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Abstract. In the present paper we study the interface regularity of the solutions to the differential systems
of divergence free and rotation free defined by differential forms in the N (> 3)-dimensional Euclidean space. Our
results are natural extensions of the results of [3] and [5] for N = 3.

1. Introduction

1.1. Motivation. Let 2 c RY (N > 3) be a bounded domain with C!-!-Lipschitz
boundary. Let M be a hypersurface in RY. We assume that M divides £2 into two domains
4. Let I' = I'y = 2 N M, and let v be the outer unit normal vector on I"_. If M is of
Ck1, v has a C5! N Wk+1.%_extension to £2, which is expressed with the same symbol v.
Let B(x) = (B! (x), B?(x),..., BN (x)) and J (x) =" (J'(x), J2(x), ..., INN=D/2(x)) be
RN(N=D/2_yalued functions, and let ¢ be an R-valued function. We put, for x € I" (interface)

Bi(x):= lim B(), [Blf=By—B_onI.
.Qiaé—m

The motivation of this study arises from the results on the interface vanishing of the solution
to the following equations (1) and (2) for N = 3

rotB=J, . rotB =0, .
(D in 2+, (2) in 24
divB =0, divB =g,

by Kobayashi, Suzuki and Watanabe [5] for (1), Kanou, Sato and Watanabe [3] for (2):

THEOREM 1.1 ([5]). Let M C R3 be a Cl’l-surface and rot J € L%(£24). If B €
HY(£2)3 is a solution to (1), then v - B € H? (£2).

loc

THEOREM 1.2 ([3]). Let M C R> be a CY'-surface, and ¢ € H' (24). If B €
HI(Q)3 is a solution of (2), then v X B € H? (9)3.

loc
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We describe the historical background. In [1], Geselowitz studied the problem for Mag-
netroencepharography (MEG), which is the medical mathematics. We explain MEG, con-
cretely. 2 is a “head”, £2_ is the outside of the head and I" is the surface of the head. Let
B be the magnetic field and let J be the electric current. The problem is: can we know the
electric current J by measurement of the magnetic field B in §2_ (the outside)? In [7], T.
Suzuki, K. Watanabe and M. Shimogawara examined the property of the solutions to (1) by
using the Newton potential. They also studied the inverse problem under the assumption that
the electric current J is a dipole.

In [4], T. Kobayashi, T. Suzuki and K. Watanabe obtained the same result as Theorem 1.1
by assuming that M is a C2-surface. In [5], they improved the result and obtained Theorem
1.1 above. To prove Theorem 1.1, they used the Green and the Gauss formulas in stead of the
Newton potential. In [3], M. Kanou, T. Sato and K. Watanabe obtained Theorem 1.2 above.

We remark that B € Hﬁm(.Q) is not necessarily true even if B and J (resp. B and g)
satisfy the assumption of Theorem 1.1 (resp. 1.2). We give a concrete example. Let M =
{x = "(x1,x2, x3)lx3 = 0}, 2 = {Ix| < 1}, v = 7(0,0,1). B = "(|x3], x1,x2) (resp.
B =7(0,0, |x3])), and

{f(l, 1,1), (x3>0) ( {1, (x3 > 0) )
J = resp. g =
’(1,—1,1), (x3 <0). -1, (x3<0).

Then we can easily check that B and J (resp. B and g) satisfy (1) (resp. (2)). In fact,
V x B ="(dx2, |x3],01x1)=J, V-B=0.
(resp. V- B = 03B° = &lx3] =g, V x B="0,0,0).)

But v x B = '(—x1,|x3],0) ¢ H?.(2)? (tesp. v - B = |x3| ¢ H7,.(£2)), which means
B ¢ H? ().

In the present paper, we study an extension to the above theorems for general N by using
the differential forms.

This paper is organized as follows: In §1.2, we give some notations. In §2, we give the
main theorems. In §3, we give proofs of the theorems.

1.2. Preliminaries. Let D C R" be a domain with smooth boundary. We consider 1
or 2-forms on D, and we write as

N
B =Y B'dx(Iform), J= > JUdx; Adx; (2-form).

i—1 l<i<j<N
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For 1-forms A = " | Bidx;, B = YN | B'dx;, and 2-forms J = Dl<icj<n J dxindxj,
K = .- j<y K"7dx; A dx;, the inner product is respectively defined by

N
(A.B):=) A'B'", (J.K)= Y JYKU.

i=1 l<i<j<N
Furthermore, the exterior product is given by

AAB= Z (AJB" — A'BYYdx; ndx; .

l<i<j<N

We define L>-inner product (-, -) by

(A, B) :=/(A,B), (J, K) :=/(J,K).
D D
If (A, A) < o0, (J, J) < 00, then we write,
AeL*(D;RY), JeL*(D;RVNWN-D/2y

When no confusion can arise, we simply write A € L*(D), J € L*(D). Concisely we write
dB'/dx j as B; We define the differential operators for forms by

N
dof =) fidxi. diB:= ) (B! — B)dx; ndx;,

i—1 l<i<j<N

N N N
80B :=—Y B, 81J:=—Z<Zjl”)dxi.
i=1 1 =1

Let H™ (D) be the Sobolev space of rank m. We define function spaces as follows:
H"(D:RK) :={a=",...,AK) e L>(D;R¥); 1 <Vj < K, A/ € H"(D)},
H(do; D) :={f € L*(D); dof € L*(D; RV)},

H(8; D) :={B € L*(D; R"); 0B € L*(D)},
H(di: D) :={B € L*(D;RY) : d| B € L*(D; RNW=D/2y},
H($1; D) :={J € L*(D; RVW=D/2y . 5,7 € L>(D; RM)).

2. Main Theorems

We denote the outer unit normal vector on §2_ by v, and assume that v has an extension
to £2. Here we will not consider the regularity of extension in detail. Identifying v with
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1-form, we regard as

N
V= Zv’dx,- .
i=1

We consider the following equations:

diB=1J .
(M) in 21, JeH(@,021),

soB =0,
diB=0 ) !

(R) in 24, g€ H(dy, $2+) = H (£21).
doB =y,

Here these equations mean as follows: In general, the equation F (1) = v in 24+ means
F(ulo, =vlg, in 24, and Fu)|o =v|lg_ inf_.
J € H(61, £2+) means
Jlo, € HG1;824) and J]g_ € H(61;02-).
Also, g € H(dp; §£2+) means
gle, € H(do; $24+) and gl € H(do; $2-).
And we define BY, B' by
B’ :=v(v,B), B':=B-B".
THEOREM 2.1. Let B, J satisfy (M). If B € H'(£2; RY) and [B]T = 0 on I', then
we have (v, B) € H?, .(£2).
THEOREM 2.2. Let B, g satisfy (R). If B € H'(2; RN) and [B]1f = 00on I', then we
have B® € H? (£2).

loc

3. Proofs of Theorems

The following lemmas are needed to obtain Theorem 2.1 and 2.2.
LEMMA 3.1 (Gauss, Stokes formula). Let D C RY be a domain with smooth bound-
ary. Forany ¢ € C®(D), C € C®(D; RNW=D/2) "ye have

(0B, ¢) = (B, doy) — /QD(B, V)gdS (3.1)

(d\B,C)=(B,8;C)+ | (vAB,C)dS, (3.2)
oD

where v denotes the exterior unit normal and d S the surface element.
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PROOF (Ref. [6]). Integrating both sides of the formula (§oB)¢ = do(B¢) + (dop, B)

over D yields (3.1).
Next we prove (3.2). Clearly we have

N N )
(B,810)=—) By c.
=1 j=1

Noticing that C'* = 0, CY/ = —CJ?, we obtain
(d\B.C) =Y (B} — B})C

i<j

=Y (B — (B'CY); — (BIc — B'CY))
i<j

=Y {BIC) — (B'C); — (BICY + B'C])
i<j

=Y ((BICY); — (B'CY);} + (B.5:C).
i<j

Integrating both sides of the above leads to (3.2). 0

LEMMA 3.2. Ifp e HY(2) and [p]i' = 0on I, then we have [v /\dop]i' =0onTl
as H=Y2().

PROOF. Let p, € C*°(£2) be an approximate sequence of p in H'(£2). For any C €
C5°(2; RVNV=D/2) we have

0 = (didopn, C)

— [ (@dopa, C) + / (d1dopn. C)
24 2

= <d0pm 51C) +/ [(V /\d()pm C)]i_dS
I

— (pn 5081C) + / [pa(v, 51 C)THAS + / (v A dopn. C)*dS
I I

_ / [(v A dopa, O)1HdS.
r

By letting n — oo, we obtain [v A dop]T =0on I'. O
PROOF OF THEOREM 2.1. Notice that B € H?(£2+; RY), since

—AB = (81dy + dodo)B = 81d1B = 81J € L*(24).
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By the elliptic regularity theorem (ref. [2]), it is sufficient to establish the following relation:

for any ¢ € C3°(£2),

/ (Av, B))p = / (v, B)Ag.
2 2

Noticing that Laplacian —A = §pdy for functions (0-forms) and using (3.1), we have

(v, B), Sodow) = (do(v. B). dog) + /F (v, BY(v, do@)]7dS .

Since the second term of the right hand side is 0, we have

((v, B), dodog) = (odo(v, B), ¢) +/F[(d0(v, B),v)¢lZds

from (3.1). Hence it suffices to prove

[(do(v, B), V)]T =[(v,do(v, B]E =0 on I'.

DEFINITION. We define the differential operators to normal direction (v, dy) by

N
w,do)f =Y vifj, (v.do)B:=

Furthermore, we put

dovf:==v(,do) f,

j=1

SovB :=—(v, (v,do)B),

Then (3.4) is rewritten as

i=

doc f :=dof —do f,

Sor B := 80B — Sov B .

[(V9 d())(l), B)]i_ = O .

LEMMA 3.3. We can decompose §oB as follows:

80B = 80:B" — (v, do)(v, B) + (v, B)3o(v) + (v, do)v, B).

PROOF. From (3.5) and (3.6) we have
80B =80; B* + 80, B* + 80:B* + 8o B" .

N N
Z (Z va;)dxi .
1N j=1

To prove the lemma, we prepare next two equalities for 1-form @ and O-form f,
So(fw) =—(do f, w) + fdow,

w, (v,dp)v) =0.

We obtain (3.8) by the definitions of dg and dp. (3.9) follows from

N ) N o N ‘ N . N
2(v, (v doyv) =2 ) " vI Y wivh =0l Y () =) <

i=1

j=1

j=1

i=1

N

j=1 Ni=

(v")z) v/
1 j

(3.3)

(3.4)

(3.5)
(3.6)

3.7

(3.8)
(3.9)
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=0.
We can then compute as follows:
SovB" = —(v, (v,do)B") = —(v, do)(v, B") + (v, do)v, B")
= ((v, do)v, BY), (3.10)
0rBY = 80B" + (v, (v, do) B") = So(v(v, B)) + (v, (v, do)v(v, B))
= —(do(v, B),v) + (v, B)do(v) + (v, do) (v, v(v, B)) — ((v, do)v, v(v, B))
= —(v,do)(v, B) + (v, B)do(v) + (v, do)(v, B)

= ((v, do)v, v)(v, B) (3.11)
= (v, B)§o(v),
SovB" = —(v, (v, do){v(v, B)}) = —(v, do) (v, v(v, B)) + ((v, do)v, v(v, B))
= —(v,dp)(v, B).
In order to obtain (3.11), we used (3.8). Hence we obtain (3.7). |

We continue to prove (3.4). Since §oB = 0 on £2+ and [B]T = 0, we have from 3.7
0= [80B1T = [8o: B" — (v, do) (v, B) + (v, B)So(v) + S0y B"]"
= [80:B"] — [(v. do) (v, B)]*
onl.
To show (3.4), it suffices to prove [60: B*1F = 0. We put
5=t 8 fi=—viwdoyf, 8 f =80 f 585 f.
The j-th element of BT is denoted by B¥ . It follows that

N N
8o B" =Y 5 BY =~ Y (B — vl (v, do)BY). (3.12)
j=1 j=1

We begin to compute 8(()]:3” directly. Since Y&, (V)2 =1,

~[8B7]" = [BY — v/ (v.do)BV]*

N N _
[Z(vk)zB;] — Z v/ ka,f]:|
k=1 k=1

+

N ‘ 9
|:Z vk (¥ B;J —v/ B,:]):| .
k=1 -
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Since [v A dgB¥ 1T = 0 from Lemma 3.2 (B € H'(£2;RY), [B']T = 0), we obtain the
desired result. O

PROOF OF THEOREM 2.2. Notice that B € H%(2+; RY), since
—AB = (81dy + dodo) B = dodoB = dog € L*(2+; R")

from equation (R). For any C € ch(Q; RN), we have

(dodoBT, C) = (8037,80C>—/[803’(v, O)tds
r
— (B, dooC) — / [(v, B)3oCT S — / [80B7 (v, C)]dS
r r
= (BT, dySoC) —/ [80B%1 (v, C)dS.
r

Using (3.10), we compute [8oB7] 7.
[80c BT1E = [80B™1F — [80uB"1E = [80B" 1T = [80(B — v(v, B))1™

- N N +
=—|Y B =) (0, B))l}

-i=1 i=1 -
- N

N
=—| Y B/ =) V(B - Zv(u B)}
o i=1

- N N N +
- ZB;_D<ZUIBI)}
= i=1 i=1 =1 i4—
- N N N N N
— ZB;_ZVL'ZVIB;_ZZVIV;BI}

- N N N N +
= ZZ(u’)zB{ - Zu" Zlell]
-i=1 =1 i=1 =1 -
+

(3.13)

=0. (3.14)
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In fact, (3.13) follows from Bij — B; =0 (since d1 B = 0), and replacing p by B’ in Lemma
3.2 leads to (3.14). Then it follows that

(dodoB™, C) = (BT, dpdoC) .

Next we compute (B, d151C). Notice that [B]T = 0 and from (3.2), we have
(B, 8,d\C) = (d) BT, diC) +f (BT A v, diC)]FdS
r
= (81d1B", C) +/ [(di1B",C Av)]TdS.
r

Note that d; B = 0. By replacing p by (v, B) in Lemma 3.2, it follows that
[d\BT]E = [di(B — v(v, B)) = ~[di1(v(v, B)IL = [v A do(v, B) — (v, B)div]E

=0.
Then
(B, 61d\C) = (81d1B*, C),
which implies that
(—=AB*,C) = (B, —AC).
From the elliptic regularity theorem ([2]), we obtain B* € H, l%; (825 RM). |
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