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Abstract. We study the inverse Galois problem with restricted ramifications. Let p and ¢ be distinct odd
primes. Let E be a non-abelian p-group of order p3, and let k be a cyclic extension over Q of degree ¢. In this paper,
we study the existence of unramified extensions over k with the Galois group E.

1. Introduction

Let k be an algebraic number field. Let p be a prime number and G a p-group. Whether
there is an unramified Galois extension over k with the Galois group G is an interesting
problem in algebraic number theory. In the case when G is an abelian group, by class field
theory, this problem is closely related to the ideal class group of k. Bachoc-Kwon[1] and
Couture-Derhem[3] studied the case when £ is a cyclic cubic field and G is the quaternion
group of order 8. The author[10] studied the case when k is a cyclic quintic field and G is a
certain non-abelian 2-group of order 32. For an odd prime p, let E1 be the non-abelian group
of order p? such that the exponent is equal to p. In [8], the author studied the case when k is a
quadratic field and G = E|. Lemmermeyer[6] generalized this result to quadratic extensions
over any number field.

Let p and g be distinct odd primes such that p = —1 mod ¢g. Let E be a non-abelian
p-group of order p3, and let k be a cyclic extension over Q of degree ¢. In this paper, we shall
study the existence of unramified extensions over k with the Galois group E.

In this paper, we call a field extension L/K /F is a Galois extension if L/F and K/F
are Galois extensions.

Received November 7, 2012; revised May 13, 2013

Mathematics Subject Classification: 12F12

Key words and phrases: Inverse Galois problem, unramified extensions, class numbers

Supported by Grand-in-Aid for Scientific Research (C) No. 23540010, Japan Society for the Promotion of Science



32 AKITO NOMURA

2. Preliminary from group theory and embedding problems

We shall focus on some groups. Let p and g be distinct odd primes such that p =
—1 mod gq. Let

Ev=(x,y,z1xP =yP =z =1, xy = yx, xz=2zx, 7 'yz = xy),
Ezz(x,ylxpzzypzl, y_lxysz'p).

These groups are non-abelian p-groups of order p>. The exponent of E| is p, and the
exponent of E5 is p?.

Let 7 be a primitive root in F > of the congruence Y = 1 mod p, where F > is the finite
field with p? elements. Since #” +1 is fixed by the action of Gal(F »2/¥p), 17 + 1 is contained
inF. Let

1 -1 t”+t>’

F0=<x,y,w|xp=yp=wq=1, xy=yx, w xw=y, wlyw=x"ly

xP:yl’zzpzwLI=1,xzzzx,yzzzy,zwzwz >

1 1

F1=<x,y,z,w
Yy Xy =2zx, w

— — P
xw =y, wlyw=x"ly"+

For these two groups, we refer Burnside [2] and Western [11]. We shall describe some
lemmas which will be needed below.

LEMMA 1 ([2,§59]). Let p and q be odd primes such that p = —1 mod q, and let
G be a finite group. Assume that G satisfies the conditions:

(1) The order of G is equal to p*q.

(2) G has a normal subgroup which is isomorphic to Z/ pZ x Z./ pZ.

(3) G does not have a normal subgroup of order q.

Then G is isomorphic to I.

We denote by Aut(G) the automorphism group of a finite group G.
LEMMA 2 ([12, Theorem 1]). The order of the group Aut(E>) is p>(p — 1).

LEMMA 3 ([9, Theorem 8]). Let p be an odd prime. Assume that the Galois extension
K/ k/Q satisfies the conditions:

(1) The degree [k : Q] is prime to p.

(2) K/k is an unramified p-extension.

Let (¢) : 1 > Z/pZ — E — Gal(K/Q) — 1 be a non-split central extension. Then
there exists a Galois extension L /K /Q such that

(i) 1 - Gal(L/K) — Gal(L/Q) — Gal(K/Q) — 1 coincides with (¢), and

(i) L/K is unramified.

The following lemma is well-known. See for example Metsénkyla [7].
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LEMMA 4. Let p and q be distinct odd primes, and §; a primitive q-th root of unity.
Let G = (o) be the cyclic group of order q. We consider Z[¢;] as G-module by ox = {4x.
Then the irreducible decomposition of ¥ ,[G] as G-module is

g
F,[G1=F, & P Zi¢,)/piZig,]
i=1
where the p; are prime ideals defined by pZ[L,] = p1p2 ... pg, and ¥ is the finite field with
p elements.

3. Theorems and the proofs

Let p and ¢ be distinct odd primes, and let k/Q be a cyclic extension of degree ¢.

THEOREM 1. Let p and q be odd primes such that p = —1 mod q. Assume that the
class number of k is divisible by p. Then there exists a Galois extension L/k/Q such that

(1) L/k is an unramified extension, and

(2) Gal(L/k) is isomorphic to E1 which is defined in the section 2.

PROOF. By the assumption of the class number of &, there exists an unramified cyclic
extension ki/k of degree p. Let K| be the Galois closure of k1/Q. Then Gal(K/k) is
an elementary abelian p-group, and Gal(k/Q) acts naturally on the group Gal(K;/k). Let
p; are prime ideals defined by pZ[{;] = pip2...pg. Since the order of p mod g is 2,
Z[t,1/piZlsy]l =1/ pZ x 1/ pZ. By Lemma 4, the p-rank of any irreducible F ,[ G]-module
with non-trivial action is equal to 2. Then there exists a Galois extension K /k/Q such that
K /k is unramified and that Gal(K / k) = Z/pZ x Z/pZ. We claim that K has no subfield
N such that N/Q is Galois and that [K : N] = g. Indeed, let K /N /Q be a Galois extension
such that [K : N] = g. Then, by considering the ramification index in N/Q, we see that
N/Q is an unramified extension. This is a contradiction. Therefore Gal(K /Q) satisfies the
conditions (1)(2)(3) in Lemma 1. Hence Gal(K/Q) = [y by Lemma 1.

Let C be the center of 7, then C is a cyclic group of order p generated by z. Let
j : I — Iy be the homomorphism defined by x — x,y = y,w — w,z > 1, then j
induces the isomorphism I/ C = [I}. Then there exists a central extension 1 — Z/pZ —
I - Gal(K/Q) — 1. Since I is not isomorphic to the direct product Iy x Z/pZ, this
exact sequence is non-split. By Lemma 3, there exists a Galois extension L/K /Q such that
Gal(L/Q) = I'1 and that L/K is unramified. Since the p-Sylow subgroup of /7 is isomorphic
to Eq, Gal(L/k) is isomorphic to E1. Therefore L/k is a required extension. This proves the
theorem. O

REMARK 1. Assume that k/Q satisfies the same conditions of Theorem 1. By the
proof of Theorem 1, we obtained the following. Let K /k/Q be a Galois extension such that
K/ k is unramified and that Gal(K / k) = Z/pZ x Z/ p’Z. Then there exists a Galois extension
L/K /k such that L/k is unramified and that Gal(L/k) = Ej.
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THEOREM 2. Assume that p # 1 mod q. Then there exists no Galois extension
L/k/Q such that L/k is unramified and Gal(L/ k) = Ej.

PROOF. Assume that there exists a such Galois extension L/k/Q. Let I' = Gal(L/Q)
and E = Gal(L/k). Then E is isomorphic to E. Since the order of I" is pg, there exists
a non-trivial element 7 of I" such that 79 = 1. Let 6;(x) = t"'xt (x € E). Since E is a
normal subgroup of I", 6; is an automorphism of E. Since (0;)7(x) = t~9xt? = x, then
(6:)? = 1. By Lemma 2 and the assumption p # 1 mod g, there is no automorphism of E
of order g. Hence, §; = 1. Then t~!xt = x forall x in E. Since I' = (E, 7), then (t) is
a normal subgroup of I". Hence the fixed field of () in L is an unramified Galois extension
over Q. This is a contradiction. ]

We denote by CI(k) the ideal class group of k. We also denote by exp(G) the exponent
of the group G.

THEOREM 3. Assume that p = —1 mod q and the p-rank of Cl(k) is equal to 2.
Then the following two conditions are equivalent.

(1) Cl(k) has an element of order p*.

(2) There exists an unramified Galois extension L/k such that Gal(L/k) = E».

PROOF. At first, we show that the assertion (1) implies (2). By the assumption p-rank
Cl(k) = 2, there exists an unramified Galois extension K /k such that K is a Galois extension
over Q and that Gal(K /k) = Z/pZ x Z/pZ. By Theorem 1 and the Remark, there exists
a Galois extension L1/K /k such that L1/k is unramified and that Gal(L/k) = E;. On the
other hand, by the condition (1), CI(k) has a subgroup isomorphic to Z/p>Z x Z/pZ. Then
there exists a Galois extension L»/K /k such that L, /k is unramified and that Gal(Ly/k) =
Z/p*Z x 7./ pZ.

Let M = L1L,, then M/k is a p-extension. Let L3 be a subfield of M satisfying the con-
ditions: (i) L3 D K and [L3 : K] = p, (ii)) L3 # L;(i = 1, 2). Since Gal(M/L;)(i = 1,2)
are normal subgroups of Gal(M/k) of order p, Gal(M/L;) are contained in the center of
Gal(M/k). Then Gal(M/K) is contained in the center of Gal(M/k). Hence Gal(M/L3) is
a normal subgroup of Gal(M/k) and L3/k is an unramified Galois extension. Since Ly/k
is an abelian extension and M/k is a non-abelian extension, then L3/k is a non-abelian
extension. We remark that Gal(M/k) is isomorphic to a subgroup of the direct product
Gal(L/k) x Gal(Ly/k). Since exp(Gal(L1/k)) = p and exp(Gal(L2/k)) = p?, then
exp(Gal(M/k)) = p or pz. On the other hand, Gal(L,/k) is isomorphic to a factor group
of Gal(M/k). Therefore exp(Gal(M/k)) = p*. Since Gal(M/k) is isomorphic to a sub-
group of Gal(L;/k) x Gal(L3/k) and exp(Gal(L1/k)) = p, then exp(Gal(L3/k)) = 2.
Thus Gal(L3/k) is a non-abelian p-group such that the order is equal to p> and that
exp(Gal(L3/k)) = p?. Hence Gal(L3/k) is isomorphic to E>.

Next, we show that the assertion (2) implies (1). By Theorem 1, there exists a Ga-
lois extension L1/K/k such that L;/k is unramified and that Gal(L;/k) = E;. By the
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assumption, there exists a Galois extension Ly/K /k such that L,/k is unramified and that
Gal(Ly/k) 2 E». Let M = L1L, and Gy = Gal(M/k). Let Cys be the center of Gy, and
[Gm, G ] the commutator subgroup of Gyy. Since Gal(M/L;)(i = 1,2) are contained in
Cy,Gal(M/K) CCy C Gy.

We claim that Cyy = Gal(M/K). Indeed, if Gal(M/K) C Cpy, then G/ Cy is acyclic
group. Therefore G is abelian. This is a contradiction.

Let K* be the subfield of M corresponding to the group Cy N [Guy, Gp]. Tt is
well known that Cy N [Gy, G y] is isomorphic to a quotient group of the Schur multi-
plier of Gy /Cpy. (See for example Karpilovsky[S, Proposition 2.1.7] or Furuta[4].) The
Schur multiplier of the group Gy /Cy = Z/pZ x Z/pZ is isomorphic to Z/pZ. Since
K /k is abelian, then [G s, G ] is contained in Cyy = Gal(M/K). Since M/k is non-
abelian, then [Gy, Gyl = Cy N [Gy,Gyl = Z/pZ. Hence [M : K*] = p, and
Gal(K*/k) = Z/p*Z x Z] pZ. 0

COROLLARY 1. Assume that p 1 mod q. If L/k is an unramified Galois extension
such that Gal(L/ k) = E», then the class number of L is divisible by p.

PROOF. Let k be the maximal unramified p-extension of k. Then IQ/Q is a Galois
extension and L C . By Theorem 2, L/Q is not a Galois extension. Then L C IQ, and the
class number of L is divisible by p. O
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