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Abstract. While considering some families of polynomials which are orthogonal on a finite or enumerable set
of points, Gottlieb was led in the year 1938 to what are now popularly known as the Gottlieb polynomials ¢, (x; 1).
This one-parameter family of polynomials has ever since then been cited widely and investigated extensively in sev-
eral books, monographs and journal articles. In the present sequel to some of the aforementioned investigations, we
introduce and systematically investigate a basic (or g-) extension of a multivariable and multiparameter generaliza-
tion of the Gottlieb polynomials ¢y (x; ). We also establish a set of three new families of generating functions for
the generalized g-Gottlieb polynomials defined here.

1. Introduction and Preliminaries

Generating functions play an important role in the investigation of various use-
ful properties of the sequences which they generate. They are used in finding many
properties, characteristics and formulas for the generated numbers and polynomials in a
wide variety of research subjects in (for example) modern combinatorics. For a sys-
tematic introduction to, and for several interesting (and useful) applications of the vari-
ous methods of obtaining linear, bilinear, bilateral or mixed multilateral generating func-
tions for a fairly wide variety of sequences of special functions (and polynomials) in
one, two and more variables, among much abundant available literature, we refer the
interested reader to the extensive work presented in the monograph on this subject by
Srivastava and Manocha [23]. While considering some orthogonal polynomials on a finite
or enumerable set of points, Gottlieb [7] developed and studied the following interesting one-
parameter family of polynomials (see also [3], [8], [9], [10], [14, p. 303] and [23, pp. 185—
186]):
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Pn(x; 1) i =e ™ Z <Z> (i) (1 - e)‘)k
k=0

=e_")‘2F1(—n, —Xx; l;l—e)‘),

(1.1)

where 2 F denotes Gauss’s hypergeometric series which is the case r — 1 = s = 1 of the
generalized hypergeometric series , Fy with r numerator and s denominator parameters (r, s €
Np := N U {0}) defined by
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N being the set of positive integers. Here (1), (A, v € C) denotes the Pochhammer symbol
(or the shifted factorial) which is defined, in terms of the familiar Gamma function, by

1 (v=0; e C\{0})
r.+v)

Ay = T

(1.3)
AA+1D)---(A+n—-1) (=neN; Le(),

it being understood conventionally that (0)g := 1 and assumed tacitly that the Gamma quotient
exists.

Gottlieb [7] presented many interesting properties and identities for the polynomials
¢n(x; A), which incidentally were denoted by £,(x) in [7] and by £, (x; A) in [23, p. 185,
Problem 47]. Some of these identities include the following two generating functions (see,
for details, [12, p. 91], [14, p. 303], [23, pp. 185-186] and [24, p. 37]):

S == (1—re™™) ™ e < 1) (1.4)
n=0
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In fact, it is also known that (see, for example, [23, p. 449, Problem 20(i)])
o0
> ('" N ") Pmen (1 3) 1" = (1= 1y (1—1e7%) 77!
n
n=0 (1.6)

et —t
- om | x; log - (m € No; 1] < 1),

which, in the special case when m = 0, would reduce immediately to the generating function
(1.4).
The Gottlieb polynomials ¢, (x; 1) defined by (1.1) are contained in the classical Jacobi

polynomials P,fa’ﬁ ) (x) given by (see, for example, [24, Chapter IV])

£ ) (5 ()

k=0 (1.7
n—+ao 1—x
= 2Fi—-nn+a+B+10+1; 2
n

as well as in the Meixner polynomials M, (x; 8, ¢) defined by (see [13] and [23, p. 443,
Problem 5(i)])

My (x; B, ¢) i= (B)n 2F1 (—n, —x; B 1— 1) =n! pPLpmem (2 - 1) . (1.8)
c c

In fact, we have the following relationships:

e—nA

@n(x; X)) = My (x; 1, e") = e P07 (264 — 1) (1.9)

n!

We now turn to the basic (or ¢-) shifted factorial (4; g),, which is defined, for g, A, u €
C (lg| < 1), by (see also [21])

=/ 1—xrg’
A @y = ll(ﬁ) (gl <1; A, neC), (1.10)
]:
so that
1 (n=0)
gy =] 1 . 1.11
*:4) (1-xq’) (meN), (b
j=0
i@ =[] (1=2¢7) (gl <1; 2€0 (1.12)

j=0
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and

A
L@ta), | (neNo: e C: peC\Zy) (1.13)
@@ ] (W

in terms of the Pochhammer symbol defined by (1.3), C being the set of complex numbers
and

7y =77 U0} (Z7:={-1,-2,-3,...}).

A basic (or g-) extension P of the generalized hypergeometric series , Fy in (1.2) is
defined by (see, for example, [6] and [22, p. 347, Eq. 9.4(272)])

I”@S CI’Z :I”@S(ala"‘aar;b15"'7bs;q5z)

k

o0
= 3 (i g r) ) @5 D@ e 2 ’
—o b1 Q-+ (bss i (g5 D
(1.14)
provided that the generalized basic (or q-) hypergeometric series in (1.14) converges. We
note that, since

(—Dkg®-nk LD N 0k <)
(q—n; q)k _ (q; @n—k (1.15)
0 (n,keNo; n=k+1),

the series in (1.14) would terminate and yield a polynomial of degree n in z whenever any of
the numerator parameters ay, .. ., a, is of the form ¢~ (n € Np).

Basic (or g-) hypergeometric series and polynomials are useful in a wide variety of fields
including, for example, theory of partitions, number theory, combinatorial analysis, finite vec-
tor space, Lie theory, particle physics, non-linear electric circuit theory, mechanical engineer-
ing, theory of heat conduction, quantum mechanics, cosmology, and statistics (see [22, pp.
346-351] and the references cited therein).

Recently, Khan and Akhlaq [8] introduced and investigated the Gottlieb polynomials in
two and three variables and derived their generating functions. On the other hand, Khan and
Asif [9] investigated certain interesting generating functions for a g-extension of the Gottlieb
polynomials. Subsequently, by suitably modifying method used by Khan and Akhlaq [8],
Choi [3] presented a generalization of the Gottlieb polynomials in m variables and derived
two generating functions of the m-variable Gottlieb polynomials ¢’ (-). Choi [4, 5] has also
investigated several generating functions for the g-extensions of the two-variable Gottlieb
polynomials ¢5(~) and the three-variable Gottlieb polynomials (p,3,(-). The main object of
the present sequel to the aforementioned investigations is to introduce and systematically
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investigate a basic (or g-) extension of a multivariable and multiparameter generalization of
the Gottlieb polynomials ¢, (x; 1). We also establish a set of three new families of generating
functions for the generalized g-Gottlieb polynomials defined in this paper. Several other
investigations dealing substantially with g-series and g-polynomials include (for example)
the recent works [1, 20, 21].

In our present investigation, we shall need the g-binomial theorem:

]

1 B0k —5¢,2) =)

k=0

(A5 @k s (AZ; @)oo
@: D (z:9)oo

(gl <1 |zl < 1), (1.16)

which is, in fact, the special case i = ¢ of the celebrated Ramanujan’s ;¥ -sum:
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(i @)mn ]_[< : ) . S
N —n «— — = . = R 0 . .
joi = aaT ) (gig), (fi),

2. g-Extensions of the Gottlieb Polynomials in One and More Variables

We begin by recalling the definition of a multivariable and multiparameter generalization
of the Gottlieb polynomials ¢, (x; A) as Definition 1 below.

DEFINITION 1 (see Choi [3]). The Gottlieb polynomials ¢ (x1, ..., Xm; A1, ..., Am)
in m variables xi, ..., X, and with m parameters A1, ..., A, is defined by

wzn(x15"'5xm;)\'la"‘5)"m)

n  n—ry n—ry—ry n—ry—ry—=rp_|
= exp (—nop) Z Z Z Z
r1=0 rp,=0 r3=0 rm=0 (21)
m m AT
(—=n)s,, - T1 (=xj)r; - TT (1 =€)
=1 i=1
/ ! (m € N; n € Ng)

m
Sm! - TT=y rj!
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or, equivalently, by

O (X1 ooy X3 My o vy ) i= €Xp (—n Opy)
n  n—ry n—ry—ry n—r|—rp——Fpm—]
DI VD MR DN () 1 [ R
r1=0 rp,=0 r3=0 rm=0 Om 1 2 Tm (2.2)

m
J] (1=¢4)7 (meN; neNy,

j=1
where, for convenience,
m m
Oy 1= Z Aj and Oy = Z rj. 2.3)
j=1 j=1

REMARK 1. Inits special case when m = 1, (2.1) reduces immediately to the second
expression for the Gottlieb polynomials ¢, (x; A) in (1.1). Moreover, the special cases of (2.1)
when m = 2 and m = 3 correspond with those investigated in [8] and [9].

In terms of Lauricella’s multiple hypergeometric series F g”) in m variables, defined by
(see, for example, [22, p. 33, Eq. 1.4(4)]; see also [11])

FOVla,bi, .. b i 21, -y 2]
_ i @ritotrn GDr - Gadrn & 2 04
e (©)ry4eatrm r! r'm! ’
(max {|z1], ..., lzml} < 1),

the following generating function holds true for the multivariable and multiparameter Gottlieb

polynomials @) (x1, ..., Xm; A1, ..., Ay) given by Definition 1:
o (1)
Z Z'n O (X1 e ey X3 ALy ey Ag) 1 = (1 — te_”’”)_ﬂ
=0 2.5)
Al 1 —Om Am _ 1)t —Om
(m) (e )te (e e
- F =Xy e, — X 1; e, t 1),
D |:PL X1 Xm | — fe—om 1 — fe—om Izl < D
which, for m = 1, corresponds obviously to the known generating function for the

Gottlieb polynomials ¢, (x; A).
With a view to introducing an interesting g-extension of the Gottlieb polynomials
¢n(x; A) in (1.1), we introduce the following further definitions and notations:
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Generalized q-Binomial Coefficient:

—A.
m - % (—¢")" ¢~ (e C;neNy. (2.6)
q k] n

q-Exponential Function of the First Kind:

S [(1—g)zlf 1
= = , 2.7
“a® ,; @or  (—@z4), @D

where we have used the special case of the g-binomial theorem (1.16) when A = 0.

q-Exponential Function of the Second Kind.:

o k
E (7) := ) M 28
@ ,; T G @9

REMARK 2. Itis easily seen by applying the definitions (2.7) and (2.8) that
lim{e,(2)} = e* =lim{E,(z)} and e4(2) - E4(—2) =1.
g1 g1

DEFINITION 2 (see Khan and Asif [9]). A g-extension of the Gottlieb polynomials
@n(x; A) is defined by

Onyg (x5 2) = [Eq(_)\-)]n Z [Zi| [i:| - gk D—xk, [1 _ eq(k)]k 2.9)
ARy

k=0
or, equivalently, by

—n

Pniq(x; 1) = [Eg(—=1)]" 20 g, [1—e,M]q" | (2.10)
q;

—X.

By using some of the g-identities presented here, Khan and Asif [9] derived a set of
three generating functions for the g-Gottlieb polynomials ¢4 (x; A) given by Definition 2.
We recall the first two of their results in the following corrected forms (cf. [9]):

—X.

> tEq(—1); 7
> Gngi )" = M 19 g, —[1 = Eq(=n)]t| @11

(aEq(=2): q) .

e ntq(_)")v

and

—X.

Eq(—2 4
Z ;g (x; )‘) €q <M> 191 q,— [1 — Eq(—)u)]l . (2.12)
CI)n l—q g:
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Their third result is given by

o (@5 9)n . (@"Eq(=1);q)
n; PA =
2 o @ am g1 (tEq(=1): q)
g (2.13)
2Py g, —[1 = Eq(=1)]1
q,q"tEqg(—A);

Motivated essentially by Definition 2, we now define a g-extension of the multivariable
and multiparameter Gottlieb polynomials ¢! (x1, ..., Xm; A1, ..., Ap) given by (2.2).

n=0

DEFINITION 3. A g-extension of the generalized (multivariable and multiparameter)
Gottlieb polynomials ¢} (X1, ..., Xm; A1, ..., Ay) is defined as follows:

m n
w;’iq ()C], "'7xm; )\-11 sAm) = (HEq (_)"Z))
=1
n n—ry n—ri—rp n—ri—rp——ry—1 n m X
J
DIDMD IR S KR 1 e
Jj=1 q

r1=0 r,=0 r3=0 rm=0

qZ?;l ('Z)—Z}Ll Xjrj . 1 — eq ] rj (m eN; neNp),

n:ls

which, by making use of the equations (1.15) and (2.6), can be expressed in the following
form:

m n
(0:1’(1 ('xl5"'7~xm;)"la"'a)\'m) = <l_[Eq (_)\'l)>
=1

n  n—ry n—ri—nr n—r1—ry—:—ry—1 ( . )
Sm ’ q
D03 RN M 21
r1=0 r;=0 r3=0 rm=0 dm
—Xj. q . m
e n\’j .
q (m eN; neNp),
1:[1 (@: @)y, 1:[ Hi)la')
where, as before, §,, is given by (2.3).
3. A Set of g-Generating Functions for gojl’iq X1y ooy Xy Ay e ooy A)
The set of three g-generating functions for go;”, q (X1, ..., Xm3; M, ..., A) (which

we state and prove as the main Theorem in this section) are expressed in terms of
Srivastava’s general basic (or ¢-) hypergeometric series in several variables defined by (see
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[17] and [18]; see also [22, p. 350, Eq. 9.4(284)])
[(@:0,....0™]:[(t)): ¢']:...;[(6™): ¢™];

C:D/;...;D(") C];Zlv---,xn

[©: v,y ®] (@) : 85 [(@™) : 6™];

A B’ B™
00 H (aj; q)r|04+~~~+rn9(-") 1—1 (b}; q)flff/- o 1—1 (b;_"); q)rn¢(-n)
_ Z J:l J J J:1 J J:l J
=0 T (. b e .
" jrzll (CTR ) P— jrzll (d}: ), "'jrzll (@] @), 5
4 "

. , 3.1
@q; D @q; Dr, G-D

where the (real or complex) arguments z1, . . ., z,, the complex parameters

aj (G=1,...,A); b}") (j:l,...,B;"));

;i (j=1,...,0); dj.") (j:l,...,Dj")); hk=1,...,n)
and the associated coefficients

9}") G=1,...,A); ¢§.’<> (j:l,...,BJ(.k));
i G=1.,0;5 8P G=1,....0{): k=1....n

are so constrained that the multiple g-series in (3.1) converges.

THEOREM. Each of the following q-generating functions holds true for the multivari-
able and multiparameter polynomials (pf;q X1y ooy Xms ALy - ooy M) defined by (2.14):

m
o0 (qt [1Eq (—)\z);q>
=1
D oep Gr X AL ) = ——
n=0 <t [1 Eq (—M)W)
=1 o

o0

[q_x' :1];...;[q‘xm:1];

PRUSENS 7 B =
1:0:..;0 m CEL L En ],
[qt [T Eq(—2j):1, ,1] e ;
j=1
(3.2)

0 n

m t 1
E (pn;q(xl,...,xm;)nl,...,)\m) =
n=0

(45 Dn <t ,lnjl E, (—kz);q>

e¢]
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T g~ :1]5.. 5 [g™ 2 1]
’ ¢1:~0;’.~:.~;’0 q; &1, ..., Em (3.3)
[q'l,...,l]: P ;

and

8]

m
= (g% ) <th ,1;[1 Eq (=h); q)
Z (q'q)n(pzfq(-xlv"'sxm;)"lv-~-v)\-m) tn: m
n=0 AT (r [Hl Eq(=h); q)

[qh 1,0 1]: [g 1] g7 1]

e¢]

2: ,...;10 m
[q:l,...,l],[q“t]_[Eq(—kj):l,...,l]: Co :

where

z <ﬁ E, (- )q))-[l—Eq (=)

=2

)
[\S]
I

[T E,=x) |-[1 = Eg(—2)]t (3.5)

1SI€m
(1#2)

‘ m—1
By = <[[11 E, (—)\,)) (1= Eq (=m)] 1

provided that both sides of each of the assertions (3.2), (3.3) and (3.4) exist, it being under-
stood in (3.5) that an empty product is to be interpreted as 1.

PROOF. For convenience, let the left-hand side of the assertion (3.2) be denoted by S.
Then, by using the explicit expression for the g-polynomials go:l’f q (X1, X Ay ey A)
given by (2.15), we obtain

n n—ry n—ri—r n—ry—rp——ry— .
1 1—72 m o ( ’q)
G P

S:é(ﬂ&(-h)) Z Z Z Z (43 9)s,,

rp= 0r2 0 r3= =0 rm:O

m (q —Xj- q

i (@ 9)r,

j=1

LTI e [ = e ()17 0 (3.6)

j=1

where 8, and e, (z) are defined by (2.3) and (2.7), respectively.
We now employ the following formal manipulation of double series (see, for example,

)
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[14, pp. 56-57, Lemma 10] and [23, p. 101, Lemma 1]; see also [2]):

Z Z Qd,n) = Z Z QUn+10) (3.7)

n=0 [=0 n=0 1=0

and we thus find from (3.6) that

o0 0 m n—+ri n n—r n—ry—-—rpy—1 o ( —n— 7’17 C])
S_ZZ<HE‘1(_M)) Z Z Z q_(z)i.
n=0 r1=0 ‘=1 =0 r3=0 rm=0 (4 q)3m

]"[ ML —eg (A)]}7 (3.8)
By applying the double-series identity (3.7) in (3.8) repeatedly, we get

00 00 m n—+3ém —n—3Gp .
S:Z Z <l_[ E, (—M)) .q—(aﬁ").(q.i’q)‘sm

n=0 ry,rp,....,rim=0 @ q)‘s'”
—Xj. C]
(q Dy,

In view of the g-identity (1.15) and the following elementary formula:

]_[ mEn 1 = eq (ag)]}7 - e (3.9)

O ik = X @n (Ag":q), (n,keNp; L€ C), (3.10)
it is easily seen that

—n=n. (1) )48 8 (D5 Dty
(4 q);, =(=D"gq o

(B-H.

_( 1)5m ( ) (n+38m) dm (q q)a ’q)n X

3.11
(g5 @In G11)

Upon applying this last formula (3.11) to (3.9), if we rearrange the resulting multiple series,
we obtain

m rj m —Xj. q)
s= % H( )—1]']_[Eq(—)\z)> H (
FlyeeesFm=0 j=1 =1 j=1 9 Q)rj
00 (q5m+1 m n
;‘) G, (; ]‘[ E, (- > : (3.12)

which, in light of the q-binomial theorem (1.16) and the g-identity (1.10), yields

i (¢%*: q < l—[ >n

= @an
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m
(q‘”"“t [1 Eq (=2); 61)
o0

j=1

<61f [1 Eq (=2j): 4>
- /=1 o0 . 313)

(qt ]_1";’[1 E, (~1)): q>5m . (; j]"jl E, (1)) q)oo

If we now substitute from (3.13) for the last summation in (3.12) and use the second identity
under Remark 2, we find that

(T E i) & ‘
(t [Ti=i Eq (—=2j); 6])0o I1seeestm=0 <Cll ﬁ Eq (=1j); q)
S

t[1=Eg(=2)] T1 Eqa=20
m m 1SISm
L (#))
. Y . , (3.14
]H:l(q 2 ]1:[1 @5 Dy, G119

where §,, is defined (as before) by (2.3).

Finally, we interpret the multiple g-series in (3.14) as a special case of Srivastava’s gen-
eral basic (or g-) hypergeometric series in several variables defined by (3.1). We are thus led
to the first assertion (3.2) of the Theorem. The other two assertions (3.3) and (3.4) of the
Theorem can be proved by a similar argument.

Alternatively, with a view to providing a relatively shorter demonstration of (for exam-
ple) the assertion (3.4) of the Theorem, we choose to rewrite the definition (2.15) as follows:

n ritetrmSn

m N ()
(p;T;q(xl""’xm;)‘l"”’)‘m):(HEQ(_)‘Z)) Z q"m (2)7’"

4 9)s,,

m qu m

H

[1—¢4(2;)]" (meN;neNp, (3.15)

(¢; q)r, i

where, as before, §,, is given by (2.3). We now denote the first member of the assertion (3.4) of
the Theorem by &,,. Then, by appealing appropriately to a known multiple-series extension
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of the series identity (3.7) (see, for example, [23, p. 102, Lemma 4]), we find that

— (@5, ~ ( “ )" m (a7 q),,
Sp = — a)=1]-T] Eq (—2
i r],_;_o @ D, jli[l t[eg () —1] zl] (=20 jli[l @,
u+3

i:: ( ]i[ ) (3.16)

By using the g-binomial theorem (1.16), the g-identity (1.10) and the second identity under
Remark 2, we are led eventually to the following expression for &,,:

(qﬂf H;'n:l E, (_)‘J');q)oo i @*; q)s,,
(t [Ti=1 Eq (_)‘f);q)oo =0 (g3 q)s,, (q“t 11 &, (—M)?q)
b

j=1

(q: q)n

w =

m

T

t[1=Eg (=2))]- T1 Eq(=20

1SISm

a a U#))
) ]‘[ (™ q)rj . 1‘[ . / , (3.17)
j=1

(@ @)y,

which, when interpreted as a special case of Srivastava’s general basic (or g-)
hypergeometric series in several variables defined by (3.1), yields the second
member of the assertion (3.4) of the Theorem. Thus, evidently, we have completed the proof
of the Theorem. d

REMARK 3. The special cases of the assertions (3.2), (3.3) and (3.4) of the Theorem
would correspond to the g-generating functions (2.11), (2.12) and (2.13), respectively. For
many other interesting families of g-generating functions in one, two and more variables, the
reader may be referred (for example) to the earlier work by Srivastava [19].

AN OPEN PROBLEM. By deriving a multivariable and multiparameter analogue of the
generating function (1.6) for the g-Gottlieb polynomials <pr’l’§ p X1y ooy X Ay e v vy Agy) de-
fined by (2.14), it would seem to be worthwhile to develop various families of bilinear, bilat-
eral or mixed multilateral ¢ -generating functions by following Srivastava’s theory based upon
the following general family of generating functions (see, for example, [15], [16] and [23, p.
438, Eq. 8.5(D)]):

> 0 (x; X 1)
o AGL, e X) 1 = e Tm
2 Y " [ (X1, ..., X3 DI

Ap(i(xt, e Xy ) Y (X1 X D)) (3.18)
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where p is an arbitrary complex number, the coefficients y,, , (n € Np) are suitable constants
and 6, ¢, Yy, ..., Y, are suitable functions of x1, ..., x;,;, and t.
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