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Fourth Moment of the Riemann Zeta-function with a Shift
along the Real Line

Shun SHIMOMURA

Keio University

Abstract. For the Riemann zeta-function we consider the fourth moment whose square part admits a shift
along the real line. Asymptotic formulas are obtained for the shift parameter around 0 and for the one in unbounded
regions.

1. Introduction

The asymptotic formula for the fourth moment of the Riemann zeta-function

T 1
Tu(T) := / ;(— + it)
0 2

was proved by Ingham [4]. Ramachandra [12], [13] gave a simplified proof of this formula,
in which the identity of Montgomery and Vaughan [9] (see also [6, §5.3]) plays an essential
role. A precise representation with lower order terms of the form

4

1

dt = —T(log T)* + O(T (log 7))
22

4
Iy(T) =) c¢;jT(ogT)! + O(T"/3¥)
j=0
was presented by Heath-Brown [2]. For a weighted fourth moment Motohashi established
an explicit formula based on spectral theory of automorphic forms, which brought about the
improvement < T2/ 3(log 7)8 on the error term above (cf. [10]).
The second moment with shift parameters

/T 1Jr +it 1—b—'t dt
1 ¢ 3 a—+it)¢ 3 I

was also treated in [4], and Bettin [1] gave an asymptotic formula for unbounded shifts near
the critical line. A shifted fourth moment was discussed in [10], and an asymptotic formula
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for a twisted fourth moment presented by Hughes and Young [3] contains small shift param-
eters < (log T)~!. Concerning shifted moments of another type Kosters [8] pointed out an
interesting occurrence of the sine kernel for random matrix ensembles. For a shifted fourth

moment of the form
/T 1+‘t 1+ +it
— +1 —+a+i
0 ¢ 2 ¢ 2

with ai = A € R we [15] studied the asymptotic behaviour in the shift range |A| <
exp((log T)3/37#), in which the sine kernel appears if |A| < (log T)™# with0 < g < 1/2.
In this paper we consider this type of fourth moment for a € R. Asymptotic formulas
are obtained for a around 0 and for a in ranges unbounded as 7 — oo. In deriving them we
apply the method of Ramachandra to ¢ (s)¢ (s + a). In addition to the identity of Montgomery
and Vaughan we need a summation formula related to o_4(n) = »_;,, d~“, which is given

2
dt

in Section 3. Our results are proved in Section 6 by using the facts described in Sections 4
and 5. Throughout this paper ¢ denotes an arbitrary small positive number permitted to vary
in each appearance.

2. Main results

Fora e Rand T > 1, let

1 T
Y(a,T):= ?/;

2
dt.

lJr‘t <1++'t
;21§2al

THEOREM 2.1. As |a|+ (logT)~! — 0,

Our results are stated as follows:

W(a,T)=3n"2a*¢(alogT)(1 + O(lal + (log T)™"))
with ¢(y) := =2+ y +4e™ — (24 y)e™ 2, the implied constant being absolute.
THEOREM 2.2. Suppose that 6(a) = [2wa|* + |a|~! = 0(log T). Ifa < 0,

_ o =20 —a) _,, “1y.
Y, T)= 01— 20:¢ — 20 T log T (1 4+ 0B (a)(logT)™"));

andifa > 0,

(1 +2a)t(1 + a)? 1
Ua,T)= 121 2) log T(1+ 0@ (a)(logT)™")).

Here the implied constants are absolute.
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REMARK 2.1. Since y #¢(y) = 1/6 + O(y) around y = 0, Theorem 2.1 gives
v(0,7) = 2nH)~'log T)*(1 + O((ogT)~1)) as (log T)~! — 0, which coincides with
the result of Ingham [4].

REMARK 2.2. LetO < B < 1. For |a| <« (logT)™# (respectively, (log T)~!*# «
la| <« 1) the error term in Theorem 2.1 (respectively, Theorem 2.2) is < (log T)~#. The
formulas in Theorem 2.2 are significant for a in regions unbounded as T — oo. Indeed, if
(log T) ¢ « |a| < (loglog T)!~¢, then each error term is < (log T)~1*+¢.

3. Sums related to o_,(n)

Recall the formula

Z;@x@+aﬁaw+M>=§§aﬂmﬁ

Z(a,s): £(2s 4 2a) ns

n=1

for Re(s) > max{1, 1 — 2a} (cf. [6, p. 37] or [16, (1.3.3)]). The function (x*/s)Z(a, s) with
x > 0 possesses poles at leastats = 1,1 —a,1 —2aif |a] < 1/2,ats = 1 ifa > 1/2, and
ats =1—2aifa < —1/2.If a # 0, the residues are, respectively,

_ ¢ +2a)¢(1+a)

R] . ’
(24 2a)
R, = SU @i +a)
)1 —a)
X <logx L + §—/(1 —a)+ §—/(1 +a) _2§_’(2) +2ye),
l—a ¢ ¢ ¢
Ry, o SU 208U ) o,

0-20)c2—2a)

where y. is the Euler constant. These three quantities are also meromorphicina € C, and are
holomorphic around a = +1/2. Furthermore the sum of them is holomorphic around a = 0.
Indeed, for 0 < |a| < 1/16

1 x$
Ri+Ri—¢g+ Ri—2s = — —Z(a, s)ds
2wi J4 8

with the positively oriented circle A : |s — 1| = 1/4, where the integrand (x*/s)Z(a, s)
restricted to A is holomorphic around @ = 0. The holomorphy of the sum around a = 0 may
also be checked by a direct computation of the Laurent series expansion (cf. Section 4.1). For
x > 2, restricting to a € R again, we set

xR, if a <—1/2,

(3.1 A@,x) = {x " (Rl + Ri—a + Ri_2a)  if —1/2<a <1/2,
x_lRl if a 2 1/23
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which is continuousina € R\ {£1/2}.

PROPOSITION 3.1. Fora € R, Y o_a(n)? = xA(a, x) + E,(x), the error term

n<x

E,(x) satisfying < xV/>72F¢ if g < 0, and < x'/**¢ ifa > 0. Here the implied constant
depends on € only.

For each a, better error estimates are known [5], [11], [14]. In particular, E,(x) <
x1/272a3(log x)% for 0 < a < 3/8 (cf. [11]), while Eo(x) < x'/2(logx)®loglogx (cf.
[14]). In the proof below we put emphasis on the uniformity in a.

PROOF. Let § be a given small positive number. First we consider the case 0 < a <
1/4 — 4. Let w be a number such that w > x 172, By Perron’s formula,

1 1+6+iw x5

: = Z(a, s)ds + O(x'/**%)
270 J1t6—iw S

(3.2) Y o-a)’ =

n<x
with s = o + it. The poles of the integrand inside the rectangle with vertices 1 + § £ iw,

1/2+iwares =1,1—a, 1 — 2a, and hence

1+8+iw 1+8+iw 1/24iw 1+8—iw _ _
Lo = lipvio = lip—io T 1ijp—ie = R1+ Ri—a + Ri—2a = xA(a, x),

provided that a # 0, where

1 o xS
= — —Z(a, s)ds .
2wi J,_ s

This equality is also valid for a = 0, because both sides are holomorphic around a = 0.
Hence

Zo_a(n)Z =xA(a,x)+ly—I-+ 1+ + 0()(1/2"'3)

n<x
- — ; 1/2+i
with Iy = —1_ := Ill/git;‘” and [ := 11//2—;3- To evaluate I set

(o +it)(o +a+it)’t(o +2a+it)|do.

146
g() :=/
1/2
2x1/2 148 2x1/2 2x1/2 2
/ g(r)dt <</ </ |§(a+it)|4dt(/ |§(a+a+it)|4dt>
x1/2 1/2 x1/2 x1/2

2x1/2 1/4
x / |¢(0 4 2a + it)|4dt> do & x!'/**3
x1/2

Since

we may choose w € [x!/2,2x!/2] so that g(w) < x°. Then, observing ¢(2s)~! « log? for
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dt
— ~|—8_1)
t

1/2 <o, wehave I < x'"w™ . logx - g(w) < x/273% Furthermore

w
Iy < xl/zlogw(/
1

< 2 logw(J(O)4I (@) 21 2a) * + 571,

c(1)24int(1/2+a+in)’c(1/2+ 2a + it)

where
@ . adt
J(v) :=/ [C(1/2 +v+it)] -
1

Integrating by parts, we have, uniformly in v > 0,
1 0] ] 4 0] t ) 4 dt 5
J(v) <<5 [c(1/24+v+in)|"dt + [£(1/24+v+ip)| dpt—2<<a) .
1 1 J1

This gives Iy <« x'/2*2% the implied constant depending on 8 only. Thus we obtain
e 0—a(m)? = xA(a,x) + O(x'/?*3%) for 0 < a < 1/4 — 8. Next suppose that
1/47— 8 < a < 1/2—445. The poles are arrayedas 1 —2a < 1/24+38 <1 —a < 1,
and hence x A(a, x) = Ry + Ri_q + O(x'/?73%)_In (3.2), shift of the path of integration to
o = 1/2 + 3§ takes the right-hand side to

1/2438+iw 1+8+i Ttio 1/2+438
xAax) + 155050, 1555500 + 1 pysssio T O /243

Then I 11/—52-—51;80-1-1‘ w K x1/2438 and [ 11//2213355:13 & x1/7+38 which implies the formula with

the error term <« x'/2t3% If ¢ > 1/2 — 48, then xA(a, x) = Ry + O(x/?*3%) since
1 —a < 1/2+56. Shifting the path of integration to o = 1/2 4 5§, and noting the bound of
|£(1/2 4+ a + it)| uniform in @ > 1, we similarly obtain the error term < x!/2%7% with the
implied constant independent of a. Therefore E,(x) < x1/2*¢ for @ > 0. The formula for
a < 0is an immediate consequence of the fact

X
Do am)? =D nMou(n)? =x " 04(n)* + 2a / g1 (Z o4 (n)2>d§ :
n<x n<x n=x 1 n<&
Thus we obtain the proposition. O
We need the following estimate as well (for the summation formula see [7]).

PROPOSITION 3.2. Fora € R, )’
constant being absolute.

PROOF. Note that 3, _, 0-a(n) = 3, >y d ™ = D ey Dy<xymd . where
the last sum satisfies, for |a| < 1/2,

x
<<x1—a Z ma—l < xl—a (1 +/ Ea_ldé) — xl—a + f(l _x—a) )
1 a

m<x

o_q(n) L (A +|a))|x(1 —x7%/a|, the implied

n<x
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Using |ax™*/(1 —x™)| = |Xe ™™ /(1 — e )|(logx)™ < (1 +]X])(logx)™" <« 1+ [al
with X = alogx, we obtain the desired estimate for |a| < 1/2. Since, for a > 1/2,
Don<x0-am) < 3, 0-1p2(n) K x, the lemma is valid for @ > —1/2. Hence, for

a < —1/2 as well, we have anx o_qs(n) = anx n%,n) < x4 anx o,(n) K
(1 + |aD|x(1 = x~%)/a|. This completes the proof. O

4. Lemmas

Set, forx > 1 and fora € R,
X
D (a, x) :=/ £ A(a, £)dE .
1

Let N be a positive integer such that x4 <2=Nx < 2x!/4 Define related sums by

N N
Py(a,x) =) 27"P@,27"x), |Aln(a,x):=) 27" A, 27"x)|,
n=0 n=0
N
Dy(a,x):= Z 2@a=Dny=2ap(_gq 27"x) .
n=0

Then we have the following, in which the implied constants are absolute.
LEMMA 4.1. Asla|+ (logx)™' — 0,
@y (a,x) =61 2a "y (a, x)(1 + O(lal + (logx)™ 1)) > logx,
@y (a,x) = 6x2a"*x72"y(—a,x)(1+ O(la] + (logx)™")),
where ¥ (a, x) == —=5/2 +alogx + 2(1 + alogx)x ¢ + x~24/2.

In the lemma above @(a, Xx) = a_41ﬂ(a, x) satisfies 1}(0, x) = (logx)4/12 (cf. (4.5) in
the proof of Lemma 4.1).

LEMMA 4.2. Leta <0.As |alogx|~! — 0,

Ao(—a)

<Z~5N(a,x) = W

x % logx(1+ O(lalogx|™),

where Ao(a) := (14 2a)¢(1 4+ a)*¢(2+2a)~ .

LEMMA 4.3. As |a| + (logx)™" — 0, |Aln(a,x) <€ Py (a,x)(la] + (logx)~™h).
Furthermore, ifa < 0, then |A|n(a, x) K 5N(a, x)(logx)~! as |a10g)c|_1 — 0.

Let 7 be a sufficiently large positive number. Set

A*a, x) ;= (a* + 1A, x).
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LEMMA 4.4. (1) Fora € R,

2
Z O'—an(n) — (p(a’ T) + O(A*(a, T)) s

the implied constant being absolute.
(2) Fora=>0,ifu—1=>co> 0 (respectively, u — 1 < —cog < 0),

0_a(n)? . o_q(n)? .
Z pr (respectlvely, Z y Lt HA%a, 1),

n>t n<t

the implied constant depending on cq only.
(3) Fora<0,ifu+2a—1=>cy> 0 (respectively, u — 1 < —co < 0), we have the
same estimate as in (2) with the implied constant depending on co only.

LEMMA 4.5. Fora € Rand foro — 1 —max{0, a} > co > 0 (respectively,0 < o <
1—cyp<1),

a

1—
Z Ut;gn) (respectively, Z G;in)> <(U+adH'o|——

n>t n<t

the implied constant depending on cq only.
These lemmas are verified in the remaining part of this section.

4.1. A(a,x) and @(a, x) around a = 0. The function A(a, x) is holomorphic for
la] < 1/2. The Laurent series expansion of ¢ (1 + a) gives the expression

“.1) Aa,x) = 71_213(61, x)+ c%l%(a, x)+ c%l%(a, x)+ c%lll(a, x) + c%l%(a, X)
+ go(a@)x~“log x + gi(@)x ™" + g2(a)x > + g3(a).

Here cij are certain real numbers; gx (a) are holomorphic for |a| < 1/2; and

I3(a, x) :=3a"3(1 — 2ax~¢ logx — x 72

Ba,x):=ax" (1 —alogx —x79), B(a,x):=a (1 —x"%?2,

Na,x):=a'x70 =x7%, a,x):=a (1 -x72).

These functions are holomorphic around a = 0. Furthermore, for x > 1, by definition
@(a,x) =3n"2a " Y, x) + célzl*(a, x)+ c%l%*(a, x) + cilll*(a, x) + c%l%*(a, x)

+ go(@)no(a, x) + gi(@)ni(a, x) + g2(a)m (2a, x) + g3(a) log x.

Here
V(a,x) = —5/24alogx +2(1 +alogx)x ™% 4+ x~%4/2,
B*(a, x) :=a3(=1/2 +ax “logx + x729)2),
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3*(a, x) :=a3(=3/2 +alogx 4+ 2x ¢ —x721/2),
W a,x) :=a (1 —x™9%/2, 1¥*(a,x):=a *(=1/2 +alogx +x72/2),
no(a, x) :=a >(1 —ax“logx —x™%, na,x):=a'(1—x"9.

4.2. Proof of Lemma 4.1. Note that, fora < 1/4,

il _ log x 2¢=1og2
4.2 27— 1og(27"x) = -
4.2) n§>oj< ) log ) = 1~ e
x4 —-2424
4.3 > (@M )T ) =
( ) prt (( x) ) 1— Za—l

For |a| < 1/4, x > 2, we have ano 27" (a,27"x) = h(a, alogx), where

y a'e? /2
1—e@ /2 (1—e7)2)2

h(a,y) :=2(y —a’)+ Ze_y<

20 —2+¢") e 24X
1—e?)2 2(1 — 2 /2)

with @’ := alog?2. Furthermore ¥ (a, x) = ho(a log x) with

ho(y) == =5/24+y+2(1+ y)e > +e 2)2.

Computation of the series expansion leads us to

(4.4) h(a, y) — 2ho(y) < la|(|y| + la])?,
provided that |y| < 1, |a| < 1/4. The function hg(y) satisfies
4.5) ho(y) = (y*/12)(1 + O(»))

for |y| <« 1; and

(4.6) ho(y) > |yl + e~

for |[y| > 1.If |y| < 1 and if |a| < 1/4, then, by (4.4) and (4.5), h(a, y)/ho(y) — 2 K
la/y| + la/y|*. For y € R, h(a,y) = 2ho(y) < la|(1 + e™%), since h(0, y) = 2ho(y).
Hence, if |y| > 1 and if |a| < 1/4, then, by (4.6), h(a, y)/ho(y) — 2 < |a|. Thus we have
h(a,y) = 2ho(y) (1 + O(la| + |la/y| + |a/y|4)) for |a| < 1/4, which implies

Z2‘”¢(a, 27"x) = h(a, alogx) = 2ho(a logx)(l + O(la| + (logx)_l))

n>0
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as |a| + (logx)~! — 0. Note that ho(y) > ho(y') = 0if y > y/ > 0orif y < y’ < 0. Since
27Nx = x1/4 it follows that

N
“7) Z 27" (a,27"x) = h(a,alogx) — 27" "'h(a,alog(2™V"'x))
n=0

= 2hy(a logx)(l + O(la| + (logx)_l)) > min{(a 10gx)4, la]log x}

with hg(alogx) = ¥ (a,x). To show the formula for @y (a, x) it remains to evaluate the
sums YN 27117%(a, 27" x) and N 27" (@, 27" x). Write 11*(a, x) = a3pl*(alog x),
where goé*(y) = —1/2 4 ye™ + ¢~2Y/2 has the properties:

@ 1oy > lp* )l if y > y' = Oorif y < y' <0;

() le3* (I < |y]? for [y| < 1

© 13 < |yl + e for [y] > 1.
Then, by (4.5) and (4.6), |<p%*(y)| & ho(y)(1 + |y|~") uniformly in y € R. Since 27"x > 1
forn < N, we have

N

N
D27 (@, 27" %) < Y27 al ey (alog(27M)|
n=0 n=0

< lal3lpi (alogx)| < a *ho(alogx)(la] + (logx)™).

The other sums for ll.j *(a, x), ni(a, x) and log x admit the same estimates. From (4.7) com-
bined with these estimates the first expression of Lemma 4.1 immediately follows.
To derive the formula for <Z~>N (a, x) we calculate, for x > 2, |a| < 1/4,

Y = Zz(Za—l)nx—Zaw(_a’ 2—nx) — Zz—nlp(a’ 2—nx) ,
n>0 n>0
Va,x) :=x"2Y(—a,x) =1/2+2(1 —alogx)x ™ — (5/2 + alogx)x 2% .

Note that ¥ (a, x) = ho(alogx) with hg(y) := e 2ho(—y). By (4.2) and (4.3) we have
> = h(a, alog x) with

~ oy y a'e® )2 (5/2)e~%
h(aay) = e 2 24’ - 2d' 2] 2a’
1—e2/2  (1—e2)2) 1 —e2d)2
‘e 2 2™
—2e—>‘( y __ae/ >+ S
1—e?/2 (1—ev/2)2)  1—ed)2

satisfying ﬁ(a,y) — 2ﬁ0(y) < lal(Ja] + |y])? for |y| < 1, |a| < 1/4. From this we
get YN 27" (a,27"x) = 2hg(alogx)(1 + O(la| + (logx)~1)). Write I}*(a,x) =
x‘z"lé*(—a,x) = a‘3<,521*(a10gx) with g?)zl*(y) = —1/2 4+ ye™¥ + ¢ 2/2 admit-
ting the same property as of gozl*(y). Then it follows that Z:I1V=O 2‘”1}*(61,2_’%) <
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a*ho(a logx)(Ja] + (logx)~!). The same estimates are verified for the sums related to
the remaining lij*(—a,x). Furthermore, 7jo(a, x) := x~*no(—a, x) = a *po(alogx) and
a,x) == x"2n(—a,x) = a 'pi(alogx), where po(y) = e 2 + ye™ — ¢ and
p1(y) :=e™¥ —e™2Y respectively. The functions p; (y) satisfy

@ |po(y)| = y*and [p1(y)] =< |yl for [y| < 1;

(b) |pi()| K e +|yle™ for |y| > 1

© 1> 1p()ify <y <0;

(d) there exists a positive number c(()i) such that [p; (¥)| > |oi (Y)|If0 <y <y < c(()i)

and that 0 < p; (y) K€ 1if y > C(()i)'

Hence, if alogx <0Oorifalogx < 1,

N
Y 27"io(a, 27"x) K a”?|polalogx)| < a~*ho(alogx)(a® + (logx)?)
n=0

and otherwise, < a2 <« a_4ﬁo(a logx) - a?. Combining the facts above, we arrive at the
second formula of Lemma 4.1.

4.3. Proof of Lemma 4.2. By (4.2), fora <0,

N
(4.8) Z 2Qa=Dnjog(27"x) =
n=0

log x

W(l + 0(|Cl 10g)€|_1)) .

since 27Ny =< x1/4, Recalling (3.1) for |a| < 1/2, we write

_ —a —a Ao(—a) —2a
“4.9) Aa,x) = Aog(a) + Ar1(@)x™ + Az(a)x “logx + mx
with Az(a) == ¢(1 —a)t(1 +a)(1 —a)~'/¢(2),

(I -a)+a
¢ —a)?

and Ag(a) as in Lemma 4.2. Suppose that —1/2 < a < 0. By definition

Ai(a) = — (1—(1—a)<%(1—a)—i—%(l—l—a)—Z%(Z)—l—ZVe))

Ao(a)
14 2a

®(—a,x) = Ao(—a)logx + A1 (—=a)ni(—a, x) + A2(—=a)no(—a, x) + ni(—2a,x).

Observe that ng(—a, x) = a‘zwa‘(—a log x), where ¢ (y) := 1 — ye™ — e~ is monotone
increasing and bounded for y > 0. Then

N
Zz<2a—1>"n0(—a,2—"x) < lalog x| 'pf(—alogx) < |alogx|™"

' Asx(—a)
n=0

Ap(—a)logx
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as |alog x| -150. Similarly

Ao(a)
14 2a

‘ 1

N
Ao loax Z 2(2a=n (Al (—a)ni(—a,27"x) +

n=0

n(—2a, 2_”x)>‘

is also < |a log x|~!. Combining these estimates with (4.8) we obtain the asymptotic formula
for —1/2 < a < 0. In the case a < —1/2, the desired formula immediately follows from
®(—a, x) = Ap(—a) logx. Thus the lemma is verified.

4.4. Proof of Lemma 4.3. We need the following:
LEMMA 4.6. Asla|l+ (logx)™' — 0, A(a, x) < I3(a, x) (> 0).

PROOF. Recall expression (4.1) with I3(a,x) = 3a‘3<p3(a logx) and l2l(a,x) =
a_2g021(a log x), where p3(y) = 1 — 2ye™ — e~ and gozl(y) :=e V(1 —y—e 7). These
functions satisfy |¢3(y)] =< |y[* and |pl(y)| =< y? for |[y| < 1.1If lalogx| < 1, then
lé(a,x)/l3(a,x) < |a<p21(alogx)/<p3(alogx)| = (logx)~!, and if |alogx| > 1, then
1}(a,x)/13(a, x) < la]. Hence we have 1}(a, x)/l3(a, x) < la| + (logx)~!. Similarly
l3(a, )" (113 (a, )| + |1} (a, )| + 1} (@, )| + x“logx + x 2 + 1) < [a| + (logx)~'.
These estimates imply the lemma. O

LEMMA 4.7. Let 0 < B < 1. Then, A(a,x) > (1 + x 2 (ogx)*? if la| «
(logx)_ﬁ. Furthermore, as |alogx|_1 — 0, A(a,x) =< Ap(a) if a > 0 (respectively,
Aa, x) < (1 =2a) ' Ag(—a)x 2 ifa < 0).

PROOF. If0 <a « (log x)~B, then, by Lemma 4.6,
Aa, x) < l3(a, x) = 3la>@p3(alogx)| > min{(logx)>, a3} > (logx)>#,

since |p3(y)| = |1 = 2ye™ — e72¥| > min{y’ 1} for y > 0. Using [@3(y)| >
e min{|y|3, 1} for y < 0, we have A(a, x) > x_z“(log)c)3‘3 if0 < —a « (logx)_‘g.
If0 < a < 1/2 (respectively, —1/2 < a < 0) and if (alogx)~! is sufficiently small, we
obtain from (4.9) that A(a, x) < Ag(a) (respectively, < (1 — 2a) " Ag(—a)x—29), since
(1 + |allogx)x~l4l « exp(—|a|logx/2). If a > 1/2 (respectively, a < —1/2) the same
estimate immediately follows. O

To prove Lemma 4.3 we first suppose that |a| + (logx)~! is sufficiently small. Since
174 (log(2™"x))~! =< (logx)~! forn < N. Using Lemma 4.6 and observing that

¢3(y) is monotone increasing for y € R, we have

27Ny < x

N N
[Aln(a.x) =Y 27" A@. 27"x)| < 27", 27"x) K I3(a. x) .
n=0 n=0
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By Lemma 4.1, &y(a, x) = a‘4w(a, xX) = a‘4h0(a log x). Estimates (4.5) and (4.6) yield
©3(y)/ho(y) < 1+ |y|~! uniformly in y € R. Hence

|Aln(a, x)/ PN (a, x) < lagz(alogx)/ho(alogx)| < lal + (logx)™!

as |a| + (logx)™' — 0.If a < 0, then, by Lemma 4.7, A(a,x) < Ao(—a)x™% as
lalogx|~! — 0. Hence by Lemma 4.2, |A|y(a, x) < Ao(—a)x™24 & @y (a, x)(logx)~.
Thus we obtain Lemma 4.3.

4.5. Proof of Lemma 4.4. Lemma 4.4 immediately follows from Lemma 4.7 and the
following with ¢y > 0O:

LEMMA 4.8. (1) Supposethata > 0. For u — 1 > cq (respectively, u — 1 < —cyp),

x 1 Aa, x)

[ — 1]

’

/OOS_“A(a,E)dS <respectively, /XE_MA(a,E)d$> <
X 1

the implied constant depending on cq only.
(2) Supposethata < 0. For u+2a — 1 > cg (respectively, u — 1 < —cy), the integral
above is & | — 1|7 (la| + Dx'"" A(a, x), the implied constant depending on cq only.

Indeed, for example, in the case a < 0, denoting X' (a, x) := > _ O_q (n)2 and using

Proposition 3.1, we derive

2 T
Zﬁ_a(n) =r_12(a,f)+/ §772(a, £)dk
1

n
n<t

n<x

= Aa, 1) + /r £ Aa, £)dE + O(x~271/24¢ 4 1)
1

=®P(a, 1)+ 0((1 + |a|)A(a, r)) =®(a, 1)+ O(A*(a, ‘L'))

with the absolute implied constants, and if © + 2a — 1 > o,

2 0
ST st [ 6 S b

MT—Za—H/Z—;H—s

2a + pu] +1
L (L +laDT' (A, 1) + 0(r72) < (1 + Ja])?t' H Ada, 1) < T/ 7H A*(a, 1)

< rl—ﬂAm,r)wf £ Ala, £)dE +

with the implied constants depending on cp only.

4.5.1. Proof of Lemma 4.8 in the case a > 0
Suppose that © — 1 > ¢o. We have

x =1 Aa, x) n J(a, x)

/ e A g = T 20Dy T

. J@a,x) = foosl‘“Agm,s)ds,
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where Ag(a, &) = (0/0§)A(a, &), provided that J(a, x) converges. If a > 1/2, then
Ag(a, &) = 0, and hence the conclusion immediately follows. For 0 < a < 1/2, by (4.9)

B 2aAog(—a)

o < Ao@),

§A¢(a,§) = A2(@E (1 —alogé) —adi(a)§™

which is checked by using ax ™% logx <« 1 and (|A2(a)| 4+ |A1(a)|)/Ao(a) K a. This gives
J(a, x) < Ag(a)x'* with the implied constant depending on co only. Then, by Lemma 4.7,
we obtain the conclusion, say for (logx) /% « a < 1/2. To complete the proof for a > 0
it is sufficient to show the estimate for 0 < a <« (log x)~2/3. To do so we recall (4.1). Under
this condition, /5(a, x) < a"2x—a-! |—1 +alogx + x‘“| <« x~(logx)?, and similarly

(7Y (a, x)| < x4~ (log x)2. Hence
o0
J(a,x) < / £797H(logé)?dE < x'7F 4 (logx)>.

By Lemma 4.7 with 8 = 2/3, J(a, x) < x!7*(logx)?> <« x' 7" A(a, x). Thus we obtain the
lemma for u — 1 > ¢p. The integral with u© — 1 < —c¢p may be treated similarly.

4.5.2. Proof of Lemma 4.8 in the case a < 0

If a < —1/2, the conclusion is immediately obtained. For —1/2 < a < 0 and for
w+2a—1 > co, write £ 7 Ag(a, &) = E7172 . g2 Ne(a, ) « Ag(—a)E~H 24 If
(logx)_S/6 & —a < 1/2, we have J(a,x) < x=" A(a, x). Furthermore, if 0 < —a <«
(log x)~%/3, observing lg(a, x) € a 2x727 11 4 ax®logx — x4 <« x 2" !(logx)? and
so on, we deduce that J (a, x) < x! ™" A(a, x). The remaining case u — 1 < —cg is similarly
treated.

4.6. Proof of Lemma 4.5. Set U, (x) := anx oas(n). ffcpg<1—-0 <1,

l1—o

4|t

1—1

oll(n) —o ‘ —o—1
> < U+ [ £ < (1 la ,

o

n<t 0

since, by Proposition 3.2, (1 + |a|)~'e°~1U, (&) € €77|(1 — &%) /a| < £7°|(1 — t9)/a|
for]l <& <tandfora € R. Ifo > 1 4+ max{0, a} + co,

3 “n—(”) L TTOUL(T) + o/ £ g (§)ds

n>t

(I +laDo
lal

1 —1t¢

L1 %UH(7) +

oo —0 _ —0+a ‘Cl_a
& 3 ldg < (1 + |al)

€0

74
+2).
o

a

Thus we obtain Lemma 4.5.



368 SHUN SHIMOMURA

5. Integral related to the proofs of the main results
For t > 1, consider the integral
T

I(t/2,7) := /r/2 C(% +it>§<% +a+it>

In this section we show the following, which will be used in the proofs of our main results.

2
dt.

PROPOSITION 5.1. If—tY/* <a < 1/16, then
[(z/2.7) = %((D(a, )+ @) 1@)r X ®(—a, )(1 + 0 /*) + Ro(a, 7))

with Ro(a, 7) < (|a]? '+ 1)(Aa, ) + (1 — 179 /al?) and A(a) = 2(1 =221 /(1 = 2a).
Here the implied constants are absolute.

5.1. Approximate formula. For ¢(s){(s + a) we give an approximate formula by
the reflection principle. Let a satisfy —t!'/4 < a < 1/16. Suppose that 7/2 < ¢t <  and that
lo —1/2| < 1/4. Then

o0

|

G D o ame™ T = — (s +w)e(s +a+wl(wrldw,
p 27 Jatia)

where s = o + it, w = u + iv, and the symbol («) denotes the vertical line w = « + iv,
—00 < vV < 00, since £(s)¢(s +a) = Zzozla_a(n)n_s for Re(s) > max{l,1 — a}. If
a # 0, the poles of the integrand in the strip —3/4 < u < 2+ |alare w = 0, 1 — s,
1 — s — a, whose residues are Ry := ¢(s){(s +a), Ri—s .= ¢(1 +a)"(1 — s)T!=s and
Ri_s_a:=¢(1—a)'(1 —s —a)t' ™%, respectively. Note that

Ris+Ri s a=TU=-91'" (¢ +a)+ (1 —a)—al(l —a)g(—a.s))
with g(z,s) =z '(I"'(1 —s + z2)t%/I"'(1 — 5) — 1), and that
(5.2) |F (o +it)| = V2m|t|] e~ TDU(1 4 0(e|71/3))

for |o| <« |t]Y/4, |t| > 1, which may be checked by using Stirling’s formula. Since g(z, s)
is holomorphic around z = 0, by the maximal modulus principle together with (5.2), we
have g(—a, s) < maxp; =i |I"(1 —s +2)t%/I' (1 —5)| < 12 for |a| < 1/16, so that Rj_; +
Ri_s—q < e . For —t'/* <a < —1/16, we have R|_s_q < |[I'(1 —s —a)|7!777% «
T1720e= /D e and Ry < [¢(—a)x (1 +a) (1 —9)|t' 77 < I'(—a)| (1 —5)|t <
e, where x(s) = 2°7° Lsin(ws/2)I"'(1 — ). In (5.1) we shift the path of integration to
(—3/4) and use the functional equation for ¢ (s) to find

1 vl 0a(n)
_ xs+wyxs+w+a)l(w)T <Zn )dw

27 (=3/4) 1—s—w

n=1
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=Y o-ame TN = {(9)¢(s +a) + O™

n=1

for |0 — 1/2| < 1/4 and for —t!'/* < a < 1/16. The sum in the integrand above converges.
Split the sum into two parts » . and ), _ . For the integral related to ) _, __, shift the path
of integration to the line (1/4). Between (—3/4) and (1/4), the integrand possesses a pole

only at w = 0, whose residue is x (s)x (s +a) Y_, . 0q (n)n*~!. Consequently

n=<t

4
(53) ($)¢(s +a) = Si(a,5) + Sa(a, $) + Y Fj(a,5)+ 0™
j=1

forjo —1/2| <1/8, /2 <t <1, —t'/* <a < 1/16, where

Si(a,s) =Y o_amn™, Sia,s):=x)xls+a) Yy oa(mn'",

n<t n<t

Fi(a,s) := Za_a(n)n—S(e—"/f —1), Fa,s):= Zo_a(n)n_se_”ﬁ ,

n<t n>t
1 w aq(n)
Fi(a,s) = —— xXGE+wxs+w+a)l (w)r Z Tl (AT
2i Ji3y4) e
n>t
1 w aq(n)
Fia,s) = —— XE+wx@s+w+a)l (w)r Z T dw
27 (1/4) n=<rt ni—STw

5.2. [Expression of the integral. Suppose that [0 — 1/2| < 1/8. By (5.2), for t/2 <
t <t1,fora <1/16 and for each fixed u < 1,
(5.4) x+wxs+w+a) (w)r?”
<< (27T)2u+a(1 + |U + t|)1—20—2u—a(1 + |v|)u—1/26—(ﬂ/2)\v\ru

1-20—-2u—a
& _L,utl—Za—Zu—a<1 + M) 1+ |v|)u—1/26—(ﬂ/2)|v|
t
& _[1—20—14—11(1 + |v|)1/2—20—u—ae—(n/2)\v\ .

Along the line u = —3/4, Y, 0,(n)/n' 7" < ¥, __(1+n%dn)/n"*° «
03441 4 19 if @ < 1/16. Hence Fi(a,s) < I'(la| + 2)t!7o(1 + 179 «
exp(2t!/4*8) for |0 — 1/2| < 1/8 and for —t'/* < a < 1/16. Furthermore F>(a,s) <
(lal+ DY, oman™ (@/m)H <« 243, (1 +nmdmn= T « 2l «
exp(2t!/4+8), since e ™/* < ((la] + D/e)l*F (z/n)leFL Similarly, Sj(a, 5), Fj(a,s) <
exp2r!/4+8) (j = 1,2; j/ = 1,4). Using formula (5.3) together with these estimates, we
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derive
6
(5.5) I(t/2,7) =) J+0G
k=1

for —¢1/4 <a < 1/16, where

T T
g ;=/ |S1(a, l/2+it)|2dt+/ 1S2(a, 1/2 + it)|%drt
T/2 T/2

4 T
= Z/ |Fi(a, 1/2 +in)|?dt,
j=1 T/2

J3 = /t (Si(a, 1/2+i0)S2(a, 1/2 — it) + Si(a, 1/2 — i) Sa(a, 1/2 + in))dt
/2

4 T
Jy=Js = Z/ (Si@a, 1/24it) + Sp(a, 12 +it))(—D)"VFj(a, 1/2 — it)dt ,
=1 /2

T
Jo= Y. (=D Fi(a,1/2+it)Fj(a, 1/2 — in)d1
1<j<4 772
1<j'<4
J#i’
with (1) = ¢(2) =0, ¢(3) = 1«(4) = 1. Evaluation of these integrals basically depends on the
identity of Montgomery and Vaughan ([9], [6, §§5.1, 5.2]):

PROPOSITION 5.2. Letyy, ..., yn be arbitrary complex numbers. Then
T . 2
/ S it dr =7 3 P + o(z n|yn|2> .
0 n<N n<N n<N

This remains valid for N = 00 as well, provided that the series on the right-hand side con-
verge.

Furthermore we need
LEMMA 5.3. Fora < 1/16 we have t™2*A*(—a, 1) < (la| + 1) A*(a, 7).
PRrROOF. For |a| « (log r)_1/3, by Lemma 4.6,
Ala, 1) < I3(a, 1) < a3 =217 -alogt — 1729
=1 a3 (1 - 2t%—alogt) — )| < T ¥ l3(~a, 1) X T A(~a, T).
For (log )V « la|, by Lemma 4.7, we have A(a, t) < Ag(a) ifa > 0, and A(a, 1) =

(1 —2a)""Ag(—a)t ™2 if a < 0. From these facts and the definition of A*(a, t) the lemma
immediately follows. O
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In the remaining part of this section we give an asymptotic expression for J; and esti-
mates for J; (2 < j < 6), from which Proposition 5.1 immediately follows.

5.3. Main terms. Since [Si(a,1/2+iD)* = |, -, o_a(n)n_l/z_”}z, we apply
Lemma 4.4 and Proposition 5.2 to obtain

T 2
(5.6) //2 I1S1(a, 1/2 + ir)[2dt = % 3 “‘“n(”) + O(Z o_a(n)z)

n<t n=<t

T *
= (@ 1)+ 04" (@, 1)).

By (5.2), [x(1/2+it)x(1/24+a+in)| = @ /0)*(1 4+ O~ /?)) for —t'/* < a < 1/16 and
for t/2 <t < 7. Hence

T

T T
I:= f |S2(a, 1/2 + it)|*dt = 2m)* <f 1T24F (n)dt + 0(/ z—2“—1/2F’(r)dz>>
/2 /2 /2

with
X
Fx) = /
/2

Integrating by parts and observing

2
0q(n)
) my=Tl e

n<rt

T T
/ 1722 E (Ddr <« T—ZH—I/Z/ F'(ydt = 172 V2F (1),
/2 /2

we find
I = (2n)* (t_Z“F(t)(l +0@x@ %) +2a / t_2“_1F(t)dt> :
/2

Since, by Lemma 4.4 and Proposition 5.2, F'(x) = (x — t/2)®(—a, t) + O (t A*(—a, 1)) for
/2 < x < 1, it follows that

T 2 1— 22a
Za/ 172 F(ydt = Ltl_z“dﬁ(—a, )+ 0z "2 A* (—a, 1)),
72 2(1 —-2a)

and hence, by Lemma 5.3,
2a—1

I=2 2a - -
(27) T< 1—2a

TP (—a, )(1 + O((lal + DT~ ) + O((la] + 1) A*(a, r))).
Combining this with (5.6), we have, for —t!/% < a < 1/16,

(5.7) Ji = %(cp(a, )+ Qm)*Ma)T P (—a, T)(1+ 074 + 0((1 +a”) Ala, 1))).
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5.4. Evaluation of J; and Js. Along the linew = —3/4 +iv, —00 < v < 00,
x4+ 1/2+inxw +1/2+a+ il (w)t? | « e3/4791 4 [u])/4=4e~TVI/2
(cf. (5.4)), and hence

o0

iv (2
S |
n

n>t

|F3(a,1/2+in> < /

—00

x / X +1/2+inxw+1/2+a+inTw)r"e™ V4 dw]
(=3/4)

[e.¢]

iv 12
1A%
<« r@lal+ 2922 [ 37 2R gy,
—ooly>r M
By Lemma 4.4,
iv 12 iv 12
ou(n)n™® oa(m)n’? P
TZW +ZHW LT A(—a,‘r).

n>t n>t

This gives

/r |F3(a,1/2+it)|2dt <« T3/2—2a/oo (/r
7/2 I'2|al +2) —oo \J1/2

<t T2 4% g ) « (1 + |aP) T Ada, 1)

iv |2
> ai| e Ry
n

n>t

Similarly we have

/-1: |Faa. 1/2+inP < T—I/Z—Za/m (/T
o TQlal+2) —o\Jr/2

Lt 1220 B2 A%~ ) < (1 + JalP)TtAda, 1) .

iv (2
> S| dr)e Ty
n

n<rt

Since e—21/7 < ((la] + 1)/6)2\a|+2(r/n)2\a|+2 <+ |a|2|a\—2)(t/n)2|a\+2 forn > 1,

T
/ |Faa, 172+ i0)Pdt < 1Yo am)n e+ o y(m)e /"
T

/ n>t n>t

< (1 + |a|2\a|—2) <_L,2|a+3 Zo,_a (n)zn—2|a\—3 + T2\a|+2 Z o_a(n)zn—2a|—2>

n>t n>t

< (1+ a1 A%(a, 1) < (1 + |t Ada, 7).

The integral corresponding to Fy (a, 1/2+it) may be treated in a similar way by using e ™/ —
1 « n/t forn < t. Thus we obtain J» < (1 + |a|*“")t A(a, 7). The inequalities

T
/ |Fi(a, 1/2+ i) Fj(a, 1/2 — in)|dt
T/2
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T T 1/2
< </ IFj(a,l/2+it)|2dt/ |Fj/(a,l/2+it)|2dt> ,
T/2 T/2
forl<j<41<j <4, j#j yieldJs < (1+ahrAa, 7).
5.5. Evaluation of J3. Let G(o) denote the integral

/r Si(a, $)S2(a, 1 —s)dt = / ) x(1=s)x(1 —s —G—a)(Z U%f’”) (; Gilié))dt.

/2 T/ =

Then J3 is written in the form J3 = G(1/2) 4+ G(1/2). To evaluate G(1/2) shift the segment
of integration [1/2 4+ it/2,1/2 +it] to [3/8 +it/2,3/8 + it]. By Lemma 4.5 together
with x(1 — s)x(1 — s + a) <« 1**~17¢ the integrand along the horizontal segment [3/8 +
it/2,1/2 +it/2lor [3/8 +it,1/2+it]is < (1 +a*)t|(1 — t7%)/al?, and hence J3 <
1IG(1/2)] < (1 +a*t|(1 —17%)/al®> +|G(3/8)|. Using Lemma 4.4 and Proposition 5.2, we

have
2 T 2 1/2
G(3/8) « v~ /44 </ dt/ d;)
T/2 /2

Lt VA BB A @, 1) - PP A (—a, )P < A+ alP)T A, 1),

' 0—q(n) 0q(n)
Z n3/8+it Z n3/8+it
n<t

n<t

sothat J3 < (1 +a*) (tA(a, v) + t|(1 — 7% /al?).
5.6. [Evaluation of J4 and Js. Let
T
Gpq(o) = / Spla,s)Fy(a, 1 —s)dt.
/2
Let us evaluate G13(1/2). By Lemma 4.5 and (5.4), for |c — 1/2] < 1/8, we have |F3(a, 1 —

$)| < T'(lal+2)(1+a»t° (1 —t7%)/al and S (a, s) < (1+a*>)t'~7|(1—7t7%)/a|. Hence
G13(1/2) < 1G13(3/8) + (1 + ||| (1 — t79)/a|*, where

T T 172
G13(3/8)<<</ |Sl(a,3/8+it)|2dt/ |F3(a,5/8—it)|2dt) )

/2 /2
Using
2
/ x(w+5/8—in)x(w+5/84a—in)(w)r?e™/* |dw| « I'2lal +2)r'72¢,
(=3/4)
we have

T
r'lal+2)~! / |F3(a, 5/8 —it)|?dt

/2
/T Z aa(n)ni”
o2 n9/8+it

n>t

2
dt)e_”lvl/zdv L WA (—a, 1)

< Tl—2a /OO (
—00
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From this estimate combined with

T T
f 1S1(a, 3/8 + it)|dt =/
7/2 /2

it follows that G13(3/8) < I' 2la|+2)/?(Ja|+1)t A*(a, T), which implies G13(1/2) <« (1+
laY(t Aa, T) + T|(1 — t7%) /a|?). In treating G22(1/2) we use x (s)x (s + a) <K 1172974,
Y e Oa(n)/n'™ & (1+a*)17|(z* — 1)/a] and

2

9-a(n) dt < %A%, 1),

3/8+it
nsrn

1—1t7¢

nl-o

Z o_a(n)e T <1+ (a4 Z o_qa(n) <£>a|+l < (1 + [a]l4-2)70
nl—s n

n>t n>t

for o — 1/2| < 1/8. Then G23(1/2) < |G2(5/8)| + (1 + |a|'*HT|(1 — t=%)/a|?, where
2 . 2 \1)2
Z 0"—@ dt dr| .
n3/8—it 2

n<t
Using Y, _. O_a(m)2n~ e 2T & (1 + |93 > 0_g(n)2n~ /A= 2al 20+ e
have G2(5/8) < (1 + |al*“)tA(a, 1), so that G2r(1/2) <« (1 + |al??)(t A(a, T) +
t|(1 — 779 /al?). The remaining integrals Gpy(1/2) are similarly treated by consider-
ing G11(3/8), G12(3/8), G14(3/8), G21(5/8), G23(5/8) and G24(5/8). Thus we have
Jy =Js < (1 + lal?)(tAa, v) + t|(1 — 79)/al?). Combining (5.7) with the estimates
for J; (2 < j < 6) given above, we immediately obtain Proposition 5.1.

T —n/t

o_q(n)e
Z 13/8—it

n>t

Gn(5/8) « vF¢ ( /

/2

6. Proofs of the main results
For T > 1, choose the positive integer Ny := [(3/4)(log 2)~1 log T']. Then
(6.1) U Rl 27ty = 27N Ty, T4 < 27Nl < 714
OSnSNO

Split the integral TW (a, T) into two parts: T¥ (a, T) = Vi(a, T) + Vo(a, T) with

2~No~tr
Vi(a, T) :=/ €12 4inc(1/2+a +it)|dr,
1

T
Vo(a, T) ;=/ 1C(1/2+i)C(1/2+a +it)|%dr .
2~No-IT

The estimate £ (1/2+i1) < 11/¢ together with the convexity property gives ¢ (o +it) < t1/4+¢
foro > 3/8,t > 1. Hence, ifa > —1/8,

Tl/4 T1/4

1/2
(6.2) Vi(a, T) < (/ |§(1/2+it)|4dt/ |§(1/2+a+it)|4dt> <T.
1 1
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By the convexity property for an integral of |{ (o + it) |* (cf. [6, Lemma 8.3] or [16, §7.8]), if
a<-—1/8,

(6.3) Vi(a, T) < TU-20/4+e o p-2a+1/2

Moreover by (6.1) and Proposition 5.1 with TV <7 <T, for—TY* <a< 1/16,

No T No
(6.4) Vo(a, T) = Z 1", 27"T) = 5 (Z 27" (a,27"T)
n=0 n=0

No
+ @) na) Y 23T P (—a, 27 T) (1 4+ 0(27"T) ™)
n=0
No

+ Y 27" Ro(a, 2—”T)>

n=0

(SR

(®n, (@, T) + Q) Ma@) By (@, T) + Ryy(a, T))

with
No
RNo(aa T) << T—Za—l/l6 Zz(za—l)l’ll@(_a’ 2—nT)|
n=0

+ (P + D(1Alng (@, T) + (1 = T~ /al?),
since Z;Vio 271 — 7"T)"%/a|* < 2|(1 — T~%)/a|?. Here the implied constants are

absolute; and @y (a, x), 51\/ (a,x) and |A|n(a, x) are the quantities defined at the beginning
of Section 4.

6.1. Proof of Theorem 2.1. By Lemma 4.6, A(—a, 1) < [3(—a, ) for T'/* < 7 <
T if |a| + (log T)~! — 0, so that, for n < Ny,

27T

27T
@(—a,z—"r><</ s—‘|A<—a,s>|ds<</ £ s(—a, £)dE
1 1
La W (—a,27"T) € a*y(—a,T).

Furthermore [(1 — T~%)/a|*> - (a *y(a, T))™' <« (log T)~? + a>. These estimates together
with Lemmas 4.1 and 4.3 yield

Ryy(a,T) < a (T2 (—a,T) + ¥(a, T))(|lal + (log T) ™)

with T=2y (—a, T) + ¥ (a,T) = ¢(a logT) as |a| + (log T)~' — 0. Substitute this and
(27)%0(a) = 1 + O(a) into (6.4). Using Lemma 4.1 and (6.2), we obtain Theorem 2.1.
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6.2. Proof of Theorem 2.2. Suppose that —7''/* < g < 0 and that |a log |~ is suf-
ficiently small. By Lemma 4.7 we have A(a, 1) < Ao(—a)t ™2 and A(—a, 1) <€ Ao(—a)
for T/ < ¢ < T. Hence ®(a,27"T) <« A¢(—a)la|"'Q7"T)™2* and & (—a,27"T) <
Ap(—a)logT forn < Ny. Then, by Lemmas 4.2 and 4.3,

Dyy(a, T) < Ao(—a)|a| ™' T2 « By, (a, T)lalogT|™",
Ryy(a, T) < Ao(=a)T >~ 1%%0g T + (la ! + 1)(1Alny (@, T) +a—>T )
< (ja)? + 1)@y, (a, T)(log T) ™"

Using Lemma 4.2, (6.2), (6.3) and (6.4), we obtain the desired formula for a < 0. For 0 <
a < T'/* we note the following:

T
TV (a, T):/ lc(1/2+i)c(1/2 —a —it)x(1/2 + a + it)|2dt
1

T
= e [ @ a1+ 06 )
1

= 27)%(HQa,T) + O(HQa +1/2,T)))

with
T
Hu,T):=T" ™ W (-a,T) +/</ t XY (—a,t)dt,
1

since (t¥ (—a, 1)) > 0. Substitution of the asymptotic expression for ¥ (—a, T) witha > 0
leads us to the second formula.
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