 1,a € Randh € R

Cilh
/|p(t,v+a~|—h)—p(t,v—|—a)|dv§ il (15)
R NG
(2)  There exists a constant Cy > 0 such that forany t > 1
C
sup p(t,v) <14 —=. (16)
ke, velk—1,k+1] \/;

PROOF. First of all we note that as a function in v |(d/dv)p(¢, v)| is increasing
on (—o0, —/t) U (0, +/t) and decreasing on (—+/7,0) U (4/f,00). It takes maximum
Q) V2t Vexp(—1/2) at v = /1.
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(1) We may assume /4 > 0. By the fact we noted above we have

dp

v
dv( V')

sup
v'elv+a,v+a+h]

| h - h)?
(rat )exp<w> if v<—-(t+a+h),
2t t 2t
1 1
< - if —(Vf+a+h <v<i—a,

2met

1 (w+a) —(v +a)? .

f t—a.
=" exp( 5 ) if v>4t—a

Thus we obtain

/ |[p(t,v+a+h)— p(t,v+a)ldv
R

—(/t+a+h) 1 — h _ 2
Sh/ (v+a+ )exp< (v+a+ ))dv
—00 2wt t 2t

t—a 1 l
+h / —dv
~(i+a+h) v/ 2met

© 1 (w+a) —(v+a)?
+h/ﬁ—a NI, exp< on ) dv
1 & 1 & 1 1 &
~ Vamei i amei | Vame 1 | amei
Therefore if we further assume 0 < A < 1, we obtain the desired inequality with C; =
5/(\/2me). For general h > 0, we write h = le':l hj with 0 < h; < 1. Then we have

/ I[pt,v+a+h)— p(t,v+a)ldv
R

k j j—1
SE /Ip(t,v+a+§ hi>—p<t,v+a+E hi>|dv

— JR

J=1

i=1 i=1
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(2) For each k, we have

sup p(t,v)
velk—1,k+1]

< n p([ U)+ Sup |p(t1u)_p(tfv)|
velk—1,k+1] u,velk—1,k+1]

IA

inf p@E,v)+ sup |p@t,u)—pEt,v)|+ sup |p(t,u) — p(t,v)|
velk.k+1] u,velk—1,k] u,velk,k+1]

k+1 k d k+1 d
5/ p(t, v)dv+/ sup |—p(t,v) dv—i—/ sup |—p(t,v)| dv.
k k—1 ve[k—1,k] | dV ko velkk+1]1dv
Therefore we have
t,v) < inf t, 2 —p(t, d 17
Yo osup p( v)_ZUE[}(nkH]p( v) + Z/ sup p( v)| dv. (17)

rez VElk—1k+1] rez Uk ez velk,k+1]

The first term in the right side of (17) is bounded by fR p(t,v)dv = 1. Thus it remains to
estimate the second term of the right hand side of (17). Using the fact noted at the beginning
of the proof again, it is not hard to see that if ko < 't < ko + 1, we have

k+2
— plt, d if 0<k<ko—2,
k+1 d /k+1 dvp( v)[dv if 0<k=<ko
sup d—p(t v)| dv < iy (18)
k kk+111aV
vtk Loty dv it k> ko+2.
k—1|dv
In addition, we easily see that
k0+1 k+1 d 2 l k0+1
sup |—p(t,v)| dv < —— 12 +/ —p(t,v)| dv (19)
ksz_I/k velk,k+1]1dv V2t K ldv
holds. Combining (18) with (19), we obtain
k+1 k+1 d
Z/ sup p(t v) dv—ZZ/ sup —p(t v)| dv
rez 'k velkk+1] velk,k+1]
®ld 4 1
<2 rv)|d —1/2
o |
:Le—l/Zt_i_ile—l/Z.
27t V2mt
Now we have obtained the desired estimate of the second term of the right hand side of
7). O

From Lemma 3.1 we have the following.
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LEMMA 3.2.  Given any bounded Borel function f on M,

Cill flloo
NG
holds for any a, b € R, x € M, andt > 1, where C1 is the constant appearing in Lemma
3.1. In particular, if (1/t) fé T (s)f(z)ds converges for some z € Mp ast — oo, then

1/t fot T (s) f (w) ds converges to the same limit for any w € L, ast — oo.

\T @) f(a,x]) =T @) f(b,xD| = la — bl

PROOF. Assume that f is a bounded Borel function on Mr. By virtue of the formula
(7) and the inequality (15), we have

IT(0) f(la, x]) = T f([b. xD] < Z/[k ooy @ DIp 0 = a) = p(t.0 = D) do
Jk+

keZ

IA

||f||oo/R|p<t,v—a)—p(z,v—b>|dv

_ Cillflls
G

Next assume that (1/¢) fé T (s) f (z) ds converges for some z = [a,x] € Mp. Choose any
w = [b, x] € L;. Then the inequality just shown in the above implies that

la —bl.

t t
‘lf T(s)f(z)ds—lf T(s) f(w) ds
t Jo t Jo

<

1 t
I flloo + ;/1 IT(s)f([a,x]) —T(s)f(D, x]) ds|

Cillfllsola — bl /’ 1
ot ————— | —d
[l p Y

2C —bl(Vt —1
1 Flloe + 1||f||oo|at [ P

IA

SN N

<

2
t

Now the proof of the lemma is complete. O

Next we give an ergodic theorem for the semi-group.

THEOREM 3.1. Let m be a harmonic probability measure for the leafwise Brownian
motion. Then for any f € LP(m) with 1 < p < oo, (1/t) fot T (s) f(z)ds converges m-
almost everywhere and in LP (m). The limit function f* is an element of LP (m) satisfying

T@)f* = f*in LP(m) and has a version such that for m-almost every z, f* is constant on
the leaf L.

PROOF. By definition as an operator on L (m), T (¢) satisfies ||T(¢)]lco < 1 for¢ >

0. On the other hand, as noted in Remark 2.3, we know that ||7(¢)||; < 1. Therefore the
first assertion follows from the pointwise ergodic theorem Theorem VIII.7.1 and the mean
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ergodic theorem Theorem VIII.7.5 in [6]. It remains to prove the second assertion. For f €
L?(m) with (1 < p < 00), we can find a sequence f, of bounded Borel functions such that
lim, 00 |l fu — fllp = 0. Since T'(¢) is a contraction on L’ (m) for each ¢ > 0, we have

1 ! 1 !
H—/ T () fn ds——/ T(s)fds
t t Jo

0

1 t
< ;/ IT)(fo = Pllpds < fu = fllp-
P 0

Letting ¢+ — oo in the above, we conclude that || f,* — f*|l, < | fu — fll,. Thus we have
lim,—oo | f;¥ — f*ll, = 0. Taking subsequence if necessary, we may assume f," converges
to f* m-a.e. Namely, there exists a Borel measurable set Sy with m(Sg) = 1 such that if
z € So, f,¥(z) converges to f*(z). By virtue of Lemma 3.2 there exists a Borel measurable
set S, with m(S,) = 1 such that if z € S, the limit f,"(w) exists for any w € L and its value
coincides with f;f(z). Put S = (72, S,. By definition z € § it is obvious that forany w € L,
[ (w) = f,7(z) converges to f*(z). This implies that the second assertion is true. O

For a while let  be an invariant probability measure for the homeomorphism F and
m,, is the measure on My given by (10). The following corresponds to the fact that the
one-dimensional Brownian motion is symmetric with respect to the Lebesgue measure.

LEMMA 3.3. Let f and g be bounded Borel measurable functions on M. Then we
have

/ T(t)f(Z)g(Z)dmu=/ F@T)g(z)dmy
Mp Mg

for eacht > 0. In particular, the same identity as above holds for f € LP(m,) and g €
L(m,), where 1 < p,q < oo satisfy 1/p+1/q =1 and we regard 1/q as 0 if g = oo.

PROOF. By virtue of (7) we can write the left hand side of the identity of the first
assertion as

/M T() f(2)g(z) dm, = / () f (s xD)g (s xD( x o)
F

[0,1)x M
- v/[O,l)xM <Z

F(v, F*xDp@t, v +k —u) dv)g([u, xDdudp .
kez Y101

We note that the boundedness of f, g and the estimate (16) enable us to apply the Fubini
theorem repeatedly. The last integral above becomes

/ > {/ ( F(v, F*x)p@t, v +k — u) dv> g(lu, x])d,u} du .
[ M [0,1)

0.0 ez
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Using F-invariance of u and substituting —k for k, we obtain

/ {/ </ S (v, Fkx])p(t,v—i—k—u)dv) g([u,x])d,u}du
[ m \Jo.1

0.D yez
{/ (/ Sfv, xDp@t,v+k— u)dv) g([u, F"‘x])du} du
M \J[0,1)

B '/[0 D kez
/ Z{/ (/ fqv, xDp@t,v— —M)dv)g([u FX])d/L}du
[0.D) ez
2/ {/ ( f([U,X])P(f,M+k—v)dvg([u,F"x])>d“}du
[0,1)

/ < ([u, Fkx])p(t u+k—v)du>f([v xdudv
0.HxM \ ;727 01)

/ (T, xDT (O g([v. xDd( x 1)
0, l)xM

= / f@QT ) g(z)dmy, .
Mp

Note that we have used the equation p(z, x) = p(¢, —x) in the above. Thus the first assertion
is verified. The second assertion follows immediately from the fact 7'(¢) is extended to a
bounded operator on L”(m,,) with ||T(¢)||, < 1 foreacht > 0. d

We summarize the immediate consequences of Lemma 3.3 in Corollary 3.1 below in
which the first assertion of Theorem 2.1 is included.

COROLLARY 3.1. Let m, be the probability measure introduced in the above. Then
we have the following.

(1) my, is a harmonic measure for the leafwise Brownian motion.

(2) If a nonnegative valued function h € Ll(mﬂ) satisfies T(t)h = h in Ll(mﬂ) for
anyt > 0, then the measure hm, with density h is also a harmonic measure for the leafwise
Brownian motion.

PROOF. We note that 7(¢)1 = 1. Putting ¢ = 1 in Lemma 3.3, we see that the
assertion (1) is valid from Proposition 2.3. Putting f = & in Lemma 3.3, we see that the
assertion (2) is valid by the same reason as above. O

The rest of this section is devoted to the proof of the second assertion of Theorem 2.1.
We take any harmonic probability measure m for the leafwise Brownian motion and fix it.
Consider the Borel probability measure p,, satisfying

/M oXxX)du, = Jfo(2)dm (20)

MF
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for any ¢ € C(M), where f,, is a function on M defined so that f,([u, x]) = ¢(x) for each
(u,x) € [0, 1) x M. By the Riesz representation theorem such a measure (,, exists uniquely.
We have only to prove the following proposition.

PROPOSITION 3.1. Let u,, be the probability measure satisfying the identity (20) for
any ¢ € C(M). Then we have m = m,,,.

PROOF. We divide the proof into two steps.

(Step 1)y, is an invariant measure for F'.

Let v be any Borel measure on Mr. Since the projection ¢ restricted to [0, 1) x M isa
bimeasurable map onto Mr, we define a Borel measure v on [0, 1) x M such that

/ fu,x])dv = f@)dv
[0,1)x M Mp
for any Borel measurable function f on Mr. For ¢ € C(M), we have

/ o dum = [ fo(ydm = / T(0) f, () dm
M Mg MFp

- f T (1) £, (T, x1) d
[0,)xM

- /[;,1)><M <Z

/ (p(Fkx)p(t,v—i-k—u)dv) dm
kez ?10-

by virtue of (7). Therefore we have

‘ / O(Fx) dit — / () it
M M

/ <Z/ ‘P(Fkx)(P(f,v+k—l—u)—p(t,v~|—k—u)dv)dn~1
[0,)xM [0,1)

keZ
5/ (Z/ |€0(Fkx)||P(t,U+k—l—u)—p(t,v+k—u)|dv>dn~1
(0,)xM \ ;=7 /10,
= ||</)||oo/R|p(t, v—1) = p(t,v)|dv
= Crlplloo -0 (— o0

=T 7
from the inequality (15). Hence we reach the desired result.

(Step 2) m is absolutely continuous with respect to m,,,, . In fact the density function
h satisfies h < 1 my,,-a.e. Since m and m,,, are probability measures, we conclude that
m=my,,.
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Since [ x w,, = ny,,, we have only to show that m is absolutely continuous with respect
to [ X uy,. To this end it suffices to show that for any bounded nonnegative valued Borel
functions ¢ on M and v on [0, 1)

/ )Y (u)dm < / )Y () dd X fim) . (2D
[0,1)xM [0,1)xM

Let f, y be the function on M satisfying f, y ([u, x]) = O(F*x)y(u—k)ifu € [k, k+ 1).
Since m is a harmonic measure, we see from (7) that

/ ()Y () diin = / Fop @) dm = / T(0) fop () dm
[0,1)x M My My

2/ <Z/ ﬁo(Fka(U)P(l,v +k—u)dv> dm
[0,)xM [0,1)

keZ

<[ ewde [ prtndnY. s ool
[0,1) [0,1)xM

rez Welk—1k+1]

holds for each t > 0. On the other hand from (20) and Step.1, we obtain

/ o(F*x) dii = / O(F ) it = / () dttm
[0,)xM M M

Thus the estimate (16) implies that

C
/ PP (u)dm < <1 + —2>/ )Y ) dd X pm)
[0,1)xM \/; [0,1)xM

for each t > 1. This yields the inequality (21). a

4. Central limit theorem for additive functionals

The aim of this section is to prove Theorem 2.2. We make use of the standard arguments
which can be found in the proof of the central limit theorem (e.g. Theorem III-4.4 in [13]).
Let z be any point in M. We consider the process Yf = {Yf (t)}t>0 defined by (13), where
f isanelementin C(MF) given by f = Ay g for a real-valued element g in C% (MF). Then
we can apply the It6 formula along leaves. Thus we have

t 1 t
g(X* (1) — g(z) = ./o V5 g(X*(s))dB(s) + 3 ./o f(X(s))ds . (22)
We denote by M*(¢) the martingale term of the right hand side of (22) for the sake of simplic-
ity. Note that the quadratic variation process (M*?) = {{M?)(¢)} of M* = {M?*(¢t)} is given
by

t
(M*)(®) =/0 (VLg(X(s))*ds . (23)
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Then Y, (¢) is given by

2(g(X* (A1) — g(z) — M= (A1)

Yot = (24)
A \/X
In addition we define a family {M;},-¢ of continuous martingales by
1
M (t) = —=M*(at) for t > 0. 25
(0 7 (A1) > (25)
We can easily see that their quadratic variations are given by
1 At
(M;)(1) = X/ (VLg(X*(s))*ds for t > 0. (26)
0
We have the following.
LEMMA 4.1. Foranyz € Mp, ) > 0,andt,s € R, we have
4
E[ (M} (1) = M{(9)"] = C3lIVLgll&lr = s @7
and
(MEY () — (ME)()] < [IVLgllRlt — sl (28)

where C3 is a positive constant independent of g, z, A, s and t.

PROOF. From a well-known moment inequality Theorem III-3.1 in [13],we have
E[(M}(t) = Mi(s)*] = GE[(M})(0) — (M})(5))*],

where C3 is a universal positive constant. Therefore the first inequality (27) follows easily
from the fact the quadratic variation (M i ) is given by (26). The second inequality (28) is also
an easy consequence of the equation (26). O

We need the following.

LEMMA 4.2. Foranyz € M, the family of laws of C ([0, 00) — R?)-valued random
variables {(My, (M}))},>0 is tight. Moreover, if My, = Mj is any sequence such that the law
of (My,, (My)) converges weakly as n — oo, then there exist a probability space ($2, F, P)
and C ([0, o) — R)-valued random variables Mn, M, and A satisfying the following.

(a) The laws of (M, (My)) and (M, (My)) coincide for each n.

(b) 1limp_seop (My, M) = 0 and lim,—, o0 p (M), A) = 0 hold P-a.s.
where p is the metric on C([0, co) — R) given in the proof of Proposition 2.4.

(¢c) Misa martingale with (M) = A.

PROOF. By the inequality (27) in Lemma 4.1, the family of laws of {M},~¢ is tight

(see Theorem I-4.3 in [13] for example). Since for C > 0 the subset {w € C([0, o0) — R) :
w(0) =0, |lw@) — w(s)| < C|t —s|forany t,s € [0, 00)} is compact in C([0, o0) — R)
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endowed with the metric p, the inequality (28) in Lemma 4.1 yields the tightness of the family
of laws of {{M})},~0. Therefore the family of laws of C([0, c0) — R?)-valued random
variables {(M?, (Mf Nlaso is tight. Thus by virtue of the Skorohod theorem (Theorem I-
2.7 in [13]), there exist a probability space (£2, F, P) and C([0, o0) — R)-valued random
variables M,,, M, and A satisfying the conditions (a) and (b). It remains to show that M, and
A satisfy the condition (c). To prove the martingale property of M, it suffices to show that for
any 0 < 51 < s < --- < sy = s < t and bounded continuous function ¢ : R* - R, we
have

EIM@®@(M(sy), ..., M(sp)] = E[M(s)p(M(s1), ..., M(sp))]. (29)
Since M,, is a martingale, we have

E[M,(t)p(My(s1), - . ., My (s:))] = E[My (8)9(My (s1), - . ., My (si)] . (30)

Clearly, we have M,()p(My(s1), ..., My(st)) — M@@(M(s1),..., M(sy)) and

My ()p(My(s1), ..., Mu(sp)) — M(s)p(M(s1), ..., M(sy)) P-as. asn — oo. In addi-
tion, from the inequality (27) in Lemma 4.1, we see that L?-norm of integrands in the both
side of the equation (30) are uniformly bounded in n. Therefore they form sequences of uni-

formly integrable functions with respect to P. Thus each side of the equation (30) converges
to each side of the equation (29). Hence the equation (29) is valid.

Since it is obvious that A is an increasing process, it suffices to show that M2 — Aisa
martingale in order to prove (M) = A. We see that it can be proved in the same way as above
once we notice that the inequality (27) yields that L2-norm of M, (1? — (Mn)(t) is bounded

uniformly in n for each ¢. Consequently, M, (t)> — (M,)(¢) is uniformly integrable sequence
for each r. O

Now we prove Theorem 2.2.

PROOF OF THEOREM 2.2. Let f and g satisfy the assumptions of the theorem. Obvi-
ously we have

l[g(X*(At)) — g(@)] _ 2llglleo
up <
>0 A A

-0 (A— ). (31

Therefore we have only to prove that {M;},~¢ converges in law to the the Brownian motion
(1/2)Wf)(z)- The tightness of { M}, is already established in Lemma 4.2. Thus it remains
to identify the limit law under the condition that z is a quasi-regular point for X. So in the
rest of the proof, we assume that z is a quasi-regular point for X. Consider the process M
and A obtained in Lemma 4.2. If we can prove that A@t) = (1/4)(f)(2)t fort > 0, then we
conclude that the law of M coincides with that of (1/2) W, )(;) by Theorem II-7.2 in [13].
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By Proposition 2.4 we see that for each t > 0

At

lim (M$)(t) = ¢ lim L (Vo) (X*(s))ds =t / (Vo) dm, = —(f) ()t (32)
A—>00 r—o0 At Jo Mp

1
4
holds P-a.s. Combining (28) with (32), it is easy to see that (M f) (t) converges uniformly to

(1/4)(f)(z)t on any compact subset in [0, 00) P-a.s. as A — oc. This yields that A(f) =
(1/4)(f) (@)t fort = 0. O

REMARK 4.1. The proof of Theorem 2.2 above is elementary but slightly long-
winded. In fact, for a sequence of continuous martingales, its tightness is equivalent to that
of the sequence of their quadratic variations. Therefore, the fact that (M;)(r) converges uni-
formly to (1/4)(f)(z)t on any compact subset in [0, c0) P-a.s. as A — oo is sufficient
enough to guarantee the validity of the theorem (see [19] and Corollary 1 in [18] for details).

5. Uniquely ergodic case

In this section we consider the special case when the underlying homeomorphism F' is
uniquely ergodic i.e. {ZZM(F) = 1. The following is an analogue of Theorem 6.19 in [20].

THEOREM 5.1.  The following are equivalent.

(1) F is uniquely ergodic.

2) tHMX) = 1.

(3) There exists an element m in HM(X) such that for any f € C(MF),
(1/t)f0t T(s) f ds converges to '[MF f dm uniformly as t — oo.

(4) Forany f € C(MF), there exists a number C( f) depending only on f such that for
anyz € Mg, (1/t) fot f(X%(s))ds convergesto C(f) in L*(P) ast — oc.

(5) Forany f € C(MF), there exists a number C( f) depending only on f such that for
anyz € Mp, (1/t) fot F(X?*(s))ds convergesto C(f) in P ast — o0.

(6) Forany f € C(MF), there exists a number C(f) depending only on f such that for
anyz € Mg, (1/t) fot T (s) f(z) ds converges to C(f) ast — oo.

PROOF. In virtue of Theorem 2.1 the equivalence of the assertions (1) and (2) is obvi-
ous.

Next assuming the validity of the assertion (2), we show that of the assertion (3). Suppose
that it were not true. Then we could find an element fj in C(MF), a positive number g9 > 0, a
sequence {z;} of points in M, and a sequence of positive numbers {¢;} such thatlim; . t; =
oo and

> €. (33)

1 1
—f T(S)fo(Zj)ds—/ fodm
t 0 MF

J

Taking a subsequence we may assume that the limit J (f) = lim; ,  (1/¢;) fotj T(s)f(z;)ds
exists for any f € C(MF). By the Riesz representation theorem, there exists a Borel proba-
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bility measure m’ such that J(f) = fMF f dm’ for each f € C(MFp). By substituting T'(¢) f

for f, It is easy to see that m’ € HM(X). The inequality (33) implies that m # m’. This
contradicts the fact that fHM(X) = 1.

Assume assertion (3) is valid. We show (4) with C(f) = f My f dm. We may assume
that f is real-valued. By considering f — C(f), we have only to prove

t 2
Tim E[ Gf f(XZ(s))ds> } -0 (34)
— 00 0

t
provided that (1/¢) / T (s) f ds converges to 0 uniformly in z as t — oo. For ¢ > 0 we have
0

1(t) = E[G / f(XZ(s»ds)z}
-2,
),

T2

2
=72, E[f(Xz(r))/ (T(S)f)(XZ(r))dS} dr

[\

dr/ E[f(X*(r) f(X*(s)]ds

~
[\S]
(=}

[\

dr/ ELf(XS(r)(T (s —r) HX(r)]ds

[\S)
S

dr/O E[f(X*r)(T () /)X (r)]ds

0

2 t t—r
=5 [a-nE [f(XZ(r))— | (T(s)f)(Xz(r))ds} dr
t“ Jo t—r Jo

1 t(1—r)
:2/ (1 —r)EI:f(Xz(tr))t / (T(s)f)(XZ(tr))ds:| dr .
0 0

(I—r)
Here the third equality follows from the Markov property of X, the fourth equality is obtained
by the change of variable s —r +— s, the fifth equality is a consequence of the Fubini theorem,
and the last equality is obtained by the change of variable r — tr. Thus we have

t(1=r)
t(l—r)/o T(s)fds N

by the bounded convergence theorem. Hence we have (34) and the assertion (4) is verified.
The assertion (5) follows immediately from the assertion (4) and the assertion (6) is easily

verified from the assertion (5). It remains to show that the assertion (6) yields the assertion

(2). By Theorem 3.1, we can easily see that C(f) = fMF f dm holds for any m € HM(X).

Thus we have fHM(X) = 1. O

dr - 0 (t - 00)

1
()] < 2||f||oo/0 1=r)
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We consider a version of Theorem 2.2 for a uniquely ergodic homeomorphism F with
IM(F) = {u}. Theorem 2.1 implies that m,, is the unique element in HM(X), where m,,
is the measure defined by (10).

THEOREM 5.2. Assume that M is a mapping torus of a uniquely ergodic homeomor-
phism F. Let f be a real-valued function in C (M) which is not constantly O on the support
of my,. If there exists a function g € C% (MF) such that f = AL g, then we have the following.

(1) The limiting variance is non-degenerate, i.e.

(fy=4[ (Veg*dm, >0. (35)
MF
(2) Consider the process Y; defined by (13). Then for any point z € MF, the processes
Y{ converge in law to the Brownian motion W gy with variance ()t as > — 0.

PROOF. The assertion (1) follows immediately from Remark 2.4 (1).

Now we prove the assertion (2). We use the notation in Theorem 2.2, Lemma 4.1, and
Lemma 4.2 in the below. Recall that Lemma 4.1 and Lemma 4.2 are valid whether z € Mp
is a quasi-regular point for X or not. Choose any sequence M, = an which converges in

law and let 1\71,,, and A be the processes given in Lemma 4.2. We have only to show that A
satisfies A () = (1/4)(f)t P-a.s. for each 7 > 0. From (4) of Theorem 5.1, we have

1 2
E[<<M§)(t) - Z(f>t) }
1 At 2
= E[(t—/ (VL) (X%(s)) ds —f (ng)de,,t) } -0 (A— 00)
At 0 Mp

for any z € Mr and ¢t > 0. Since (M) and (Mn) have the same law, we have E[({(M,)(t) —
(1/4)(f)t)2] = E[((M,)(t) — (1/4)(f)t)2] — 0 as (n — o00). Thus we arrive at the desired
result. U

REMARK 5.1. (1) Itis well-known that a uniquely ergodic homeomorphism F with
IM(F) = {u} is minimal if and only if w is fully-supported (Theorem 6.17 in [20]). In such
a case for any real-valued g € Cz (Mp) if f = Apg is not constantly O, then the limiting
variance ( f') is non-degenerate.

(2) From the proof of Theorem 5.2, we see that the assertion of Theorem 2.2 is valid
for the point z such that (1/¢) fot (VL g)*(X%(s)) ds converges in probability to some constant
as t — o0o. Note that we do not assume the unique ergodicity here. Taking this fact into
consideration we introduce another notion of quasi-regularity. We call z € MF a weakly
quasi-regular point for X if for any f € C(MF) the limit lim,_, oo (1/1) fot f(X*(s)) ds exists

in probability. We denote by Qg(w) the totality of weakly quasi-regular points for X. By
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definition we have Qx C Qg(w). It is natural to ask whether they coincide or not. We do not
know the answer at present.

We finish with examples.

EXAMPLE 5.1 (generalized Kronecker foliation). Consider the case when M is a
compact metrizable group which admits an element a such that the rotation F : M —
M, ; x — ax is minimal. As is well-known that the normalized Haar measure w is the only

invariant probability measure for F. When M is the one-dimensional torus and a = 2V la
with o being irrational, the corresponding mapping torus is thought of as the so-called Kro-
necker foliation. So we call the mapping torus M of F a generalized Kronecker foliation in
the sequel.

Let M be the character group of M. Forn € Z and y € M we define a function ey.n
on R x M by ey, (u,x) = 2TVl +muy, (x) where a(y) € [0, 1) satisfies y(a) =
e2TV=la(y), Clearly e, (u + 1,x) = ey, (u, ax) for any (u, x) € R x M. Therefore we
regard e, , as an element in C;° (M) and write often as e, , ([u, x]) = ey, (u, x). Moreover,
it is not hard to verify that the family {e,, : y € M, n e Z} is a complete orthonormal
system of L*(m ), where m, is the only element in HM (X) defined by the equation (10).
For f € L*(m w) its Fourier series expansion is given by

FUu XD =Y fuyeny (u, x1) (36)

ny
where the summation is taken over all (n, y) € Z x M and the Fourier coefficients fn,y are
given by
| aami= [ e o dudy
MFp [0,1)xM

and satisfy }_, , |fn,y|2 < 0o.

We calculate the limiting variance in Theorem 5.2 in terms of the Fourier series. Let
g be a real-valued function in C% (MF) such that f = Ay g is not constantly 0. Using the
expansion (36) we have

9w, x1) = Gnyeny ([u, x1),

ny
Vig(u,xD= " Y Quv=1@y) +n)jnyeny (u, x]),
n,y :(n,y)#(0,1)
fu,x1) = Arg([u, x]) = Z —47%(@(y) + 1) Gu.yen,y ((u, X1) .

n,y :(n,y)#(0,1)
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Thus we have
(ﬂ=4/ aam%mu=4/ Vgl dm,
Mp Mg

=16 Y 2@y +n) gyl >0
n,y:(n,y)#(0,1)

since f is not constantly 0.

EXAMPLE 5.2. We consider a special case in Example 5.1 where M = S = {x €
C : |x] = 1} and Fx = ax is an irrational rotation, i.e. a = VI with o € ©, 1)
irrational. In this case the mapping torus M is a foliated manifold which is identified with
the so-called Kronecker foliation. The character group M is identified with Z so that if y el
y(x) = xV holds for x € M. Therefore each member ¢, , of the above mentioned complete
orthonormal system of Lz(mﬂ) is given by e, ) (u, x) = 2V =1y +muyy and it is not only
leafwise smooth but also smooth in the usual sense as a function on the manifold Mr. Note
that we have

2 2
T(l‘)en’y — e—27T ((x}/—i-n) len’y

for ¢ > 0. Thus there is no Banach space (L, || - ||) satisfying conditions (1) and (2) below.

(1) {eny :neZ,yeZycLC L (m,).
(2) T(¢) is a continuous semi-group on L such that there exists C > O and ¢ € (0, 1)
such that

< CeIIfI

HTmf—Alme

holds for each f € L. Indeed, for any ¢ > 0 we can choose a pair (n, y) € Z x Z with |ay +
n| < & since « is irrational. Thus we are in a different situation from the leafwise Brownian
motion on the stable foliation associated with the geodesic flow on the unit tangent bundle
over a compact negatively curved manifold. One finds in [17] a Banach space consisting of
a class of Horder continuous functions on which the semi-group of the leafwise Brownian
motion satisfies the condition (2).

EXAMPLE 5.3. Let MFr be the same mapping torus as in Example 5.2. It is conve-
nient to introduce a real parameter v and denote as x = e>" V=TV in the sequel. Under this
convention, e, , is written as e, , (i, v) = 2N/ =@y +mu+yv)

We give an example of a function f € C7°(MF) NC'(MF) which satisfies -[MF fdm, =
0 but does not have a function g € CI%(M r) such that Ap g = f. To this end, we recall a

well-known result in continued fraction (e.g. Theorem 171 in [11]). There exist sequence
of positive integers py and g such that p; and g are coprime, Z,fil(l /qk) < oo, and
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legr — pr| < 1/qx. Define f by

e¢]

1 - _
fu,v) = Z 2 e peoge (U, v) = Z _26271«/_1((05% PU+qrv)
=1 9k =1 9k

Clearly, the right hand side of the above is uniformly convergent in (u, v) € R? and f(u +
1,v) = f(u, v + «) holds. Therefore f determines a continuous function on Mr. Since we
have (1/qx)*|laqr — prl” < (1/qx)" 2 for any positive integer r, we see that f is of leafwise
C" and

2 _ r
VLY f = Z( ”\/_(ZC]k Pr)) S
k=1 k

On the other hand, (3f/dv)(u, v) exists and

_(M5 U) =

af 2. 2ma/—1
ov Z

€ pr.gi (U, V)
k=1
holds by Z,‘:il (1/qx) < oo. Therefore, we conclude that f € C;°(MF) N Ccl(Mp). Finally,
we show that there is no function g € C% (MF) satisfying Ay g = f. If such a function
g exists, then its Fourier coefficients g, , with respect to the complete orthonormal system
{en,, } must be given by
1

4n2q2 (agqr — pr)*’

if (n,y) = (—pk, qx) for some k) ,

ny =
0, otherwise.
Since we have
o0

the norm ||g||; 2 diverges. Hence we arrive at a contradiction.
L*(my)

k=1 q |0“1k - Pk|

This example shows that a function f € C(MF) with |’ M f dm,, = 0 does not always

have a leafwise C2 solution g of the equation Ay g = f even if f has C'-regularity in the
usual sense.
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