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Abstract. For an arbitrary normed algebra with an approximate identity, we introduce some notions of in-
vertibility of a net in this algebra with respect to the given approximate identity. By means of that, we show a
Wiener-Tauberian type theorem in that general situation. An application yields an abstract Wiener-Tauberian theo-
rem for a class of commutative Banach algebras, which implies the classical Wiener-Tauberian theorem for locally
compact Abelian groups.

1. Introduction

The purpose of this paper is to formulate Wiener’s Tauberian theorem from abstract
harmonic analysis within the general situation of an arbitrary normed algebra with an approx-
imate identity, see also [2]. In order to repeat the classical case, let G be a locally compact
Abelian group with its dual group I" of G. The set of all Fourier transforms f of functions
fe L(G) such that, for all yel,

ﬂw:ﬁjwﬁﬁm

is denoted by A(I”), and it is a commutative Banach algebra. Then the following result is
known as Wiener’s Tauberian theorem, see e.g. [1, Theorem 1.1.3]: If a function 12/ e A(IN)

never vanishes on I', then I" is o-compact, and for every D e A(I') and ¢ > 0, there are
complex numbers ¢y, ..., c, € Caswell as x1, ..., x, € G such that

<e.
A(I)
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In the following, let A be an arbitrary normed algebra, and let (A, <) be a directed index set.
Then a net {e, }yc4 in A is called a left (right) approximate identity if, for alla € A,

la —exalla — 0 (lla—aexlla — 0).

A net {ey}rea is called a two-sided approximate identity if {e)})c is both a left and a right
approximate identity. Furthermore, {e) })e is called bounded if there is a constant K > 0
such that |le; |4 < K forall L € A. A left (right, two-sided) approximate identity {e; },e is
called sequential if A = N.

Now, regarding [3, Proposition 12.2], we replace the concept of o-compactness in [1,
Theorem 1.1.3] by the concept of an approximate identity. Whereas in case of L' (G) such
an approximate identity can be constructed, we have to assume its existence in an arbitrary
normed algebra. The condition in [1, Theorem 1.1.3], i.e. that a given g@ € A(I') never
vanishes on I, leads us to our notions of invertibility of a net in that normed algebra with
respect to the given approximate identity, which yields the announced Wiener-Tauberian type
theorem. In fact, we show that to each 1} € A(I") never vanishing on I', there corresponds
such a netin A(I").

Moreover, we can apply our Wiener-Tauberian type theorem for arbitrary normed alge-
bras with an approximate identity to the situation of completely regular, semi-simple, commu-
tative Banach algebras A with an approximate identity {e;}yec4 in A such that each Gelfand
transform é;, of e, has compact support in the maximal ideal space @4 of A. For definitions,
we refer to [4]. More precisely, we get an abstract Wiener-Tauberian theorem by proving that
the principal ideal aA := {ax : x € A} generated by a € A is dense in A if the Gelfand
transform a of a never vanishes on the maximal ideal space @4 of A. As a consequence, we
obtain the classical Wiener-Tauberian theorem for A(I”) again.

2. A Wiener-Tauberian Type Theorem

DEFINITION 2.1. Let A be a normed algebra with a left (right) approximate identity
{ex}renin A.
(a) We call anet {ay}yca in A right (left) invertible in A if there is a net {b; },ca in A
such that, forall A € A,

ayby =e,  (brap =ey).

If {e) }).e 4 is atwo-sided approximate identity in A, we say that {a) } e 4 is invertible
in A if it is both left and right invertible.

(b) We call anet {ay}ica in A right-extended (left-extended) invertible in A if there is
anet {b)},c4 in A such that, for all L € A,

aybre) = e, (exbray =e;).

If {ex}rea is a two-sided approximate identity in A, we say that {a)},c 4 is extended
invertible in A if it is both left-extended and right-extended invertible.
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(c) We call a net {a) }yca in A right-centered (left-centered) invertible in A if there is
anet {b)}rc4 in A such that, for all A € A,
aye,b), = e, (breya), =ey).

If {e)}re 4 is a two-sided approximate identity in A, we say that {a, },c 4 is centered
invertible in A if it is both left-centered and right-centered invertible.

THEOREM 2.2. Let A be a normed algebra with a left (right) approximate identity
{ex}ren in A. Let {ay},.ca be a net in A such that it is
(a) right (left) invertible in A or
(b) right-extended (left-extended) invertible in A or
(c) right-centered (left-centered) invertible in A.
Then, in each of these cases, for every ¢ € A, there is a net { f)}rc A in A such that

llc —arfilla = 0 (llc = frarlla = 0).

PROOF. (a) Let {a)}rca be aright (left) invertible netin A. Then there is a net {b; },ca
in A such that a, by = e, (bya) = e)) forall L € A. Let ¢ be an arbitrary element of A. For
each A € A, we set

fLi=byce A (f.:=cby,€A).
Hence, we get
e —axfilla = llc —aibiclla = llc — exclla — 0
(lle = frarlla = llc — cbhrarlla = llc — cexlla — 0).
(b) Similar to (a), the assertion follows by setting, for each A € A,
frpi=byexc e A (fi:=cenb) € A) .
(c) Similar to (a), the assertion follows by setting, for each A € A,
fri=ebyce A (fi:=cbye, € A).
a

DEFINITION 2.3. Let A be a normed algebra with a bounded two-sided approximate
identity {e) }rea in A. We call a net {a, },e4 in A quadratically invertible in A if there is a
net {b) }rea in A such that, forall A € A,

a;\e;\b;\e;\ = e% .

THEOREM 2.4. Let A be a normed algebra with a bounded two-sided approximate
identity {e)}ren in A. If {ay}rea is a quadratically invertible net in A, then for every ¢ € A,
there is a net { fo}re A in A such that

lc —a filla — 0.
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PROOF. Let {a,}rca be a quadratically invertible net in A. Then there is a net {b; },ca
in A such that aye; by e, = ei for all A € A. Let ¢ be an arbitrary element of A. For each
A€ A, we set

f)L = exbkexcek cA.
Hence, since the net {ef} re4 1s a bounded two-sided approximate identity in A, too, we get
lc —axfilla < llc —cexrlla + llcex — ax falla
= |lc —cexlla + llcex — (arerbres)ceslla
= lle = ceslla + llc = €Ge)exlla
< lle—cerlla+ lle = &ellallenlla
< lle —cerlla + Klic — ejclla
— 0.

d

COROLLARY 2.5. Let A be a normed algebra with a bounded two-sided approximate
identity (left approximate identity) {e;}rca in A, and let I be a closed two-sided ideal in A.
In addition, one of the following two conditions should hold:

(a) There is a net {ay}yca in A such that it is quadratically invertible (right invertible,
right-extended invertible, right-centered invertible) in I.
(b) There is a net {ay}yea in I such that it is quadratically invertible (right invertible,
right-extended invertible, right-centered invertible) in A.
Then we have I = A.

PROOF. (a) If {ap}rea is anetin A such thatit is quadratically invertible (right invert-
ible, right-extended invertible, right-centered invertible) in I, then, according to Theorem 2.4
(Theorem 2.2(a), (b), (¢)), for every ¢ € A, there is a net { fy},c4 in I such that

lc —ax filla — 0.

Since [ is a two-sided ideal in A, we have a, f;, € I forall A € A. Since I is closed, we
conclude thatc € I,i.e. we get [ = A.
(b) This assertion follows in like manner as (a). d

An application of Theorem 2.2(b), (c) and Theorem 2.4, respectively, yields the follow-
ing Wiener-Tauberian theorem in the classical case of locally compact Abelian groups.

REMARK 2.6. Let G be alocally compact Abelian group with its dual group I" of G.
If 1/} € A(I') never vanishes on I, then there is a sequential, bounded approximate identity
{én}nen in A(I') such that for every B e A(I') and ¢ > 0, there are an N(¢) and a sequence
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{Falnen in A(I") such that, for all n > N(e),
19 = Fallacr) < &
Hence, the principal ideal 1/}A(F) = {1/?@ . @ € A(I")} generated by 1} is dense in A(I").

PROOF. Let 1} € A(I") never vanish, i.e. let the zero set Z (g@) be empty. Thus we have
supp 1& = I', where supp 1& denotes the support of g@ Then, by [1, Proposition 1.1.2(d)], the
dual group I" is o -compact. Consequently, regarding [1, Theorem 1.2.1], there is a sequential,
bounded approximate identity {€,},eN in A(I") such that, for all n € N,

lénllaary =1, € =0 and &, € Ac(I") :=A(I") NC(I),

where C.(I") denotes the algebra of all continuous, complex-valued functions on I" with
compact support. Let C, := suppé, be the compact support of &, for all n € N. Since
1}()/) # 0 forall y € I' and since C, C I' is compact for all n € N, there is a @/ e A(IN)
according to Wiener’s inversion theorem, see e.g. [1, Proposition 1.1.5(b)], such that, for all
y € Cy,

U () =1/9(y).

Since A(I") is a commutative Banach algebra, we conclude that, for all y € C,,,

T () = TP Wén(y) = én(y) . @.1)

For each y ¢ C,, we have ¢,(y) = 0, and hence, (2.1) is valid for all n € N and for all
y € I'. Of course, we also have, foralln € Nand forall y € I',

FPan U )én(y) = &2 1).

So, identifying 1& € A(I') with the sequence {@}neN defined by fb; = 1& for all n € N, we
see that 1/} is quadratically invertible (extended invertible, centered invertible) with respect to
the sequential, bounded approximate identity {&,},en in A(I"). Consequently, the assertion
follows from Theorem 2.4 (Theorem 2.2(b), (¢)). a

Now, we show an abstract Wiener-Tauberian theorem for a class of commutative Banach
algebras by using Theorem 2.2 (b), (c).

THEOREM 2.7. Let A be a completely regular, semi-simple, commutative Banach al-
gebra with an approximate identity {e;},c in A such that each Gelfand transform é; of e;.
has compact support in the maximal ideal space @4 of A. Let a be an arbitrary element of
A. If a never vanishes on ® 4, then the principal ideal aA = {ax : x € A} generated by a is
dense in A.

PROOF. Assume that @ never vanishes on @4 and take A € A arbitrarily. Denote by K,
the compact support of €;. By hypothesis, |a(¢)| > 8, holds for all ¢ € K, and some §; > 0.
Then, according to [4, Theorem 3.6.15] and [4, Theorem 3.7.1], we can find a b) € A such
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that &((p)l;;(q)) = 1forall ¢ € K. Therefore, we obtain ab,é, = &, and hence ab;.e;, = e,
since A is semi-simple. Put a; := a for each A € A. Then {a;}.c4 is an extended invertible
and, of course, a centered invertible net in A with respect to {e; }, <. Consequently, it follows
from Theorem 2.2(b), (c) that the principal ideal a A is dense in A. a

REMARK 2.8. (a) Of course, we also have the converse of Theorem 2.7: Let A be a
commutative Banach algebra with maximal ideal space @4, and let a be an arbitrary element
of A. If the principal ideal aA := {ax : x € A} generated by a is dense in A, then the Gelfand
transform a of a never vanishes on @ 4.

(b) Let G be a locally compact Abelian group, and let ¢ € L' (G) such that 12/ e A(I)
never vanishes on I'. Since L1 (G) is a completely regular, semi-simple, commutative Banach
algebra with the convolution product * and since, according to [1, Theorem 1.2.1], there is a
sequential, bounded approximate identity in A(I") with compact supportin I, it follows from
Theorem 2.7 that the principal ideal ¢ * LY(G) = {yx¢: ¢ € LYG)} generated by ¥
is dense in L'(G), i.e. we obtain the classical Wiener-Tauberian theorem for locally compact
Abelian groups, see Remark 2.6.
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