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Abstract. In this paper, we will study Earle slices of quasi-fuchsian space for once punctured torus associated
with involutions of its fundamental group induced by orientation reversing diffeomorphism of this surface. First we
classify Earle slices into two types: thombic Earle slices and rectangular Earle slices. The main purpose of this paper
is to study the configuration of Earle slices. Especially, we obtain a necessary and sufficient condition for two Earle
slices to intersect each other. We also show that the union of all Earle slices is connected. In the end, we describe
Earle slices by using trace coordinates of quasi-fuchsian space.

1. Introduction

Earle slices, which are holomorphic slices of quasi-fuchsian spaces, were first introduced
by Earle [2] in 1983. Actually Earle considered in [2] the case of closed Riemann surface of
genus > 2. Later Komori and Series [6] studied the case of once punctured torus. In this paper,
we consider all of the Earle slices for once punctured torus S associated with involutions of
the fundamental group 71 (S) induced by orientation reversing diffeomorphism of S. We will
classify these Earle slices into two types: rthombic Earle slices and rectangular Earle slices.
Here rhombic Earle slices are associated with involutions exchanging some pair («, B) of
generators of 71 (S), while rectangular Earle slices are associated with involutions which take
o to o and B to ,8_1 for some pair (o, ) of generators of m1(S). Komori and Series [6]
studied rhombic Earle slices, and Komori [7] studied rectangular Earle slices.

In this paper, we study the configuration of Earle slices in QF(S) of once punctured
torus. The paper is organized as follows. In Section 2, we set up notations and recall some
definitions we will use later. In Section 3, we give the classification of Earle slices. In Section
4, we consider the action of mapping class group on the quasi-fuchsian space and determine
the stabilizer subgroup of each Earle slice.

The main results appear in Section 5. We give a necessary and sufficient condition for
two Earle slices to intersect each other. More precisely, we first obtain a necessary and suf-
ficient condition for two rhombic Earle slices to intersect each other. We next show that two
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rectangular Earle slices do not intersect. Finally we obtain a necessary and sufficient condition
for one rhombic Earle slice and one rectangular Earle slice to intersect each other.

Besides, we show that for any Earle slice, there exists a unique Earle slice of different
kind that intersects it. We also show that for any rhombic Earle slice, there exist exactly four
distinct rhombic Earle slices that intersect it. In the end of Section 5, we show that the union
of all rhombic Earle slices is connected. As a consequence, the union of all Earle slices is also
connected.

Finally in Section 6, we describe Earle slices using trace coordinates of the quasi-
fuchsian space.

2. Preliminary

2.1. Teichmiiller space. Let S be an oriented once punctured torus and let 71 (S) be
its fundamental group. An ordered pair (o, 8) of generators of 71 (S) is called canonical if the
algebraic intersection number i (¢, B) is equal to 41 with respect to the given orientation of S.
The Teichmiiller space T (S) is defined to be the set of equivalence classes of (X, f), where
X is a hyperbolic Riemann surface of finite hyperbolic area and f : 71 (S) — m1(X) is a type-
preserving isomorphism which is induced by orientation preserving homeomorphism from S
to X. Here type-preserving means f maps the homotopy class of loops around the puncture
of S to the same homotopy class of loops around the puncture of X. (X, f) is equivalent to
(Y, g) if and only if there exists a conformal map 4 from X to Y that induces an isomorphism
hy @ w1 (X) — m(Y) such that g~'h f is an inner automorphism of 71(S). We denote the
equivalence class of (X, f) by [X, f]. For short, let X denote [X, f] € T(S).

By fixing a pair (&, 8) of canonical generators of 1 (S), the Teichmiiller space 7 (S) can
be naturally identified with the upper half plane H = {z € C|3Jz > 0} as follows: for any
point T € H, we associate it with the point [X, f] € T (S) where X is equal to C/(Z & Zt)
with one point removed, and f : 71(S) — m1(X) is a type-preserving isomorphism that sends
« and B to the images of segments [0, 1] and [0, 7] in X, respectively.

2.2. [Extended mapping class group. The extended mapping class group Mod(S) is
the group of isotopy classes of (not necessarily orientation preserving) homeomorphisms of
S onto itself. The outer automorphism of w1 (S) is Out(w1(S)) = Aut(w((S))/Inn(m(S)),
where Aut(r1(S)) and Inn(sr;(S)) denote the automorphism group and the inner automor-
phism group of 7 (S), respectively.

We can identify Mod(S) with Out(sr1(S)). In fact, for an arbitrary homeomorphism &
of S onto itself, and for any path § connecting the base point p € S to h(p), we have an
automorphism (h3), € Aut(rr1(S)) which is defined by (h5)«(y) = 8~ (h o y)8. When we
choose another path 8" which connects p to i(p), then (hs)4 is conjugate to (kg ) by 8 -1y
The outer automorphism /4, € Out(sry(S)) is thus well defined independently of the choice of
the path §. Furthermore % is homotopic to the identity if and only if it acts trivially on 1 (S).
Therefore the map Mod(S) — Out(r;(S)) defined as above is a homomorphism (see chapter
8 in [3] for more details).
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By fixing a basis of H1(S, Z) ~ 72, we can also identify Mod(S) with GL(2, Z) (see for
example [3] P.231). In fact, when we fix a pair (¢, B8) of generators of H;(S, Z), we identify

h € Mod(S) with (i Z) € GL(2,7) if h induces an isomorphism A, : H{(S,Z) —

Hi(S,Z) such that hy(¢) = ao + cf and hy«(B) = ba + dB. Then we often identify the
following three groups:

Out(m1(S)) = Mod(S) = GL(2,7).

Let Mod™ (S) (resp. Mod™(S)) denote the subset of Mod(S) consisting of isotopy classes
of orientation preserving (resp. reversing) homeomorphisms from S to itself. In particular,
we can identify Mod™ (S) with SL(2, Z). An element ¢ € Mod™ (S) induces a map 7 (S) —
T(S) givenby sending X = [X, fltop-X :=[X, f o<p*_1], where ¢, € Out(r1(S)) denotes
the element corresponding to ¢ by the above identification. Let S be § with its orientation
reversed. Then ¢ € Mod™ (S) induces a map 7(S) — 7 (S) in a similar way.

2.3. Action of Mod™ (S) on 7(S). The action of Mod™ (S) on 7(S) can be identified
with the action of SL(2, Z) on H by Mébius transformation (see [3], P.346):

a b az—>b
(c d)”f(Z)_m'
Note that ¢ € Mod™(S) acts on 7(S) trivially if and only if it corresponds to £/ under the
identification Mod™(S) = SL(2, Z). A fundamental domain for the action of SL(2, Z) on H
is
1
5=

1
K:{zeH:— <$Rz§§,lzlzl}-

In K, there are only three points i, ¢'™/3 and €27/3 that are fixed by some element of SL(2, Z).

2.4. Quasi-fuchsian space and Earle slices. The quasi-fuchsian space QF(S) of
S is defined to be the set of conjugacy classes of faithful and discrete representations o :
71(S) — PSL(2,C) such that the image of the loop around the puncture is parabolic and
that the image I" := p(m1(S)) is quasi-fuchsian. The region of discontinuity £2 of I" has
exactly two simply connected invariant components §£24. We choose the labeling & in such a
way that the homotopy basis of £2,. /1" induced by the ordered pair (o («), p(B)) is canonical
with respect to the orientation of £2.

Earle slices for once punctured torus are defined by the following theorem.

THEOREM 2.1 ([2], [6]). Let S be a once punctured torus, and T (S) the Teichmiiller
space of S. Then for any X € T(S) and an automorphism 6 of 1(S) induced by an orien-
tation reversing diffeomorphism of S, there exists a unique representation p : w1(S) — I in
the quasi-fuchsian space QF (S), such that

1. 24/ = X inT(S), where the marking of 24/ is induced from p, and
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2. there exists a conformal map F: 24+ — $2_ such that F o p(y) = p(0(y)) o F forall
y € 1 (S).

Furthermore, if 0* = id, then F is a Mobius transformation of order two.

We denote the representation p obtained in Theorem 2.1 by pg x. For a given automor-
phism 6 of 1 (S) induced by an orientation reversing diffeomorphism of S, the Earle slice &y
of QF(S) is defined to be the subset

Eo :=1{po.x|X € T(S}
of QF(S).

3. Classification of Earle slices associated with involutions

Let p € QF(S) and I' = p(m1(S)). The Kleinian manifold M = (H3 U £2)/I is
bounded by a pair of Riemann surfaces denoted by X and Y. The orientations of X and Y
are induced from that of £2. There is a homeomorphism ¢ : § x [0, 1] — M such that
Yy = p. After equipping X and Y with markings ¥[sxo; : S — X and ¥|sx(1} : S—7Y,
respectively, we can regard X € 7(S) and Y € T(S). The map QF(S) — T(S) x T(S),
p — (X, Y) defined as above has been proved to be a homeomorphism by Bers. So we denote
by Q(X,Y) := p € QF(S) the preimage of (X, Y).

Next we use this fact to interpret the definition of Earle slices.

THEOREM 3.1. For every automorphism 6 of w1(S) induced by an orientation revers-
ing diffeomorphism of S, the Earle slice &g can be written as

& ={0(X,0-X)|X e T(S)}.

Recall that 6 induces a map 7(S) — 7T (S) given by sending X = [X, f]to 6 - X =
[X, fo67'].

PROOF. Let p € &. By Theorem 2.1, there exists a conformal map F: 2, — £2_,
such that F o p(y) = p(@(y)) o F for all y € m1(S). The conformal map F induces an ori-
entation preserving conformal map F : 24 /I" — §£2_/I" such thatF, (p(y)) = p(6(y)). We
equip 24 /1" and £2_/I" with markings induced by p. We regard the marking p : 71(S) —
I' =m(24/T") of 2, /T as induced from an orientation preserving homeomorphism § —
£24+/I". On the other hand, we regard the marking p : 71(S) = m; S) - I' =m £2_/I)
of 2_ /T as induced from an orientation preserving homeomorphism S — $2_/I". Thus one
can see that X = (2, /I", p) € T(S) and Y = (2_/T, p) € T(S).

From the definition of Teichmiiller space, we have X = [2 /T, p] = [§2_/T,E, 0p] =
[2_/T, p o 0]. So

0-X=0-[2_/T,pobl=[2_/T,pobobd 1=[2_/T, pl=Y.
Thus we obtain p = Q(X,Y) = Q(X, 6 - X). O



EARLE SLICES ASSOCIATED WITH INVOLUTIONS 437

Let
Inv™(S) := {¢ € Mod™(S)|¢? = id}
and
Inv™ ()« := {@x € Out(m1(S))|g € Inv™(S)}.

Under the identification Out(rr{(S)) = GL(2, Z), we have the following bijective correspon-
dence:

b

v (S), <> {(i _a> € GLQ2,7):a*+bc = 1} .

In this paper, we focus on Earle slices & associated with 8 € Inv™(S),.
We have the following classification of elements of Inv™(S)., which is deduced from
Theorem 3.4 below.

THEOREM 3.2. Let 0 € Inv™ (S)s, then exactly one of the following is satisfied:

1. There exists a pair («, B) of canonical generators of m1(S) such that 0(e) = «,

0p)=p".
2. There exists a pair («, B) of canonical generators of w1(S) such that 6(x) = B,
0(B) = a.

DEFINITION 3.3 ([5], [6], [7]). We say that 6 is rectangular, if 6 satisfies condition 1
of Theorem 3.2. The corresponding Earle slice & is called rectangular Earle slice. We say
0 is rhombic if 6 satisfies condition 2 of Theorem 3.2. The corresponding Earle slice & is
called rhombic Earle slice.

An ordered pair (w1, w2) of 72 is canonical if det(w;, w) = 1. We obtain Theorem 3.2
from the bijective correspondence Out(rr1 (S)) = GL(2, Z) and the following theorem.

THEOREM 3.4 ([4] P.166, Lemma 5.5). For A € GL(2,7Z) with det(A) = —1 and
A? = E, exactly one of the following is satisfied:

1. There exists a pair (w1, w3) of canonical generators of Z* such that Aw, = w| and

Awr = —w».
2. There exists a pair (w1, wy) of canonical generators of Z* such that Aw, = w) and
Awr = w1 .

REMARK. InTheorem 3.4, A is conjugate to (é 01 > in Case 1, and is conjugate to

0 1Y).
<1 0>1nCaseZ.

Throughout this paper, we denote 6; = (é _01 > and 6 = <(1) (l)>



438 NA LI

LEMMA 3.5. LetA:(a b
c d

gate to 01 by some element of SL(2, Z) if and only if both b and c are even.

) € GL(2,2Z) be as in Theorem 3.4. Then A is conju-

N

BOlB_lz( * _2pq)

PROOF. LetB = <f q> € SL(2,7Z). Since we have
—=2rs *

* p2_q2
sc—r * ’

-1

the “only if” part is trivial.
2 — r2is odd. Suppose for contradiction
that both p? — g2 and s> — r? are even. Then p and g have the same parity, and so do s and

r. Then ps and gr have the same parity. This contradicts ps — gr = 1. O

We only need to show that either p> — g2 or s

4. Stabilizers of Earle slices

A mapping class ¢ € Mod™(S) acts on QF(S) by sending a representation Q(X, Y) to
¢-0X,Y)=0X,Y)o go*_l. This action is compatible with the actions of Mod™ (S) on
7(S) and T (S); that is

In this chapter, we will study the action of Mod™ (S) on the set of Earle slices of QF(S).
Especially, we will give the stabilizer subgroup of each Earle slice in Mod™(S) = SL(2, Z).

LEMMA 4.1. Let0,0" € Inv(S)y. Then Ey = Ey ifand only if @ = 10" in GL(2, 7).

PROOF. Suppose that & = &y. Then Q(X,0 - X) = Q(X, 0 - X) forall X € T (S).
Then we have § - X = 6’ - X and hence X = 01 -9’ - X forall X € T(S). From subsection
2.3, we know that an element in Mod™ (S) acts on 7 (S) trivially if and only if it corresponds
to+/. Thus®~' 06’ = £ in SL(2, Z). That means 6 = +6’ in GL(2, Z).

The converse is trivial. O

THEOREM 4.2. Let6 € Inv™(S), and r € Mod™ (S). Then we have the following:

(a) The setr(Ey) ={po r*_llp € &) is equal to Egr where ' =r, 00 o r*_l.
(b) &y is rhombic (resp. rectangular) if and only if r (Ey) is rhombic (resp. rectangular).

PROOF. (a) By Theorem 3.1, we have

r(&) ={0 - -X,r-0-X)|XeT(S)}.



EARLE SLICES ASSOCIATED WITH INVOLUTIONS 439

Since r induces an automorphism of 7°(S), we obtain
(O - X.r-0-X)XeT®)={QX.r-0-r"'-X)|X € T(S)}.
Forall X = [X, f] € T(S), we have
re0or b X =X, foreof lors 1=[X, fo(rvobor,H™l
=0"-X,

thus (&) = &y .
(b) It follows from (a) and the definitions of the two kinds of Earle slices. a

By Theorem 3.4, 6 € Inv™(S), is conjugate to 61 or 6> in GL(2, Z) by some element in
SL(2,Z). Therefore we have the following corollary.

COROLLARY 4.3. Forany 6 € Inv—(S)s, there exists r € Mod™ (S) such that £ =
r(&g,) or & = r(&p,).

THEOREM 4.4. For every Earle slice £, we have

0 1\ _
StabM0d+(S)€0 = {:tla :tg (_1 0) g l} ’

where g is an element of SL(2, Z) such that @ = g6, g~" if 0 is rectangular, or 6 = g0g~
if 0 is rhombic.

PROOF. 1If & = r(&y), it follows from Theorem 4.2 that (&) = &,
Lemma 4.1, we have § = £+r, 00 o r*_1 in GL(2,7).

b
d

1

1. Then by

wofory

We first assume that 0 = 0. Letry, = (a ) € SL(2, Z). By acalculation, we obtain
c

from6 = +r, 000 r*_1 that r, = +1, £ < 0 1). Similarly, when 6 = 6, we obtain the

-1 0

same result r, = £1, £+ < 0 1).
-1 0
In general, by Theorem 3.4, 6 is conjugate to 61 or 8 by some element of SL(2, Z).
Suppose 6 = gb;g~! for some g € SL(2,Z), where i = 1 or 2. Combining with r,0r; ! =
+6, we obtain

(0790 (g )" = 6, .

0 1
-1 0

m::i:[,:i:g( 0 1>g_1.

It follows from the discussion above that g‘lr* g==I,+ < > Thus we obtain

-1 0
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5. Intersection of two Earle slices

Recall that the Teichmiiller space T () of once punctured torus S can be identified with
the upper half space H after fixing a pair of generators of 1(S). Let S; denote the element in
T (S) corresponding to z € H. Let

0 1 I -1
C=<_1 O>’D=<l O)eSL(Z,Z).

Note that C2 = D3 = [ in SL(2,7)/{#I}. Since SL(2,Z) act on H, we have C(i) = i,
DT (e!7/3) = ¢/7/3. So if we regard C and D*! as elements of Mod™ (S) acting on 7(S),
we can say that C fixes S; € 7(S) and D*! fixes S,iz/3 € T(S). Conversely ¢ € Mod"S =
SL(2,7) has a fixed point in 7(S), then ¢ is conjugate to +C or £D or £D~!. In what
follows, we will always let C and D be as above.

We first give a necessary and sufficient condition for & N &y # @.

THEOREM 5.1. Let 6,0 € Inv—(8)y with 0 # £0'. Then Ey N Ey # B if and only if

0716" is conjugate in SL(2,Z) to +C or =D or £D~'. Moreover, if 616" = £9Cg~! for
some g € SL(2,7Z), then

EoNEy ={0(Sqa), 0 - Sgi)}
and if 010 is equalto + gDg™ or + gD~ g™, then
EoNEy = {Q(Sg(em/3), 6 - Sg(em/3))} .

PROOF. If & N &y # @, then there exists X = [X, f]1 € T(S) suchthatd - X =6’ - X
and hence that X = 67! -0’ - X. So 6710’ fixes the point [X, f]. By identifying Mod* (S)
with SL(2, Z), we have that 6 ~'6’ is conjugate to +C or =D or D! in SL(2, Z).

When 6716" = £9Cg~! for some g € SL(2,Z), 0716’ fixes Sg(;). Therefore & NEy =
{Q(Sgai), 0 - Sgqi)}. Similarly, if 6716" = £gDg~ ! or £ gD~'g7!, we have & N &y =
{Q(Sg(ein/S), 9 . Sg(ein/B))}. O

EXAMPLES. (1) Since 6,7'6; = C, we have &, N &, = {Q(Si, 61 - Si)}.

(2) Since 6, D is conjugate to 6> by bl € SL(2,7), we know that 6, D is in Inv="(S),
0

1

and is thombic. We have &, N &y,p = {Q(S,ix/3, 02 - S,ix/3)} since 6,~Y6,D) = D.
Similarly, we have &, N &y, p-1 = {Q(S,ins3, 02 - S,ins3)}. Therefore,

Eo, NEg,p N 502D71 =1{0(S,ix3,02 - S,ixs3)}.

THEOREM 5.2. Let 0,0 € Inv—(S), with 0 # +60' and assume that £y N Ey # V.
Then 10" is conjugate to +D or + D~ in SL(2, Z) if and only if both 6 and 6’ are rhombic.
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PROOF. First, we assume that 616’ is conjugate to D in SL(2, Z). The proof for
b

+ D~ is similar. Since 6 € Inv—(S), we can let 6 = <a
¢ —a

) € GL(2,7Z) witha?+bc =

1.
1 , a+b -—a .

Suppose first that 70" = +D. Then we have 6" = £6D = + <c i —c)' Since
0’ € Inv~(S),, we obtain a + b — ¢ = 0. Suppose for contradiction that 6 is rectangular. It
follows immediately from Lemma 3.5, both b and ¢ are even. By a +b — ¢ = 0, a is also
even. Hence a2 + bc # 1, which is a contradiction. Thus 6 is thombic. The proof for 6’ is
parallel.

In general, 0’ = +0¢gDg~! forsome g € SL(2, Z). Then we have g~'0’g = +¢9~'0¢D.
One can see that g~'0g and ¢~'0’¢ are rhombic from the discussion for =16’ = +D.
Therefore, both 8 and 6’ are rhombic.

Next we will show the necessity. By Theorem 5.1, & N & # @ implies that oo’
is conjugate to =C or D or =D~!. Since # and 6’ are rhombic, by taking a conjugation
a

b ) with a2 + bc = 1. Then we
c —a

if necessary, we may assume 6 = 6, and 0’ = <

have 6, o/ = (2 —ba ) Suppose for contradiction that 6, 1o’ is conjugate to £C. Then

Tr92_19’ = b+ ¢ = 0. Then from a? + bc = 1 we have a®> — b?> = 1. Therefore a = +1

and b = ¢ = 0. So 6’ = +6;. It contradicts the assumption that 6’ is rhombic. Thus 616" is
conjugate to =D or =D~ !, O

Next we will study the case that both 6 and 6’ are rectangular.
THEOREM 5.3. If0,0" € Inv—(S), are rectangular and 6 # +0’, then Eg N Ey = .

PROOF. Suppose that g N Eyr # B, 6 # +6’, and 6 is rectangular. We will show that
0’ is not rectangular.

By Theorem 5.1 and Theorem 5.2, we know that 69’ is conjugate to +C in SL(2, Z).
b
d
—bd —ac  b*+ a?

d*>+c¢*  —bd —ac

rectangular. In fact, if both b2 + a? and d* + ¢? are even, then a and b have the same parity,
so do d and c. Therefore ad and bc have the same parity. Thus ad — bc is even. It contradicts
the fact that g € SL(2, Z).

In general, 6 = hO1h~! for some h € SL(2,7). Then we have §' = :l:h@lh_lgCg_l,
thatis h=10'h = +6;(h~'g)C(h~' g)~!. From the discussion above, 1~'6’h is not rectangu-
lar and hence 6’ is not rectangular. d

Let 070" = ¢gCg~!, where g = (i ) € SL(2,7Z). We first suppose that & = 61. Then

0 = +6,9Cqg~ " =+ < ) By Lemma 3.5, one can see that 8’ is not
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From Theorem 5.1, Theorem 5.2 and Theorem 5.3, we obtain the following corollary.

COROLLARY 5.4. Let 8,0 € Inv—(S), with 0 # 60’ and assume that Eg N Ey # V.
Then 010’ is conjugate to +=C in SL(2, Z) if and only if one of @ and 0’ is rectangular and
the other is rhombic.

In the following, we will study for a given Earle slice, how many Earle slices intersect
with it.

THEOREM 5.5. For any rhombic (resp. rectangular) Earle slice &y, there exists a
unique rectangular (resp. rhombic) Earle slice &y, such that Eg N Ey # V.

PROOF. We only consider the case of rhombic Earle slice. The proof for rectangular
Earle slice is similar.

First, we show the existence. From Example (1), we see that for the rhombic Earle slice
&, , there exists the rectangular Earle slice &, such that &, N &, # @.

In general, for any rhombic Earle slice £4,,-1 with h € SL(2, Z), there exists a rect-
angular Earle slice &4 -1 such that &,y 1 N Epg -1 # B, since (h@z_lh_l)(helh—l) =
hCh=1.

Next, we will show the uniqueness. By Corollary 5.4, if one rhombic Earle slice &
intersects with one rectangular Earle slice &, we have 6710’ = £¢Cg~! for some g €
SL(?2,Z).

Suppose first that § = ;. Let 6’ = (‘CI Z

have b+c = Tr(92_19’) = Tr(:i:gCg_l) = 4+ Tr C = 0. Thus one can see thata = —d = +1
and b = ¢ = 0. It follows that ' = £6;. Therefore &, is the unique rectangular Earle slice
which satisfies the condition.

In general, & = h6h~! for some h € SL(2,7Z). Then we have 010" = ho,h~ 10" =
gCqg~ " and so ,(h~'6’'h) = £(h~'g)C(h—'g)~!. It follows from the discussion above that
h=16’h = 6y, that is 8’ = h6h~'. Thus for any rhombic Earle slice &,,,-1 with h €
SL(2,7Z), there exists a unique rectangular Earle slice &g, -1 such that &,y -1 N Epg 1 #
. O

>. Then a = —d and a® + be = 1. We also

THEOREM 5.6. For any rhombic Earle slice Eg, there exist exactly four distinct rhom-
bic Earle slices Ey,,i =1, 2,3, 4 such that £y, N Eg # V. Furthermore, the four Earle slices
Sform two pairs, {Ey,, Ep,} and {Ey,, Ey,} such that:

Egﬂ&pl =€905¢2;
5905¢3=€005¢4;

E9 N Egy N Epy NEy NEgy = 1.
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PROOF. By Theorem 5.2, if two rhombic Earle slices & and & intersect, then oo’
is conjugate to =D or =D~ ! in SL(2, Z).
Suppose first that 6 = 6>. Let & be rhombic Earle slice such that & N &y # B. One

may assume that 6’ = (a b ) with a® + bc = 1. Since 92_19’ = <C _ba> is conjugate
c —a a

to =D or £D~!, we have Tr(02_19’) = b+ c = 1 or —1. By substituting this to the equation
a>+bc=1,weobtaina? —b* +b=1ora®>—b>—b=1.

Next, we will show how to find all integer solutions to a> — b + b = 1. It is equivalent
to find all integer solutions to the equation x> — y?> + y = 1. Since the distance between
two different integer numbers cannot be less than 1, one can see that the part of the curve
x? — y2 + y = 1, which lies between the straight lines y = x and y = x + 1, has no integer
solution(see Figure 1). So does for the part which lies between the straight lines y = —x and
y = —x + 1. Then one can see from Figure 1 that all integer solutions to x> — y? +y = 1 are
(x,y)=(1,0),(—1,0), (1, 1) and (—1, 1). Therefore, all integer solutions fora’?—b*+b =1
area = +1,b=0anda = +1,b = 1. Since b + ¢ = 1 in this case, we obtain that ¢ = 1
when b =0, and ¢ = 0 when b = 1.

Similarly, we know that all integer solutions to a> — b> —b = l area = +1,b = 0 and
a==1,b=—-1. By b+ c = —1, one can see that c = —1 when b = 0, and ¢ = 0 when
b=-—1.

From the above arguments, we obtain eight solutions +v; (i = 1, 2, 3, 4) for §’, where

10 -1 1 11 ~1 0
‘”1:(1 —1)’ l”2::(0 1)’ l”3:(0 —1>’ ‘”‘“:(1 1)'

Then 6’ can only be one of +1/;, where i = 1, 2, 3, 4. Since &5 = E_p forany ¢ € Inv™ (S).,
there exist exactly four distinct rhombic Earle slices intersect with &y, .
Furthermore, we have

0, 'y =D, 6 'yo,=D"", 6;'ys=CcDC!, o 'ys=cD7'CT.

Therefore, one sees from Theorem 5.1 that they form two pairs, {Ey,, Ey,} and {Ey;, Ey,}
which satisfy the desired properties.

In general, we suppose that § = h6rh~! with h € SL(2,Z). Let £ be thombic Earle
slice such that & N & # @. Since #7160’ = h6h~'6’ is conjugate to =D or £D~!,
02(h~'6’h) is also conjugate to £D or £D~!. It follows from the above discussion that
h='0'h = £y;,i =1,2,30r4. Thus @ = +hy;h~',i = 1,2,3 or4. So for any rhombic
Earle slice &g, -1, there exist exactly four rhombic Earle slices &y, -1, 1 = 1,2, 3, 4 that
satisfy the condition. O

REMARK. In our new notation, Example (2) can be written as

Eo, NEyy N Ey, = {0(S,ins3, 02 - Spinsa)}.
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FIGURE 1. The curves defined by X2 - y2 + y = 1 and the integer points.

Since C(e!™/3) = 27/3 we have
Eo, N Eyy N Eyy = {Q(S,2ins3, 02 - Sp2ins3)} .
THEOREM 5.7. The union of all rhombic Earle slices is connected.

PROOF. It suffices to show that any rhombic Earle slice £, ,

-1, 9 € SL(2,7Z), con-
nects with &, through a finite sequence of rhombic Earle slices.
From Theorem 5.6, we know that there exist exactly four distinct rhombic Earle slices

1 1
<0 1)andS =

&

vig-1s i = 1,2,3,4 such that Sg¢ig—1 neé

029! # @. Let T

< i (1)> By calculating, we obtain that

U1 =TOT™ ', Ya=80S"", Y3=5"'605, ys=T"16T.

It is known that SL(2, Z) is generated by S and T. Therefore g = 5157 ...s, forsomen € Z*
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with s; € {S, s T, T_l}. Let g = s152...85¢k for 1 <k < nandgyp= 1. Then

029" = g—1subasi g = a—1vigl)
where i = 1, 2, 3 or 4, which depends on s. It follows from the proof of Theorem 5.6 that

59k029/:] n 89k71929,;]1 = 89#1‘//[‘9{,1] n 89k71929,;]1 = gk_l(g‘/"' n 592) 70

Therefore &gy, ;-1 connects with &, through a finite sequence of rhombic Earle slices. |
REMARK. From the relationship between v; and 6,where i = 1, 2, 3, 4, we have
Ep =TE) . &y =5Es), Epn=5"E). Ey=T"(,).
Combining Theorem 5.4 and Theorem 5.7, we obtain the following.

COROLLARY 5.8. The union of all Earle slices is connected.

6. Trace coordinates

Let OF (S) be the set of conjugacy classes of type-preserving, faithful and irreducible
representations p of 771 (S) to SL(2, C) such that the images are discrete and quasi-fuchsian
group. Then Qj—' (S) is a natural covering of QF(S). We denote the preimage of & € QF(S)
by in QTF(S) by gg. Fix a pair (¢, B) of generators of 71(S) and let u : Qj—'(S) — C3be
the map which sends [p] to (Tr p(«), Tr p(B), Tr p(aB)). Then w is an embedding of Q7—"(S)
into {(x, y,2) € C? : x2 4+ y2 + z2 = xyz} — {(0, 0, 0)}(see for example [1]). Thus we often
regard Qj:(S) as a subset of C3.

For [p] € Q7—'(S), let x = Tr(p(e)), y = Tr(p(B)) and z = Tr(p(B)). In [7], Komori
has proved that p € &, if and only if Tr(p(xpf)) = Tr(p (@B~1)). On the other hand, Komori
and Series have showed in [6] that p € &, if and only if Tr(p(«)) = Tr(p(8)). We thus have
the following theorem.

THEOREM 6.1 ([6], [7]).
€y = QF () N{(x,y,2) € C* : xy =27},
€9, = QF () N{(x,y,0) € C 1 x =y},
Therefore, we have
Eo, N &s, = {(2V2,2V/2,4), (=2v/2, =242, 4)}.

Note that the two points correspond to the same representation into PSL(2, C).
Next, we show that

Ep = QF(S) N{(x,y,2) € C* 1 x =2z},

gy = QF(S) N{(x,y,2) e CP 1y =2},
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where ¥, ¥» € Inv™(S), are associated with (i _Ol) , <_Ol i

tively (see the proof of Theorem 5.6). In fact, recall that 8, is an automorphism of 71 (S) such
that 62 () = B and 0,(B) = «. Let T € Aut(sr(S)) such that 7 (o) = «, and t(8) = a.(Note

that the class of Out(w1(S)) represented by t corresponds to 7 = <(1) 1)) Then

) € GL(2,7), respec-

16t~! € Aut(r(S)) satisfies (627 («) = «p and (t627~1)(B) = B~'. One can see
that the class of Out(wr1(S)) represented by 1077} corresponds to < i _Ol) e GLQ2,7).
Therefore we can write Y1 = t6,t~ . For a pair (r(«), t(8)) of canonical generators of
m1(S), we have ¥ (t(a)) = 7(B) and ¥1(7(B)) = t(«). From [6], we know that [p] € §¢,
if and only if Tr(p(t (a))) = Tr(p(z(B))), which means Tr(p(x)) = Tr(p(oz,B)) Thus we
obtain the expression of 5¢, as above. Similarly, we have the expression of &02

A little calculation shows that

1

&, N Ey, NEy, =1(3,3,3)}.
In the same way, we can obtain

Ep = QF(HN{(x, 3,9 €CPixy =z +1x),

Epy = OF(S)N{(x,y,2) € Cixy =z +y}.
By a calculation, one can see that

o, NEy N Ey, = 1(3,3,6)).
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