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Abstract. Let p, A be real numbers such that 1 < p < oo, and 0 < A < 1. Also we let LP(T) be the
LP-spaces on the unit circle T, LP**(T) Morrey spaces on T (cf. [14]), and M (LP, LP-*) the set of all translation
invariant bounded linear operators from L” (T) to L” A(T). Figa-Talamanca and Gaudry [2] showed M (LP, LP) #
M(L4,L9) (1 < p < q < 2). In this paper, we generalize Gaudry’s result. Our main results are M(LP, LP-*) £
M(L9, L?V) for A/p # v/q (1 < p,g <00, 0 < A, v < 1), and M(LP, LP*) £ M(L9,L9") for2 < p < ¢
and A/p = v/q (0 < A, v < 1). Moreover, we show a relation between M (LP, LP**) and the measure whose
distribution function satisfies a Lipschitz condition (cf. [4]).

1. Introduction

Letl < p <ocoand0 < A < 1. Then LP(T) denotes the L?-spaces on the unit circle T
and LP-*(T) denotes Morrey spaces defined by

1
1 dx\ 7
L"’*(T>:{f‘||f|| = sup (—/mﬂ—) <oo}.
P e o\ Y 2

1 #¢:interval

We note LPO(T) = LP(T), LP(T) = L°%(T) and LP*(T) is a Banach space
(cf. [10], [14; p.215]). We remark L?*(T) # LP(T) for0 < A < 1 ([15]).

For Banach spaces X and Y which are translation invariant function spaces in L'(T),
we denote by M (X, Y) the set of all operators which are translation invariant bounded linear
operators from X to Y. We note M (X, Y) is a Banach space with respect to the operator norm
I - lImcx.v). An element of M (X, Y) is called a Fourier multiplier (operator). When X = L”
and Y = L9, an element of M(L?, L9) N M(T) for 1 < p < q is called an LP-improving
measure ([6] cf. [5], [7]), where M(T) is the set of all bounded regular Borel measures on
T. Let u be a non-negative measure on T. For 0 < o < 1, we denote u € Lipy,(M(T)),
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if there exists a positive constant C such that u(I) < C|I|* for any non-empty interval
I C T. uy is called that the distribution function of w r satisfies the Lipschitz condition, if
ny € Lipy (M(T)) for some 0 < o < 1, where ¢ (E) = fE f(x)g—; for a measurable set E
on T and a nonnegative function f € L'(T). For M(L?, L?) and Lip,(M(T)), the following

results are known.
THEOREM A ([2]cf. [3], [11]). Letl < p < g < 2. Then we have
M(L?,L?) # M(L?, L?).
THEOREM B ([4]). There exists f € L'(T) with f > 0 such that
Tr¢ |J M@’ LY, pupe () Lipa(M(T).
1<p<g<oo 0<a<l

Then we study those results in Morrey spaces.
Our main results are as follows:

THEOREM 1.1. Letl < p,g <ocoand(0 < A,v < 1. Suppose% #* g. Then we have

M(LP,LP*) £ M(LY, L9") .

THEOREM 1.2. Let0Q < A,v < 1. Also let p, q be positive numbers with 1 +A < p <
q and % + % < 1. Suppose % = 5 Then we have

M(LP,LP*) # M(L4, L9").

THEOREM 1.3. Let f € L'(T) be a non-negative function. Then we have that Wy is
in Lipy(M(T)) for some 0 < o < 1,if and only if Ty € M(LP?, LP) for some 1 < p < o0
and0 < X < 1,where Trg = f * g.

The paper is organized as follows: In §2, we investigate the inclusion relation between
LP(T) and LP*(T). In §3, we prove Theorem 1.1 by the norm estimate of the Dirichlet
kernel in M(L?, LP*). In §4, we prove Theorem 1.2 by using the norm estimate of the
Rudin-Shapiro polynomials in M (L”, L”**). In §5, we prove Theorem 1.3. Throughout this
paper, we denote by | E| the normalized Haar measure of E C T.

The letter C stands for a constant not necessarily the same at each occurrence. A ~ B
stands for C"'A < B < CA for some C > 0.

2. LP(T) and LP*(T)
In this section, we will consider the inclusion relation between the L”-spaces and Morrey
spaceson T.

PROPOSITION 2.1 (cf.[8; Proposition 5.1], [13; Lemma 1.3]). Let 1 < r,p < o0
and 0 < A < 1. Then, we have the following:
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(1) LPA(T) C L (M) ifl <7 < p < 00
(2) LP*(T) ¢ L' (T) and L' (T) ¢ LP*(T) if p < r <

(3) L'(T) ¢ LPAT) if r = {55

p_.
1-x°

PROOF. (1) Since LP*(T) C LP(T) (see [15; p.587]), we get the desired result.
(2) By the assumption on 7, we can choose 0 < A9 < A asr = 1—on’ and 4 > 0 such

that % < p < 1. Set f(x) = xo,1(x)x™* € L"(T). Then we have f ¢ LP*(T). Let
I = (a,b) for 0 < a < b < 1. By the mean value theorem, we have

1 dx b dx

_ P —(p— —k/ —pn

|I|k/,|f| 271 (b —a) ; x
=Clb-—a)a+6kB-a) P+
>C(b—a) rprH

for some 0 < 6 < 1. So, putting a = %, we have
1 dx
_ P2 s opl—r-rr
o [1rss

forall0 < b < 1. Since u > 1%)‘, we have f & LP*(T). Therefore, we get f € L"(T) and

[ & LPHT).
Next we show LP*(T) ¢ L"(T) forall A,y < A < 1. Suppose LP*(T) C L' (T). By the
closed graph theorem, there exists a constant C such that

If - <Clflip.a
forall f € LP*(T). NowletSbein0 < § < %,andN € N. Also we denote I (k,§) = {x €
O D& =8 <x <t +35fork=1,....N—1, I(N,8) ={x e (0, D]l -5 <x < 1},

and E = U,ICVZII (k, 8). Then we choose a natural number N such that SN ~ 81=* Hence, we

have |E| ~ N ~ 8'=*. When we define g5 = 5=+ xEe. For any non-empty interval / C T,
we have
1 dx i
— P < |IT*FIENI].
W/Iw < FEn
Here, we investigate the left-hand sides of the inequality for k = Card{¢|I(¢,6)N(ENT) #
¢} > 4. Since v < 1] < 5L and (k — 2)8 < |[EN 1| < k8, we have

™ 8 FIENT| < |[I|7*877ks < |I|7*8~F 2N|I])§ < C8*~*

and

1

dx
— PEZ < ot
IIIA./Ilg(s' o =
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Next we estimate ﬁf, lgs|P4X for k = Card{€|I((,) N(ENT) # ¢} < 3. Since
|[E N1I| < Cmin{38,|I]}, we have

1 dx . P IR I
Wflgalpg < Cmin{|I|'7*877, |117*8' 7).
1

Hence, we have ﬁf, |g(s|”g—; < csl= =7 by using the case |I| < 6 or [I| > §. Thus, we

ro—A
obtain || gs|lp,x < C(SOT for sufficiently small § > 0. By the assumption L?*(T) C L' (T),
we have
A=A
5

_x
87 ~lgsllr = Cligsllpy = C8

Ak _
This contradicts § » © < C with % -2 = L;(A —1) < 0for0 < A < 1. Hence we

-
have LP*(T) ¢ L' (T).
(3) By the Holder inequality, we have || f|lp,» < C| fll, forall f € L"(T), and thus
_1
L"(T) C LP*(T). Suppose ro = 7Z;. When we define f(x) = x(o,1)(x)x 0, it is easy
to show f ¢ L"(T) and f € LP*(T) similar to (1). Thus, we have L' (T) C LP*(T) for

_P_
r> 5 O

COROLLARY 2.2. Let Dy be the Dirichlet kernel Dy (x) = Z,]CV:_N e of degree
N. Then, we have

A
7+
|| “N“[J,A ~ N

P
foranyl < p <ooand(0 < X < 1.

PROOF. Since we have L' (T) ¢ LP*(T) forr = 1% by Proposition 2.1 (3), there
exists a constant C > 0 such that || Dy p,» < C||Dnll,. By Edwards [1; Exercise 7.5], we
have

A 1
P+p’ .

i
IDnlpa < CIDnll, ~ N7 =N

For the interval Iy = [—ﬁﬁ, MifTT]’ we have

- dx . [ (N 4+ Dx2\7P gy -
[In| A/ IDNIPZ > [In] A/ <72 ”) —— ~ NPT
Iy 0

3 27
A 1
and [[Dy|lp,n = CN » 19 Therefore, we get the desired result. O
REMARK 2.3. Similarly, for the Poisson kernel P.(x) = 1= O<r<l,

1—2r cos x+r2
we have

Ay 1
1Pl s ~ (1 —r)~Hyr '
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3. M(LP,LP*)and M(L?,L%") (% #7)

In this section, we consider between M (L?, L?*) and M (L%, L?").
First we obtain the following:

LEMMA 3.1. LetO <A < landl < p,q < oo. Suppose q > p(1 — X). We define
the operator T € M(LP, L9*) such that Tf = Dy * f. Then, we have

1—2

q

< =

IDNWpr.Lary = T pqr, Lary ~ N

A
In particular, ||DN||M(Lp’Lp,)L) ~Nvr.

PROOF. Since we have L'(T) C LY9*(T) for r = 1L and L"(T) C LP(T) by
the assumption, we obtain |7 || pr¢zr pary < T |lpr(r,Lr)- By the norm estimate of Dy in

M(LP, L") (cf. [1]), we get

11
TNl pcpr,iry <CNP 7,
1_19
Conversely, we have |||l y(zp, a2y = CN? "0, by IDNllga < T llpr(zr, 9 IDNIlp and
Corollary 2.2. Hence, we obtain
1_1=2
||DN||M(LP,L1M) = ||T||M(L17,quk) ~Nr a
and we get the desired result. O
Now we can prove Theorem 1.1.

PROOF OF THEOREM 1.1. Let0 < A,v < 1, 1 < p,q < oo, and% # 2. By

A
Lemma 3.1, we have | Dy |l y(zp.psy ~ N7. Thus, we obtain M(L?, LP**) %= M(L?, L?").
0

COROLLARY 3.2. LetO<A,v<landl < p,qg < oo. Suppose% > ;. Then there
exists f € LY(T) such that TreM(LY, L) and Ty ¢ M(LP, LP*), where Trg=f=*g.

PROOF. Leta be a positive number with 5 <a< % Also we define k;,, = 21+4 Then,

we have k,, + 2" < ky11 — 2"t! (n > 1). When we define

e¢]

1 )
F@) =) e Dan@e,

n=1
we show that Ty satisfies the desired conditions. When we choose r such that % < 5 with

%4—%: 1, we have

o0

1 .

1fllr = €D Sr Do ()]l
n=1
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0 1
<C Zzn(—a+7) < 00,
n=1
and f € L"(T) C LY(T). Also we obtain Ty e M(L9, L9°V), since

o0

1 .

If % gllgw < C 3 oo lDan ()™ s glg
n=1

=Cllgllq

by Lemma 3.1 and a > ;. Similarly, since Ty (Do (x)e %) = 279" Dy (x)e' ¥, we have

Tr & M(LP, LP*). Thus, we get the desired result. O

REMARK 3.3. We have M(LP, LP?) = M(LP,L(’)”A) (1<p<o0, 0<a<l,
where Lg’)‘(T) is the closure of C(T) in L?*(T).

REMARK 3.4. We remark M (L', LP*) = LP*(T) (1 < p < o0, 0 < A < 1). In
fact, let fp be in LP**(T), and ¢ in L'(T). Then we have | fo * gllpx < llfollp.allglli by
the Holder inequality, and LP*(T) c M(L', LP*). Conversely, let T be in M (L', L"),
and Ky(x) = Z?’:_N(l — %)e”x the Fejér kernel of degree N. Then we obtain
TKy € LP*(T) and ITKNps < 0Tl perr,Lory (N = 1). Hence, there exists {T Ky, };,
a subsequence of {T' Ky}, such that T Ky, converges in the weak*-topology of LP*(T) for
some f € LP*(T). By the Banach-Alaoglu theorem, since we have the predual of L?-*(T)
([15]), we have

1 [~ 1 [7
— Tgx)h(x)dx = — f* g(x)h(x)dx
27 J_» 21 J_»
for all # € C(T) and any trigonometric polynomial g. Therefore, we obtain Tg = f % g (g €
L'(T)). Then we get M(L', LP*) = LP*(T).

PROPOSITION 3.5. Let0O < A,v < land1 < p,q < oo. Suppose2 < p < q or

qg<p<2 Fork= Z—:gv, we have

M(LY, L9y C M(LP, LP*).

PROOF. Since L?"(T) ¢ L4(T), we have M (L4, L9") c M(L?, L?). First let 2 <
p <gq,and T € M(L?, L9"). Since T is bounded from L4(T) to L%""(T) and from L?(T)
to L2(T), we obtain that 7 is bounded from L?(T) to LP**(T) by the Peetre interpolation
theorem [12; Theorem 4.1], where p and « are defined by % = g + % and % = gv + %O.

Then an arithmetic shows k = f]’—:gv. Since % #* g, we have M (LP, LP*) #£ M(L4, L?V).
O
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4. M(LP,LP*)and M(LY,L9") (5 = 2)

In this section, we consider the inclusion relation between M (LP,LP*) and

M(L1, L") for% = ;, and 0 < A,v < 1, 1 < p < g < oo. For this, we recall the
Rudin-Shapiro polynomials (cf. [9], [14]).

DEFINITION 4.1. Let m be a non-negative integer. We define trigonometric polyno-
mials P, (x), QO (x) such that
(1) Po(x) = Qo(x) = 1;
() Pus1(0) = Pu(x) + €2 0 (x0), Q1 () = P (x) — €27 0 ().

We prepare the following lemmas which will be used in the proof of Theorem 1.2.

LEMMA 4.2 (cf.[9], [14]). The Rudin-Shapiro polynomials P,,, Q. have the follow-
ing properties:
(1) Pu(x) = Yilg " exe™, Q) = Y2000" nee™™™ for some ey i € (=1, 1);
@) |Pu(x)] < CQ@™? (x € T);
G) [ Twllarco.Lo ~ @M7771 (1 < g < 00), where Ty, f = Po  f.
By Lemma 4.2 and the Peetre interpolation theorem [12], we obtain the following:

LEMMA 4.3. Let0 < A < 1,and p > 1 + A. Then we have the estimates:

Ayl 1
Dol pacrr, Lory ~ (2’”)1""2 P (p=2);

A1 1
I Twllpgip iy < CR™PTP72 (1+1<p<2);

Ayl 1
I Tnllpscr rosy = CR™MPT277 (141 <p<2),

where Ty, f = Py, % f.

PROOF. Step 1. We show [Tl pr(2,120) ~ (2’”)%. Let P be a trigonometric poly-
nomial such that P(x) = > ;__, are'™ for any positive integer n. Since P, * P(x) =

;{nirgzm_l’") ekaxe’™, we have | P,  P(x)|> < C2™| P||3 by the Schwarz inequality. Then

for any interval I with || < 27", we have
1 dx
Wflwm*ng < C2"|P|3

by the Parseval inequality. When |/| > 27, we obtain

1 /|P *P|2dx< 1 /”lP *Plzdx
" 2r ) " 27
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2m—]
1

2
<R > lad
k=0

<C2"|P|3

by the Parseval inequality. Hence, we get || T, P20 < C(2’”)% I Pll2, and (| T ll pr(r2, 120y <

C (2’")%. On the other hand, since
| P * Ppll2,5 < ||Tm||M(L2,L2J)||Pm||2

1
<C|| Ty ||M(L2,L211)(2m)2

and || Py, % Poll2,x ~ (2")33 by Lemma 4.2, we obtain || T llyy(z2,124) ~ (2™)3.
Step2. When p > 2and 0 < A < 1, we have

iyl
I T llar L Loy ~ 2P 7277,

In fact,letr > 2 and 0 < 0, k < 1 such that % = % + # and % = %K. By Lemma 4.2, we

have || T llmr.nry ~ (2’”)%_%. Applying Step 1 and the Peetre interpolation theorem, we
have

Ok 1 1
1 Twllprzr oy < CR™MT @M,
A 1 1
Hence, we obtain || Tinl p(pr priy < C(2’”)7+7_7. Conversely, we get

A

L 1
W Tl pr e, Lory = c@m™mer

1_1 Aol
+p/ 2~ (2m);+§—;

A 1 1
by Corollary 2.2 and Lemma 4.2. Therefore we have || T || pr(Lr, Lr2) ~ myrta7y,

A 1 1
Step 3. We show (| Tl prcrr prry < CQMrtr 2 for 14 < p < 2. First, we choose

l<r<pand0 <8, « <1suchthat% =%+¥and%: %K.Then,wecanshowthat

1T llarcer. 2oy < CNTallyy 2 p2a 1 Tn g 1y
<@t
by applying the Peetre interpolation theorem. On the other hand, by [T, (Pu)llp,s ~

Ayl Aol 1
2m) 77 we have N Tnllpcre Lrry = C(2’”)5'Irz », similarly in Step 2. After all, we get the
desired result. d

PROOF OF THEOREM 1.2. By the assumption, we have ¢ > 2, and

Al 1
Tl pcra, Lavy ~ (2”‘)3+7_3 for m. If we have M (L?, LP**) = M(L4, L9""), we obtain the
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contradictionto p < g for p > 2. For 1 + A < p <2, we have M(LP?, LP**) # M(L4, L49"")
by the estimate in Lemma 4.3. Then we get the desired result. O

COROLLARY 4.4. LetO<A,v<l1,1+A<p<gq, and%—i—é < l.Suppose% = ;.
Then there exists T € M(LP, LP*) such that T ¢ M (L9, L1").

PROOF. Let2 < p < g. Then there exists a in % + % - % <a< 5 + % - é Also we
define k, = 2", Then, we have k,, + 2"*! < k,.1 — 2"T2. We define
N '
SN = ) s Pr(x)ert
m=1

for any N € N. Then, {Sy}ny is a Cauchy sequence in M(L?, LP*) by the choice of a
and Lemma 4.3, and there exists S € M(L?, LP>*) such that ||Sy — Slarer Loy = 0 as

N — oo. Also let g be a function such that g(x) = Py, (x)e!**. We consider {Sy * ¢}n=m.
Then we can prove S & M (L%, L9"V) by the way similar to Corollary 3.2 in view of the choice
of a. In case of p < 2 < g, we omit the details, since the proof is similar to it of the case
2<p<qg. O

5. M(LP?, LP*) and the Lipschitz conditions

DEFINITION 5.1. Let ubein M(T) and 0 < o < 1. We say that u € Lip,(M(T))
for u € M(T) with p > 0 if for any interval I = [x, x + h],

pn(l) < C|I|* = Clh*

for some constant C > 0 independent of 1. For f € L'(T) with f =0, wedenote ur(E) =
% [ f(x)dx for any measurable set E C T.

It is easy to prove the following:

PROPOSITION 5.2. Let f be in L'(T) with f > 0. Then we have that Wy is in
Lipy (M (T)) if and only if f € L1%(T).

By applying Proposition 5.2, we can show the following:

PROPOSITION 5.3. Suppose f € L'(T) and f > 0. Then we have the following:

(D) Ifuy € Lipg(M(T)) for0 <a < 1, then Ty € M(L?, LP%) forall 1 < p < oo.

Q) If Ty € M(LP,LP*) for some 1 < p < ooand 0 < A < 1, then nf €
Lip%(M(T)).

PROOF. (1) Since puy € Lipy(M(T)) forall 0 < o < 1, we get f € LY%(T) by
Proposition 5.2. Let I C T be a nonempty interval. For g € L?(T), we have

w)
e Ji

e P

dx
e fx—=y)g(ydy o
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»
<o [ [ somise=vias) (5 [ 1ra i)
<IfI7 gl
by the Holder inequality. Hence, we obtain || f*gllp.o < [ fll1,«llgllp and Ty € M(L?, L?%).
(2) Let fbein L'(T) with f > 0, and TreM(L?, LP*). Now, let I5 = [—6,8] (0 <
d < 1)and g = yxy;. It is sufficient to show (1)) < C|I,,|% for sufficiently small n > 0.

First we remark

T

1
gl = g/ 9 — ) Oy = g (s + ).

-7

and I% Cls+xforx e I%. Hence, we obtain

1 dx 1 dx

— [ 1f I”—z—/ ()P ==

w/kf o =l ), MY 2m
2

and
15|~ (15>P|Ia|<|15|‘*/ g
Y 2 2 Is 2
p
<If*glb,
S ”Tf“pM(Lp’ka)”g”g
< Clls|.
A
Therefore, we get u ¢ (1 %) <C|I 5 |7, and the desired result. ]

As a corollary of Proposition 5.3, we have Theorem 1.3.
Moreover, by Theorem B and Proposition 5.3, we conclude that M (L", L"*) are different
from M(L?, L) (1 < p < g < 00). Precisely, we obtain the following corollary:

COROLLARY 5.4. Letl <p<qg<o00, 1 <r <oo,and0 < A < 1. Then we have

M(LP, L9y # M(L",L"").
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